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Abstract

Graph theory offers a rigorous framework for modeling relationships and connectivity via vertices and edges [1,
2]. Hypergraphs generalize this framework by allowing hyperedges that join more than two vertices [3].
Superhypergraphs further enrich the model through iterated powerset constructions, capturing hierarchical and
self-referential structures among hyperedges [4]. A Linear Diophantine Fuzzy Graph assigns linear Diophantine
fuzzy numbers to vertices and edges, with admissibility enforced by algebraic membership constraints. A
planar graph admits a crossing-free drawing in the plane, preserving adjacency without edge intersections, and
a fuzzy planar graph is one in which sufficiently strong edges form a planar subgraph, combining fuzziness
with classical planar embeddings. In this paper, we extend Linear Diophantine Fuzzy Graphs and fuzzy
planar graphs to the settings of HyperGraphs and SuperHyperGraphs by introducing new classes, including
Linear Diophantine Fuzzy SuperHyperGraphs and Fuzzy Planar SuperHyperGraphs, and we investigate their
fundamental properties.

Keywords: SuperHyperGraph, HyperGraph, Planar Graph, Fuzzy Graph, Fuzzy Hypergraph, Fuzzy SuperHy-
perGraph, Linear Diophantine Fuzzy Graph

1 Preliminaries

We collect the basic terminology and notation used in what follows. Unless explicitly stated otherwise, all
graphs considered are finite, undirected, and loopless; multiple edges are allowed only when this is specified.

1.1 SuperHyperGraphs

A classical hypergraph generalizes an ordinary graph by permitting an edge to connect an arbitrary (finite) num-
ber of vertices, which makes it suitable for representing multiway relationships [3, 5–7]. A SuperHyperGraph
carries this idea further by forming vertices and edges from iterated powersets of a base set; this viewpoint
has appeared in several recent contexts [8–12]. Reported applications include, among others, molecular struc-
ture modeling, complex network analysis, and signal processing [13, 14]. Throughout, the level 𝑛 is a fixed
nonnegative integer.

Definition 1.1 (Base set). A base (ground) set is a fixed finite set 𝑆 from which higher-level objects are
generated:

𝑆 = { 𝑥 | 𝑥 belongs to the chosen domain }.
All structures introduced below ultimately draw their elements from 𝑆.

Definition 1.2 (Powerset). [15, 16] Given a set 𝑋 , its powerset is

P(𝑋) = { 𝐴 ⊆ 𝑋 }.

We also use the nonempty powerset P∗ (𝑋) := P(𝑋) \ {∅}.

Definition 1.3 (Iterated powerset). [17–19] For 𝑘 ∈ N0 define

P 0 (𝑋) := 𝑋, P 𝑘+1 (𝑋) := P
(
P 𝑘 (𝑋)

)
.

For the nonempty version set (
P∗)0 (𝑋) := 𝑋,

(
P∗) 𝑘+1 (𝑋) := P∗((P∗)𝑘 (𝑋)

)
.

Proposition 1.4 (Size recurrence). If 𝑚 := |𝑋 |, then��P 1 (𝑋)
�� = 2𝑚,

��P 𝑘+1 (𝑋)
�� = 2 | P 𝑘 (𝑋) | (𝑘 ≥ 0).

In particular, when 𝑚 ≥ 1 one has | (P∗)1 (𝑋) | = 2𝑚 − 1 and
��(P∗)𝑘+1 (𝑋)

�� = 2 | (P∗ )𝑘 (𝑋) | − 1.
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Proof. The identity |P(𝑌 ) | = 2 |𝑌 | is standard. Taking 𝑌 = P 𝑘 (𝑋) yields |P 𝑘+1 (𝑋) | = 2 | P 𝑘 (𝑋) | . For the
nonempty construction, remove the empty set at each step, i.e., subtract 1 from the full powerset count. □

Definition 1.5 (Hypergraph [3, 20]). A hypergraph is a pair 𝐻 = (𝑉 (𝐻), 𝐸 (𝐻)) with 𝑉 (𝐻) ≠ ∅ and 𝐸 (𝐻) ⊆
P∗ (𝑉 (𝐻)). Throughout this paper both 𝑉 (𝐻) and 𝐸 (𝐻) are finite.

Definition 1.6 (𝑛-SuperHyperGraph). Fix a finite base set𝑉0 and a level 𝑛 ∈ N0. An 𝑛-SuperHyperGraph over
𝑉0 is a triple

SHG(𝑛) =
(
𝑉, 𝐸, 𝜕

)
,

where

• 𝑉 ⊆ P 𝑛 (𝑉0) is a finite set of 𝑛-supervertices;

• 𝐸 is a finite set of (super)edge identifiers;

• 𝜕 : 𝐸 → P∗ (𝑉) is an incidence map sending each edge to a nonempty finite subset of 𝑉 .

For 𝑒 ∈ 𝐸 , the set 𝜕 (𝑒) ⊆ 𝑉 is called the (super)edge incidence set.

Remark 1.7 (Simple, uniform, and nonempty-tier options). (i) Simple: 𝜕 is injective (no parallel superedges).
(ii) 𝑘-uniform: |𝜕 (𝑒) | = 𝑘 for all 𝑒 ∈ 𝐸 . (iii) To exclude empties at every tier, one may require 𝑉 ⊆

(
P∗)𝑛 (𝑉0).

Remark 1.8 (Subset presentation). If parallel superedges are unnecessary, one may identify each edge with
its incidence set and work with a pair (𝑉, E) where E ⊆ P∗ (𝑉). This is equivalent to Definition 1.6 by taking
𝐸 := E and 𝜕 := id.

Example 1.9 (Meal-combo design in a cafeteria (𝒏 = 1)). Interpretation. The base items are menu components;
1-supervertices are bundles of components offered together; superedges encode feasible combo pairings offered
as set menus.

Construction. Let the base set be 𝑉0 = {D, S,M}, representing Drink (D), Side (S), and Main (M). For level
𝑛 = 1 take

𝑉 =
{
{D}, {S}, {M}, {D, S}

}
⊆ P(𝑉0).

Introduce two superedges 𝐸 = {𝑒1, 𝑒2} with incidence map

𝜕 (𝑒1) =
{
{D}, {S}

}
, 𝜕 (𝑒2) =

{
{D, S}, {M}

}
.

Verification. By construction 𝑉 ⊆ P 1 (𝑉0) and 𝜕 (𝑒𝑖) ∈ P∗ (𝑉) for 𝑖 = 1, 2. Hence SHG(1) = (𝑉, 𝐸, 𝜕) is a
valid 1-SuperHyperGraph.

Example 1.10 (Two-tier shipment consolidation (𝒏 = 2)). Interpretation. Base items are SKUs. Level-2
supervertices collect sets of item-groups (e.g., pallet patterns); superedges indicate which pallet-patterns are
jointly routed or consolidated at a hub.

Construction. Let 𝑉0 = {𝑥, 𝑦} denote two SKUs. Then

P(𝑉0) = {∅, {𝑥}, {𝑦}, {𝑥, 𝑦}}, P2 (𝑉0) = P
(
P(𝑉0)

)
.

Choose three level-2 supervertices

𝑣1 :=
{
{𝑥}, {𝑦}

}
, 𝑣2 :=

{
{𝑥, 𝑦}

}
, 𝑣3 :=

{
∅, {𝑥}

}
,

and set 𝑉 = {𝑣1, 𝑣2, 𝑣3} ⊆ P2 (𝑉0). Let 𝐸 = {𝑒1, 𝑒2} with incidence

𝜕 (𝑒1) = {𝑣1, 𝑣2}, 𝜕 (𝑒2) = {𝑣2, 𝑣3}.

Each 𝜕 (𝑒𝑖) is a nonempty subset of 𝑉 , so 𝜕 (𝑒𝑖) ∈ P∗ (𝑉) for 𝑖 = 1, 2. Therefore SHG(2) = (𝑉, 𝐸, 𝜕) is a valid
2-SuperHyperGraph.
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1.2 Fuzzy 𝑛-SuperHyperGraphs

A fuzzy set assigns to each element a membership degree in [0, 1] [21,22]. Fuzzy graphs and fuzzy hypergraphs
endow vertices and (hyper)edges with such degrees [23–30]. A fuzzy 𝑛-SuperHyperGraph is a higher-level
network representation in which supervertices and superedges carry membership values for modeling complex
interactions (cf. [4, 31]).

