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Abstract

Graph theory offers a rigorous framework for modeling relationships and connectivity via vertices and edges [1}
2|]. Hypergraphs generalize this framework by allowing hyperedges that join more than two vertices [3}4].
Superhypergraphs further enrich the model through iterated powerset constructions, capturing hierarchical and
self-referential structures among hyperedges [5[]. In this paper, we introduce new classes of graphs, namely
the Tolerance SuperHyperGraph, Tolerance HyperGraph, Fuzzy Tolerance Hypergraph, and Fuzzy Tolerance
SuperHypergraph, and examine their properties.
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1 Preliminaries

We collect the basic terminology and notation used in what follows. Unless explicitly stated otherwise, all
graphs considered are finite, undirected, and loopless; multiple edges are allowed only when this is specified.

1.1 SuperHyperGraphs

A classical hypergraph generalizes an ordinary graph by permitting an edge to connect an arbitrary (finite) num-
ber of vertices, which makes it suitable for representing multiway relationships [3,6L7]. A SuperHyperGraph
carries this idea further by forming vertices and edges from iterated powersets of a base set; this viewpoint
has appeared in several recent contexts [[8H10]. Reported applications include, among others, molecular struc-
ture modeling, complex network analysis, and signal processing [11H14]. Throughout, the level n is a fixed
nonnegative integer.

Definition 1.1 (Base set). A base (ground) set is a fixed finite set S from which higher-level objects are
generated:
S = {x | x belongs to the chosen domain }.

All structures introduced below ultimately draw their elements from S.

Definition 1.2 (Powerset). [[15,/16] Given a set X, its powerset is
PX) = {ACX}.
We also use the nonempty powerset P*(X) := P(X) \ {2}
Definition 1.3 (Iterated powerset). [17H19] For k € Ny define
POUX) =X, PHI(X):=PPX)).
For the nonempty version set
)X =X, (P) X)) = PPHR(X)).

Definition 1.4 (Hypergraph [3,4]). A hypergraph is a pair H = (V(H), E(H)) with V(H) # @ and E(H) C
#*(V(H)). Throughout this paper both V(H) and E (H) are finite.

Example 1.5 (Hypergraph: co-authorship by paper). Letthe vertices be authors V(H) = {Taro, Tae, Carol, Dan, Erin}.
Each paper induces a hyperedge equal to its set of co-authors:

E(H) = {{Taro, Tae}, {Taro, Carol, Dan}, {Tae, Dan, Erin}} C P(V(H)).

Thus H = (V(H), E(H)) is a hypergraph where multi-author papers naturally form hyperedges.



Definition 1.6 (n-SuperHyperGraph). [5420] Fix a finite base set Vo and alevel n € Ny. Ann-SuperHyperGraph
over V) is a triple
SHG™ = (V, E, 9),

where

* V C P"(Vp) is a finite set of n-supervertices;
e E is afinite set of (super)edge identifiers;

* 9 : E — #*(V) is an incidence map sending each edge to a nonempty finite subset of V.

For e € E, the set d(e) C V is called the (super)edge incidence set.

Remark 1.7 (Simple, uniform, and nonempty-tier options). (i) Simple: 0 is injective (no parallel superedges).
(ii) k-uniform: |8(e)| = k for all e € E. (iii) To exclude empties at every tier, one may require V C (¥ )n(VO).

Remark 1.8 (Subset presentation). If parallel superedges are unnecessary, one may identify each edge with
its incidence set and work with a pair (V, &) where & C #*(V). This is equivalent to Definition[I.6] by taking
E:=§&and 0 :=1id

Example 1.9 (n-SuperHyperGraph: programs built from teams (n = 2)). Take the ground set of employees
Vo = {a, b, c,d, e}. First form teams (level 1 subsets):

Ty ={a,b}, T,={b,c}, T3={d,e} € PW).
Define level 2 supervertices as sets of teams:
vi={N.0}Y,  v={DhT1} € PPW))=P>*(V)
Let V = {v1,v2} € P?(Vp) and let E = {&} with incidence map
d(e) = {vi,v2} € P(V).

Then SHG® = (V, E, d) is a 2-SuperHyperGraph: each supervertex represents a program built from teams,
and the superedge € models a cross-program coordination task linking these programs.

1.2 Fuzzy n-SuperHyperGraphs

A fuzzy set assigns to each element a membership degree in [0, 1] [21H23]l. Fuzzy graphs and fuzzy hypergraphs
endow vertices and (hyper)edges with such degrees [24-30]. A fuzzy n-SuperHyperGraph is a higher-level
network representation in which supervertices and superedges carry membership values for modeling complex
interactions (cf. [5,31]]).

Definition 1.10 (Fuzzy graph). [25,[32]] A fuzzy graph is a triple G = (V, o, i) where V is a finite nonempty
vertex set, o : V — [0, 1] assigns vertex-membership degrees, and u : V XV — [0, 1] assigns edge-
membership degrees subject to

u(u,v) < min{o(u),o(v)} NMu,v eV).
We write uv for {u, v} and abbreviate u(uv) := u(u,v). The (crisp) underlying graph of G has vertex set V
and edge set E* := {uv : u(uv) > 0}.

