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Abstract 

The precise approximation of complex nonlinear functions poses a significant challenge 

in numerous scientific and engineering fields. Conventional neural network architectures, such as 

Multi-Layer Perceptrons (MLPs), frequently encounter difficulties in effectively capturing the 

intricate patterns and irregularities found in high-dimensional functions. This paper introduces 

the Kernel Kolmogorov-Arnold Network (Kernel-KAN), a novel neural network architecture 

inspired by the Kolmogorov-Arnold representation theorem, which integrates the robust 

approximation capabilities of kernel regression. By employing learnable functions that are 

parameterized by kernel interpolation formulas on the edges of the network, Kernel-KANs 

improve flexibility, efficiency, and interpretability in function approximation tasks. We showcase 

the effectiveness of Kernel-KANs through experiments involving digit classification, synthetic 

function approximation, and multivariate function approximation, demonstrating their superiority 

over traditional MLPs regarding parameter efficiency and interpretability.  

Keywords: Kernel-KAN, Kernel Kolmogorov-Arnold Networks, Kolmogorov-Arnold Theorem. 
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Kernel-KAN: Kernel Kolmogorov Arnold Networks 

Introduction 

Recent developments in artificial intelligence (AI) have resulted in the emergence of 

highly capable AI systems that make decisions for reasons that remain unclear to us. This 

situation has sparked concerns regarding the extensive use of unreliable AI systems in both the 

economy and our everyday lives, introducing various new risks, including the possibility of 

future AIs misleading humans to achieve undesirable goals [2], [3]. The effort to decipher the 

black-box behavior of neural networks has garnered significant attention in recent years. The 

interpretability of neural networks is vital as it affects trust in these systems and aids in 

addressing ethical issues such as algorithmic discrimination. Furthermore, it is crucial for the 

application of neural networks in scientific domains like drug discovery and genomics, where 

comprehending the model’s decisions is essential for validation and regulatory compliance [4], 

[5]. The multilayer feedforward perceptron (MLP) model is one of the most commonly utilized 

and effective neural network models [6]. Despite their widespread application, MLPs possess 

significant drawbacks, such as utilizing nearly all non-embedding parameters in transformers and 

exhibiting lower interpretability compared to attention layers [7], [1], [8]. 

Model renovation strategies are designed to improve interpretability by integrating more 

comprehensible elements into a network. These elements may consist of neurons with uniquely 

crafted activation functions, additional layers serving specific purposes, modular designs, and 

other similar characteristics [9].  

Kolmogorov-Arnold Networks (KANs), which are based on the Kolmogorov-Arnold 

representation theorem [10], offer numerous benefits, including enhanced interpretability and 
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precision [1]. KANs feature a univariate learnable activation function on edges, while nodes 

aggregate these activation functions. The combination of KAN, ensembles of probabilistic trees, 

and multivariate B-spline representations is discussed in [11]. 

All the experiments and the implementation can be found in this GitHub repository: 
https://github.com/ayadalhusseiny/Kernel-KAN. 

Kernel Regression 

In the field of statistics, kernel regression serves as a non-parametric method for 

estimating the conditional expectation of a random variable. The aim is to identify a non-linear 

relationship between two random variables, X and Y.  

In any nonparametric regression context, the conditional expectation of the variable Y, in 

relation to the variable X, can be expressed as:  

​ (1) 𝐸(𝑌 | 𝑋) =  𝑚(𝑋)

where  represents an unknown function [26].  𝑚

Nadaraya–Watson kernel regression. 

In 1964, Nadaraya and Watson suggested estimating m through a locally weighted 

average, employing a kernel as the weighting function. 

Let the data be  where  is real-valued and  is a q-vector, and assume that all are (𝑦
𝑖
,  𝑋

𝑖
) 𝑦

𝑖
𝑋

𝑖

continuously distributed with a joint density . Let = /  be the 𝑓(𝑦, 𝑥) 𝑓(𝑦|𝑥) 𝑓(𝑦, 𝑥) 𝑓(𝑥)

conditional density of  given  where  is the marginal density of . The 𝑦
𝑖

𝑋
𝑖

𝑓(𝑥) = ∫𝑓(𝑦, 𝑥)𝑑𝑦 𝑋
𝑖

regression function for  on  is 𝑦
𝑖

𝑋
𝑖

​ (2) 𝑚(𝑥) = 𝐸(𝑦
𝑖
 | 𝑋

𝑖
= 𝑥)

https://github.com/ayadalhusseiny/Kernel-KAN
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We aim to estimate this nonparametrically, making minimal assumptions regarding . If we had 𝑚

a substantial number of observations where  precisely equals , we could calculate the average 𝑋
𝑖

𝑥

value of the   for these observations. However, since  is continuously distributed, we will 𝑦
𝑖
'𝑠 𝑋

𝑖

not encounter multiple observations that are equal to the same value. 