Definition 1.11 (Fuzzy graph). A fuzzy graph is a triple 𝐺 = (𝑉, 𝜎, 𝜇) where𝑉 is a finite nonempty vertex set,
𝜎 : 𝑉 → [0, 1] assigns vertex-membership degrees, and 𝜇 : 𝑉 ×𝑉 → [0, 1] assigns edge-membership degrees
subject to

𝜇(𝑢, 𝑣) ≤ min{𝜎(𝑢), 𝜎(𝑣)} (∀𝑢, 𝑣 ∈ 𝑉).
We write 𝑢𝑣 for {𝑢, 𝑣} and abbreviate 𝜇(𝑢𝑣) := 𝜇(𝑢, 𝑣). The (crisp) underlying graph of 𝐺 has vertex set 𝑉
and edge set 𝐸∗ := { 𝑢𝑣 : 𝜇(𝑢𝑣) > 0 }.
Definition 1.12 (Fuzzy hypergraph). Let 𝐻∗ = (𝑉, 𝐸, 𝜕) be a crisp hypergraph. A fuzzy hypergraph on 𝐻∗ is
a sextuple

H =
(
𝑉, 𝐸, 𝜕; 𝜎, 𝜇, 𝜂

)
,

with maps
𝜎 : 𝑉 → [0, 1], 𝜇 : 𝐸 → [0, 1], 𝜂 : 𝑉 × 𝐸 → [0, 1],

such that for all 𝑣 ∈ 𝑉 and 𝑒 ∈ 𝐸 ,

(support)
[
𝑣 ∈ 𝜕 (𝑒)

]
⇐⇒ 𝜂(𝑣, 𝑒) > 0, (1)

(incidence bound) 𝜂(𝑣, 𝑒) ≤ min{𝜎(𝑣), 𝜇(𝑒)}, (2)

(edge–vertex bound) 𝜇(𝑒) ≤ min
𝑢∈𝜕(𝑒)

𝜎(𝑢). (3)

Here 𝜎 is the vertex-membership map, 𝜇 the edge-membership map, and 𝜂 the incidence-membership map.
The underlying crisp hypergraph is (𝑉, 𝐸, 𝜕), recoverable via (1).

Example 1.13 (Smart-home safety orchestration as a fuzzy hypergraph). Interpretation. Vertices are de-
vices/sensors; hyperedges are multi-device routines (alerts/actions). Vertex and hyperedge memberships en-
code reliability/activation likelihood, while incidence memberships quantify each device’s contribution within
a routine.

Construction. Let the crisp hypergraph be 𝐻∗ = (𝑉, 𝐸, 𝜕) with

𝑉 = {T,C,D} (Thermostat, CO detector, Door sensor),

𝐸 = {𝑒𝑇𝐶 , 𝑒𝐶𝐷 , 𝑒𝑇𝐶𝐷}, 𝜕 (𝑒𝑇𝐶 ) = {T,C}, 𝜕 (𝑒𝐶𝐷) = {C,D}, 𝜕 (𝑒𝑇𝐶𝐷) = {T,C,D}.
Choose vertex-memberships

𝜎(T) = 0.85, 𝜎(C) = 0.70, 𝜎(D) = 0.60,

and hyperedge-memberships

𝜇(𝑒𝑇𝐶 ) = 0.65, 𝜇(𝑒𝐶𝐷) = 0.50, 𝜇(𝑒𝑇𝐶𝐷) = 0.55.

Admissibility (3) holds numerically:

𝜇(𝑒𝑇𝐶 ) = 0.65 ≤ min{0.85, 0.70} = 0.70,
𝜇(𝑒𝐶𝐷) = 0.50 ≤ min{0.70, 0.60} = 0.60,

𝜇(𝑒𝑇𝐶𝐷) = 0.55 ≤ min{0.85, 0.70, 0.60} = 0.60.

Define incidence-memberships (set to zero when 𝑣 ∉ 𝜕 (𝑒)) by

𝜂(T, 𝑒𝑇𝐶 ) = 0.63, 𝜂(C, 𝑒𝑇𝐶 ) = 0.65;

𝜂(C, 𝑒𝐶𝐷) = 0.47, 𝜂(D, 𝑒𝐶𝐷) = 0.50;
𝜂(T, 𝑒𝑇𝐶𝐷) = 0.52, 𝜂(C, 𝑒𝑇𝐶𝐷) = 0.50, 𝜂(D, 𝑒𝑇𝐶𝐷) = 0.55,

and verify (2) componentwise, e.g.

𝜂(T, 𝑒𝑇𝐶𝐷) = 0.52 ≤ min{𝜎(T), 𝜇(𝑒𝑇𝐶𝐷)} = min{0.85, 0.55} = 0.55,

and similarly for the other incidences. The support condition (1) holds because 𝜂(𝑣, 𝑒) > 0 exactly when
𝑣 ∈ 𝜕 (𝑒). Therefore H = (𝑉, 𝐸, 𝜕;𝜎, 𝜇, 𝜂) is a valid fuzzy hypergraph modeling multi-sensor safety routines.
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Definition 1.14 (Fuzzy 𝑛-SuperHyperGraph). (cf. [32, 33]) Let SHG(𝑛) = (𝑉, 𝐸) be an 𝑛-SuperHyperGraph.
A fuzzy 𝑛-SuperHyperGraph is a quadruple

(𝑉, 𝐸, 𝜎, 𝜇),
where 𝜎 : 𝑉 → [0, 1] and 𝜇 : 𝐸 → [0, 1] obey the admissibility constraint

𝜇(𝑒) ≤ min
𝑣∈𝑒

𝜎(𝑣) for every 𝑒 ∈ 𝐸.

Example 1.15 (Travel-package bundling as a fuzzy 𝑛-SuperHyperGraph (𝑛 = 1)). Interpretation. Base items
are travel components; 1-supervertices are component bundles (e.g., flight+hotel); superedges link bundles that
are marketed or scheduled together as a package.

Construction. Let 𝑉0 = {F,H,T} denote Flight, Hotel, Tour. Take

𝑉 =
{
{F}, {H}, {T}, {F,H}

}
⊆ P(𝑉0),

and 𝐸 = {𝑒1, 𝑒2} with incidence

𝜕 (𝑒1) =
{
{F}, {H}

}
, 𝜕 (𝑒2) =

{
{F,H}, {T}

}
.

Assign supervertex-memberships

𝜎({F}) = 0.90, 𝜎({H}) = 0.75, 𝜎({T}) = 0.60, 𝜎({F,H}) = 0.70,

and superedge-memberships
𝜇(𝑒1) = 0.72, 𝜇(𝑒2) = 0.58.

Admissibility for fuzzy 1-SuperHyperGraphs holds:

𝜇(𝑒1) = 0.72 ≤ min{0.90, 0.75} = 0.75, 𝜇(𝑒2) = 0.58 ≤ min{0.70, 0.60} = 0.60.

Thus (𝑉, 𝐸, 𝜎, 𝜇) is a fuzzy 𝑛-SuperHyperGraph at level 𝑛 = 1 representing uncertain yet feasible bundlings
of travel components.

1.3 Linear Diophantine Fuzzy Graph

We recall the linear Diophantine fuzzy set (LDFS) and then give a precise graph-theoretic definition of a linear
Diophantine fuzzy graph (LDFG) [34–36]. A Linear Diophantine Fuzzy Graph equips vertices and edges with
linear Diophantine fuzzy numbers, ensuring admissibility through algebraic membership constraints.

Definition 1.16 (Linear Diophantine fuzzy set (LDFS)). Let 𝑈 be a nonempty universe. An LDFS on 𝑈 is a
mapping

Φ : 𝑈 −→ [0, 1]4, 𝑢 ↦→
(
𝑚(𝑢), 𝑛(𝑢); 𝛼(𝑢), 𝛽(𝑢)

)
,

whose components satisfy, for every 𝑢 ∈ 𝑈,

0 ≤ 𝛼(𝑢) 𝑚(𝑢) + 𝛽(𝑢) 𝑛(𝑢) ≤ 1, 0 ≤ 𝛼(𝑢) + 𝛽(𝑢) ≤ 1.

Here 𝑚 and 𝑛 are respectively the membership and non-membership grades, while 𝛼 and 𝛽 are reference
parameters. The (Diophantine) hesitation (or refusal) grade is

𝜉 (𝑢) := 1 −
(
𝛼(𝑢) 𝑚(𝑢) + 𝛽(𝑢) 𝑛(𝑢)

)
∈ [0, 1] .

A quadruple 𝑇 = (𝑚, 𝑛;𝛼, 𝛽) with the above constraints is called a linear Diophantine fuzzy number (LDFN).

Example 1.17 (Hiring shortlist as a Linear Diophantine fuzzy set). The universe 𝑈 is a pool of candidates for
a single role. For each candidate 𝑢 ∈ 𝑈, 𝑚(𝑢) models evidence for suitability (skills/fit), 𝑛(𝑢) models evidence
against (gaps/risks). The reference parameters (𝛼(𝑢), 𝛽(𝑢)) encode how much the committee weights positive
vs. negative evidence for 𝑢.

Let 𝑈 = {Ayano,Yutaka,Carol}. Define the LDFS Φ(𝑢) = (𝑚(𝑢), 𝑛(𝑢);𝛼(𝑢), 𝛽(𝑢)) by

Φ(Ayano) = (0.78, 0.12; 0.60, 0.30),
Φ(Yutaka) = (0.55, 0.35; 0.55, 0.35),
Φ(Carol) = (0.40, 0.50; 0.50, 0.40).
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For each 𝑢 we compute 𝛼(𝑢)𝑚(𝑢) + 𝛽(𝑢)𝑛(𝑢) and 𝛼(𝑢) + 𝛽(𝑢):

Ayano: 0.60·0.78 + 0.30·0.12 = 0.468 + 0.036 = 0.504 ≤ 1, 0.60 + 0.30 = 0.90 ≤ 1,
Yutaka: 0.55·0.55 + 0.35·0.35 = 0.3025 + 0.1225 = 0.425 ≤ 1, 0.55 + 0.35 = 0.90 ≤ 1,
Carol: 0.50·0.40 + 0.40·0.50 = 0.20 + 0.20 = 0.40 ≤ 1, 0.50 + 0.40 = 0.90 ≤ 1.