Definition 1.11 (Fuzzy hypergraph). [2730,33] Let H* = (V, E, d) be a crisp hypergraph. A fuzzy hypergraph
on H* is a sextuple
H = (V,E,0; o, u,m),
with maps
o:V—-]0,1], u:E—[0,1], n:VxE—][0,1],
such that forallv e Vande € E,

(support) [v e d(e)] & n(v,e) >0, )
(incidence bound) 7(v,e) < min{o(v),u(e)}, 2)
(edge—vertex bound) u(e) < nzi(n)o-(u). 3)

Here o is the vertex-membership map, u the edge-membership map, and n the incidence-membership map.
The underlying crisp hypergraph is (V, E, ), recoverable via ().



Example 1.12 (Fuzzy hypergraph: multi-agency emergency response). Consider agencies as vertices
V = {Fire(F), Police(P), Hospital(H), Utilities(U)}.
Scenarios (events) form hyperedges
E ={e1, ez e3}, d(e1) ={F,U}, d(ez) ={F,H, P}, d(e3) ={U, P},
so H* = (V, E, d) is a crisp hypergraph. Let vertex “readiness” be
o(F)=0.90, o(P) =0.80, c(H) =0.85, c(U) = 0.70.
Choose edge “scenario confidence” (respecting the edge—vertex bound (e) < minges(e) 0 (u)):
u(e) =0.65 (< min(0.90,0.70) = 0.70),
H(e2) =0.75 (< min(0.90, 0.85,0.80) = 0.80),

u(e3) = 0.60 (< min(0.70,0.80) = 0.70).
Define incidence-membershipn : V X E — [0, 1] by

n(v.e) = {min{o-(v),,u(e)} “Fye, VEOI(e), with v, € (0.1].

0, v & d(e),

For instance, pick
n(F,e;) =0.60, n(U,e;) =0.55;

n(F,ey) =0.70, n(H, ez) = 0.70, n(P, e3) = 0.65;
n(U, e3) = 0.55, n(P, e3) = 0.55,

and n(v,e) = 0 otherwise. Then: (i) [v € d(e)] & n(v,e) > 0 (support), (ii) (v, e) < min{o(v), u(e)}
(incidence bound), (iii) ¢ (e) < min,eg(e) 0 (1) (edge—vertex bound). Hence H = (V, E, 0; 0, i, ) is a fuzzy
hypergraph encoding uncertain, multi-agency cooperation.

Definition 1.13 (Fuzzy n-SuperHyperGraph). (cf. [534]) Let SHG™ = (V, E) be an n-SuperHyperGraph.
A fuzzy n-SuperHyperGraph is a quadruple
(V.E,o, ),

where o : V — [0,1] and p : E — [0, 1] obey the admissibility constraint

u(e) < mino(v) forevery e € E.
vee

Example 1.14 (Fuzzy n-SuperHyperGraph: programs built from teams of teams (n = 2)). Let the ground set
of employees be Vy = {a, b, c,d, e, f}. Level-1 “teams” are subsets of Vj:

Ty ={a,b}, Try={b,c}, T3={d,e,f} € PW).

Level-2 supervertices (“programs”) are sets of teams:
vy ={T1, T}, vy = {12, T3}, vy ={T\, T3} € P*(Vp).
SetV = {v1,v2,v3} € P?(Vp) and choose superedges
E={eaep}, ea={vi,va}, ep={vi,v3}.

Assign supervertex-memberships (overall “program readiness”)

o(vy) =0.90, o(vy) =0.75, o(v3) = 0.80,
and edge-memberships (coordination strength) satisfying the admissibility constraint u(e) < min, ¢, o-(v):

u(es) =0.70 (< min(0.90,0.75) = 0.75), u(ep) =0.72 (< min(0.90,0.80) = 0.80).

Then (V,E, o, ) is a fuzzy 2-SuperHyperGraph modeling uncertain collaboration between programs built
from teams of teams.



1.3 Tolerance graph

A tolerance graph models vertices as intervals with tolerances, connecting vertices whenever overlap length
exceeds their minimum tolerance threshold [|35-39].

Definition 1.15 (Tolerance graph). [35] A finite simple graph G = (V, E) is a tolerance graph if there exist,
for each v € V, aclosed interval I, = [£,,r,] C R and a tolerance ¢, € R such that for all distinct #,v € V,

{uvteE < |L,nI| > min{t,.t},
where |J| denotes the (Lebesgue) length of an interval J (and is 0 if J = @).

Remark 1.16 (Common subclasses). If 7, < |I,| for every v, the representation is bounded (yielding a bounded

tolerance graph). If all tolerances are equal (¢, = t), the graph is unit tolerance.

Example 1.17 (Tolerance graph: scheduling feasible one-on-one meetings). Let vertices be employees with
daily availability intervals (in hours). Set

IA:[9,12], ta = 1.0; Ip = [10,13], tp =1.2;
Ic = [11.5,14], tc = 0.75;  Ip = [8,9.5], tp = 0.5.

Two employees u # v are adjacent iff £(1, N I,,) > min{¢,, ¢, }, where £(-) is interval length (hours). Compu-
tations:

€(IanIp) =2>min(1.0,12) = 1.0=> AB€ E,  ((IxnIc) = 0.5 <min(1.0,0.75) = 0.75 = AC ¢ E,

£(IsNIp) = 0.5 > min(1.0,0.5) = 0.5 = AD € E, {(Ipnic) = 1.5 2 min(1.2,0.75) =0.75 = BC € E,
and BD, CD have empty overlap, hence not edges. Therefore

V={A,B,C,D}, E={{A B}, {A, D}, {B,C}}.