The approach involves examining a neighborhood around , and it is important to note that if  𝑥 𝑋
𝑖

exhibits a positive density at , we can expect to see a growing number of observations within 𝑥

this neighborhood as the sample size increases. If the regression function  is continuous, it 𝑚(𝑥)

is reasonable to assume that it remains relatively constant within this neighborhood (provided it 

is sufficiently small), allowing us to calculate the average of the  values corresponding to these 𝑦
𝑖

observations. The key challenge lies in determining the appropriate size of the neighborhood to 

balance the variation in  across the neighborhood (estimation bias) with the quantity of 𝑚(𝑥)

observations present in that neighborhood. 

We will examine a significant quantity of  within any specified neighborhood of .  𝑋
𝑖

𝑥
𝑖

Consider the one-regressor scenario where q = 1.  

Define a neighborhood of  as  ±  for a certain bandwidth  > 0. Consequently, a 𝑥 𝑥 ℎ ℎ

straightforward nonparametric estimator of  is the mean value of the   for the 𝑚(𝑥) 𝑦
𝑖
'𝑠

observations  for which  falls within this neighborhood, that is, 𝑖 𝑋
𝑖

  ​(3) 𝑚
^

𝑥( ) = 𝑖=1

𝑛

∑ 1(|𝑋
𝑖
−𝑥|≤ℎ)𝑦

𝑖

𝑖=1

𝑛

∑ 1(|𝑋
𝑖
−𝑥|≤ℎ)

= 𝑖=1

𝑛

∑ 𝑘(
𝑋

𝑖
−𝑥

ℎ )𝑦
𝑖

𝑖=1

𝑛

∑ 𝑘(
𝑋

𝑖
−𝑥

ℎ )

where  is the uniform kernel with a bandwidth h. 𝐾(𝑢)
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This model offers the benefit of being non-parametric, which implies that it does not presuppose 

a distribution for the random variables and is not required to meet any assumptions. This 

characteristic enables the model to effectively capture the majority of relationships between 

variables, even in cases where those relationships are non-linear and no established function 

correlates them. Among the most commonly utilized kernels for density estimation is the 

Gaussian Kernel, which is defined as: 

​ (4) 𝑘 𝑢( ) = 1
2π

ⅇ
− 1

2 𝑢2

which is utilized for every interval of size h. When employing Gaussian-like kernels, it has been 

demonstrated that the Scott rule for estimating the bandwidth yields exceptional results 

(Wasserman 2006) [23]. This bandwidth is computed as 

 ​ (5) ℎ = 1. 06σ(𝑥)𝑛
− 1

5

Where   is population standard deviation (estimated by the sample standard deviation) and  is σ 𝑛

the sample size [24] [25]. This bandwidth optimizes the Integrated Mean Square Error (IMSE) 

and depends on the sample size and the variability of the data. The Scott bandwidth is usually 

used for normal symmetric and unimodal data. 

 

Figure 1: Example of a kernel function plotted for all xi. 
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Figure 2: Example of function approximation using kernel regression. 

Kolmogorov-Arnold Superposition Theorem 

In the fields of real analysis and approximation theory, the Kolmogorov–Arnold 

representation theorem [10], also known as the superposition theorem, asserts that any 

multivariate continuous function f : [0, 1]d → ℝ can be expressed as a superposition of 

continuous functions of a single variable.The relationship between the Kolmogorov-Arnold 

theorem (KAT) and neural networks is well-established in the literature [13, 14, 15, 16, 17, 18, 

19, 20, 21, 22]. The contributions of Vladimir Arnold and Andrey Kolmogorov demonstrated 

that if f is a continuous multivariate function, it can be expressed as a finite composition of 

continuous functions of one variable along with the binary operation of addition. More 

specifically,  

​(6) 𝑓 𝑥( ) = 𝑓(𝑥
1
, …, 𝑥

𝑑
) =

𝑞=0

2𝑑

∑ Ψ
𝑞

𝑝=1

𝑑

∑ Ψ
𝑞,𝑝

(𝑥
𝑝
)( )

where q,p : [0, 1] → ℝ and q : ℝ → ℝ. In essence, they demonstrated that the only genuine Ψ Ψ

multivariate function is addition, as every other function can be expressed through univariate 

functions and their sum. One might optimistically view this as excellent news for machine 
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learning: learning a high-dimensional function essentially reduces to learning a polynomial 

number of one-dimensional functions. However, these one-dimensional functions can exhibit 

non-smooth and even fractal characteristics, rendering them potentially unlearnable in practice. 