Hesitations follow, e.g. 𝜉 (Ayano) = 1−0.504 = 0.496, 𝜉 (Yutaka) = 1−0.425 = 0.575, 𝜉 (Carol) = 1−0.40 =

0.60. Hence Φ is a valid Linear Diophantine fuzzy set.

Definition 1.18 (Linear Diophantine fuzzy graph (LDFG)). An LDFG on the crisp graph 𝐺∗ = (𝑉, 𝐸) is a pair

𝐺 =
(
Φ𝑉 , Φ𝐸

)
,

where

• Φ𝑉 is an LDFS on 𝑉 , i.e. Φ𝑉 (𝑣) = (𝑚𝑉 (𝑣), 𝑛𝑉 (𝑣);𝛼𝑉 (𝑣), 𝛽𝑉 (𝑣)) ∈ [0, 1]4 for each 𝑣 ∈ 𝑉 , with
0 ≤ 𝛼𝑉 (𝑣)𝑚𝑉 (𝑣) + 𝛽𝑉 (𝑣)𝑛𝑉 (𝑣) ≤ 1 and 0 ≤ 𝛼𝑉 (𝑣) + 𝛽𝑉 (𝑣) ≤ 1;

• Φ𝐸 is an LDFS on 𝐸 , i.e. Φ𝐸 (𝑢𝑣) = (𝑚𝐸 (𝑢𝑣), 𝑛𝐸 (𝑢𝑣);𝛼𝐸 (𝑢𝑣), 𝛽𝐸 (𝑢𝑣)) ∈ [0, 1]4 for each 𝑢𝑣 ∈ 𝐸 , with
0 ≤ 𝛼𝐸 (𝑢𝑣)𝑚𝐸 (𝑢𝑣) + 𝛽𝐸 (𝑢𝑣)𝑛𝐸 (𝑢𝑣) ≤ 1 and 0 ≤ 𝛼𝐸 (𝑢𝑣) + 𝛽𝐸 (𝑢𝑣) ≤ 1;

• the edge–vertex coupling (admissibility) constraints hold for every 𝑢𝑣 ∈ 𝐸 :

𝑚𝐸 (𝑢𝑣) ≤ min{𝑚𝑉 (𝑢), 𝑚𝑉 (𝑣) },
𝑛𝐸 (𝑢𝑣) ≤ max{ 𝑛𝑉 (𝑢), 𝑛𝑉 (𝑣) },
𝛼𝐸 (𝑢𝑣) ≤ min{ 𝛼𝑉 (𝑢), 𝛼𝑉 (𝑣) },
𝛽𝐸 (𝑢𝑣) ≤ max{ 𝛽𝑉 (𝑢), 𝛽𝑉 (𝑣) }.

(4)

The hesitation grades are 𝜉𝑉 (𝑣) = 1 − (𝛼𝑉 (𝑣)𝑚𝑉 (𝑣) + 𝛽𝑉 (𝑣)𝑛𝑉 (𝑣)) and 𝜉𝐸 (𝑢𝑣) = 1 − (𝛼𝐸 (𝑢𝑣)𝑚𝐸 (𝑢𝑣) +
𝛽𝐸 (𝑢𝑣)𝑛𝐸 (𝑢𝑣)).

Example 1.19 (Hiring shortlist as a Linear Diophantine fuzzy set). Interpretation. The universe 𝑈 is a pool of
candidates for a single role. For each candidate 𝑢 ∈ 𝑈, 𝑚(𝑢) models evidence for suitability (skills/fit), 𝑛(𝑢)
models evidence against (gaps/risks). The reference parameters (𝛼(𝑢), 𝛽(𝑢)) encode how much the committee
weights positive vs. negative evidence for 𝑢.

Construction. Let 𝑈 = {Ayano,Yutaka,Carol}. Define the LDFS Φ(𝑢) = (𝑚(𝑢), 𝑛(𝑢);𝛼(𝑢), 𝛽(𝑢)) by

Φ(Ayano) = (0.78, 0.12; 0.60, 0.30),
Φ(Yutaka) = (0.55, 0.35; 0.55, 0.35),
Φ(Carol) = (0.40, 0.50; 0.50, 0.40).

Verification of LDFS constraints. For each 𝑢 we compute 𝛼(𝑢)𝑚(𝑢) + 𝛽(𝑢)𝑛(𝑢) and 𝛼(𝑢) + 𝛽(𝑢):

Ayano: 0.60·0.78 + 0.30·0.12 = 0.468 + 0.036 = 0.504 ≤ 1, 0.60 + 0.30 = 0.90 ≤ 1,
Yutaka: 0.55·0.55 + 0.35·0.35 = 0.3025 + 0.1225 = 0.425 ≤ 1, 0.55 + 0.35 = 0.90 ≤ 1,
Carol: 0.50·0.40 + 0.40·0.50 = 0.20 + 0.20 = 0.40 ≤ 1, 0.50 + 0.40 = 0.90 ≤ 1.

Hesitations follow, e.g. 𝜉 (Ayano) = 1−0.504 = 0.496, 𝜉 (Yutaka) = 1−0.425 = 0.575, 𝜉 (Carol) = 1−0.40 =

0.60. Hence Φ is a valid Linear Diophantine fuzzy set.

Example 1.20 (Last-mile logistics as a Linear Diophantine fuzzy graph). Interpretation. Vertices are sites in
a small delivery network; edges are potential routes. Vertex LDFNs encode site readiness/constraints; edge
LDFNs encode route feasibility. The coupling (4) enforces that edges cannot be “more feasible” than their
endpoints allow.

Construction. Let the crisp graph be 𝐺∗ = (𝑉, 𝐸) with

𝑉 = {𝑊1,𝑊2, 𝑆} (warehouse 𝑊1, warehouse 𝑊2, store 𝑆), 𝐸 = {{𝑊1,𝑊2}, {𝑊2, 𝑆}}.
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Assign vertex LDFNs

Φ𝑉 (𝑊1) = (0.80, 0.15; 0.60, 0.30), Φ𝑉 (𝑊2) = (0.65, 0.25; 0.50, 0.40), Φ𝑉 (𝑆) = (0.60, 0.35; 0.55, 0.35).

Check the vertex constraints:

0.60·0.80 + 0.30·0.15 = 0.48 + 0.045 = 0.525 ≤ 1, 0.60 + 0.30 = 0.90 ≤ 1,
0.50·0.65 + 0.40·0.25 = 0.325 + 0.10 = 0.425 ≤ 1, 0.50 + 0.40 = 0.90 ≤ 1,
0.55·0.60 + 0.35·0.35 = 0.33 + 0.1225 = 0.4525 ≤ 1, 0.55 + 0.35 = 0.90 ≤ 1.

Assign edge LDFNs

Φ𝐸 (𝑊1𝑊2) = (0.62, 0.23; 0.50, 0.40), Φ𝐸 (𝑊2𝑆) = (0.58, 0.30; 0.50, 0.38).

Verification of coupling (4). For 𝑊1𝑊2:

min{𝑚𝑉 (𝑊1), 𝑚𝑉 (𝑊2)} = min{0.80, 0.65} = 0.65 ⇒ 𝑚𝐸 = 0.62 ≤ 0.65,

max{𝑛𝑉 (𝑊1), 𝑛𝑉 (𝑊2)} = max{0.15, 0.25} = 0.25 ⇒ 𝑛𝐸 = 0.23 ≤ 0.25,

min{𝛼𝑉 (𝑊1), 𝛼𝑉 (𝑊2)} = min{0.60, 0.50} = 0.50 ⇒ 𝛼𝐸 = 0.50 ≤ 0.50,

max{𝛽𝑉 (𝑊1), 𝛽𝑉 (𝑊2)} = max{0.30, 0.40} = 0.40 ⇒ 𝛽𝐸 = 0.40 ≤ 0.40.

For 𝑊2𝑆:

min{0.65, 0.60} = 0.60 ⇒ 𝑚𝐸 = 0.58 ≤ 0.60, max{0.25, 0.35} = 0.35 ⇒ 𝑛𝐸 = 0.30 ≤ 0.35,

min{0.50, 0.55} = 0.50 ⇒ 𝛼𝐸 = 0.50 ≤ 0.50, max{0.40, 0.35} = 0.40 ⇒ 𝛽𝐸 = 0.38 ≤ 0.40.

Finally, edge LDFS constraints:

𝛼𝐸 (𝑊1𝑊2)𝑚𝐸 (𝑊1𝑊2) + 𝛽𝐸 (𝑊1𝑊2)𝑛𝐸 (𝑊1𝑊2) = 0.50·0.62 + 0.40·0.23 = 0.31 + 0.092 = 0.402 ≤ 1,
𝛼𝐸 (𝑊2𝑆)𝑚𝐸 (𝑊2𝑆) + 𝛽𝐸 (𝑊2𝑆)𝑛𝐸 (𝑊2𝑆) = 0.50·0.58 + 0.38·0.30 = 0.29 + 0.114 = 0.404 ≤ 1,
𝛼𝐸 + 𝛽𝐸 ∈ {0.90, 0.88} ≤ 1.

Therefore 𝐺 = (Φ𝑉 ,Φ𝐸) is a valid Linear Diophantine fuzzy graph modelling a last-mile delivery network
with uncertain capacities and risks.

