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Abstract

In the real world, many reversal phenomena occur, such as cases where a statement once regarded as false
is later recognized as true. Upside-Down Logic is a framework designed to formalize such reversal phenomena
within a logical system. It inverts the truth and falsity of propositions through contextual transformations,
thereby capturing ambiguity and reversals in reasoning processes. A Plithogenic Set models elements by
means of attribute-based membership and contradiction functions, extending the classical frameworks of
fuzzy, intuitionistic, and neutrosophic sets. The essential difference between Plithogenic Sets and traditional
Fuzzy Sets lies in their ability to incorporate contradiction parameters, which naturally arise when uncertainty
is transformed into certainty.

While most studies assume that only a single contradiction parameter exists, this paper investigates how
to handle situations where two or more contradiction values are present, in conjunction with the principles of
Upside-Down Logic. Furthermore, we also examine methods for eliminating contradictions altogether.

Keywords: Upside-down-logic, Plithogenic Set, De-Plithogenication, Double-Valued Plithiogenic Fuzzy
Set
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1 Preliminaries

In this section we gather the basic notions and notation used throughout the paper. Unless explicitly stated
otherwise, all sets and structures are finite. All graphs under consideration are simple and undirected.

1.1 Formal Definition of Upside-Down Logic

We now formalize Upside-Down Logic, a framework that models reversal phenomena—situations where
context switches turn formerly false statements into true ones and vice versa [1H6]]. The required terminology
is introduced below.

Definition 1.1 (Context). A context C is a collection of parameters that determine how propositions are
evaluated (e.g., spatial, temporal, semantic, or interpretive conditions).

Notation 1.2. Let P be a set of propositions and C a set of contexts. The truth valuation
T : P xC —> {True, False, Indeterminate}

assigns to each pair (A, C) a truth value.



Notation 1.3. Let L be a formal language, and let M = (P,V,v) be a logical system whose propositions are
P, truth-value set is V, and valuationisv : P — V.

Definition 1.4 (Upside-Down Logic). [7,8]] An Upside-Down Logic is a logical system M’ obtained from M
by introducing a transformation U acting on propositions and/or contexts, with the following properties:

1. For every proposition A €  and context C:

* (True—False switch) If v(A) = True in C, then WU (A)) = False in U(C).
e (False—True switch) If v(A) = False in C, then v(U(A)) = True in U(C).

2. The operator U is well defined and yields a consistent system M.

Intuitively, U captures how changing the ambient conditions can invert truth values, thereby formalizing
ambiguity and context-driven reversals in reasoning.

Example 1.5 (Public-health policy reversal under changing epidemiological context). Let the proposition
A := “Mass events with > 1000 attendees are permitted.”, B := “An indoor mask mandate is in effect.”

Contexts encode epidemiological conditions C = (R;,ICU), where R, is the effective reproduction number
and ICU € [0, 1] is the ICU occupancy ratio. Define the truth valuation T by the threshold rules

T(A,(R;,ICU)) =1[R, < 1.0 A ICU < 0.50], T(B,(R,,ICU)) =1[R, > 1.2 v ICU > 0.80|.

Consider a “stable” context Cp = (0.90, 0.40) and a “surge” context C; = (1.30, 0.85). Define the Upside-
Down transform to act on contexts by U(Cp) = C; (leaving the propositions unchanged).

Evaluation.

T(A,Cp) =1[0.90< 1.0 A 0.40<0.50] =1, T(A,U(Cy)) =T(A,C1)=1[1.30<1.0 A 0.85<0.50] =0,
T(B,Cyp) =1[0.90> 12 v 0.40>0.80] =0, T(B,U(Cy))=T(B,C)=1[1.30>1.2 v 0.85>0.80] = 1.

Thus A exhibits a True— False switch and B a False—True switch under the context transform U, illustrating
how policy truth values invert when epidemiological conditions change.

Example 1.6 (Credit underwriting reversal under a macroeconomic shift). Let the propositions
A := “The loan is auto-approved.”, B := “Manual risk review is required.”

Contexts encode applicant/state variables C = (d, s), where d € [0, 1] is the debt-to-income ratio (DTI) and
s € Ris a credit score. Define

T(A,(d,s))=1[d <035 A 5>680], T(B,(d,s)) =1[d >0.40 v 5 <650].

Consider a baseline context Cy = (0.32, 700) and a stressed context C; = (0.42, 660) (e.g., interest-rate
increase raising DTI and a temporary score dip). Define the Upside-Down transform on contexts by U(Cp) = C;.
Evaluation.

T(A,Cy) =1[032<0.35 A 700=680] =1, T(A,U(Cy)) =T(A,C;) =1[0.42<0.35 A 660 >680] =0,
T(B,Cp) =1[0.32>0.40 v 700 <650] =0, T(B,U(Cy)) =T(B,C;)=1[0.42>0.40 v 660 <650] = 1.

Hence A flips True— False and B flips False— True under U, capturing a practical underwriting reversal induced
by a macroeconomic context change.



1.2 Plithogenic Set

A Plithogenic Set [9-H12] models elements with attribute-based membership and contradiction functions, ex-
tending fuzzy [[13}/14], intuitionistic [[15|16], and neutrosophic sets [[17,/18]. Plithogenic Fuzzy Set models
elements via attribute-based memberships and contradiction degrees, generalizing fuzzy, intuitionistic, neutro-
sophic sets to handle multi-attribute conflict [[19-21]].

Definition 1.7 (Plithogenic Set). [9,22] Let S be a universal set and P C S a nonempty subset. A Plithogenic
Set is a quintuple
PS = (P, v, Pv, pdf, pCF),

where

* v is an attribute,

* Pv is the set of possible values of the attribute v,

pdf : Px Pv — [0, 1]° is the Degree of Appurtenance Function (DAF)
e pCF : Pv X Pv — [0, 1]! is the Degree of Contradiction Function (DCF).

The DCEF satisfies, for all a, b € Pv,
Reflexivity: pCF(a,a) =0, Symmetry: pCF(a,b) = pCF(b,a).
Here s € N is the appurtenance dimension and ¢ € N the contradiction dimension.

Definition 1.8 (Plithogenic Fuzzy Set (s = 1, ¢ = 1)). [9,24] A Plithogenic Fuzzy Set is a Plithogenic Set
PS = (P,v, Pv, pdf, pCF) with

pdf : Px Pv — [0,1], pCF : Pvx Pv — [0, 1].
For x € P and attribute value a € Pv, write

pp(x | a) = pdf(x,a) € [0,1],

the (single) fuzzy membership degree of x w.r.t. a. The contradiction between two attribute values is the scalar
c(a,b) := pCF(a,b) € [0, 1] with ¢(a,a) = 0and c(a, b) = c(b,a).

Example 1.9 (Plithogenic Fuzzy Set in grocery choices: plant-based friendly milk (anchor = Plant)). Let items
(products) be P = {CM, LM, SM, AM} with CM = cow’s milk, LM = lactose-free cow’s milk, SM = soy milk,
AM = almond milk. Take the attribute v = “dietary style” with values Pv = {D, L, P} for Dairy / Lactose-free
/ Plant. For x € P and a € Pv write u(x | a) := pdf(x,a) € [0, 1]. Choose the anchor b = P (we care about
plant compatibility). The (symmetric) contradiction is ¢(a, b) := pCF(a, b) € [0, 1] with

¢(D,P) =095  ¢(L,P)=040, c¢(P,P)=0.

Memberships.
| u(-1D) u(-|L) u(-|P)
CM | 0.98 0.05 0.00
LM 0.70 0.95 0.00
SM 0.05 0.95 0.98
AM | 0.02 0.90 0.98

Anchor-relative acceptance (flip-blend average). For each product x, define

Dr@ =5 > ((1-c@P)ut|a)+e(@P) (- utx|a)) € [0,1].

ae{D,L,P}

'In the literature, DAF is defined in slightly different ways: some variants use powerset—valued constructions, others the simple cube
[0, 1]%. We adopt the latter (classical) form here; cf. [23].



Let T, (x) denote each summand.

CM:Tp =0.05-0.98 +0.95-0.02 = 0.068, T, = 0.60 - 0.05 + 0.40 - 0.95 = 0.410, Tp = 1 - 0.00 = 0.00; so
Dp(CM) = (0.068 + 0.410 + 0.000) /3 ~ 0.1593.