This models who can schedule a one-on-one of their required minimum length.

1.4 Fuzzy tolerance graph

A fuzzy tolerance graph assigns fuzzy intervals and tolerances to vertices, edges weighted by normalized
overlap relative to tolerance measures [40-42].

Definition 1.18 (Fuzzy interval and fuzzy tolerance). A fuzzy interval I on R is a normal, convex fuzzy set
on R. Its core c(I') and support s(I') are (nonempty) compact intervals, and we write £(J) for the (Lebesgue)
length of a real interval J. A fuzzy tolerance 7 is a (normal, convex) fuzzy number with strictly positive core
length {(c(7)) > 0 (and hence positive support length {(s(77)) > 0).

Definition 1.19 (Fuzzy tolerance graph). [40] Let ¥ = {(Z,,7,) : v € V} be a finite family consisting, for
each vertex v, of a fuzzy interval 7, and a fuzzy tolerance 7,,. The fuzzy folerance graph associated with 7 is
the fuzzy graph

E(F) = V.o, ),

where the vertex-membership is o (v) := h(Z,) (the height, typically = 1 for normal fuzzy intervals), and the
edge-membership p : V XV — [0, 1] for distinct u, v is

p(u,v) = max{p(fc(Z) Nc(L)), min{c(7a)), 8c(T5))}) . p(Us(Z) N s(Ly)), minf{l(s(T2)), As(7))})},

min{1, x/a}, a>0

" We set u(v,v) := o (v).
0, a=0.

with the normalization map p(x, a) := {

Remark 1.20 (Crisp reduction and level cuts). If every 7, and 7, is crisp (i.e. characteristic functions of real
intervals), then u(u, v) € {0, 1} and the underlying crisp graph contains the edge uv iff the overlap length of the
(core or support) intervals meets the minimum of the corresponding (core or support) tolerances—recovering
the classical tolerance-graph rule. Moreover, for any r € (0,1], the 7-cut of E(F) is a crisp tolerance
representation obtained from the z-cuts of the fuzzy intervals and fuzzy tolerances (cf. known constructions
for fuzzy tolerance graphs). See also the literature on fuzzy tolerance graphs for compatible formulations and
examples.



Example 1.21 (Fuzzy tolerance graph: uncertain availability for coordinating calls). Each person has a fuzzy
availability interval with core c(7,,) (certainly available) and support s(1,)) (possibly available), and a fuzzy
tolerance with core/support lengths (desired/acceptable call duration). Let p(x,a) = min{l,x/a} fora > 0
and 0 if @ = 0. Define edge-membership for u # v by

u(u,v) = max{ p(¢(c(L)Nc (L)), min{l(c(T)), £(c(To))}), p(E(s(L)Ns(Ly)), min{t(s(T)), L(s(To)})}.
Take three consultants X, Y, Z with (hours)

c(Ix) = [9,12], s(Ix) = [8.5,12.5], ¢€(c(Tx)) = 1.5, £(s(Tx)) = 3.0;
c(Ty) = [10,13], s(Zy) = [9.5.13.5], €(c(T7)) = 1.0, £(s(T5)) = 2.0;
c(Iy) = [12,14], s(Iz) = [10.5,14.5], £(c(T3)) = 1.25, €(s(T7)) = 2.5.

Edge-memberships:
u(X,Y) = max{p(2, min(1.5,1.0) = 1.0), p(3,min(3.0,2.0) =2.0)} = max{1,1} =1,
u(X,Z) = max{p(0,min(1.5,1.25) = 1.25) = 0, p(2,min(3.0,2.5) =2.5) = 0.8} = 0.8,

w(Y,Z) = max{p(1,min(1.0,1.25) = 1.0) = 1, p(3,min(2.0,2.5) =2.0) = 1} = 1.

Thus G = ({X,Y, Z}, u) is a fuzzy tolerance graph where XY and YZ are fully feasible (u = 1), while XZ has
partial feasibility (« = 0.8) due to weaker overlap relative to acceptable durations.

2 Main Result

This section presents the results of the paper.

2.1 Tolerance Hypergraph

A tolerance hypergraph extends tolerance graphs by allowing hyperedges of multiple vertices, included when
common interval overlap exceeds minimum tolerances.

Definition 2.1 (Tolerance hypergraph). Let V be a finite nonempty set of vertices. For each v € V fix a closed
interval I, = [£,,r,] € R with £, < r,, and a tolerance t,, € (0, 0). For every nonempty e C V define the

common-overlap length
L(e) = /l(ﬂ Iv),

VeEe

where A denotes the Lebesgue length (so A(@) = 0). The tolerance hypergraph induced by (1,1) is the pair

H(I,t) = (V,E(IL,1)), E(I,t) := {eCV: |e|>2 L(e) > rgleigtv}.

Any e € E(1,1) is called a tolerance hyperedge. We say the model is bounded if t,, < A(I,) for all v, and unit
if t, = ¢ for some fixed ¢ > 0.

