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Abstract

Flexure pivot oscillators have the potential to advantageously replace the traditional balance wheel-spiral
spring oscillator used in mechanical watches due to their significantly lower friction. However, they have
inherent nonlinear elastic properties that can introduce a variation of their frequency with amplitude called
isochronism defect. Previous research has focused on controlling the elastic behavior of flexure pivot oscilla-
tors to reach isochronism. We present a new way of minimizing the isochronism defect of rotational oscillators
by varying their inertia. This principle is embodied in a new family of oscillators we call rotation-dilation
coupled oscillator (RDCO). Their architecture also presents a rotational symmetry that is advantageous for
minimizing the effects of gravity on their period. We present a description of this new oscillator family, give
conceptual tools for tuning its isochronism and show examples of physical implementations.

1 Introduction

1.1 Isochronism

The primary goal of mechanical time bases is accurate timekeeping, which is essentially equivalent to having a
period of oscillation that is as regular as possible. The key property sought by horologists to reach this accuracy
is isochronism: the independence of oscillation period from oscillation amplitude [16, 13]. Theoretically, a simple
harmonic oscillator consisting of an inertial element and a spring whose restoring force follows Hooke’s law (i.e.
proportional and in opposite direction to the displacement) is isochronous. Classical mechanical watches use a
time base consisting of a spiral spring attached to a balance wheel rotating on jewelled bearings such as depicted
in Fig. 1. The spiral spring is designed such that its restoring torque is a linear as possible, thus achieving good
isochronism.

Figure 1: Classical mechanical watch time base [15]

1.2 Flexure pivot time bases

In order to increase the accuracy of mechanical watches, the consensus among horologists is that the quality
factor of the oscillator must be increased [2, 13, 18]. One promising way of achieving this is to drastically
reduce the friction in the pivot of the oscillator by replacing it with a flexure pivot [7]. Flexure pivots, however,
often exhibit nonlinear elastic behavior which causes isochronism defect. The approach used until now was to
correct the restoring torque characteristic to obtain the desired isochronism. The first flexure pivot introduced
in a watch in 2014 by Barrot et al. [1] used an external mechanism [10] to compensate for its nonlinearity.
Alternatively, Di Domenico et al. [6] [9] [5] use crossed flexure pivots with special values for the point at

*Corresponding author, EPFL Instant-Lab, etienne.thalmann@epfl.ch
TEPFL Instant-Lab, simon.henein@epfl.ch



which the leaf springs cross and the angle between them to obtain the desired restoring torque characteristic.
In previous work, we also presented a flexure pivot whose restoring torque nonlinearity can be modified by
adjusting the crossing point of the flexures while preserving its property of minimizing the effect of gravity on
the stiffness [12, 17].

1.3 Imnertial isochronism correction

Here, we propose to use the inertia variation of a rotational oscillator to minimize its isochronism defect. This
idea is new and is the principal contribution of this article. Our goal is not only to compensate for the restoring
torque nonlinearity of the oscillator but to be able to compensate any cause of isochronism defect external to
the oscillator. It is indeed known that escapements introduce isochronism defects and this property has already
been compensated in Henein and Schwab [10] or used to compensate the defect of pendulums in precision clocks
[3, pp-33-34] [20, pp. 79-80].

Our concept is analogous to the theoretical isochronism corrector for the pendulum devised by Huygens in 1656
[11]. He calculated that the restoring torque of the pendulum caused by gravity was not proportional to its
displacement, which caused an isochronism defect. He proposed to compensate this defect by replacing the rod
with a flexible cord which unwinds off a cycloid, as depicted in Fig. 2, which essentially corresponds to changing
the active length of the pendulum as it swings. The analogy between changing the inertia J of a rotational
oscillator as it rotates and changing the active length L of a pendulum as it swings can be seen from the formulas
for angular frequency, namely \/k/J for a rotational oscillator of stiffness k and 4/g/L for a pendulum under

gravity g.

Figure 2: Huygens’ isochronism correction for the pendulum by changing its active length as it oscillates [19]

It is well known that inertia variations can be used to tune the nominal frequency of rotational oscillators.
This was for example implemented on marine chronometers, by changing the position of screws placed on their
balance wheel [16, pp.259-262]. This concept is however different form the one proposed in this paper as it results
in a modified inertia that stays constant during the entire oscillation and does not affect the isochronism defect.
Inertia variations with temperature have also been used on oscillators to minimize the effect of temperature
on frequency. This was for example implemented on marine chronometers with bimetallic balance wheels [16,
pp.259-262]. Again, this inertia variation does not depend on oscillation amplitude and cannot be used to
correct isochronism defects.