LM: Ty, = 0.05 - 0.70 + 0.95 - 0.30 = 0.320, 7. = 0.60 - 0.95 + 0.40 - 0.05 = 0.590, Tp = 0; so Dp(LM) =
(0.320 + 0.590 + 0) /3 ~ 0.3033.

SM: Tp = 0.05 - 0.05 + 0.95 - 0.95 = 0.905, T},
Dp(SM) = (0.905 + 0.590 + 0.980)/3 = 0.8250.

0.60 - 0.95 + 0.40 - 0.05 0.590, Tp = 0.98; so

AM: Tp = 0.05 - 0.02 + 0.95 - 0.98 = 0.932, Ty
Dp(AM) = (0.932 + 0.580 + 0.980)/3 ~ 0.8307.

0.60 - 0.90 + 0.40 - 0.10

0.580, Tp

0.98; so

With plant as the anchor, the plithogenic acceptance ranks AM (0.831) ~ SM (0.825) > LM (0.303) >
CM (0.159). The contradiction term c(a, P) strongly penalizes Dairy against the Plant anchor, while allowing
Lactose-free to contribute partially.

1.3 Upside-Down Logic in Plithogenic Fuzzy Set with contradiction reset

An Upside-Down Logic in PFS with contradiction reset is a context-triggered flip in plithogenic fuzzy mem-
berships; activated attribute—anchor pairs invert degrees, then set all contradiction coefficients to zero after-
ward [25].

Definition 1.10 (Upside-Down Logic in Plithogenic Fuzzy Set with contradiction reset). [25] Let PS =
(P,v, Pv, pdf, pCF) be a Plithogenic Fuzzy Set with

up(x|a):=pdf(x,a) € [0,1], c(a,b) := pCF(a,b) € [0,1],

and c(a,a) =0, c(a,b) = c(b, a). Fix areference (anchor) attribute » € Pv and a threshold 7 € [0, 1]. Define
the activation set
A-(b) == {a€Pv : c(a,b)>71}.

The Upside-Down transform with contradiction reset produces a new Plithogenic Fuzzy Set

pSYs = (P, v, Pv, pdfU», pCFUrr)

by
l—pp(x|a), aeAr(b),
pp(x | a), a¢ A (D),

and the updated contradiction map pCFUr. defined for all u, v € Pv by

pdfer(x,a) = {

0, u,v} ={a,b} forsomea € A.(b),
. {u.v} = {a.b} +(b)
pCF(u,v), otherwise.

That is, whenever the flip is triggered for the pair (a, b) (i.e. a € A;(b)), the post-transform contradiction
between a and b is reset to zero.

Example 1.11 (Real-life scenarios of the Upside-Down transform with contradiction reset). We instantiate the
definition with concrete numbers and compute the activation set A (b), the flipped membership pdfU»-, and
the reset contradiction pCFUr-r.

(a) Workplace policy reversal: remote-first — on-site emphasis (context flip). Let P = {E1,E2,E3} be
employees, v = “work mode”, and Pv = {O, H,R} for On-site, Hybrid, Remote. Choose anchor b = R
(remote-first policy) and threshold 7 = 0.7.

Initial memberships (fuzzy suitability by mode):

| #(-10) p(-|H) p(-|R)
El| 020 060 090
E2| 070 050 040
E3| 080 030 020




Contradiction matrix (symmetric; zeros on diagonal):

| O H R

()= O] 0 050 085
’ H|{050 0 040
R|085 040 0

Activation set for b = Rat 7 =0.7:
A:(R) = {0} (since ¢(O,R) =0.85>0.7, ¢c(H,R) =0.40 < 0.7).

1-p(xla), acA(b),

Apply the transform pdfU»-7 (x, a) = { Only the O-column flips:

u(x | a), a ¢ Ac(b).
| WYC10) wUCIH) pYCIR)
El|1-020=080 0.60 0.90
E2|1-070=030  0.50 0.40
E3|1-080=020 030 0.20

Contradiction reset on the activated pair {O, R}:
pCFY.7(0,R) = pCFY»7(R,0) =0, all other entries unchanged.

Interpretation: in the new (Upside-Down) context, modes most contradictory to the anchor are flipped (on-site
“suitability” becomes its complement), and the policy resolves the O-R conflict by resetting their contradiction
to 0.

(b) Food-safety reclassification after improved testing (context flip). Let P = {Le, Be, Me} denote lettuce,
beans (canned), and meat, v = “contamination risk”, Pv = {L, M, H} for Low/Medium/High. Choose anchor
b = L (company prioritizes low risk) and 7 = 0.9.

Initial memberships (risk assessments):

| #CIL) pC M) p( | H)
Le [ 070 030 0.10
Be | 0.60  0.40 0.20
Me| 020 0.0 0.80

Contradictions (symmetric):
| L M H
() = L 0 050 0.95
’ M |050 0 0.60
H|095 060 0

Activation set:
A-(L) = {H} (since c(H,L) =0.95> 0.9, ¢(M,L) =0.50 < 0.9).

Flip only the H-column:
[ LYCIL) wY¢IM) WY H)

Le 0.70 0.30 1-0.10=0.90
Be 0.60 0.40 1-0.20=0.80
Me 0.20 0.50 1-0.80=0.20

Reset the contradiction on the activated pair:
pCFUbJ(H, L) = pCFUW (L,H) =0, others unchanged.

Interpretation: in the Upside-Down context (e.g. after revised lab protocols), the assessment attached to “High”
reverses numerically, and the strongest conflict (H vs L) is declared resolved by setting its contradiction to 0.
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1.4 Two-mode De-Plithogenication in Plithogenic Fuzzy Set

We define Two-mode De-Plithogenication as follows. This method is designed to handle both cases: when a
contradiction is a genuine conflict, and when the contradiction was not in fact real.

Definition 1.12 (Improved De-Plithogenication (two-mode, general plithogenic set)). Let PS = (P, v, Pv, pdf, pCF)
be a plithogenic set, where pdf : P X Pv — [0, 1] is the Degree of Appurtenance Function (DAF) and
pCF : Pv X Pv — [0, 1] is the Degree of Contradiction Function (DCF), symmetric with pCF(a, a) = 0. Fix

an anchor b € Pv and a threshold T € [0, 1].

Activation. An attribute value a € Pv is said to activate (w.r.t. b, ) if

Act(a | b,7) := 1[pCF(a,b) > 7] =1.

Mode selection. Let M : Pvx Pv — {0, 1} be a (user/policy) mode selector on unordered pairs: M({a, b}) =
M({b, a}) with the following semantics for an activated pair {a, b}:

* Mode 0 (Neutralize-only): M({a, b}) = 0 means “the apparent contradiction was not a real conflict”;
we do not flip any appurtenance coordinates tied to a (or b) and we simply reset their contradiction to 0.

* Mode 1 (Invert+Neutralize): M({a,b}) = 1 means “the contradiction is genuine”’; we invert the appur-
tenance coordinates tied to a (or b) and then reset their contradiction to 0.

Two-mode Upside-Down operator. Define U;mf m(PS) =1 (P,v, Pv, pdfY, pCEY) by

ot (x. ) 1= 1 —pdf(x,a), Act(a|b,7)=1and M({a,b}) =1, (xcP.acPy)
T pdf(x, a), otherwise, ' ’
0, Act(u | b,7) = 1 or Act b,7) =1, .
pCEY (u, w) := { CF (. w) 0 (a |~ 7) or Act(w | b,7) (u,w € Pv, with symmetry preserved).
pCF(u,w), otherwise,

Improved De-Plithogenication sequence. A finite composition

imp-dep ._ pyimp .
PS T Ubk,Tk,Mk ° °

imp imp
sz,Tz,Mz ° Ubl,Tl,Ml (PS)

is called an Improved De-Plithogenication if, for every pair {u, w} C Pv that was ever activated in the sequence,
the final contradiction is zero: pCF™P%P (3, w) = 0. If activations cover all pairs, then pCF™-9P = (. The
operator is idempotent on the stabilized state.

Example 1.13 (Two-mode De-Plithogenication in retail packaging policy). Consider a plithogenic set
PS = (P, v, Pv,pdf, pCF), u(x | a) :=pdf(x,a) € [0,1], c(a,b) :=pCF(a,b) € [0,1],
modelling one product’s packaging choice under a corporate sustainability policy.