Remark 2.2 (2 -section (shadow) of a hypergraph). Given a hypergraph H = (V, E), its 2-section (also called
the shadow) is the simple graph [H], = (V, E;) with

uv € £, < {u,v} e E (u#v).

Example 2.3 (Tolerance hypergraph: coordinating multi-party meetings). Let vertices be four teams with daily
availability windows (in hours) and minimum required meeting durations (tolerances):

I4 =19,13], ta=15; I =1[10,12.5], tp = 1.0; Ic =[11,15], tc =2.0; Ip =[8,10.5], tp =1.0.

For any nonempty ¢ C {A,B,C,D} let L(e) = A(Nyeel,) be the common-overlap length. A subset ¢ is a
hyperedge iff |e| > 2 and L(e) > min, ¢, t,.



FPairs:
L({A,B}) =¢([10,12.5]) =2.5 > min(1.5,1.0) = 1.0 = {A,B} € E,

L({A,C}) = €([11,13]) = 2.0 > min(1.5,2.0) = 1.5 = {A,C} € E,
L({A,D}) = £([9,10.5]) = 1.5 > min(1.5,1.0) = 1.0 = {A, D} € E,
L({B,C}) = £([11,12.5]) = 1.5 > min(1.0,2.0) = 1.0 = {B,C} € E,
L({B,D}) = £([10,10.5]) = 0.5 < min(1.0,1.0) = 1.0 = {B,D} ¢ E,
L({C,D}) = () =0 = {C,D} ¢ E.

Triples:
L({A,B,C}) =¢([11,12.5]) = 1.5 > min(1.5,1.0,2.0) = 1.0 = {A,B,C} € E,

L({A,B,D}) = £([10,10.5]) = 0.5 < min(1.5,1.0,1.0) = 1.0 = {A,B,D} ¢ E,
L({A,C,D}) = €(2) =0 = {A,C,D} ¢ E,
L({B,C,D}) =¢t(2)=0= {B,C,D} ¢ E.

No quadruple overlap exists. Hence the tolerance hypergraph is
V={A,B,C,D}, E={{A,B},{A,C},{A,D},{B,C},{A,B,C}}.
This captures which groups (pairs or larger) can meet for at least their minimum required duration.

Theorem 2.4 (Tolerance hypergraphs specialize to tolerance graphs). Let H(I,t) be as in Definition
Define a simple graph G(I,t) = (V, E,) by

uv € B, &< A(I,N1I,) > min{z,,t,} (u#v).

Then the 2-section of H(I,t) equals G(I,t), i.e. [H(I,t) ], = G(I,1).

Proof. By Definition[2.1] {u, v} € E(I,t) if and only if L({u, v}) = A(I,N1,) > min{z,, ¢, }; but this is exactly
the adjacency rule of G(1,1). Henceuv € [ H(I,t) |y ifand only if uv € E,, proving [ H(I,t) ], = G(I,t). O

Theorem 2.5 (Tolerance hypergraphs are hypergraphs). For any choice of intervals {1, },cy and tolerances
{tv}vev, the pair H(1,1) = (V, E(1,1)) of Definition[2.1|is a (finite, loopless) hypergraph.

Proof. By construction E(I,t) € P(V) and every e € E(I,t) satisfies |e| > 2, so H (I, 1) is a well-defined
finite hypergraph. O

2.2 Tolerance SuperHypergraph

A tolerance superhypergraph generalizes tolerance hypergraphs using iterated powerset vertices, forming
superedges when collective interval overlap surpasses corresponding tolerance thresholds.

Definition 2.6 (Tolerance superhypergraph). Let V € P " (V) be a finite nonempty set (n € Ny). For each
v € V fix a closed interval I, = [{,,r,] € R with £, < r,, and a folerance t,, € [0, ). For every nonempty

e CVput
L(e) := m(ﬁ Iv),

vee

where A denotes the Lebesgue length on R (in particular A(@) = 0). The tolerance superhypergraph induced
by (1,1) is

tol

HM (L) = (V, &81), &) = {egv: le| > 2, L(e) > meintv}.

Any e € E(I,1) is called a rolerance superedge. The model is bounded if t, < A(I,) for all v, and unit if t, = ¢
for some fixed ¢t > 0.

Remark 2.7 (2-section (shadow)). For a (super)hypergraph H = (V,&) its 2-section is the simple graph
[H]> = (V, E2) with
uv € £y < {u,v} €& (u #v).



Example 2.8 (Tolerance superhypergraph: cross-program workshop among teams of employees). Let the
ground set of employees be Vy = {a, b, c,d, e, f} and set n = 1, so supervertices are teams (subsets of Vj):

Ty ={a,b,c}, Tr=A{c,d}, Tz={d,e, f} € PWy).

Take V = {T1,T>, T3} € P '(Vy). Assign to each supervertex a workshop-availability interval (hours) and a
minimum workable duration (tolerance):

It = [9,12), 17, = 1.0; Iy, = [10,14], 15, = 1.5, Ip, = [11,13.2], 11, = 1.0.