1.4 Fuzzy planar Graphs

A planar graph is a graph drawable in the plane without any edge crossings, preserving adjacency while
avoiding intersections between distinct edges [37,38]. A fuzzy planar graph is a fuzzy graph where sufficiently
strong edges form a planar subgraph, combining fuzziness with classical planar embedding [39–42].

Definition 1.21 (Relative edge strength; strong/weak edges). For an edge 𝑢𝑣 with 𝜇(𝑢𝑣) > 0 define its relative
strength

𝑠(𝑢𝑣) :=
𝜇(𝑢𝑣)

min{𝜎(𝑢), 𝜎(𝑣)} ∈ [0, 1] .

Fix a threshold 𝜏 ∈ (0, 1]. We call 𝑢𝑣 𝜏-strong if 𝑠(𝑢𝑣) ≥ 𝜏, and 𝜏-weak otherwise. The conventional choice
in the literature is 𝜏 = 1

2 ; in that case we simply say strong (resp. weak).

Definition 1.22 (𝜏-fuzzy planar embedding). Let 𝐺 = (𝑉, 𝜎, 𝜇) be a fuzzy graph and 𝜏 ∈ (0, 1]. A 𝜏-fuzzy
planar embedding of 𝐺 is a drawing of the underlying graph 𝐺∗ = (𝑉, 𝐸∗) in the Euclidean plane such that

no two 𝜏-strong edges cross.

Equivalently, all edge crossings (if any) involve at least one 𝜏-weak edge.

Definition 1.23 (Fuzzy planar graph). A fuzzy graph 𝐺 = (𝑉, 𝜎, 𝜇) is called fuzzy planar (with the standard
convention) if it admits a 1

2 -fuzzy planar embedding.
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Example 1.24 (A concrete 1
2 -fuzzy planar graph). Vertices and memberships. Let 𝑉 = {𝑎, 𝑏, 𝑐, 𝑑} with

vertex-membership map

𝜎(𝑎) = 1.00, 𝜎(𝑏) = 0.90, 𝜎(𝑐) = 0.80, 𝜎(𝑑) = 0.85.

Edges and memberships. Consider the underlying crisp edges

𝐸∗ = {𝑎𝑏, 𝑏𝑐, 𝑐𝑑, 𝑑𝑎, 𝑎𝑐, 𝑏𝑑},

with edge-membership map 𝜇 given by

𝜇(𝑎𝑏) = 0.72, 𝜇(𝑏𝑐) = 0.68, 𝜇(𝑐𝑑) = 0.60, 𝜇(𝑑𝑎) = 0.62, 𝜇(𝑎𝑐) = 0.33, 𝜇(𝑏𝑑) = 0.40.

Admissibility check (𝜇(𝑢𝑣) ≤ min{𝜎(𝑢), 𝜎(𝑣)}).

min{𝜎(𝑎), 𝜎(𝑏)} = 0.90 ⇒ 𝜇(𝑎𝑏) = 0.72 ≤ 0.90,
min{𝜎(𝑏), 𝜎(𝑐)} = 0.80 ⇒ 𝜇(𝑏𝑐) = 0.68 ≤ 0.80,
min{𝜎(𝑐), 𝜎(𝑑)} = 0.80 ⇒ 𝜇(𝑐𝑑) = 0.60 ≤ 0.80,
min{𝜎(𝑑), 𝜎(𝑎)} = 0.85 ⇒ 𝜇(𝑑𝑎) = 0.62 ≤ 0.85,
min{𝜎(𝑎), 𝜎(𝑐)} = 0.80 ⇒ 𝜇(𝑎𝑐) = 0.33 ≤ 0.80,
min{𝜎(𝑏), 𝜎(𝑑)} = 0.85 ⇒ 𝜇(𝑏𝑑) = 0.40 ≤ 0.85.

Hence 𝐺 = (𝑉, 𝜎, 𝜇) is a valid fuzzy graph.

Relative strengths and 𝜏-strong set for 𝜏 = 1
2 . For 𝑠(𝑢𝑣) := 𝜇(𝑢𝑣)/min{𝜎(𝑢), 𝜎(𝑣)}:

𝑠(𝑎𝑏) = 0.72/0.90 = 0.80 (strong), 𝑠(𝑏𝑐) = 0.68/0.80 = 0.85 (strong),
𝑠(𝑐𝑑) = 0.60/0.80 = 0.75 (strong), 𝑠(𝑑𝑎) = 0.62/0.85 ≈ 0.729 (strong),
𝑠(𝑎𝑐) = 0.33/0.80 = 0.4125 (weak), 𝑠(𝑏𝑑) = 0.40/0.85 ≈ 0.471 (weak).

Thus the 1
2 -strong edges are {𝑎𝑏, 𝑏𝑐, 𝑐𝑑, 𝑑𝑎}, i.e., the cycle 𝐶4.

1
2 -fuzzy planar embedding. Place 𝑎, 𝑏, 𝑐, 𝑑 as the corners of a convex quadrilateral (say, in that cyclic order).
Draw the 1

2 -strong edges 𝑎𝑏, 𝑏𝑐, 𝑐𝑑, 𝑑𝑎 along the boundary (which is planar), and draw the weak diagonals
𝑎𝑐 and 𝑏𝑑 as interior chords (they may cross). No two 1

2 -strong edges cross, so by the definition of 1
2 -fuzzy

planarity, 𝐺 is a fuzzy planar graph.

Proposition 1.25 (Strong-edge criterion). Let 𝐺 = (𝑉, 𝜎, 𝜇) be a fuzzy graph and 𝜏 ∈ (0, 1]. Denote by

𝐸𝜏 := { 𝑢𝑣 ∈ 𝐸∗ : 𝑠(𝑢𝑣) ≥ 𝜏 }

the set of 𝜏-strong edges, and let 𝐺𝜏 := (𝑉, 𝐸𝜏) be the induced crisp subgraph. Then the following are
equivalent:

(a) 𝐺 admits a 𝜏-fuzzy planar embedding;

(b) the crisp graph 𝐺𝜏 is planar.

Proof. (𝑎)⇒ (𝑏): If a drawing has no crossings between 𝜏-strong edges, then the restriction to 𝐸𝜏 is a planar
embedding of 𝐺𝜏 . (𝑏)⇒ (𝑎): Take a planar embedding of 𝐺𝜏 . Add each 𝜏-weak edge as a Jordan arc joining
its endpoints; reroute it locally if needed so that any new crossing (if unavoidable) is only with already placed
edges. By construction, no two 𝜏-strong edges cross. □

2 Main Results

In this section, as the main outcome of the present paper, we investigate the HyperGraph and SuperHyperGraph
counterparts of existing concepts.
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2.1 Linear Diophantine Fuzzy HyperGraph

A Linear Diophantine Fuzzy HyperGraph assigns linear Diophantine fuzzy numbers to vertices and hyperedges,
modeling multiway uncertain relationships.

Definition 2.1 (Linear Diophantine fuzzy hypergraph (LDFH)). Let 𝐻∗ = (𝑉, 𝐸, 𝜕) be a crisp hypergraph. A
linear Diophantine fuzzy hypergraph (LDFH) on 𝐻∗ is a quadruple

H =
(
𝑉, 𝐸, 𝜕; Φ𝑉 ,Φ𝐸

)
,

where Φ𝑉 is an LDFS on 𝑉 and Φ𝐸 is an LDFS on 𝐸 :

Φ𝑉 (𝑣) =
(
𝑚𝑉 (𝑣), 𝑛𝑉 (𝑣);𝛼𝑉 (𝑣), 𝛽𝑉 (𝑣)

)
, Φ𝐸 (𝑒) =

(
𝑚𝐸 (𝑒), 𝑛𝐸 (𝑒);𝛼𝐸 (𝑒), 𝛽𝐸 (𝑒)

)
,

and the following edge–vertex coupling holds for every hyperedge 𝑒 ∈ 𝐸 :

𝑚𝐸 (𝑒) ≤ min
𝑣∈𝜕(𝑒)

𝑚𝑉 (𝑣),

𝑛𝐸 (𝑒) ≤ max
𝑣∈𝜕(𝑒)

𝑛𝑉 (𝑣),

𝛼𝐸 (𝑒) ≤ min
𝑣∈𝜕(𝑒)

𝛼𝑉 (𝑣),

𝛽𝐸 (𝑒) ≤ max
𝑣∈𝜕(𝑒)

𝛽𝑉 (𝑣).

(5)

The vertex and edge hesitations are

𝜉𝑉 (𝑣) = 1 −
(
𝛼𝑉 (𝑣)𝑚𝑉 (𝑣) + 𝛽𝑉 (𝑣)𝑛𝑉 (𝑣)

)
, 𝜉𝐸 (𝑒) = 1 −

(
𝛼𝐸 (𝑒)𝑚𝐸 (𝑒) + 𝛽𝐸 (𝑒)𝑛𝐸 (𝑒)

)
.