Items (candidate packages): P = {A, B, C} where A = single-use virgin plastic pouch, B = bioplastic pouch,
C = refillable glass jar.

Attribute and values: v = “sustainability sourcing”, Pv = {VP, BP, RP,RG}, with VP = Virgin Plastic, BP =
BioPlastic, RP = Recycled Paper, RG = Refillable Glass.

Anchor and threshold: choose b = RG (the corporate target) and 7 = 0.80.



Initial fuzzy appurtenances u(x | a) (how well each item fits each value):

| #(1VP) pu(-|BP) u(-|RP) u(-|RG)

A 0.90 0.40 0.20 0.10
B 0.30 0.80 0.50 0.40
C 0.05 0.30 0.60 0.95

Contradictions c¢(-, ) (symmetric, zero diagonal):

| VP BP RP RG
VP| 0 040 075 0.95
BP 040 0 035 085
RP [0.75 035 0 0.50
RG | 0.95 085 050 0

Activation set (with b = RG, 7 = 0.80):
A+(RG) = {VP,BP} since ¢(VP,RG) = 0.95, ¢(BP,RG) = 0.85 (= 0.80).

Two-mode selection for the activated pairs:
M({VP,RG}) =1 (genuine conflict: Invert+Neutralize),
M({BP,RG}) =0 (false conflict: Neutralize-only).

Apply Uliff s Memberships transform by

U _J1-u(x|a), ae{VP,BP}and M({a,RG}) =1,
o (xla)= .
ulx | a), otherwise.
Here, only the VP column flips (because M({VP,RG}) = 1 and M({BP,RG}) = 0):
(A VP)=1-0.90=0.10, uY(B|VP)=1-0.30=0.70, uY(C|VP)=1-0.05=0.95,

uY(x | BP) = pu(x | BP), u"(x|RP)=pu(x|RP), u"(x|RG)=pu(x|RG).

Thus the post-transform table is

| uYCIVP) pY(-|BP) pY(-|RP) uY(-|RG)

A 0.10 0.40 0.20 0.10
B 0.70 0.80 0.50 0.40
C 0.95 0.30 0.60 0.95

Contradictions reset by the rule (for this two-mode operator)

0, ueA(RG)orwe A (RG) (i.e. any pair involving VP or BP),

pCEY (u, w) = .
pCF(u,w), otherwise,
so every entry in the VP and BP rows/columns becomes 0:

| VP BP RP RG
VP[ O 0 0 0

BP| 0 O 0 0
RP| 0 O 0 050
RG| 0O 0 050 O

Lifecycle analysis identified virgin plastic (VP) as genuinely at odds with the refillable-glass target (RG), hence
Mode 1 flips its memberships and neutralizes its contradictions. Subsequent regulatory guidance clarified that
bioplastic (BP) was not in real conflict with the target, so Mode 0 leaves its memberships unchanged while
neutralizing its contradictions. The resulting state is “de-plithogenicated” along the activated dimensions and
remains stable under further applications of UZ?E’ m (idempotence on the stabilized state).



2 Main Result of this paper

In this section, we present the principal results of this study. We introduce and formally define both the Double-
Valued Plithogenic Fuzzy Set and the Multi-Valued Plithogenic Fuzzy Set, thereby extending the framework
of classical Plithogenic Fuzzy Sets. Furthermore, we examine their applications, including the integration of
Upside-Down Logic, to demonstrate how these generalized structures can capture and resolve multiple forms
of contradiction in real-world contexts.

2.1 Double-Valued Plithiogenic Fuzzy Set

A Double-Valued Plithogenic Fuzzy Set assigns each element a fuzzy membership degree and two independent
contradiction values, modeling dual conflict dimensions.

Definition 2.1 (Double-Valued Plithogenic Fuzzy Set). Let S be a universe and P C S a nonempty set. Fix an
attribute v with value-set Pv # @. A Double-Valued Plithogenic Fuzzy Set (DV-PFS) on P (with parameters
s =1, t =2)is a quintuple

PS = (P, v, Pv, pdf, pCF),

where

e pdf : PXPv — [0, 1] is the (scalar) Degree of Appurtenance Function assigning u(x | a) := pdf(x,a) €
[0, 1] to each (x,a) € P X Pv;

s pCF : Pvx Pv — [0, 1]? is the Double-Valued Degree of Contradiction Function assigning to each pair
(a, b) the vector
pCF(a,b) = (c1(a,b), c2(a, b)) € [0,1]%,

whose two components model two (independent) kinds of contradiction.

The map pCF satisfies, for all a, b € Pv and for each k € {1,2},
crla,a) =0 and cr(a,b) = cr(b,a).
We write ¢(a, b) := (c1(a, b), ca(a, b)) for brevity.

Remark 2.2 (Effective (scalar) contradiction from two components). In applications one often needs a single
coefficient in [0, 1] to modulate fuzzy operations. Fix a weight vector w = (w1, w7) with wy, w;y € [0, 1] and
w1 + wy = 1. Define the effective contradiction (a convex scalarization)

Cw(a,b) = (1)] C](a’ b) + (1)2 CZ(a’ b) € [07 1]
Then ¢, (a,a) = 0and ¢, (a, b) = ¢ (b, a) follow immediately from Definition 2.1}

Definition 2.3 (DV-plithogenic logical operators (relative to an anchor)). Fix a dominant (anchor)value b € Pv
and a continuous t-norm 7 with its dual t-conorm S (e.g. product and probabilistic sum, or minimum and
maximum). For two fuzzy degrees x,y € [0, 1] attached to the same attribute value a € Pv, define the
DV-plithogenic intersection and union relative to b by

X ARy Y= (1= cu(a, b)) T(x,y) + cola,b) S(x,y),
X VY, o = (T=cu(a b)) S(x,y) + cul(a,b)T(x,y),

where ¢, (a, b) is the scalar effective contradiction from Remark[2.2] (When 7 = 1 these reduce to the standard
plithogenic operators.)

Proposition 2.4 (Well-definedness and reductions). Let PS be a DV-PFS and let b € Pv, w € [0, 1]> with
w)+wy = 1. Then forall x,y € [0,1] and a € Pv:

1. x A(Dth,w) y € [0,1] and x V(Da\|]h,w) y € [0, 1].

2. Ifc(a,b) = (0,0) then x /\a\"b’w) y=T(x,y) and x V(Da\|/b,w) y = S(x,y) (classical fuzzy case).



3. Ifc(a,b) = (1, 1) thenthe roles of T and S are swapped.: x/\a\"b’w)y =S(x,y) andxv([;\lfb’w)y =T(x,y).

Proof. (1) Since T, S : [0,1]> — [0, 1] and c,(a, b) € [0, 1], each expression is a convex combination of
values in [0, 1], hence is in [0, 1]. (2) If ¢(a, b) = (0,0) then c,,(a, b) = 0, so the weights become (1, 0) and
the formulas reduce to 7, S. (3) If ¢(a, b) = (1, 1) then ¢, (a, b) = 1, so the weights become (0,1) and 7, S
are interchanged. O

Remark 2.5 (Thresholded activation (optional)). When decisions depend on whether a contradiction is “strong”
in at least one component, one may use either the max-activation max{c;(a, b), cz(a,b)} > 7 or a weighted
rule ¢, (a, b) > T with T € [0, 1]. Both respect the symmetry and zero-diagonal properties.

Example 2.6 (DV-PFES in hiring: two kinds of contradiction (expertise vs. leadership)). We model a hiring
decision with a Double-Valued Plithogenic Fuzzy Set (DV-PFS). Let the items be candidates P = {X,Y,Z}.
The attribute is v = “role level” with values Pv = {J, M, S} (Junior/Mid/Senior). Memberships u(x | a) :=
pdf(x,a) € [0, 1] encode how well a candidate x fits level a.