Due to this pathological behavior, the Kolmogorov-Arnold representation theorem has 

effectively been deemed obsolete in the realm of machine learning, considered theoretically valid 

yet practically ineffective. 

Nevertheless, we hold a more positive view regarding the applicability of the 

Kolmogorov-Arnold theorem in the context of machine learning. To begin with, we are not 

confined to the initial Eq. (6), which is limited to two-layer nonlinearities and a minimal number 

of terms (2d) within the hidden layer: we intend to extend the network to accommodate arbitrary 

widths and depths. 

Kernel-KAN architecture 

Assuming we are dealing with a supervised learning task that comprises input-output 

pairs {xi, yi}, our objective is to identify a function f such that yi ≈ f(xi) for every data point. 

Equation (6) suggests that our task is complete if we can determine suitable univariate functions 

 and . This leads us to create a neural network that explicitly parameterized Equation (6). Ψ
𝑞

Ψ
𝑞,𝑝

Given that all functions we aim to learn are univariate, we can represent each one-dimensional 

function as a kernel interpolation curve, utilizing learnable coefficients from kernel interpolation 

functions.  

There exists a resemblance between MLPs and Kernel-KAN. In MLPs, once a layer is 

established, we can incorporate further layers to enhance the network's depth. It seems that a 
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Kernel-KAN layer featuring din-dimensional inputs and dout-dimensional outputs can be described 

as a matrix composed of one-dimensional functions. 

 = { }, ​ p = 1, 2, · · · , din, ​ q = 1, 2 · · · , dout​ (7) ψ ψ
𝑞,𝑝

where the functions  possess trainable parameters, as elaborated below. In the KA theorem  ψ
𝑞,𝑝

in Eq. (6), the initial functions constitute a Kernel-KAN layer with din = d and dout = 2d, while the 

subsequent functions create a deep Kernel-KAN layer with din = 2d and dout = 1. Thus, the 

Kernel-KAN representations in Eq. (6) are merely compositions of two Kernel-KAN layers. 

The configuration of a Kernel-KAN is denoted by an integer array 

[d0, d1, · · · , dL],​ ​ (8) 

where di represents the count of nodes in the ith layer of the computational graph. We refer to the 

ith neuron in the lth layer as (l, i), and the activation value of the (l, i)-neuron is represented by 

xl,i. Between layer l and layer l +1, there exist  activation functions: the activation function 𝑑
𝑙
 𝑑

𝑙+1

linking  and  is denoted by (𝑙,  𝑖) (𝑙 + 1,  𝑗)

,     l = 0, · · · ,L − 1,     i = 1, · · · , dl ,     j= 1, · · · , dl+1. ​ (9) ψ
𝑙,𝑗,𝑖

The pre-activation of   is represented as xl,i; the post-activation of  is indicated by ˜xl,j,i ≡ ψ
𝑙,𝑗,𝑖

ψ
𝑙,𝑗,𝑖

(xl,i). The activation value of the (l + 1, j) neuron is merely the multiply of all incoming ψ
𝑙,𝑗,𝑖

post-activations: 

,​  ​​ (10) 𝑥
𝑙+1,𝑗

=
𝑖=1

𝑑
𝑙

∏ ˜𝑥
𝑙,𝑗,𝑖

=
𝑖=1

𝑑
𝑙

∏ ψ
𝑙,𝑗,𝑖

𝑥
𝑙,𝑖( ) 𝑗 = 1, …, 𝑑

𝑙+1

A deep Kernel-KAN consists of L layers: when provided with an input vector x0 ∈ Rd0 , the 

output of Kernel-KAN is 
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Kernel-KAN(X) = ( L-1◦ L-2 ◦ ・ ・ ・ ◦ 1 ◦ 0)x.​ ​ (11) ψ ψ ψ ψ

The aforementioned equation can also be reformulated to align more closely with Eq. (6), under 

the assumption that the output dimension dL = 1, and define f(x) ≡ Kernel-KAN(X): 

​ (12) 𝑓 𝑥( ) =
𝑖

𝐿−1
=1

𝑑
𝐿−1

∑ Ψ
𝐿−1,𝑖

𝐿
,𝑖

𝐿−1 𝑖
𝐿−2

=1

𝑑
𝐿−2

∑ ...
𝑖

2
=1

𝑑
2

∑ Ψ
2,𝑖

3
,𝑖

2 𝑖
1
=1

𝑑
1

∑ Ψ
1,𝑖

2
,𝑖

1 𝑖
0
=1

𝑑
0

∑ Ψ
0,𝑖

1
,𝑖

0

𝑥
𝑖0( )( )( )( ) ...( )

Implementation details. 