Remark 2.2 (Optional incidence LDFS). If one wishes to record incidence strengths explicitly, one may add
an LDFS Θ : 𝑉 × 𝐸 → [0, 1]4 with

Θ(𝑣, 𝑒) =
(
𝑚∩ (𝑣, 𝑒), 𝑛∩ (𝑣, 𝑒);𝛼∩ (𝑣, 𝑒), 𝛽∩ (𝑣, 𝑒)

)
,

subject to the support equivalence and bounds

[
𝑣 ∈ 𝜕 (𝑒)

]
⇐⇒ 𝑚∩ (𝑣, 𝑒) > 0,

𝑚∩ (𝑣, 𝑒) ≤ min{𝑚𝑉 (𝑣), 𝑚𝐸 (𝑒)},
𝑛∩ (𝑣, 𝑒) ≤ max{𝑛𝑉 (𝑣), 𝑛𝐸 (𝑒)},
𝛼∩ (𝑣, 𝑒) ≤ min{𝛼𝑉 (𝑣), 𝛼𝐸 (𝑒)},
𝛽∩ (𝑣, 𝑒) ≤ max{𝛽𝑉 (𝑣), 𝛽𝐸 (𝑒)}.

All results below remain valid with or without Θ.

Example 2.3 (Numerical verification of (5)). Let 𝑉 = {𝑎, 𝑏, 𝑐} and 𝐸 = {𝑒1, 𝑒2} with 𝜕 (𝑒1) = {𝑎, 𝑏} and
𝜕 (𝑒2) = {𝑎, 𝑏, 𝑐}. Assign vertex LDFNs

Φ𝑉 (𝑎) = (0.80, 0.10; 0.70, 0.20),
Φ𝑉 (𝑏) = (0.60, 0.30; 0.60, 0.30),
Φ𝑉 (𝑐) = (0.45, 0.35; 0.50, 0.40),

and edge LDFNs

Φ𝐸 (𝑒1) = (0.58, 0.20; 0.60, 0.25), Φ𝐸 (𝑒2) = (0.44, 0.33; 0.50, 0.35).

Then the four lines of (5) hold numerically:

𝑚𝐸 (𝑒1) = 0.58 ≤ min{0.80, 0.60} = 0.60, 𝑚𝐸 (𝑒2) = 0.44 ≤ min{0.80, 0.60, 0.45} = 0.45;

𝑛𝐸 (𝑒1) = 0.20 ≤ max{0.10, 0.30} = 0.30, 𝑛𝐸 (𝑒2) = 0.33 ≤ max{0.10, 0.30, 0.35} = 0.35;

𝛼𝐸 (𝑒1) = 0.60 ≤ min{0.70, 0.60} = 0.60, 𝛼𝐸 (𝑒2) = 0.50 ≤ min{0.70, 0.60, 0.50} = 0.50;

𝛽𝐸 (𝑒1) = 0.25 ≤ max{0.20, 0.30} = 0.30, 𝛽𝐸 (𝑒2) = 0.35 ≤ max{0.20, 0.30, 0.40} = 0.40.

Hesitations, for instance at 𝑒2, evaluate to

𝜉𝐸 (𝑒2) = 1 −
(
0.50 · 0.44 + 0.35 · 0.33

)
= 1 − (0.2200 + 0.1155) = 0.6645 ∈ [0, 1] .

Thus H = (𝑉, 𝐸, 𝜕;Φ𝑉 ,Φ𝐸) is an LDFH.
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Theorem 2.4 (Reduction to Linear Diophantine fuzzy graphs). Assume every hyperedge has size 2, i.e.,
𝜕 (𝑒) = {𝑢, 𝑣} for all 𝑒 ∈ 𝐸 . Identify the underlying simple graph 𝐺∗ = (𝑉, 𝐸) with edges 𝑢𝑣 corresponding to
𝑒 ∈ 𝐸 . Then an LDFH H = (𝑉, 𝐸, 𝜕;Φ𝑉 ,Φ𝐸) is precisely a linear Diophantine fuzzy graph 𝐺 = (Φ𝑉 ,Φ𝐸)
in the sense of the LDFG definition, with the coupling constraints

𝑚𝐸 (𝑢𝑣) ≤ min{𝑚𝑉 (𝑢), 𝑚𝑉 (𝑣)}, 𝑛𝐸 (𝑢𝑣) ≤ max{𝑛𝑉 (𝑢), 𝑛𝑉 (𝑣)},
𝛼𝐸 (𝑢𝑣) ≤ min{𝛼𝑉 (𝑢), 𝛼𝑉 (𝑣)}, 𝛽𝐸 (𝑢𝑣) ≤ max{𝛽𝑉 (𝑢), 𝛽𝑉 (𝑣)}.

Proof. With |𝜕 (𝑒) | = 2, writing 𝑒 ↔ 𝑢𝑣, the inequalities in (5) reduce term-by-term to the four LDFG
admissibility bounds above. No other structure is changed, so the two notions coincide. □

Theorem 2.5 (Reduction to fuzzy hypergraphs). Let H = (𝑉, 𝐸, 𝜕;Φ𝑉 ,Φ𝐸) be an LDFH and impose the
parameter choice

𝛼𝑉 ≡ 1, 𝛽𝑉 ≡ 0, 𝛼𝐸 ≡ 1, 𝛽𝐸 ≡ 0, 𝑛𝑉 ≡ 0, 𝑛𝐸 ≡ 0.

Define 𝜎 : 𝑉 → [0, 1] and 𝜇 : 𝐸 → [0, 1] by

𝜎(𝑣) := 𝑚𝑉 (𝑣), 𝜇(𝑒) := 𝑚𝐸 (𝑒).

Then (𝑉, 𝐸, 𝜕;𝜎, 𝜇, 𝜂) is a fuzzy hypergraph, where one can take

𝜂(𝑣, 𝑒) :=

{
𝜇(𝑒), 𝑣 ∈ 𝜕 (𝑒),
0, 𝑣 ∉ 𝜕 (𝑒).

Proof. Under the stated specialization, the LDFS constraints are trivially satisfied: 𝛼(·)𝑚(·) + 𝛽(·)𝑛(·) =

1 · 𝑚 + 0 · 0 = 𝑚 ∈ [0, 1] and 𝛼 + 𝛽 = 1 ≤ 1. The coupling (5) becomes

𝑚𝐸 (𝑒) ≤ min
𝑣∈𝜕(𝑒)

𝑚𝑉 (𝑣),

which is exactly the fuzzy hypergraph admissibility 𝜇(𝑒) ≤ min𝑣∈𝜕(𝑒) 𝜎(𝑣). For the incidence map 𝜂, if
𝑣 ∈ 𝜕 (𝑒) we have

𝜂(𝑣, 𝑒) = 𝜇(𝑒) ≤ min
{
𝜎(𝑣), 𝜇(𝑒)

}
,

so the incidence bound holds with equality; if 𝑣 ∉ 𝜕 (𝑒), putting 𝜂(𝑣, 𝑒) = 0 satisfies the bound trivially. In
addition, the support equivalence [𝑣 ∈ 𝜕 (𝑒)] ⇐⇒ 𝜂(𝑣, 𝑒) > 0 holds for all 𝑒 with 𝜇(𝑒) > 0; restricting the
crisp edge set to {𝑒 ∈ 𝐸 : 𝜇(𝑒) > 0} (the usual support presentation) yields a fuzzy hypergraph on that support,
as required. □

2.2 Linear Diophantine Fuzzy SuperHyperGraph

A Linear Diophantine Fuzzy SuperHyperGraph extends this framework by incorporating supervertices and
superedges from iterated powersets, preserving fuzzy Diophantine constraints.
Definition 2.6 (Linear Diophantine fuzzy superhypergraph (LDFSH)). Let SHG(𝑛) = (𝑉, 𝐸, 𝜕) be a crisp
𝑛-SuperHyperGraph. A linear Diophantine fuzzy superhypergraph (LDFSH) on SHG(𝑛) is a quadruple

𝔖 =
(
𝑉, 𝐸, 𝜕; Φ𝑉 ,Φ𝐸

)
,

where Φ𝑉 is an LDFS on 𝑉 and Φ𝐸 is an LDFS on 𝐸 :

Φ𝑉 (𝑣) =
(
𝑚𝑉 (𝑣), 𝑛𝑉 (𝑣);𝛼𝑉 (𝑣), 𝛽𝑉 (𝑣)

)
, Φ𝐸 (𝑒) =

(
𝑚𝐸 (𝑒), 𝑛𝐸 (𝑒);𝛼𝐸 (𝑒), 𝛽𝐸 (𝑒)

)
,

and the following edge–vertex coupling holds for every 𝑒 ∈ 𝐸 :

𝑚𝐸 (𝑒) ≤ min
𝑣∈𝜕(𝑒)

𝑚𝑉 (𝑣),

𝑛𝐸 (𝑒) ≤ max
𝑣∈𝜕(𝑒)

𝑛𝑉 (𝑣),

𝛼𝐸 (𝑒) ≤ min
𝑣∈𝜕(𝑒)

𝛼𝑉 (𝑣),

𝛽𝐸 (𝑒) ≤ max
𝑣∈𝜕(𝑒)

𝛽𝑉 (𝑣).