1.4 Structure of the paper

We present a new family of rotational oscillators called rotation-dilation coupled oscillator (RDCO) depicted in
Fig. 3 whose inertia changes as it rotates. We give a conceptual description of the behavior of this oscillator and
provide insight on how its inertia variation can be combined to its restoring torque nonlinearity to minimize its
isochronism defect.

In Sec. 2, we introduce the design of the RDCO and its kinematics. We describe the crucial parameter influencing
its dilation. In Sec. 3 we present a flexure implementation of the RDCO. In Sec. 4, we give the theoretical
basis necessary for understanding the effect of varying inertia and nonlinear restoring torque on isochronism.
We analyze the restoring torque nonlinearity of the system and give examples of configurations where this
nonlinearity can be compensated by the variation of inertia.
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Figure 3: Kinematic diagram of the rotation-dilation coupled system

2 Design and kinematics

2.1 Design

Figure 3 shows a kinematic diagram of the rotation-dilation coupled system. The mechanism consists of n > 3
inertial bodies linked to each other by sliders (prismatic joints) to form a loop (n = 3 in Fig. 3). Each rigid
body is linked to the ground by a connecting rod with a pivot at both extremities, one connected to the inertial
body and the other to the ground. The joints are placed such that they have rotational symmetry of order n
with respect to the center O of the system. An extra degree-of-freedom (DOF) is added by allowing a pivoting
motion in one of the sliders, see Fig. 3. The sole purpose of this extra DOF is to avoid overconstraining! the
system; it is not activated during the motion of the system.

2.2 Rotation-dilation coupling

The kinematic behavior of the system is determined by the dimensionless ratio 6 = d/L, where d and L are
described in Fig. 4. We define d as the distance from the center O of the system to the axis A of the pivot
connecting the connecting rod to the ground. We define L as the distance from axis A to the axis B of the
second pivot of the connecting rod. The signs of d and L are defined with respect to the direction from O
to B, represented by axis y in Fig. 4. Note that in most figures, the extra DOF is neglected to simplify the
representations.

We classify the RDCO architectures according to three domains of the parameter §, summarized in Fig. 4 and
Table 1.

(a) When § > 0, d and L are of same sign. The connecting rods are connected to the ground between the
inertial loop and point O.

(b) When —1 < § < 0, d and L are of opposite sign and d < L. The connecting rods cross each other inside
of the inertial loop.

(¢) When ¢ < —1, d and L are of opposite sign and d > L. The connecting rods are connected to the ground
outside of the inertial loop.

Figure 5 shows the motion of the system as it is displaced from its rest position. We call this motion rotation-
dilation coupling, where the rotation is defined by the angle 6§ swept by a vector from the center O to a point
P on the inertial body and the dilation is defined by the change of length of this vector. As shown in Table 1,
the parameter § influences this dilation:

e When § > 0, OP(GjH < HOP(OSH and the inertial bodies move towards each other. We call it a negative
dilation.
e When § < 0, ‘OP(QﬁH > HOP(OﬁH and the inertial bodies move away from each other. We call it a

positive dilation.

1A mechanism is overconstrained when its mobility obtained through Griibler’s formula [8] is less than its actual degree of
freedom. This can lead to important and unpredictable variations of the stiffness of flexure mechanisms and the stresses in their
flexures [4].
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Table 1: Influence of the parameter é on the kinematics of the system



2.3 The rotation-dilation coupled oscillator

In order for the rotation-dilation system to act as a mechanical oscillator, spring components must be added.
One way of realizing this system is depicted in Fig. 6, where elastic elements have been added to all the joints
of the system. Rotation springs are added to the pivot joints and linear springs are added to the sliders. This
substitution applies to all the designs presented in this paper.

Figure 6: Kinematic diagram with elastic joints

2.4 Generalization and particular cases
2.4.1 Particular case: 6 =0

When § = 0, the connecting rods are attached to the ground at the center of the system and the size of the
system stays constant as it rotates (no dilation).

2.4.2 Particular case: § = —1

This case illustrated in Fig. 7 corresponds conceptually to letting § = —1, i.e., d and L are of opposite sign and
go to infinity. It is noted that circular motion becomes straight line motion when the radius goes to infinity.
This straight line motion can be implemented by replacing the pivots that attach the connecting rods to the
ground by sliders with axis tangential to a circle with center O. The figure is the same for cases (b) and (c) of
Fig. 4. Note that since é < 0, the dilation of this system is positive.

(a) Nominal position (b) Rotated

Figure 7: Translational RDCO (§ = —1)

2.4.3 Increased order of symmetry

The system described in Sec. 2.1 can be realized with any order of rotational symmetry n > 3. The order n
of the rotational symmetry corresponds to the number of inertial bodies and connecting rods. Fig. 8 shows
variants with n = 3 to 5.