A superedge e C V (with |e| > 2) is included when L(e) = A(Nyeely) = miny e, £y,

Fairs:
L{T,,T>}) = €([10,12]) =2.0 > min(1.0,1.5) = 1.0 = {T,T»} € E,
L({T,,T5}) = €([11,12]) = 1.0 > min(1.0,1.0) = 1.0 = {1, T3} € E,
L{T»,T5}) = €([11,13.2]) =2.2 > min(1.5,1.0) = 1.0 = {1, T3} € E.
Triple:

LT\, T>,T5}) = €([11,12]) = 1.0 > min(1.0,1.5,1.0) = 1.0 = {T}, T», T3} € E.

Therefore the tolerance superhypergraph is
V ={T,T», T3}, E = {{T1, T2} AT1. T3} {T>. T3}, {T1. T», T } }.

Here supervertices are teams (level-1 objects), and superedges encode which collections of teams can hold a
joint workshop of sufficient length.

Theorem 2.9 (Tolerance superhypergraphs are n-SuperHyperGraphs). For any choice of {1, }vev and {t, } ey
as in Definition
H (1,1) = (V,E(1,1))

tol
is an n-SuperHyperGraph over V.

Proof. By construction V. C P "(Vj) is finite and nonempty. Also E(I,t) € £*(V) and, by definition, any
e € &(I,1) satisfies |e| > 2. Hence (V,&E(, 1)) is an n-SuperHyperGraph. O

Theorem 2.10 (2-section is a tolerance graph). Let ‘Hé;” (I1,t) be a tolerance superhypergraph. Define a
simple graph G(1,t) = (V,E) by

uv € £ < A(l,N1,) > min{t,,t,} (u #v).

Then [7—(t£)'11)(1 ,1) 12 = G(I,t); in particular, the 2-section of a tolerance superhypergraph is a (classical)
tolerance graph.

Proof. By Definition 2.6] {u,v} € &(1,1) iff L({u,v}) = A(I, N 1,) > min{t,,1,}, which is precisely the
adjacency rule of G(/,t). Therefore uv € [7—(&)’? (1,t) ], iff uv € E, proving equality. O

Theorem 2.11 (Reduction to tolerance hypergraphs and graphs). Fix n € Ny and 7—(t5)’1’) (I,1) =(V,E(,1)) as
above.

1) Ifn =0, then H <0)(1 ,1) is exactly the tolerance hypergraph on the vertex set V determined by (I,t)

tol
(hyperedges are those e C 'V with |e| > 2 and L(e) > min, e, t,).

(ii) For any n, the 2-section [7{&’) (I,t) ] is the tolerance graph G(1,t) on V (Theorem m;

Consequently, the class of tolerance superhypergraphs simultaneously generalizes tolerance hypergraphs (case
n = 0) and tolerance graphs (via 2-section), while refining the notion of n-SuperHyperGraph (Theorem[2.9).

Proof. (i) When n = 0 we have V C V}y and Definition coincides with the usual tolerance-hyperedge rule
on V; hence ‘Htgl)) (I,1) is the tolerance hypergraph induced by (7, t).
(ii) This is exactly Theorem [2.10}

The concluding sentence follows immediately. O



2.3 Fuzzy Tolerance Hypergraph

A fuzzy tolerance hypergraph assigns fuzzy intervals and tolerances to vertices, forming hyperedges when
collective overlap length meets tolerance thresholds.

Definition 2.12 (Fuzzy Tolerance Hypergraph (FTH)). Let V be a finite nonempty vertex set. For each v € V
fix a fuzzy interval 7, and a fuzzy tolerance 7,. Define, for any nonempty e C V, the core-/support-overlap
lengths and core-/support-thresholds by

Le(e)=£((e@). Lo = () s(),

vee vee

7.(e) := min{c (7)), 75(e) := min{(s(7;)).

vee veEe

min{l, x/a}, a >0,
Let p(x,a) := 0 and set the overlap score
, a=0.

p(e) = max{p(Lc(e),7c(e)), p(Ls(e),75(e))} € [0,1].
Define the (crisp) edge universe
E = {eQV: le] > 2, go(e)>0}.
A fuzzy tolerance hypergraph on 'V is the sextuple

$=(V,E; o,um)
with
o:V—-[0,1], o) :=min{(L), K(T)},
u:E—[0,1], u(e) = min{ w(e), Igleig(r(v)},

ule), vee,

n:VxXE — [0,1], n(v,e) =
0, v ée.

Remark 2.13 (Admissibility constraints). By construction, forallv € Vand e € E: (i) n(v,e) > 0iff v e e
(support equivalence); (i) (v, e) < min{o(v), u(e)} (incidence bound); (iii) p(e) < min,e o (u) (edge—
vertex bound). Thus (V, E; o, u, i) is a fuzzy hypergraph in the usual sense, equipped with a tolerance-based
generator .

Example 2.14 (Fuzzy Tolerance Hypergraph: coordinating specialist consultations). Let
V = {Cardio(C), Neuro(N), Ortho(O)}

denote three clinics. Each v € V has a fuzzy availability interval 7,, (daytime hours) and a fuzzy tolerance 7,
(acceptable consultation duration). Cores and supports (in hours) are:

c(Ic) = [9,12], s(Zc) = [8.5,12.5),  £(c(Te)) = 1.0, £(s(T¢)) = 1.5,
c(Iy) = [10,13], s(Iy) = [9.5,13.5],  £(c(Tw)) = 1.2, £(s(Tw)) = 2.0,
c(To) = [11,14], s(Io) = [10.5,14.5], £(c(T0)) = 1.5, £(s(To)) = 2.5.