(6)

The vertex and edge hesitations are

𝜉𝑉 (𝑣) = 1 −
(
𝛼𝑉 (𝑣)𝑚𝑉 (𝑣) + 𝛽𝑉 (𝑣)𝑛𝑉 (𝑣)

)
, 𝜉𝐸 (𝑒) = 1 −

(
𝛼𝐸 (𝑒)𝑚𝐸 (𝑒) + 𝛽𝐸 (𝑒)𝑛𝐸 (𝑒)

)
.
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Remark 2.7 (Optional incidence LDFS). As an optional refinement, one may attach an incidence LDFS
Θ : 𝑉 × 𝐸 → [0, 1]4, written Θ(𝑣, 𝑒) = (𝑚∩, 𝑛∩;𝛼∩, 𝛽∩) (𝑣, 𝑒), with the support and bounds

[
𝑣 ∈ 𝜕 (𝑒)

]
⇐⇒ 𝑚∩ (𝑣, 𝑒) > 0,

𝑚∩ (𝑣, 𝑒) ≤ min{𝑚𝑉 (𝑣), 𝑚𝐸 (𝑒)},
𝑛∩ (𝑣, 𝑒) ≤ max{𝑛𝑉 (𝑣), 𝑛𝐸 (𝑒)},
𝛼∩ (𝑣, 𝑒) ≤ min{𝛼𝑉 (𝑣), 𝛼𝐸 (𝑒)},
𝛽∩ (𝑣, 𝑒) ≤ max{𝛽𝑉 (𝑣), 𝛽𝐸 (𝑒)}.

All results below remain valid with or without Θ.

Example 2.8 (Concrete LDFSH at level 𝑛 = 1 with full numeric checks). Let 𝑉0 = {𝑥, 𝑦} so P(𝑉0) =

{∅, {𝑥}, {𝑦}, {𝑥, 𝑦}}. Define three 1-supervertices

𝑣1 = {𝑥}, 𝑣2 = {𝑦}, 𝑣3 = {𝑥, 𝑦} ∈ P(𝑉0),

and set 𝑉 = {𝑣1, 𝑣2, 𝑣3}. Let 𝐸 = {𝑒1, 𝑒2} with

𝜕 (𝑒1) = {𝑣1, 𝑣3}, 𝜕 (𝑒2) = {𝑣2, 𝑣3}.

Assign vertex LDFNs
Φ𝑉 (𝑣1) = (0.80, 0.10; 0.70, 0.20),
Φ𝑉 (𝑣2) = (0.62, 0.28; 0.60, 0.30),
Φ𝑉 (𝑣3) = (0.55, 0.35; 0.55, 0.40),

for which

𝛼𝑉𝑚𝑉 + 𝛽𝑉𝑛𝑉 =


0.7 · 0.80 + 0.2 · 0.10 = 0.58 ≤ 1,
0.6 · 0.62 + 0.3 · 0.28 = 0.504 ≤ 1,
0.55 · 0.55 + 0.4 · 0.35 = 0.4525 ≤ 1,

𝛼𝑉 + 𝛽𝑉 =


0.90 ≤ 1,
0.90 ≤ 1,
0.95 ≤ 1.

Assign edge LDFNs

Φ𝐸 (𝑒1) = (0.55, 0.20; 0.55, 0.30), Φ𝐸 (𝑒2) = (0.53, 0.33; 0.55, 0.40).

We verify the four lines of (6):

Membership:

𝑚𝐸 (𝑒1) = 0.55 ≤ min{0.80, 0.55} = 0.55, 𝑚𝐸 (𝑒2) = 0.53 ≤ min{0.62, 0.55} = 0.55.

Non-membership:

𝑛𝐸 (𝑒1) = 0.20 ≤ max{0.10, 0.35} = 0.35, 𝑛𝐸 (𝑒2) = 0.33 ≤ max{0.28, 0.35} = 0.35.

Alpha-parameters:

𝛼𝐸 (𝑒1) = 0.55 ≤ min{0.70, 0.55} = 0.55, 𝛼𝐸 (𝑒2) = 0.55 ≤ min{0.60, 0.55} = 0.55.

Beta-parameters:

𝛽𝐸 (𝑒1) = 0.30 ≤ max{0.20, 0.40} = 0.40, 𝛽𝐸 (𝑒2) = 0.40 ≤ max{0.30, 0.40} = 0.40.

Hesitations, e.g. for 𝑒2,

𝜉𝐸 (𝑒2) = 1 −
(
0.55 · 0.53 + 0.40 · 0.33

)
= 1 − (0.2915 + 0.132) = 0.5765 ∈ [0, 1] .

Thus 𝔖 = (𝑉, 𝐸, 𝜕;Φ𝑉 ,Φ𝐸) is an LDFSH.

Theorem 2.9 (Reduction to Linear Diophantine fuzzy hypergraphs). Let 𝔖 = (𝑉, 𝐸, 𝜕;Φ𝑉 ,Φ𝐸) be an LDFSH
on SHG(𝑛) . If 𝑛 = 0 (so 𝑉 ⊆ 𝑉0), then 𝔖 is exactly a Linear Diophantine fuzzy hypergraph on the crisp
hypergraph (𝑉, 𝐸, 𝜕).
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Proof. When 𝑛 = 0, the objects in 𝑉 are ordinary vertices and 𝐸 are hyperedge identifiers with the same
incidence map 𝜕. The inequalities in (6) become, for each 𝑒 ∈ 𝐸 ,

𝑚𝐸 (𝑒) ≤ min
𝑣∈𝜕(𝑒)

𝑚𝑉 (𝑣), 𝑛𝐸 (𝑒) ≤ max
𝑣∈𝜕(𝑒)

𝑛𝑉 (𝑣),

𝛼𝐸 (𝑒) ≤ min
𝑣∈𝜕(𝑒)

𝛼𝑉 (𝑣), 𝛽𝐸 (𝑒) ≤ max
𝑣∈𝜕(𝑒)

𝛽𝑉 (𝑣),

which are precisely the LDFH coupling inequalities. Since the LDFS constraints on Φ𝑉 ,Φ𝐸 are unchanged,
the structures coincide. □

Theorem 2.10 (Reduction to Linear Diophantine fuzzy graphs). In addition to the assumptions of Theorem 2.9,
suppose every edge has size 2: |𝜕 (𝑒) | = 2 for all 𝑒 ∈ 𝐸 . Identifying 𝑒 ↔ 𝑢𝑣 with 𝜕 (𝑒) = {𝑢, 𝑣}, the bounds in
(6) read

𝑚𝐸 (𝑢𝑣) ≤ min{𝑚𝑉 (𝑢), 𝑚𝑉 (𝑣)}, 𝑛𝐸 (𝑢𝑣) ≤ max{𝑛𝑉 (𝑢), 𝑛𝑉 (𝑣)},
𝛼𝐸 (𝑢𝑣) ≤ min{𝛼𝑉 (𝑢), 𝛼𝑉 (𝑣)}, 𝛽𝐸 (𝑢𝑣) ≤ max{𝛽𝑉 (𝑢), 𝛽𝑉 (𝑣)},

which is exactly the admissibility for an LDF graph on the underlying simple graph.

Proof. With |𝜕 (𝑒) | = 2, the minima and maxima in (6) specialize to the two incident vertices. This reproduces
the LDFG definition verbatim; no further changes are needed. □

Theorem 2.11 (Reduction to fuzzy superhypergraphs). Let 𝔖 = (𝑉, 𝐸, 𝜕;Φ𝑉 ,Φ𝐸) be an LDFSH. Impose the
specialization

𝛼𝑉 ≡ 1, 𝛽𝑉 ≡ 0, 𝑛𝑉 ≡ 0, 𝛼𝐸 ≡ 1, 𝛽𝐸 ≡ 0, 𝑛𝐸 ≡ 0,

and define a vertex-membership 𝜎 : 𝑉 → [0, 1] and edge-membership 𝜇 : 𝐸 → [0, 1] by

𝜎(𝑣) := 𝑚𝑉 (𝑣), 𝜇(𝑒) := 𝑚𝐸 (𝑒).

Then (𝑉, 𝐸, 𝜕;𝜎, 𝜇) is a (crisp-support) fuzzy 𝑛-SuperHyperGraph satisfying

𝜇(𝑒) ≤ min
𝑣∈𝜕(𝑒)

𝜎(𝑣) (∀𝑒 ∈ 𝐸).

Proof. Under the specialization, the LDFS constraints reduce to 𝛼𝑚 + 𝛽𝑛 = 1 · 𝑚 + 0 · 0 = 𝑚 ∈ [0, 1] and
𝛼 + 𝛽 = 1 ≤ 1, hence valid. The coupling (6) simplifies to

𝑚𝐸 (𝑒) ≤ min
𝑣∈𝜕(𝑒)

𝑚𝑉 (𝑣),

which is exactly 𝜇(𝑒) ≤ min𝑣∈𝜕(𝑒) 𝜎(𝑣). Thus (𝑉, 𝐸, 𝜕;𝜎, 𝜇) is a fuzzy superhypergraph on the same crisp
support. □

2.3 Fuzzy planar HyperGraphs

A fuzzy planar hypergraph extends fuzzy graphs by allowing hyperedges, where sufficiently strong connections
induce a planar incidence embedding.

Definition 2.12 (Crisp hypergraph and incidence graph (Recall)). A (finite, undirected, loopless) crisp hy-
pergraph is a triple 𝐻∗ = (𝑉, 𝐸, 𝜕) where 𝑉 is a finite nonempty set of vertices, 𝐸 a finite set of hyperedge
identifiers, and 𝜕 : 𝐸 → P∗ (𝑉) assigns to each 𝑒 ∈ 𝐸 a nonempty finite incidence set 𝜕 (𝑒) ⊆ 𝑉 . The incidence
(Levi) graph of 𝐻∗ is the bipartite graph

𝐺 inc (𝐻∗) :=
(
𝑉 ⊔ 𝐸, 𝐼

)
, 𝐼 :=

{
(𝑣, 𝑒) ∈ 𝑉 × 𝐸 : 𝑣 ∈ 𝜕 (𝑒)

}
.