Memberships.
| 1C 1D uCIM) w19
X | 0.80 0.50 0.20
Y | 040 0.70 0.50
Z | 0.10 0.50 0.90

Double contradiction. We use two independent contradiction components:
c(a,b) = (c1(a,b), c2(a, b)) € [0, 1%,

where ¢ = expertise gap, ¢, = leadership gap (both symmetric, zero on the diagonal). Relative to the anchor
b = S (company prefers Senior):

(a,b) | (J,8) (M,S) (S,8)
ci(a,b) | 0.90 0.50 0
ca(a,b) | 0.80  0.40 0

To obtain a single modulation coefficient, fix a weight vector w = (w1, wz) = (0.6,0.4) and define the convex
scalarization
Cw(a, b) = w1 Cl(a, b) + w32 CZ(G’ b)

Hence

cw(J,S5)=0.6-090+0.4-0.80=0.86, c,(M,S)=0.6-0.50+0.4-0.40=0.46, c,(S,S)=0.

Aggregation (flip—blend). For each candidate x, the anchor-relative acceptance is

Ds() = o 3 (1= 0@ ) ulx @) + cola,$) (1= ulx | ) € 10,1,

|PV| aePv



Calculations. Write T, (x) := (1 — co(a,S)) u(x | a) + ¢, (a,S) (1 — u(x | a)).

X: 73=0.14-0.80+0.86-0.20 =0.112 +0.172 = 0.284,
Tm = 0.54-0.50 + 0.46 - 0.50 = 0.27 + 0.23 = 0.50,
Ts = 0.20,

DS(X) — 0.284+0:.550+0.20 =0.328.

Y: 7;=0.14-0.40+0.86 - 0.60 = 0.056 + 0.516 = 0.572,
Tnv =0.54-0.70 +0.46 - 0.30 = 0.378 + 0.138 = 0.516,
Ts = 0.50,

Ds(Y) = 0.572+0.3516+0.50 ~0.5293.

Z: T3=0.14-0.10+0.86-0.90 = 0.014 + 0.774 = 0.788,
Twm = 0.50,
Ts = 0.90,

DS(Z) — 0.788+0350+0.90 ~ 0.7293.

Result. Ranking under anchor b = S: Z > Y > X. The two contradiction channels (expertise/leadership)
jointly steer the aggregation.

Example 2.7 (DV-PFS in packaging policy: environmental vs. regulatory contradiction). Let the products be

P = {A, B, C} with packages: A = virgin plastic pouch, B = bioplastic pouch, C = refillable glass jar. Attribute

v = “sustainability sourcing” with Pv = {VP, BP, RP, RG} (VirginPlastic/BioPlastic/RecycledPaper/RefillableGlass).
Choose anchor b = RG.

Memberships.
| 1 IVP) u(-IBP) u(-|RP) u(-|RG)
A 0.90 0.20 0.10 0.05
B 0.20 0.80 0.40 0.30
C 0.05 0.30 0.60 0.95
Double contradiction. Two components are used: ¢; = environmental conflict (emissions/waste), ¢y =

regulatory/safety risk conflict. Relative to b = RG:

a | VP BP RP RG
c1(a,RG) [ 0.95 0.60 020 0
c2(a,RG) [ 0.85 0.30 020 0

Fix w = (0.7,0.3); then the effective contradiction is
cw(a,RG) =0.7¢1(a,RG) + 0.3 c2(a,RG),
hence

cw(VP,RG) =092, ¢,(BP,RG)=0.51, c,(RP,RG)=0.20, c¢,(RG,RG)=0.
Aggregation (flip-blend).

D =7 Y ((1-€0(@RG) (x| 4) + ¢4 (@RG) (1 - u(x | ).

aePv
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Calculations. Let T, (x) denote each summand.

A (VP pouch): Typ =0.08-0.90+0.92-0.10 = 0.072 + 0.092 = 0.164,
Tgp = 0.49-0.20 + 0.51 - 0.80 = 0.098 + 0.408 = 0.506,
Trp = 0.80-0.10+ 0.20 - 0.90 = 0.08 + 0.18 = 0.26,
Trg = 0.05,

DRG(A) — 0.164+04503+0.26+0405 = 0.245.

B (BioPlastic): 7vp = 0.08-0.20 +0.92-0.80 = 0.016 + 0.736 = 0.752,
Tgp = 0.49-0.80 +0.51 - 0.20 = 0.392 + 0.102 = 0.494,
Trp = 0.80-0.40 + 0.20 - 0.60 = 0.32 + 0.12 = 0.44,
Trg = 0.30,

DRG(B) — 0.752+0.49j+0.44+().30 = 0.4965.

C (Refillable Glass): Tvp =0.08 -0.05+0.92-0.95 = 0.004 + 0.874 = 0.878,
Tgp = 0.49-0.304+0.51-0.70 = 0.147 + 0.357 = 0.504,
Trp = 0.80-0.60 + 0.20 - 0.40 = 0.48 + 0.08 = 0.56,
Trg = 0.95,

DRG(C) — O.878+04504‘l‘+0.56+0495 =0.723.

Result. Ranking under anchor b = RG: C > B > A. The two contradiction channels (environmental vs.
regulatory) jointly penalize packages that conflict with the refillable-glass target.

2.2 Two-mode De-Plithogenication in Double-valued Plithogenic Fuzzy Set

Two-mode De-Plithogenication in a Double-Valued Plithogenic Fuzzy Set updates memberships by flipping or
preserving them, while neutralizing both independent contradiction values.

Definition 2.8 (Two-mode De-Plithogenication for DV-PES). Let PS = (P, v, Pv, pdf, pCF) be a Double-
Valued Plithogenic Fuzzy Set with pdf : P x Pv — [0, 1] and

pCF : Pvx Pv —> [0,1]%, pCF(a,b) = (c1(a,b), c2(a, b)),

where, foreach k € {1,2}, cx(a,a) = 0and ci(a, b) = cx (b, a). Fix an anchor b € Pv and a (componentwise)
threshold vector T = (11, ™) € [0, 1]%.

Per-component activation. For k € {1,2} and a € Pv, define

Acti(a | b,7) := 1[ck(a,b) > 7], A(Ti)(b) = {aePv: Acty(a| b,7) =1}.

Per-component mode selection. Let My : {{a, b} : a € Pv} — {0, 1} be symmetric in its arguments, with
the semantics (for an activated pair {a, b}):

* My ({a,b}) = 0 (Neutralize-only in component k): keep memberships; set the k-th contradiction on
{a,b} t0 0.

e Mi({a,b}) = 1 (Invert+Neutralize in component k): invert the memberships tied to value a (see
below) and set the k-th contradiction on {a, b} to 0.

Flip indicator (OR across components). For a € Pv, define the flip flag

L= (a]b.r. M M) 2= max (Acti(a | b, ) - Mi({a, b)) € (0,1},

11



Two-mode DV operator. The Two-mode De-Plithogenication of PS at (b, T, M1, M) is the updated struc-
ture

imp,2
Uy im, (PS) = (P, v, Py, pdfY, pCFY),

defined componentwise by, for all x € P, a,u,v € Pv,and k € {1,2},

pdfY(x,a) = (1-1-(a|b,t, Mi, M2)) - pdf(x,a) + 1= (a|b,t, Mi, M2) - (1 — pdf(x,a)),
U 0, if {u,v} = {a, b} for some a € Ag;)(b),
cy (u,v) = .
cr(u,v), otherwise.

Equivalently, at the pair level pCFY (u,v) = (c¥(u,v), ¢¥(u,v)). Thus, each contradiction component is
neutralized exactly on its own activated pairs, while membership inversion (if any) occurs once per value a
whenever at least one component is activated in Mode 1.

Remark 2.9 (Using DV contradictions inside scalar aggregations). When a scalar modulation is required (e.g.
in flip—blend aggregation), fix a weight vector w = (w1, w;2) with w1, wy = 0, w + wy = 1, and define the
(post-update) effective contradiction

c%(a,b) = Wy c?(a,b) + wy cg(a,b) e [0,1].

Substituting c¢¥ for ¢ yields the usual plithogenic operators or flip-blend acceptances while preserving the DV
structure in pCFY.

roposition 2. asic properties). Let U := mp, . Fora - and parameters as above:
P ition 2.10 (Basi ies). Let U U;,"‘fjm s, For all DV-PFS PS and b

(i) Idempotence. U(U(PS)) = U(PS).
(ii) Componentwise contradiction monotonicity. ckU(u, v) < ¢k (u,v) forallu,v € Pv and each k = 1,2.
(iii) Membership range preservation. pdfV (x,a) € [0, 1] forall x € P, a € Pv.