Figure 8: RDCO with different orders of symmetry

2.5 Gravity sensitivity

Besides isochronism, a second crucial property for accurate timekeeping with mechanical watch time bases is
gravity insensitivity: the independence of oscillation period from the orientation of the system with respect to
gravity. The loading of flexures can be influenced by gravity, which changes their stiffness and causes variations
of the period of the time base. This issue is not treated in this paper but it is known that symmetry of the
system reduces its sensitivity to gravity [12]. We thus assume that the rotational symmetry of the RDCO will
allow it to perform well under varying gravity orientation.

3 Flexure implementation

3.1 Flexure equivalent for ideal joints

The RDCO depicted in Fig. 6 can be implemented physically by replacing the ideal kinematic joints with
flexures. Flexures bring the advantages of realizing both the bearing and spring function of the joints, having
an extremely low friction and allowing monolithic fabrication. Figure 9 shows different flexure equivalents for
the connecting rods extracted from Cosandier et al. [4]. The connecting rod a) can be realized with a flexure
beam b), or by replacing its pivots with notch flexure hinges c), joined cross spring pivots also known as
cartwheel flexure hinges (d), crossed flexure pivots (e), remote center of compliance (RCC) flexure pivots (f),
or a combination of the previous pivots (g). The sliders can be implemented with parallel flexures which are
known to closely approximate a sliding motion [4].

a) b) c) d) e) f) g)

Figure 9: Flexure equivalents for the connecting rods

3.2 Examples of flexure implementations

A wide range of variants arises from the combination of the designs described in Sec. 2 with the different flexure
elements described in Fig. 9. They offer different properties and certain combinations can be particularly
interesting, as will be discussed in Sec. 4.3. Figure 10 shows 4 examples of variants. The connections to the



ground are represented in orange. Note that in these designs, the extra DOF is omitted assuming that there is
enough flexibility in the system to release the overconstraint.
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Figure 10: Examples of flexure implementations of the RDCO

Figure 11 shows three ways of achieving the configuration with —1 < 6 < 0 (where the connecting rods cross
each other in Table 1) while keeping the design planar. This can be of advantage for manufacturing and
compactness. In designs 11a and 11b the rigid part of the connecting rods is used to go around the attachment
point of the other connecting rods. In design 11c, the remote center of rotation property of the RCC pivot is
used to virtually place the pivot of the connecting rods on the other side of the center of the system O.

L L

(a) n =4, notch hinges (b) n =4, notch hinges (¢) n = 4, notch hinge and RCC
pivot

Figure 11: Planar designs for the RDCO with —1 < § <0

4 Isochronism

4.1 Oscillation with varying inertia and nonlinear restoring torque

As explained in Sec. 1.3, the goal of this paper is to use the inertia variation of the oscillator in addition to its
restoring torque nonlinearity to minimize its isochronism defect.



For an oscillator with nonlinear restoring torque

M(6) = ko (1 + p6?) (1)
and variable inertia

J(0) = Jo (1+:6°) (2)

that are functions of the angular stroke 6, standard techniques of classical mechanics [14] yield the angular
frequency at oscillation amplitude « :

w(a) = wp (1 + 3’“8_2La2> : (3)

In the previous equations, k¢ is the nominal stiffness for infinitesimal rotation, Jy is the nominal inertia at
rest position, wy = % is the nominal frequency, u is the relative restoring torque monlinearity and ¢ is the

relative inertia variation. Note that due to symmetry, Eq. 1 contains only odd terms of § and Eq. 2 only even
terms.

In order to be able to use Eq. 3 to minimize the way the oscillation frequency varies with with amplitude, i.e.
the isochronism defect, it is important to understand how to influence the sign of the terms p and ¢. Table 1
shows how § impacts the sign of the inertia variation (a positive dilation means ¢ > 0 and a negative dilation
t < 0) and the following section provides insight on the factors influencing the restoring-torque nonlinearity
of the system.

4.2 Restoring torque nonlinearity

We compute a simple analytical expression for the restoring torque nonlinearity of the RDCO. We assume that
each flexure acts as a spring such as depicted in Fig. 6 and derive the restoring torque of an equivalent rotational
spring using the strain energy of the system. We proceed with the following steps:

1. Derive the motion of the two pivots of the connecting rod for a given rotation of the oscillator.

2. Derive the motion of the sliders for a given rotation of the oscillator.

3. Express the strain energy of the system for a given rotation of the oscillator.

4. Compute the restoring torque of the system from its total strain energy and extract its relative nonlinearity.

We assume that the rotations are small and express terms using series expansions around 6 = 0.

4.2.1 Motion of the pivots of the connecting rod

The angles 0, and 0, swept by the pivots of the connecting rod when the system rotates by an angle 6 as depicted
in Fig. 12 can be obtained by trigonometry. We express them using series expansions for small displacements:

dsinf _ 59, %5(52 ~1)6*+ 0 (6°)

0 = arcsin
| f (4
01:0+92:(1+5)9+65(52f1)93+0(05).