Let p(x,a) = min{1,x/a} for a > 0 (and O if a = 0). For any nonempty ¢ C V set
Le@) =((e@). Lie)=d)s(Z). ele) = minde(T), 7y(e) = mind(s(7)),

¢(e) = max{p(L¢(e),7c(e)), p(Ls(e),7s(e))}.
Heights h(Zc, 7¢) = (0.95,0.90), h(Zy, Tn) = (0.90,0.95), h(Zo, 7o) = (0.85,0.80) give

o(C) = min(0.95,0.90) = 0.90, o (N) = min(0.90,0.95) = 0.90, & (0) = min(0.85,0.80) = 0.80.



Compute overlaps (hours):

L.({C,N}) =¢([10,12]) =2, 7. =min(1.0,1.2) = 1.0, p=1
L.({C,0}) =¢([11,12]) =1, 7. =min(1.0,1.5) = 1.0, p=1
L.({N,0}) = €([11,13]) =2, 7. =min(1.2,1.5) = 1.2, p=1
L.({C,N,0}) =¢([11,12]) = 1, 7. =min(1.0,1.2,1.5)=1.0, p=1
Ly({C,N}) = €([9.5,12.5]) = 3.0, 7, =min(1.5,2.0) = 1.5, p=1
Ly({C,0}) = £([10.5,12.5]) =2.0, 7, =min(1.5,2.5) = 1.5, p=1
Ly({N,0}) = £([10.5,13.5]) =3.0, 7, =min(2.0,2.5) = 2.0, p=1
Ly({C,N,0}) = £([10.5,12.5]) = 2.0, 7, =min(1.5,2.0,25) =15, p=1

Hence ¢(e) = 1 for all e listed. The FTH edge-membership is

p(e) = min{g(e), mino(v)} = mino(v),

SO
u({C,N}) =090, u({C,0})=0.80, wu({N,0})=0.80, u({C,N,0}) =0.80.

With n(v,e) = u(e) if v € e and 0 otherwise, we obtain a fuzzy folerance hypergraph modeling uncertain
multi-specialist sessions.

Theorem 2.15 (FTH is a fuzzy hypergraph). Every $ in Definition satisfies the axioms of a fuzzy
hypergraph:

nv,e)>0 & vee,  nv,e)<min{o(),ule)}l,  ule) <mino(u).

Proof. Immediate from Remark In particular, n(v,e) = 0 when v ¢ e, and n(v,e) = u(e) <
min{o (v), u(e)} when v € e. Finally, u(e) is defined as the minimum of ¢(e) and all o-(u) (u € e), so
p(e) < minge, o (u). O

Theorem 2.16 (Reductions: FTH = fuzzy tolerance graph and tolerance hypergraph/graph). Let $ =
(V,E;o,u,n) be an FTH as above.

(i) (Pairs-only reduction) If we restrict to 2-edges and define a fuzzy graph by E = (V, o, up) with s (u, v) :=
u({u,v}) for u # v, then E is a fuzzy tolerance graph. In particular, when o = 1 (all vertices normal

of height 1), ur(u,v) = ¢({u, v}) coincides with the standard fuzzy tolerance rule based on overlap vs.
minimum tolerance.

(ii) (Crisp reduction) If every I,, and 7T, is crisp (characteristic intervals) and o = 1, then
E = {e CV:lel 22, Lc(e) = 1c(e) or Lg(e) > TS((Z)}

and u(e) = 1fore € E, u(e) = 0 otherwise. Hence (V, E) is exactly a tolerance hypergraph. Restricting
further to |e| = 2 recovers a (classical) tolerance graph.

(iii) (Underlying hypergraph) Forgetting the fuzzy levels (o, u, 1) yields the crisp hypergraph (V, E); there-
fore FTHs generalize the notion of hypergraph via a tolerance-driven fuzzy enhancement.

Proof. (i) For any distinct u, v € V, we have

p2(u,v) = min{ max{p (L ({u, v}), 7e({u,v}), p(Ls{u,v}), 7s({u, v}))}, o (u), U(V)},

e({u,v})

which is the standard fuzzy-tolerance overlap normalized by the minimum vertex heights. If o= = 1, up(u,v) =
©({u, v}) exactly, as claimed.

(ii) With crisp intervals/tolerances, L, Ly, 7., T are nonnegative reals and p(x, a) € {0, 1}. Thus ¢(e) € {0, 1}
and E = {e : ¢(e) = 1}; with o = 1 we get u(e) = ¢(e). The edge predicate p(e) = 1 is precisely “(core
or support) common-overlap length > minimum (core or support) tolerance,” i.e. the tolerance-hyperedge rule.
Limiting to |e| = 2 recovers the tolerance-graph adjacency rule.

(iii) Trivial: (V, E) is a finite hypergraph by definition of E. O



2.4 Fuzzy Tolerance SuperHypergraph

A fuzzy tolerance superhypergraph extends fuzzy tolerance hypergraphs using iterated powerset supervertices,
creating superedges based on fuzzy overlap-tolerance conditions.