(iv) Reductions. Ifc; = 0 (or1 > 1, or My = 0), then U reduces to the single-valued two-mode operator (with
t = 1). If, moreover, all modes are 1, U coincides with the Upside-Down transform with contradiction
reset.

Proof. (i) After one application, for each component & and each activated pair {a, b}, ckU(a, b) = 0. Hence
Acti(a | b, i) = 0 for every a at the second application, so neither further inversions nor further resets occur;
thusUoU =U.

(ii) By definition, each cg is obtained from cj by setting some entries to 0 and keeping all others; therefore

¥ < cx componentwise.

(iii) Each update of pdf is either the identity x + x or the flip x — 1 — x; both map [0, 1] into [0, 1].

(iv) If component k = 2 is inert, activation and mode effects occur only in component k = 1, reproducing
the ordinary two-mode scheme; if all active modes are 1, every activated value is inverted once and all
corresponding contradictions are reset, which is exactly the Upside-Down-with-reset behavior. O

Example 2.11 (Two-mode De-Plithogenication (DV-PFS): Work-mode policy with two contradictions). We
model staff suitability for work modes with a Double-Valued Plithogenic Fuzzy Set (DV-PFS). Items (employ-
ees): P = {El,E2}. Attribute: v = “work mode” with values Pv = {On, Hy, Re} (On-site / Hybrid / Remote).
Anchor: b = On. Memberships u(x | a) := pdf(x,a) € [0, 1]:

| #(-10n) pu(-|Hy) pu(-|Re)
El| 030 0.70 0.80
E2| 085 0.50 0.20

12



Double contradictions. Two components pCF(a, b) = (cy(a, b), c2(a, b)): c; = policy/process conflict; ¢; =
security/compliance risk. Against b = On:

a_| (c1(a,0n)) (ca(a,On))

Hy 0.75 0.85
Re 0.90 0.60
On 0 0

Activation and modes. Thresholds T = (71,72) = (0.80,0.70). Then AY(On) = {Re} (since 0.90 > 0.80),
Ag) (On) = {Hy} (since 0.85 > 0.70). Choose per-component modes:

Mi({Re,On}) =1 (Invert+Neutralize in ¢;), M>({Hy,On}) = 0 (Neutralize-only in c»).

Hence the value Re flips its memberships (due to component 1) and Hy does not flip (component 2 is neutralize-
only). Resets: cllj (Re,On) =0, céj (Hy, On) = 0; all other non-activated components remain unchanged.

Scalarization for aggregation. Use weights w = (0.6,0.4) and ¢, (a,b) = 0.6 c{(a, b) + 0.4 c,(a, b). Before
update:

cw(Hy,On) =0.6-0.75+0.4-0.85=0.79, c¢,(Re,On) =0.6-0.90+0.4-0.60 = 0.78.
After update:
cY(Hy,On) =0.6-0.75+0.4-0=0.45, cY(Re,On) =0.6-0+0.4-0.60 = 0.24.
Membership flip (only Re): for each x € P, u(x | Re) = 1 — u(x | Re); other columns unchanged.

Flip—blend acceptance (anchor b = On).

Don(x) =3 3 ((1-e(@,0m) u(x | @) + e(a,0m) (1 - (x| @),

aePv

using ¢ = ¢, (pre) or ¢ = ¢V (post) and u (pre) or uY (post).

El, before: To, = 0.30, Ty = 0.21-0.70+0.79-0.30 = 0.147+0.237 = 0.384, Tge = 0.22-0.80+0.78-0.20 =
0.176 + 0.156 = 0.332. So Don(E1) = (0.30 + 0.384 + 0.332)/3 ~ 0.3387.

El, after: 4V (E1 | Re) = 1-0.80 = 0.20. 7§, = 0.30, T, = 0.55-0.70+0.45-0.30 = 0.385+0.135 = 0.520,
TU =0.76 -0.20 + 0.24 - 0.80 = 0.152 + 0.192 = 0.344. So DY (E1) = (0.30 + 0.520 + 0.344) /3 ~ 0.3880.

E2, before: To, = 0.85, Ty = 0.21-0.50+0.79-0.50 = 0.105+0.395 = 0.500, Tge = 0.22-0.20+0.78-0.80 =
0.044 + 0.624 = 0.668. So Don(E2) = (0.85 + 0.500 + 0.668)/3 ~ 0.6727.

E2, after: iV (E2 | Re) = 1-0.20 = 0.80. T3, = 0.85, T = 0.500 (unchanged), T, = 0.76-0.80+0.24-0.20 =
0.608 + 0.048 = 0.656. So DY (E2) = (0.85 + 0.500 + 0.656)/3 ~ 0.6687.

Effect. The genuine policy conflict with Remote is inverted and neutralized (component 1), while the security
conflict with Hybrid is neutralized only (component 2), yielding higher acceptance for E1 and a slight adjustment
for E2.

Example 2.12 (Two-mode De-Plithogenication (DV-PFS): Loan underwriting with credit vs. fraud contradic-
tions). We model applicant acceptability by risk level. Items (applicants): P = {A, B}. Attribute: v = “risk
tier” with Pv = {L, M, H} (Low/Medium/High). Anchor: b = L. Memberships:

| pC1L) uCIM) p | H)
Al 040 0.60 0.20
B| 0.85 0.35 0.10
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Double contradictions. ¢ = credit risk gap, ¢, = fraud/anomaly risk gap (symmetric, zero diagonal):

a | (c1(a,L)) (c2(a,L))
M| 0.60 0.30

H| 095 0.85

L 0 0

Activation and modes. Thresholds T = (0.80,0.80) give A(T:) (L) = {H}, A(Ti) (L) = {H}. Choose modes
Mi({H,L}) =1 (Invert+Neutralize in c{), M>({H,L}) = 0 (Neutralize-only in c»).

Thus value H flips; both components on {H,L} are reset: cllj (H,L) = 0, céj(H, L) = 0. Value M is not
activated and remains unchanged.

Scalarization. Use w = (0.5,0.5). Before: ¢, (M, L) = 0.5(0.60)+0.5(0.30) = 0.45, ¢,(H,L) = 0.5(0.95) +
0.5(0.85) = 0.90. After: ¢V (H,L) = 0, c¥ (M, L) = 0.45. Membership flip: u¥ (x | H) = 1 — u(x | H).

Flip—blend acceptance (anchor b = L).

D=5 > ((-c@L)utl@+etl)(-put|a))

ac{L,M,H}

Applicant A, before: 71, = 0.40, Ty = 0.55-0.60+0.45-0.40 = 0.33+0.18 = 0.51, T = 0.10-0.20+0.90-0.80 =
0.02+0.72 =0.74. So DL.(A) = (0.40 + 0.51 + 0.74)/3 = 0.55.

Applicant A, after: uY (A | H) = 1-0.20 = 0.80, 7,” = 0.40, T = 0.51 (unchanged), 7Y = (1 -0) - 0.80 +
0-0.20 = 0.80. So DV (A) = (0.40 +0.51 +0.80)/3 = 0.57.

Applicant B, before: Ti, = 0.85, Ty = 0.55-0.354+0.45-0.65 = 0.1925 + 0.2925 = 0.485, Ty = 0.10- 0.10 +
0.90-0.90 = 0.01 + 0.81 = 0.82. So D1,(B) = (0.85 + 0.485 + 0.82) /3 ~ 0.7183.

Applicant B, after: uY(B | H) = 1-0.10 = 0.90, TV = 0.85, T} = 0.485, TY = 0.90. So DY(B) =
(0.85 + 0.485 + 0.90) /3 = 0.745.

Effect. A genuine credit-risk conflict (component 1) at the High tier is inverted and neutralized, while the
fraud-risk channel (component 2) is neutralized-only. This raises anchor-relative acceptance for both applicants,
more notably for B.

2.3 Multi-valued Plithogenic Fuzzy Set

A Multi-Valued Plithogenic Fuzzy Set assigns each element a fuzzy membership degree and multiple indepen-
dent contradiction values, modeling complex multi-dimensional conflicts.