4.2.2 Motion of the sliders

The motion of the sliders corresponds to the change in distance s between the pivots of the inertial bodies, see
Fig. 12. We first derive the distance from the center of the oscillator to these pivots as the oscillator rotates

r(0) = dcosf + Lcosfy = L(6 + 1) (1 - 292) +0(0*) = Ro (1 - 202) +0 (0, (5)
where Ryg = L 4+ d in Fig. 5, from which we get the motion of the sliders
As(0) = s(0) — s(0) = 2sin E(T(@) —r(0)) = —?Ro 60>+ 0 (6*) . (6)

3



Figure 12: Parameters for the restoring torque computation

We can see from these two equations that, as mentioned in Sec. 2.2, the sign of the dilation is the opposite of
the sign of 4.

Remark. We express results in terms of Ry instead of d or L as this parameter is more representative of the
size of the oscillator and thus more convenient for dimensioning, see Fig. 5.

4.2.3 Strain energy

As labelled in Fig. 6, we call k1 and ko the rotational stiffness of the pivots rotating by respectively a; and «s,
and k; the linear stiffness of the slider. The strain energy of the system for a rotation 6 is the sum of the strain
energies of each elastic joint

01 62 As
U:3</O klﬁdﬁ+/0 kgﬁdﬁ+/o ktxd:c>, (7)

which, when substituting with Eq. (4) and (6), yields

U = 5 (54 1%k + 0%ha) 02 4+ <0 (16 + 1) (5% = 1) by +40 (5% — 1) ko + 90K RE) 61 + O (6) . ()

4.2.4 Restoring torque nonlinearity

The restoring torque for a rotation 6 of the system is the derivative of the strain energy U with respect to 6

M = Z—g =3((0+ 1)k + 0%k2) 0 + %5 (4(64+1) (6% = 1) ky + 46 (6% — 1) ko + 95k, R3) 6° + O (6°)  (9)

and the relative restoring torque nonlinearity according to Eq. (1) and neglecting the higher order terms is

46 (5 +1) (6% — 1) ky + 462 (6% — 1) ko + 95k, R
6 ((6 + 1)2k; + 02k2) '

p= (10)

The numerator of the restoring torque nonlinearity is a sum of three terms associated with the stiffness of each
flexure element: ki, ko and k;R% (where k; is multiplied by R2 to be in comparable units). The sign of these
terms depends on the value of § and the sign of the nonlinearity p of the system depends on § and the relative
weights of these three terms. Note that the sign of the denominator is always positive.

4.3 Conceptual example of isochronism defect minimization

Equation (3) explains how to use the contributions of ¢ and u to set the isochronism defect of the RDCO. We
now give a conceptual example of how the inertia variation and restoring torque nonlinearity can compensate
each other to reach isochronism.



Our example focuses on small values of § which are convenient for compact architectures and already allow to
expose two types of solutions. The contributions of the three terms of the nonlinearity around § = 0 are plotted
in Fig. 13. Note that the k; term is the only one that changes sign with § and that it does it in the same way
as ¢, which is convenient for the desired compensating effect.

27 — ky coeffecient: 46 (6 + 1) (62 — 1)
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Figure 13: Effect of § on the three terms forming the restoring torque nonlinearity

Table 2 summarizes two configurations where the inertia and restoring torque defects can compensate each
other:

a) the parameter 0 is in the domain —1 < ¢ < 0 and the positive dilation of the system (v > 0) compensates
for the increasing stiffness of the system (p > 0). This stiffening occurs under the condition that the k;
and k;L? terms dominate the ko term in Eq. (10). This solution can be implemented such as depicted in
Fig. 11a-11b.

b) the parameter ¢ is in the domain 0 < § < 1 and the negative dilation of the system (v > 0) compensates
for the decreasing stiffness of the system (p < 0). This decreasing stiffness occurs under the condition
that the k1 and ko terms dominate the k,L? term in Eq. (10). This solution can be implemented such as
depicted in Fig. 10b.

¢ | ki term | kg term | k.L? term || p for isochronism
a) —1<d<0| + + - + +
b) 0<d<l | — - - + -

Table 2: Sign of the terms influencing the isochronism for two example configurations

5 Conclusion and future work

This article presents a new way of tuning the isochronism of a flexure-based mechanical time base by varying its
inertia. It also describes a new family of flexure oscillators with varying inertia. We gave the conceptual elements
necessary for the design of an isochronous RDCO; it is now a question of finding appropriate dimensions for
the elements. This will allow us to provide explicit estimates for the reduced isochronism defect.

Our future work will consist in full analytical modelling of the RDCO, finding dimensions for a prototype
reaching desired properties and experimental validation of isochronism.
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