Definition 2.13 (Fuzzy hypergraph (Recall)). A fuzzy hypergraph on 𝐻∗ = (𝑉, 𝐸, 𝜕) is a sextuple

H =
(
𝑉, 𝐸, 𝜕; 𝜎, 𝜇, 𝜂

)
,

with membership maps

𝜎 : 𝑉 → [0, 1], 𝜇 : 𝐸 → [0, 1], 𝜂 : 𝑉 × 𝐸 → [0, 1],
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satisfying, for all 𝑣 ∈ 𝑉 and 𝑒 ∈ 𝐸 ,

(support)
[
𝑣 ∈ 𝜕 (𝑒)

]
⇐⇒ 𝜂(𝑣, 𝑒) > 0, (7)

(incidence bound) 𝜂(𝑣, 𝑒) ≤ min{𝜎(𝑣), 𝜇(𝑒)}, (8)
(edge–vertex bound) 𝜇(𝑒) ≤ min

𝑢∈𝜕(𝑒)
𝜎(𝑢). (9)

Definition 2.14 (𝜏-strong hyperedges). Fix 𝜏 ∈ (0, 1]. In a fuzzy hypergraph H = (𝑉, 𝐸, 𝜕;𝜎, 𝜇, 𝜂) define

𝐸𝜏 :=
{
𝑒 ∈ 𝐸 : 𝜇(𝑒) ≥ 𝜏 · min

𝑣∈𝜕(𝑒)
𝜎(𝑣)

}
.

Members of 𝐸𝜏 are called 𝜏-strong hyperedges.

Definition 2.15 (𝜏-fuzzy planar hypergraph). A fuzzy hypergraph H = (𝑉, 𝐸, 𝜕;𝜎, 𝜇, 𝜂) is 𝜏-fuzzy planar if
the incidence graph induced by the 𝜏-strong hyperedges is planar, i.e.,

𝐺 inc (𝑉 ⊔ 𝐸𝜏 , 𝐼𝜏) is planar, 𝐼𝜏 := { (𝑣, 𝑒) ∈ 𝑉 × 𝐸𝜏 : 𝑣 ∈ 𝜕 (𝑒) }.

Equivalently, there exists a drawing of 𝐺 inc (𝑉 ⊔ 𝐸𝜏 , 𝐼𝜏) in the plane with no edge crossings.

Example 2.16 (Numerical 1
2 -fuzzy planar hypergraph). Let 𝑉 = {𝑎, 𝑏, 𝑐} and 𝐸 = {𝑒𝑎𝑏, 𝑒𝑏𝑐, 𝑒𝑎𝑐, 𝑒𝑎𝑏𝑐} with

𝜕 (𝑒𝑎𝑏) = {𝑎, 𝑏}, 𝜕 (𝑒𝑏𝑐) = {𝑏, 𝑐}, 𝜕 (𝑒𝑎𝑐) = {𝑎, 𝑐}, 𝜕 (𝑒𝑎𝑏𝑐) = {𝑎, 𝑏, 𝑐}.

Choose vertex-memberships

𝜎(𝑎) = 1.00, 𝜎(𝑏) = 0.90, 𝜎(𝑐) = 0.80.

Choose edge-memberships

𝜇(𝑒𝑎𝑏) = 0.72, 𝜇(𝑒𝑏𝑐) = 0.70, 𝜇(𝑒𝑎𝑐) = 0.30, 𝜇(𝑒𝑎𝑏𝑐) = 0.45.

Verify the edge–vertex bounds (9):

𝜇(𝑒𝑎𝑏) = 0.72 ≤ min{1.00, 0.90} = 0.90,
𝜇(𝑒𝑏𝑐) = 0.70 ≤ min{0.90, 0.80} = 0.80,
𝜇(𝑒𝑎𝑐) = 0.30 ≤ min{1.00, 0.80} = 0.80,
𝜇(𝑒𝑎𝑏𝑐) = 0.45 ≤ min{1.00, 0.90, 0.80} = 0.80.

Define incidences by 𝜂(𝑣, 𝑒) = 𝜇(𝑒) if 𝑣 ∈ 𝜕 (𝑒) and 0 otherwise. Then 𝜂(𝑣, 𝑒) ≤ min{𝜎(𝑣), 𝜇(𝑒)} holds with
equality whenever 𝑣 ∈ 𝜕 (𝑒), and (7) is satisfied.

Take 𝜏 = 1
2 . Compute 𝜏-strong hyperedges using 𝜇(𝑒) ≥ 𝜏 · min𝑣∈𝜕(𝑒) 𝜎(𝑣):

𝑒𝑎𝑏 : 0.72 ≥ 0.5 · min{1.00, 0.90} = 0.45 ⇒ 𝑒𝑎𝑏 ∈ 𝐸𝜏 ,

𝑒𝑏𝑐 : 0.70 ≥ 0.5 · min{0.90, 0.80} = 0.40 ⇒ 𝑒𝑏𝑐 ∈ 𝐸𝜏 ,

𝑒𝑎𝑐 : 0.30 < 0.5 · min{1.00, 0.80} = 0.40 ⇒ 𝑒𝑎𝑐 ∉ 𝐸𝜏 ,

𝑒𝑎𝑏𝑐 : 0.45 ≥ 0.5 · min{1.00, 0.90, 0.80} = 0.40 ⇒ 𝑒𝑎𝑏𝑐 ∈ 𝐸𝜏 .

Thus 𝐸𝜏 = {𝑒𝑎𝑏, 𝑒𝑏𝑐, 𝑒𝑎𝑏𝑐}. The incidence subgraph on 𝑉 ⊔ 𝐸𝜏 has edges

𝑎–𝑒𝑎𝑏, 𝑏–𝑒𝑎𝑏, 𝑏–𝑒𝑏𝑐, 𝑐–𝑒𝑏𝑐, 𝑎–𝑒𝑎𝑏𝑐, 𝑏–𝑒𝑎𝑏𝑐, 𝑐–𝑒𝑎𝑏𝑐 .

This bipartite graph is planar: draw 𝑎, 𝑏, 𝑐 on a line and place the hyperedge-vertices 𝑒𝑎𝑏 above the segment
𝑎𝑏, 𝑒𝑏𝑐 above 𝑏𝑐, and 𝑒𝑎𝑏𝑐 below the line with three noncrossing spokes to 𝑎, 𝑏, 𝑐. Hence, by the Proposition,
H is a 1

2 -fuzzy planar hypergraph.

Finally, if we drop 𝑒𝑎𝑏𝑐 and keep only the 2-uniform edges 𝑒𝑎𝑏, 𝑒𝑏𝑐, the 1
2 -strong part corresponds to the

strong-edge subgraph 𝑎𝑏 ∪ 𝑏𝑐, which is planar; by the Theorem this agrees with the fuzzy planar graph
criterion.
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Theorem 2.17 (Generalizes fuzzy planar graphs). Consider a fuzzy graph 𝐺 = (𝑉, 𝜎, 𝜇) (edges undirected,
loopless) and encode it as the 2-uniform fuzzy hypergraph

H𝐺 = (𝑉, 𝐸, 𝜕;𝜎, 𝜇, 𝜂), 𝜕 (𝑒) = {𝑢, 𝑣} for 𝑒 ↔ 𝑢𝑣, 𝜂(𝑢, 𝑒) = 𝜂(𝑣, 𝑒) = 𝜇(𝑒).

Then for every 𝜏 ∈ (0, 1] the following are equivalent:

(a) 𝐺 admits a 𝜏-fuzzy planar embedding in the sense of “no crossings between 𝜏-strong edges”;

(b) H𝐺 is 𝜏-fuzzy planar in the sense of Definition 2.15.

Proof. By hypothesis on fuzzy graphs, 𝜇(𝑢𝑣) ≤ min{𝜎(𝑢), 𝜎(𝑣)} for all 𝑢𝑣. Hence for an edge 𝑢𝑣 we have

𝑢𝑣 is 𝜏-strong ⇐⇒ 𝜇(𝑢𝑣) ≥ 𝜏 · min{𝜎(𝑢), 𝜎(𝑣)} ⇐⇒ 𝑒 ∈ 𝐸𝜏 (𝑒 ↔ 𝑢𝑣).

The incidence subgraph 𝐺 inc (𝑉 ⊔𝐸𝜏 , 𝐼𝜏) is obtained from the crisp subgraph of 𝜏-strong edges by subdividing
each strong edge once (insert the edge-vertex 𝑒). Subdividing edges preserves planarity and reflects nonpla-
narity. Therefore the strong-edge subgraph of 𝐺 is planar iff 𝐺 inc (𝑉 ⊔ 𝐸𝜏 , 𝐼𝜏) is planar. Using the Proposition
gives the equivalence (𝑎) ⇔ (𝑏). □

Theorem 2.18 (A 𝜏-fuzzy planar hypergraph is a fuzzy hypergraph). Let H = (𝑉, 𝐸, 𝜕;𝜎, 𝜇, 𝜂) be 𝜏-fuzzy
planar. Then, independently of 𝜏, H satisfies the fuzzy hypergraph axioms (7)–(9).