Definition 2.13 (Multi-Valued Plithogenic Fuzzy Set (MV-PES)). Let S be a universe and P C S a nonempty
set. Fix an attribute v with nonempty value-set Pv. For a fixed integer m > 1, a Multi-Valued Plithogenic Fuzzy
Set with parameters (s,¢) = (1,m) is a quintuple

PS = (P, v, Pv, pdf, pCF,),
where
e pdf : PXPv — [0, 1] is the (scalar) Degree of Appurtenance Function assigning u(x | a) := pdf(x,a) €
[0, 1] to each (x,a) € P X Pv;

¢ pCF,, : Pv X Pv — [0, 1] is the Multi-Valued Degree of Contradiction Function assigning, for each
pair (a, b), an m-vector

pCFy(a,b) =c(a,b) = (ci(a,b),...,cm(a,b)) € [0,1]™,
whose coordinates model m independent kinds of contradiction.
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Forevery a,b € Pvandeach k € {1,...,m},
crla,a) =0, ci(a,b) = cr(b,a).

Remark 2.14 (Effective scalar contradiction and basic bounds). When a single contradiction coefficient is
required (e.g., for aggregation or logical connectives), fix a weight vector w = (w1, . . . , w,,) in the probability
simplex

A" = {w e [0,1]™ Zwk =1}.
k=1

Define the effective (scalar) contradiction by convex scalarization
m
cw(ab) = ) wicx(ab) €[0,1].
k=1

Indeed, 0 < cy(a,b) < Y pwr = 1, and symmetry/zero-diagonal follow componentwise: ¢, (a,a) = 0,
cwla,b) =cy(b,a).

Example 2.15 (Urban mobility planning (anchor = LowCarbon; m = 3)). Items (modes): P = {Car, Bus, Bike, Metro}.
Attribute values: Pv = {T,C,L, A} for (Time Efficiency, Cost Saving, Low Carbon, Accessibility). Anchor
b=L.

Memberships u(x | a):
\ T C L A
Car | 0.80 0.20 0.10 0.60
Bus | 0.50 0.70 0.60 0.80
Bike | 0.60 0.90 0.95 0.50
Metro | 0.85 0.60 0.80 0.90

Three contradiction components (w.r.t. the anchor L):

(a,b=L) | T C A L
c1 (emissions) 0.70 0.30 0.20 O
0

0

¢y (budget) 0.40 0.50 0.30
c3 (safety/comfort) | 0.20 0.20 0.40

Choose w = (0.5,0.3,0.2). Then ¢, (T,L) = 0.51, ¢, (C,L) =0.34, ¢, (A,L) =0.27, ¢, (L,L) =0.
Anchor-relative acceptances Di“') (x):

x | T ¢ L A D%
Car | 0.318 0.468 0.100 0.378 | 0.386
Bus | 0.745 0.398 0.600 0.254 | 0.576
Bike | 0.588 0.306 0.950 0.635 | 0.644
Metro | 0.234 0.412 0.800 0.205 | 0.627

(Rightmost column is the average of the four entries.) Ranking: Bike > Metro >~ Bus > Car. Multiple
contradiction channels jointly penalize attributes that conflict with the LowCarbon anchor, yielding a policy-
aware ordering of modes.

Example 2.16 (Laptop procurement under a repairability/sustainability policy (m = 3)). Items: P =
{L1,L2,L3} (gaming, ultrabook, modular/repairable). Attribute values: Pv = {P,B,R, S} for (Perfor-
mance, Battery life, low pRice, Repairability/Sustainability). Anchor b = S.

Memberships u(x | a):
P B R S
L1095 040 0.20 0.30
L2075 090 0.50 0.60
L3|0.70 0.80 0.40 0.95
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Three contradiction components (vs. S):

(a, b=S) | P B R S

ci (environmental) | 0.80 0.30 0.60 O
¢2 (TCO cost) 0.50 0.20 0.70 0
c3 (repairability) | 0.60 0.50 0.70 0

With weights w = (0.6,0.2,0.2), ¢,(P,S) = 0.70, ¢, (B,S) =0.32, ¢, (R,S) =0.64, c,(S,S) =0.
Anchor-relative acceptances Dg“') (x):

x| P B R s |DPw
L1[0.385 0.568 0.712 0.300 | 0.417
L2 | 0425 0.268 0.570 0.600 | 0.536
L3 | 0.510 0336 0.624 0.950 | 0.627

Ranking: L3 > L2 > L1. High performance and very low price face multi-dimensional contradictions against
the repairability/sustainability anchor, whereas modular design yields the strongest anchor-relative acceptance.

Definition 2.17 (MV-plithogenic connectives relative to an anchor). Fix a dominant (anchor) value b € Pv, a
continuous t-norm 7 and its dual t-conorm S. For x,y € [0, 1] associated with the same value a € Pv, define

X A(Ma?;,w) y:: (l—Ca,(a,b))T(x,y) + Cm(avb)S(-x9y)7
x v v i= (= cw(a b)) S(x.y) + cula.b)T(x,y),
with ¢, from Remark These are convex blends of T and S, hence map [0, 1]? into [0, 1].

Example 2.18 (High-contradiction case: product t-norm and probabilistic-sum t-conorm). Let the anchor be
b € Pv and fix value a € Pv. Take T(x,y) = xy and S(x,y) = x + y — xy. Suppose two degrees x = (.70,
y = 0.50 are attached to a. Assume m = 3 contradiction components (relative to b):

(c1,c2,c3) = (0.80, 0.60, 0.20), w=(0.5,0.3,0.2),
so the effective contradiction is
cwl(a,b) =0.5-0.80+0.3-0.60+0.2-0.20 = 0.62.
Compute the classical connectives:
T(x,y) =0.70-0.50 = 0.35, S(x,y) =0.70 + 0.50 - 0.35 = 0.85.
Then the MV-plithogenic connectives (Def. are

X AN, )y =(1-0.62)-035+0.62-0.85 = 0.38 - 0.35 + 0.62 - 0.85 = 0.133 + 0.527 = 0.660,
x VAN, )y = (1-0.62) -0.85+0.62 035 = 0.38 - 0.85 +0.62 - 0.35 = 0.323 + 0.217 = 0.540.

Interpretation. A high contradiction (c,, = 0.62) pushes A toward the t-conorm and V toward the t-norm.

Example 2.19 (Low-contradiction case: minimum/maximum pair). Let the anchor be b and value a € Pv.
Choose T'(x, y) = min{x, y}, S(x, y) = max{x, y}. Let x = 0.40, y = 0.90. Assume m = 2 components with

(c1,c2) = (0.10, 0.20), w = (0.6, 0.4),
S0 cy(a,b) =0.6-0.10+0.4 - 0.20 = 0.14. Classical connectives:
T(x,y) =0.40, S(x,y) =0.90.
MV-plithogenic results:

X Aty ) Y = (1=0.14) - 0.40 + 0.14 - 0.90 = 0.86 - 0.40 + 0.14 - 0.90 = 0.344 + 0.126 = 0.470,
XV, o) ¥ = (1=0.14) -0.90 +0.14 - 0.40 = 0.86 - 0.90 + 0.14 - 0.40 = 0.774 + 0.056 = 0.830.

Interpretation. With small contradiction (¢, = 0.14), the results stay close to the classical min/max (0.40, 0.90)
while allowing a modest blend.
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Proposition 2.20 (Well-definedness). Let PS be an MV-PFS, b € Pv, and w € A", Then forall x,y € [0,1]
and a € Pv, the connectives in Definition[2.17]satisfy

X /\(I\g?/b’w) y € [0,1], x V(I\g?;;,w) y e [0,1].

Proof. Since T, S : [0,1]%> — [0,1] and c,,(a, b) € [0, 1], each expression is a convex combination of values
in [0, 1]. O

Theorem 2.21 (MV-PFS generalizes PFS (¢=1) and DV-PFS (¢=2)). Let PS = (P, v, Pv, pdf, pCF,,) be an
MV-PFS withm > 1.

1. Ifm =1, then pCF) : Pv X Pv — [0, 1] and PS is exactly a (single-valued) Plithogenic Fuzzy Set (PFS)
with (s,t) = (1, 1).

2. If m =2, then pCF> : Pv x Pv — [0, 1]? and PS is exactly a Double-Valued Plithogenic Fuzzy Set
(DV-PFS) with (s,t) = (1,2).

3. For arbitrary m > 2, any PFS PS"V) and any DV-PFS PS® embed into some MV-PFS via canonical
injections that preserve memberships and contradictions; moreover, suitable choices of w recover the
original scalar contradiction used by their operators.