Definition 2.17 (Multiway overlap score). Given a finite nonempty index set e, fuzzy intervals {7, }, <. and
fuzzy tolerances {7, }yece, set

Le(e) = 5(ﬂ c([v)), Ly(e) = f(ﬂ s([v)),

vee veEe

re(e) i=min Ae(Tr)),  T(e) = min fs(75),

vee

>0

min{1, x/a}, , .
. The tolerance overlap score of e is

0, a=0

Q

and define the normalization p(x, a) := {

(e) = max{ p(Lc(e), c(e)), p(Ls(e),75(e))} € [0,1].

Definition 2.18 (Fuzzy Tolerance SuperHypergraph (FTSHG)). Fix n € Ny and a finite set V C P " (V). For
every supervertex v € V choose a fuzzy interval 7, and a fuzzy tolerance 7, and put

oc:V—-|[0,1], o (v) :=min{ h(Z,), h(Ty) }.

Let the (crisp) edge universe be the whole & := {e C V : |e| > 2 } and define the edge-membership
u:8—-[0,1], u(e) = min{ p(e), HVlEiBO'(V)}

with ¢(e) from Definition[2.17] Set the incidence membership

u(e), vee,

n:Vx&—|[0,1], n(v,e):z{
0, v ée.

The septuple
61(;'%) = (V,&; o, u,n)
is called a fuzzy tolerance superhypergraph on V.

Remark 2.19 (Admissibility (fuzzy hypergraph axioms)). Forallv € V and e € & we have: (i) n(v,e) >0 &
v € e (support equivalence); (ii) 7(v,e) < min{o(v),u(e)} (incidence bound); (iii) u(e) < min,e, o (1)
(edge—vertex bound).

Example 2.20 (Fuzzy Tolerance SuperHypergraph: joint workshops among teams of teams (n = 1)). Let Vj
be employees and take level-1 supervertices (teams)

V=AT1.T,.Ts} < P' (W),
with fuzzy team-availability intervals and fuzzy tolerances:

o(Ir) = [9.12], s(Ir) = [8.5,12.5],  £(c(T7,)) = 1.5, £(s(T7,)) = 2.5;
c(Ip,) = [10,14], s(Ip,) = [9.5,14.5], £(c(T5)) = 1.0, £(s(77,)) = 2.0;
(Ir,) = [11,13], s(Ip,) = [10.5,13.5], £(c(T5,)) = 1.0, £(s(Tz,)) = 1.5.

Overlap scores ¢(e) are computed as in the previous example; for all pairs and the triple below one finds
¢(e) = 1 since core/support overlaps exceed the corresponding minima. Choose supervertex heights

o (T1) = min(0.95,0.90) = 0.90, o (T2) = min(0.90,0.90) = 0.90, o (73) = min(0.90,0.85) = 0.85.
Let the (crisp) superedge universe be & = {e C V : |e| > 2}. Define the edge-membership
p(e) = min{g(e), mino(v)} = mino(v),
so that
u({T1, T2}) = 0.90, u({T1,T3}) = 0.85, u({T2, T3}) = 0.85, u({T1, T, T3}) = 0.85.

Setting (v, €) = u(e) for v € e (and 0 otherwise) yields a fuzzy tolerance superhypergraph on V that quantifies
how strongly sets of teams can hold a joint workshop of acceptable length under uncertainty.
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Theorem 2.21 (FTSHG is a fuzzy n-SuperHyperGraph). 6;’%) = (V,&;0,u,n) is a fuzzy hypergraph whose
underlying crisp pair (V, 1) with 811 := {e € & : u(e) >t} is an n-SuperHyperGraph for each threshold
t e (0,1].

Proof. The three admissibility properties hold by construction: n(v,e) = 0if v ¢ ¢, and (v, e) = u(e) <
min{o (v), u(e)} when v € e; also u(e) = min{p(e), min, e, o(u)} < miny,e, o-(u). For any fixed t € (0, 1],
gltl ¢ P#(V), hence (V, 1) is an n-SuperHyperGraph. O

Definition 2.22 (2-section and level-cuts). Foracrisp (V, &), its 2-section is the simple graph [V, E], = (V, E»)
withuv € E; & {u,v} € & (u # v). For a fuzzy edge map u, the t-cut of edges is E! := {e : u(e) > t}, and
the t-cut 2-section is [V, E11],.

Theorem 2.23 (Generalization to Fuzzy Tolerance Hypergraph). When n = 0, 6;%) is exactly a fuzzy tolerance
hypergraph on the (ordinary) vertex set V with the same (o, u,n).

Proof. For n = 0 we have V C V (ordinary vertices). Definitions[2.17H2.18|coincide with the fuzzy tolerance
hypergraph construction on V; in particular, ¢(e) compares the multiway interval overlap with the minimum
tolerance across e, and u, i are the standard admissible fuzzy hypergraph maps. O

Theorem 2.24 (Generalization to Tolerance SuperHypergraph via 1-cut). Assume all I,,, 7, are crisp intervals
and h(I,) = h(T;) = 1 for every v (so o = 1). Then the 1-cut (V,EM) of 6](:? is precisely the tolerance
superhypergraph whose superedges are those e with

f(ﬂ IV) > mint,,
vee

vee

where I, = c(1,) = s(1,) and t, = lc(Ty)) = Us(Ty)).