Proof. By definition, H is a fuzzy hypergraph; planarity imposes an additional graph-theoretic constraint on
the incidence subgraph but does not alter the inequalities (7)–(9). Hence the axioms hold verbatim. □

2.4 Fuzzy planar SuperHyperGraphs

A fuzzy planar superhypergraph generalizes fuzzy planar hypergraphs by using supervertices and superedges,
ensuring strong incidence subgraphs remain planar.

Definition 2.19 (Crisp 𝑛-SuperHyperGraph). Fix a finite base set𝑉0 and a level 𝑛 ∈ N0. An 𝑛-SuperHyperGraph
is a triple

SHG(𝑛) = (𝑉, 𝐸, 𝜕),

where 𝑉 ⊆ P 𝑛 (𝑉0) is a finite set of 𝑛-supervertices, 𝐸 is a finite set of (super)edge identifiers, and 𝜕 : 𝐸 →
P∗ (𝑉) assigns to each 𝑒 ∈ 𝐸 a nonempty finite incidence set 𝜕 (𝑒) ⊆ 𝑉 . Its (bipartite) incidence graph is

𝐺 inc
(
SHG(𝑛) ) :=

(
𝑉 ⊔ 𝐸, 𝐼

)
, 𝐼 :=

{
(𝑣, 𝑒) ∈ 𝑉 × 𝐸 : 𝑣 ∈ 𝜕 (𝑒)

}
.

Definition 2.20 (Fuzzy SuperHyperGraph). On a fixed SHG(𝑛) = (𝑉, 𝐸, 𝜕), a fuzzy SuperHyperGraph is a
quintuple

S =
(
𝑉, 𝐸, 𝜕; 𝜎, 𝜇

)
,

with maps 𝜎 : 𝑉 → [0, 1] (supervertex-membership) and 𝜇 : 𝐸 → [0, 1] (superedge-membership) satisfying
the admissibility inequality

𝜇(𝑒) ≤ min
𝑣∈𝜕(𝑒)

𝜎(𝑣) (∀ 𝑒 ∈ 𝐸). (10)

Optionally, one may also equip an incidence membership 𝜂 : 𝑉 × 𝐸 → [0, 1] with

[ 𝑣 ∈ 𝜕 (𝑒) ] ⇐⇒ 𝜂(𝑣, 𝑒) > 0, 𝜂(𝑣, 𝑒) ≤ min{𝜎(𝑣), 𝜇(𝑒)},

but all results below hold with or without 𝜂.

Definition 2.21 (𝜏-strong superedges). Fix 𝜏 ∈ (0, 1]. In a fuzzy SuperHyperGraph S = (𝑉, 𝐸, 𝜕;𝜎, 𝜇) define
the set of 𝜏-strong superedges

𝐸𝜏 :=
{
𝑒 ∈ 𝐸 : 𝜇(𝑒) ≥ 𝜏 · min

𝑣∈𝜕(𝑒)
𝜎(𝑣)

}
.
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Definition 2.22 (𝜏-fuzzy planar SuperHyperGraph). A fuzzy SuperHyperGraph S = (𝑉, 𝐸, 𝜕;𝜎, 𝜇) is 𝜏-fuzzy
planar if the incidence subgraph induced by the 𝜏-strong superedges is planar, i.e.,

𝐺 inc
(
𝑉 ⊔ 𝐸𝜏 , 𝐼𝜏

)
is planar, 𝐼𝜏 := {(𝑣, 𝑒) ∈ 𝑉 × 𝐸𝜏 : 𝑣 ∈ 𝜕 (𝑒)}.

Equivalently, there exists a drawing of 𝐺 inc (𝑉 ⊔ 𝐸𝜏 , 𝐼𝜏) in the plane with no edge crossings.

Example 2.23 (Numerical 1
2 -fuzzy planar SuperHyperGraph at level 𝑛 = 1). Let 𝑉0 = {𝑥, 𝑦} and 𝑛 = 1, so

P(𝑉0) = {∅, {𝑥}, {𝑦}, {𝑥, 𝑦}}. Take the supervertex set

𝑉 =
{
𝑣1 := {𝑥}, 𝑣2 := {𝑦}, 𝑣3 := {𝑥, 𝑦}

}
⊆ P(𝑉0).

Let 𝐸 = {𝑒1, 𝑒2, 𝑒3} with incidence

𝜕 (𝑒1) = {𝑣1, 𝑣3}, 𝜕 (𝑒2) = {𝑣2, 𝑣3}, 𝜕 (𝑒3) = {𝑣1, 𝑣2, 𝑣3}.

Define supervertex-memberships

𝜎(𝑣1) = 0.95, 𝜎(𝑣2) = 0.85, 𝜎(𝑣3) = 0.70,

and superedge-memberships

𝜇(𝑒1) = 0.66, 𝜇(𝑒2) = 0.58, 𝜇(𝑒3) = 0.36.

Admissibility check (10). Compute the incident minima:

min
𝑣∈𝜕(𝑒1 )

𝜎(𝑣) = min{0.95, 0.70} = 0.70,

min
𝑣∈𝜕(𝑒2 )

𝜎(𝑣) = min{0.85, 0.70} = 0.70,

min
𝑣∈𝜕(𝑒3 )

𝜎(𝑣) = min{0.95, 0.85, 0.70} = 0.70,

so indeed
𝜇(𝑒1) = 0.66 ≤ 0.70, 𝜇(𝑒2) = 0.58 ≤ 0.70, 𝜇(𝑒3) = 0.36 ≤ 0.70.

Thus (𝑉, 𝐸, 𝜕;𝜎, 𝜇) is a fuzzy SuperHyperGraph.

𝜏-strong set for 𝜏 = 1
2 . Since min𝑣∈𝜕(𝑒) 𝜎(𝑣) = 0.70 for all three edges, the threshold is 𝜏 · 0.70 = 0.35. Hence

𝐸 1
2
= { 𝑒 ∈ 𝐸 : 𝜇(𝑒) ≥ 0.35 } = {𝑒1, 𝑒2, 𝑒3}.

Planarity of the incidence subgraph. The bipartite graph on 𝑉 ⊔ 𝐸 1
2

has edges

𝑣1-𝑒1, 𝑣3-𝑒1; 𝑣2-𝑒2, 𝑣3-𝑒2; 𝑣1-𝑒3, 𝑣2-𝑒3, 𝑣3–𝑒3.

Place 𝑣1, 𝑣2, 𝑣3 on a horizontal line (from left to right). Draw 𝑒1 above the segment 𝑣1𝑣3 and connect it to 𝑣1, 𝑣3
by two arcs; draw 𝑒2 above 𝑣2𝑣3 and connect it likewise; finally put 𝑒3 below the line and join it to 𝑣1, 𝑣2, 𝑣3
by three noncrossing spokes. No edges cross, so the incidence subgraph is planar. Therefore the structure is a
1
2 -fuzzy planar SuperHyperGraph.

Theorem 2.24 (Generalizes fuzzy planar hypergraphs). Let S be a 𝜏-fuzzy planar SuperHyperGraph on
SHG(𝑛) . If 𝑛 = 0 (so 𝑉 ⊆ 𝑉0 consists of ordinary vertices), then S is exactly a 𝜏-fuzzy planar hypergraph in
the sense that

𝐺 inc
(
𝑉 ⊔ 𝐸𝜏 , 𝐼𝜏

)
is planar and the admissibility (10) coincides with the usual fuzzy-hypergraph edge–vertex bound.

Proof. When 𝑛 = 0, the elements of 𝑉 are ordinary vertices and the pairs (𝑉, 𝐸, 𝜕) form a crisp hypergraph.
The inequality (10) becomes 𝜇(𝑒) ≤ min𝑣∈𝜕(𝑒) 𝜎(𝑣), which is the standard fuzzy hypergraph bound. By
Definition 2.22, 𝜏-planarity is the planarity of the incidence subgraph on 𝑉 ⊔ 𝐸𝜏 , which is exactly the
hypergraph notion. Hence the two notions agree. □

Theorem 2.25 (Is a fuzzy SuperHyperGraph). Every 𝜏-fuzzy planar SuperHyperGraph S = (𝑉, 𝐸, 𝜕;𝜎, 𝜇)
satisfies the fuzzy SuperHyperGraph admissibility (10); in particular, 𝜏-planarity imposes an additional
graphical constraint but does not change the fuzzy axioms.

Proof. By definition, S is already equipped with (𝜎, 𝜇) obeying (10). The 𝜏-planarity requirement restricts
the subfamily of 𝜏-strong superedges, but it neither alters the codomains of 𝜎, 𝜇 nor the inequality (10). Thus
S remains a fuzzy SuperHyperGraph. □
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3 Conclusion

In this paper, we extended Linear Diophantine Fuzzy Graphs and fuzzy planar graphs to the frameworks of
HyperGraphs and SuperHyperGraphs by introducing new classes, namely Linear Diophantine Fuzzy SuperHy-
perGraphs and Fuzzy Planar SuperHyperGraphs. For future work, we anticipate further research into extended
systems built upon advanced uncertainty models such as the HyperFuzzy Set [43,44], Neutrosophic Set [45–47],
Picture Fuzzy Set [48], Hesitant Fuzzy Set [49], and Plithogenic Set [50, 51].
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