Proof. (1) Taking m = 1 gives pCFy(a,b) = (ci(a,b)) € [0, 1] with c;(a,a) = 0 and symmetry, which is
precisely the standard PFS contradiction map. With w = (1), ¢,, = c1, hence the MV-connectives reduce to
the usual plithogenic connectives; thus MV-PFS coincides with PFS.

(2) Taking m = 2 gives pCF>(a,b) = (ci(a,b),cs(a, b)) € [0, 1]? with the same axioms componentwise;
this is exactly the DV-PFS structure. Any DV scalarization & = (&1, @,) € Al is obtained by choosing w = &,
hence the MV-connectives coincide with the DV ones.

(3) Embeddings.

¢ PFS — MV-PFS. Given a PFS with contradiction ¢ : Pv X Pv — [0, 1], define ¢;(¢) := (c,0,...,0) €
[0,1]™. Set pCF,,(a,b) := t1(c(a, b)). Then for w = (1,0,...,0), ¢, (a, b) = c(a, b). Memberships
pdf are shared. All axioms are preserved componentwise; hence this is a structure-preserving injection.

* DV-PFS <> MV-PFS. Given a DV-PES with (ci,c2) : Pv x Pv — [0, 1], define w:(ci,c2) :=
(¢1,¢2,0,...,0) € [0,1]™. For any DV weight & = (@1, ®;), choose w = (@1, @,0,...,0) € Am-1.
then ¢, (a, b) = @1¢1(a, b) + @rc¢2(a, b), reproducing the DV effective contradiction. Again, all axioms
are preserved.

Thus PFS and DV-PES are special (degenerate) cases of MV-PFS, and both embed faithfully forany m > 2. O

Remark 2.22 (Flip-blend acceptance as a special MV aggregator). Fix b € Pv and w € A”~!. For an item
x € P, an anchor-relative “acceptance” can be computed by the flip—blend average

D (x) = ﬁ > (1= cot@b) ptr @) + cala,b) (1 - x| @) < [0,1],
aePv

where c, is the MV effective contradiction. When m = 1 (resp. m = 2) this reduces exactly to the PFS (resp.
DV-PFES) formula by choosing w as in the proof above.
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2.4 Two-mode De-Plithogenication in Multi-valued Plithogenic Fuzzy Set

Two-mode De-Plithogenication in a Multi-Valued Plithogenic Fuzzy Set adjusts memberships by flipping or
retaining values while neutralizing multiple contradiction components simultaneously.

Definition 2.23 (Two-mode De-Plithogenication for MV-PFS). Let PS = (P, v, Pv, pdf, pCF,,) be a
Multi-Valued Plithogenic Fuzzy Set with parameters (s,t) = (1,m), where

pdf : Px Pv — [0,1], pCFy : Pv X Pv — [0,1]™, pCFu(a,b) = (ci(a,b),...,cm(a, b)),

and for every k € {1,...,m}: cix(a,a) = 0 and ci(a,b) = cr(b,a). Fix an anchor b € Pv and a
(componentwise) threshold vector T = (71, ...,T,) € [0, 1]™.
Per-component activation. For k € {1,...,m} and a € Pv, set

Acti(a | b,t) = 1[cx(a,b) > 1]1€{0,1},  AX (D) := {aePv: Acty(a|b, ) =1}.

k

Per-component mode selector. For each component k, let My : {{a,b} : a € Pv} — {0, 1} be symmetric in
its arguments, with the following semantics on any activated pair {a, b}:

* My ({a,b}) = 0 (Neutralize-only in component k): keep memberships; set ¢, (a, b) to 0.

* My ({a,b}) = 1 (Invert+Neutralize in component k): invert the memberships tied to value a (see below)
and set ¢ (a, b) to 0.

Flip indicator (OR across components). For a € Pv define the flip flag

flip(a | bor AMi}L) = max (Actk(a|b,rk)-Mk({a,b})) € {0,1}.

Two-mode MV operator. The Two-mode De-Plithogenication of PS at (b,t,{M}}",) is the updated
structure )
imp, .
Ub,EE”Mk}(PS) = (P, v, Pv, pdfY, pCFY),

given, forallx € P, a,u,v € Pv,and k € {1,...,m}, by

pdfY(x,a) := (1-flip(a | b,7,{Mi})) pdf(x,a) + flip(a | b, 7, {Mi}) (1 - pdf (x,a)),
v {o, if {u,v} = {a, b} for some a € ALY (b),
cp(u,v) =

k
cr(u,v), otherwise.

Equivalently, pCFY (u,v) = (cﬁj(u, V),...,c%(u,v)). Thus, each contradiction component k is neutralized
exactly on its own activated pairs, while a membership inversion for a value a occurs once whenever flip(a |
b,-) =1 for at least one activated component in Mode 1.

Remark 2.24 (Post-update scalarization and aggregation). When a single modulation coefficient is needed,
choose w = (wy, . . ., wy) in the simplex A™=1 and define the effective contradiction

m
¥(a,b) = Zwk Y(a,b) €[0,1].
k=1
Substituting c¥ for ¢ in plithogenic operators (e.g. the flip-blend aggregator Agg) yields scalar acceptances

consistent with the multi-valued update.

Proposition 2.25 (Basic properties). Let U := yimp-m

b M) For every MV-PFS PS and parameters as above:

(i) Idempotence. U(U(PS)) = U(PS).
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(ii) Componentwise contradiction monotonicity. ckU(u, v) < cix(u,v) forallu,v € Pvandeachk = 1,...,m.
(iii) Membership range preservation. pdfV (x,a) € [0, 1] forall x € P, a € Pv.

(iv) Reductions. If m = 1 (resp. m = 2) the operator reduces to the single-valued (resp. double-valued)
two-mode scheme. More generally, if some component k is inert (cy =0 or 1t > 1 or My =0), it has no
effect on U.

Proof. (i) After one application, for every component k and activated pair {a, b}, c;(/(a, b) = 0. Hence
Acty(a | b, ) = 0 at the next step and no further resets or flips occur, so U o U = U. (ii) Each cg is obtained
by setting some entries of cx to 0 and keeping others unchanged; thus cg < ¢k componentwise. (iii) The
update of pdf is either the identity x — x or a complement x — 1 — x, both mapping [0, 1] into [0, 1]. (iv)
The stated reductions are immediate from the definitions when the number of components is 1 or 2, or when a
component is inactive. O

Example 2.26 (Urban mobility planning with three contradiction channels). Setting. Items (projects) P =
{X1, X2, X3}: road widening (X)), BRT (X;), bike-lane network (X3). Attribute v = “travel mode” with values
Pv = {C, T, B} (Car/Transit/Bike). Anchor b = T (transit-centric plan). Memberships u(x | @) = pdf(x,a):

pC1C) p(|T) p(|B)
X[ 095 020 0.10
X,| 050 090 040
X;| 010 050 095

Three contradictions against T (symmetric, zero diagonal): ¢; =environment, ¢, =cost, c3 =equity:

c1(,T) (-, T) «c3(,T)
C 0.90 0.60 0.85
B 0.10 0.40 0.30
T 0 0 0

Thresholds 7 = (0.8,0.5,0.8). Activations: C activates all three components; B activates none. Modes:
Mi({C,T}) = 1 (genuine env. conflict), M({C,T}) = 0 (cost deemed non-genuine), Mz({C,T}) =1
(genuine equity conflict). Thus the C-column flips; all ¢ (C, T) reset to 0.

Scalarization. With w = (0.5,0.2,0.3),

cw(C,T)=0.825, c,(B,T)=0.22, Y(C,T)=0, Y(B,T)=0.22.

Flip—blend acceptance (after update). For X;: pY(X; | C) = 1 —0.95 = 0.05. Terms: C : 0.05, B :
0.78 -0.10 + 0.22 - 0.90 = 0.276, T : 0.20. So D(Tw)(Xl) = (0.05 + 0.276 + 0.20) /3 ~ 0.175.

For X»: 1Y (X, | C) = 0.50 (unchanged since 1 —0.50 = 0.50). Terms: C : 0.50, B : 0.78-0.40 +0.22-0.60 =
0.444, T: 0.90. Hence D<T“’)(X2) = (0.50 + 0.444 + 0.90)/3 ~ 0.615.