Proof. Under the crisp assumptions, for every e the score ¢(e¢) = max{p(L.(e),.(e)), p(Ls(e),7s(e))}
equals 1 if and only if L.(e) > 7.(e) or Lg(e) > 75(e), i.e. the common overlap length of the (equal)

core/support intervals meets the minimum tolerance. Since o = 1, we have u(e) = min{p(e), 1} = ¢(e); thus
u(e) > 1 iff the tolerance condition holds. Therefore E!'! = {e : ¢(e) = 1} is exactly the desired tolerance
superhyperedge set. O

Theorem 2.25 (Generalization to Fuzzy Tolerance Graph). For any n € Ny, define a fuzzy graph on'V by
EW = (V, o, ma), ma(uv) = p({u,v}) (e # ).

Then B is a fuzzy tolerance graph. In the crisp, unit-height case of Theorem the 1-cut of B is the

(classical) tolerance graph induced by {(1,,1,)}.

Proof. By Definition[2.17] for e = {u, v} we have

(i, v) = min{max{p(f(lu N1,), min{t,.0,}). ...}, a(u),a'(v)},

which is the standard fuzzy tolerance overlap (possibly using both core/support channels), normalized by
vertex heights. Hence (" is a fuzzy tolerance graph. In the crisp, unit-height case, uo(u,v) > 1 iff
(1, N 1,) = min{t,,t,}, so the 1-cut yields the classical tolerance graph. |

Theorem 2.26 (Underlying SuperHyperGraph). For any threshold t € (0,11, the t-cut (V, ') of Glngo is an
n-SuperHyperGraph (hence FTSHGs s refine the notion of superhypergraph).

Proof. This is the second statement of Theorem [2.21] O

11



3 Conclusion

As the conclusion of this paper, the following theorem is obtained.

Theorem 3.1 (Summary of generalizations). Let 61(:';) = (V,&; 0, u,n) be a Fuzzy Tolerance SuperHypergraph
(FTSHG) as in Definitions (fuzzy interval/tolerance, multiway overlap ¢, and FTSHG) with V C P " (Vp) finite.
Then:

Fuzzy Tolerance Hypergraph when n = 0,

Tolerance SuperHypergraph  in the crisp/unit-height case at the 1-cut,
FISHG —> perHypergrap D 8

Fuzzy Tolerance Graph via the 2-section pp(u,v) = u({u,v}),

n-SuperHyperGraph for every t € (0,1] by the edge t-cut "1,

Proof. We verify each arrow rigorously.

(a) FTSHG = Fuzzy Tolerance Hypergraph (case n = 0). If n = 0, then V C Vj) is an ordinary vertex set. By
definition,
&={eCV:lelz2),  u(e) = min| g(e), mino(v)],
vee
with
g(e) = max| p(Le(e),7e(e)), p(Ly(e)o(eN} € (0,11,

where L, (e) is the (core/support) common-overlap length and 7, (e) is the minimum (core/support) tolerance
across e. This is exactly the fuzzy tolerance hyperedge construction on an ordinary vertex set; (v, e) = u(e)
for v € e and 0 otherwise gives the standard admissible incidence. Hence (5](:(%) is a fuzzy tolerance hypergraph.

(b) FTSHG = Tolerance SuperHypergraph (crisp, unit-height, 1-cut). Assume each 7, and 7, is a crisp
interval, and h(Z,) = h(7,) = 1,s00 = 1. Then forany e C V,

p(x,a) =min{l,x/a} € {0,1} witha >0,
o)

ple)=1 & L.(e) 21.(e) or Lg(e) = 75(e).
Because o = 1, we have u(e) = min{p(e), 1} = ¢(e), hence
ule) 21 = ¢le)=1 f(ﬂ I\,) > mint,,
vee
vee

where I, = ¢(Z,) = 5(Z,) and t, = €(c(7;)) = {(s(75)). Therefore the 1-cut ! = {e : pu(e) > 1} is precisely
the tolerance-superedge set, yielding the (crisp) Tolerance SuperHyperGraph (V, El11).

(¢) FTSHG = Fuzzy Tolerance Graph (2-section via u5). Define a fuzzy graph on V by po (u,v) := u({u, v})
for u # v. Then

11 (u,v) = min{ max{p (£(c(L,) N e(L)),
min{€(c(7:)), £(c(T))}), p(€(s(L) N s(L,)), min{€(s(Ta)). €(s(T5))}) }. O'(M),(T(V)},

which is the standard fuzzy tolerance edge-membership: a normalized overlap (core/support channels) bounded
by vertex heights. Hence the 2-section is a Fuzzy Tolerance Graph; in the crisp, unit-height setting of (b), its
1-cut is the classical tolerance graph.

(d) FTSHG = n-SuperHyperGraph (edge ¢-cuts). For any fixed t € (0, 1], define
gl :={eec&: ule)>1}.

Then Y1 € P*(V) and V € P (V) by hypothesis, so (V, &) is an n-SuperHyperGraph (finite, loopless,
with nonempty superedges). This shows every FTSHG yields an n-SuperHyperGraph at each level-cut.

Collecting (a)—(d) gives the claimed boxed implications. O

In the future, it is expected that further investigations will be conducted on extended systems employing
Intuitionistic Fuzzy Sets [43]44], Hyper Fuzzy Sets [45,46], Hesitant Fuzzy Sets [47,48]], Neutrosophic
Sets [49,50]], and Plithogenic Sets [S1152].
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