For X3: uY (X3 | C) =1-0.10 = 0.90. Terms: C : 0.90, B : 0.78 - 0.95 + 0.22 - 0.05 = 0.752, T : 0.50. Thus
DY) (X3) = (0.90 + 0.752 +0.50) /3 ~ 0.717.

Post-update ranking: X3(0.717) > X2(0.615) > X;(0.175). Mode 1 on the activated car value flips member-
ships and, together with resets, boosts transit-/bike-oriented projects while penalizing car-centric widening.

Example 2.27 (Personalized diet planning with three contradictions). Setting. Items P = {M,, M, M3}: Keto
box, Balanced bento, Vegan salad kit. Attribute v = “diet style” with Pv = {K, B, V} (Keto/Balanced/Vegan).
Anchor b = B. Memberships:
| uC 1K) pC|B) pC-]V)
M, 0.95 0.30 0.05
M, 0.40 0.90 0.30
M; 0.10 0.60 0.95
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Contradictions against B: ¢; =medical, ¢, =budget, c3 =availability:

‘ Cl("B) C2("B) 63("B)
K| 0.90 0.70 0.40
Vi 0.20 0.60 0.30
B 0 0 0

Thresholds T = (0.8, 0.65,0.5). Activations: K activates c1, cp; V activates none. Modes: M;({K,B}) =1
(invert+neutralize), M>({K,B}) = 0 (neutralize-only). Thus uY(- | K) = 1 — u(- | K) and ¢Y(K,B) =
c%’(K, B) =0.

Scalarization. With w = (0.5,0.3,0.2),

co(K,B) =0.74, ¢, (V,B) =0.34, ¢Y (K, B) = 0.08 (only c3 remains).

Flip—blend acceptance (after update). For My: uY (M; | K) = 0.05. Terms: K : 0.92-0.05+0.08-0.95 = 0.122,
V:0.66-0.05+0.34-0.95 = 0.356, B : 0.30. Hence D](;")(Ml) = (0.122 + 0.356 + 0.30)/3 ~ 0.259.

For Ma: uY(M; | K) = 1-0.40 = 0.60. Terms: K : 0.92-0.60+0.08-0.40 = 0.584, V : 0.66-0.30+0.34-0.70 =
0.436, B : 0.90. So D) (M3) = (0.584 + 0.436 + 0.90)/3 ~ 0.640.

For Ms: Y (M5 | K) = 1-0.10 = 0.90. Terms: K : 0.92:0.90+0.08-0.10 = 0.836, V : 0.66-0.95+0.34-0.05 =
0.644, B : 0.60. Thus D\ (M3) = (0.836 + 0.644 + 0.60) /3 ~ 0.693.

Post-update ranking: M3(0.693) > M,(0.640) > M,(0.259). A genuine medical contradiction (component
c1) triggers inversion of Keto; budget conflict is neutralized-only, yielding higher balanced-anchor acceptability
for Vegan/Balanced plans.

3 Discussion: Classical Fuzzy vs Plithogenic Fuzzy
vs Double-valued Plithogenic Fuzzy vs Multi-valued Plithogenic Fuzzy

The decisive distinction between a Plithogenic Fuzzy Set and a Classical Fuzzy Set lies in the presence of
contradiction parameters. While Classical Fuzzy Sets only capture graded membership, Plithogenic Fuzzy
Sets explicitly incorporate contradiction values, enabling them to represent conflicts within attribute values.
In comparison with a Plithogenic Fuzzy Set, the Double-valued and Multi-valued Plithogenic Fuzzy Sets
provide a major advantage: they can address multiple forms of contradiction that arise in everyday life. This
enhancement allows for richer modeling of complex decision-making scenarios in which several independent
sources of conflict coexist. For clarity, Table [l| summarizes the comparison among Classical Fuzzy Sets,
Plithogenic Fuzzy Sets (t=1), Double-valued Plithogenic Fuzzy Sets (1=2), and Multi-valued Plithogenic
Fuzzy Sets (t=m). Likewise, Table 2] outlines the two-mode De-plithogenication procedure across these
frameworks. From these observations, it is evident that further research on Plithogenic Fuzzy Sets, particularly
in their double- and multi-valued variants, is both promising and necessary. We expect that these enriched
frameworks will inspire more active and diverse investigations in the future.

4 Conclusion

This paper investigated how to handle situations where two or more contradiction values are present, in
conjunction with the principles of Upside-Down Logic. Furthermore, we also examined methods for eliminating
contradictions altogether. In the future, we hope to explore the behavior of Double-valued Plithogenic Sets and
Multi-valued Plithogenic Sets within Graphs [26,27], HyperGraphs [28-30], Bidirected Graphs [31+33]], and
SuperHyperGraphs [12,34,/35]]. We also anticipate that experiments using various datasets will be conducted
to validate and further develop these theoretical frameworks.
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Framework t Contradiction struc- Operator modulation Typical scenario
ture (example)
Classical Fuzzy Set 0 none use a t-norm 7 and t-  Simple vagueness (e.g.,
conorm S only; x Ay = “warm”)
T(x,y),xVy=S8(xy)
Plithogenic Fuzzy Set 1 c(a,b) € [0,1], sym- Dblend by contradiction: One conflict channel
(PES) metric, c(a,a) =0 (1 = ¢(a,b))T(x,y) + across attribute values
c(a,b) S(x,y) (dual for
V)
Double-valued PFS 2 (c1(a,b), ca(a,b)) € scalarize Cw = Two conflicts (e.g., envi-
(DV-PFES) [0, 1]2 (two independent  wjic; + wrca; then ronmental vs regulatory)
contradictions) (1 = co)T(x,y) +
cwS(x,y)
Multi-valued PFS (MV- m>=2 (ci,....,cm) € [0,1]™ co = XJ., wkcr with  Multi-criteria conflicts
PFS) (multiple independent w € A™!; then (1 — (environment, cost,
contradictions) co)T + ¢S safety, equity, .. .)

Table 1: Comparison of Classical Fuzzy, Plithogenic Fuzzy (¢=1), Double-valued (¢=2), and Multi-valued
(t=m) Plithogenic Fuzzy Sets.

Framework Activation rule Membership update Contradiction up- Scalarization / notes
(two-mode) date

Plithogenic Fuzzy Activate value a w.r.t. Mode O: keep pCFY(u,v) = 0 if No scalarization

Set (PFS) (t=1) anchor b if ¢(a,b) = pdf(x,a); Mode {u,v} = {a,b} with needed (t=1).
1:  pdfY(x,a) = c(a,b) > 1; other- Example aggre-
1 — pdf(x,a) (only wise unchanged. gator  (flip-blend):

Double-valued PFS
(DV-PFS) (1=2)

Multi-valued PFS
(MV-PFES) (t=m>2)

.., m

if cx(a,b)

maxg{1{cx = 7] -

Mi({a,b})} = 1.

Per component k =
activate if
ck(a,b) > 7. Flip
rule: OR across com-
ponents with Mode 1.

for activated a).

component  Mode 0 in component

k € {1,2}: activate k: keep pdf; Mode set:
> T1%. 1insome activated k:
a flips iff set pdfY(x,a) =1-

any such k).

pdf (x,a) (flip once if

Mode O in any acti-
vated k: no flip from k:
that k; Mode 1 in
at least one activated
k: pdfY(x,a) =1 -

ckU(u,v) =

U _
cy = Ck-

ci’(u,v) =

entries unchanged.

pdf(x,a) (single flip

per a).

Componentwise re-
when {u,v} = {a, b}

is activated in com-
ponent k; otherwise

For each component

on its activated pair(s)
{u,v} = {a, b}; other

(I—op+c(l—p);
idempotent after one
update.

Use weights
w = (w,wr); ef-
fective contradiction
Cw = WiC| +Wwiycy €

[0,1] for opera-
tors/aggregation.
Idempotent; strictly

generalizes PFS.

Choose w € A™ I
Z;{":l WiC.
Reduces to DV
(m=2) and PFS
(m=1); idempotent
after one update.

Cw =

Table 2: De-plithogenication (two-mode) across Plithogenic Fuzzy (#=1), Double-valued (1=2), and Multi-
valued (r=m) frameworks. Mode 0 = Neutralize-only; Mode 1 = Invert+Neutralize.
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