In this part we need to optimize the Kernel-KAN layer described in Eq. (10).  

1.​ The activation function  is the kernel regression of  ψ(𝑥) 𝑥

 = ​ (13) ψ(𝑥) 𝐾𝑒𝑟𝑛𝑒𝑙_𝐼𝑛𝑡𝑒𝑟𝑝𝑜𝑙𝑎𝑡𝑖𝑜𝑛(𝑥)

In the majority of instances,  is defined as  𝐾𝑒𝑟𝑛𝑒𝑙_𝐼𝑛𝑡𝑒𝑟𝑝𝑜𝑙𝑎𝑡𝑖𝑜𝑛(𝑥)

 =  = ​ ​ (14) 𝐾𝑒𝑟𝑛𝑒𝑙_𝐼𝑛𝑡𝑒𝑟𝑝𝑜𝑙𝑎𝑡𝑖𝑜𝑛(𝑥) 𝑖=1

𝑛

∑ 𝑘(
𝑋

𝑖
−𝑥

ℎ )𝑦
𝑖

𝑖=1

𝑛

∑ 𝑘(
𝑋

𝑖
−𝑥

ℎ )

𝑖=1

𝑛

∑ ⅇ
− 1

2 (
𝑋𝑖−𝑥

ℎ )
2

𝑦
𝑖

𝑖=1

𝑛

∑ ⅇ
− 1

2 (
𝑋𝑖−𝑥

ℎ )
2

Where  and  are trainable parameters, represented by the grid number. 𝑋
𝑖

𝑦
𝑖

2.​ Initialization scales. The input x is normalized to the range [−1, 1] using a hyperbolic 

tangent function 

​ ​ (15) 𝑥 = 𝑡𝑎𝑛ℎ(𝑥)

So we can initialize  and  using random values drawn from a normal distribution, 𝑋
𝑖

𝑦
𝑖

where the  is 0 and the  is 1. 𝑚𝑒𝑎𝑛 𝑠𝑡𝑎𝑛𝑑𝑎𝑟𝑑 𝑑𝑒𝑣𝑖𝑎𝑡𝑖𝑜𝑛
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Experiments and Results 

In this section, we provide an experimental assessment of the Kernel Kolmogorov-Arnold 

Network (Kernel-KAN) across multiple tasks, such as function approximation, generation of 

fractal functions and the digit classification using the MNIST dataset. 

Function Approximation. 

We created input-output pairs by uniformly sampling the input from a specified range and 

computing the corresponding output using the target function. We trained the Kernel-KAN 

model to minimize the mean squared error (MSE) between the predicted outputs and the actual 

outputs. 

  
Figure 3: Function approximation example by using MLP and Kernel-KAN. 

The Kernel-KAN model demonstrated superior approximation accuracy compared to traditional 

MLPs. The Kernel-KAN model achieved an MSE of 0.0676 while MLP 0.2371. 

In the second part of this experiment, we examined how changing the number of grids affects the 

model's loss. The grid influences the complexity of the activation functions utilized in the 

Kernel-KAN layer. We conducted experiments with grids of sizes (5, 30, 100) and recorded the 

corresponding loss on the function. 
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Figure 4: Function approximation  example with different grid size by using MLP and Kernel-KAN. 

The results are presented in Table 1. The performance of the model is greatly influenced by the 

selection of grid size. 

Grid size Loss 

5 0.2147 

30 0.2237 

100 0.2204 
Table 1: Degree grid loss 

Test on Multivariable Function. 

​ We generated input-output pairs by sampling the input uniformly from a specified range 

and computing the corresponding output using the multivariable target function. We trained the 

Kernel-KAN model to minimize the mean squared error (MSE) between the predicted and actual 

outputs. 
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Figure 5: Multivariable function approximation example by using MLP and Kernel-KAN. 

The Kernel-KAN model exhibited enhanced approximation accuracy in comparison to 

conventional MLPs. The Kernel-KAN model attained a mean squared error (MSE) of 0.1589, 

whereas the MLP recorded an MSE of 0.2221. 

Digit Classification on MNIST. 

​ The MNIST dataset serves as a standard benchmark for assessing image classification 

algorithms, comprising 60,000 training images and 10,000 test images of handwritten digits 

ranging from 0 to 9. Each image is presented as a 28x28 pixel grayscale image. 

 

Figure 6: Train and test loss of the Digit Classification on MNIST dataset. 
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We implemented a Kernel-KAN model for digit classification, consisting of several layers of 

Kernel-KAN layers followed by fully connected layers. The input images were flattened and 

normalized to the range [−1, 1] using the hyperbolic tangent function. 

 
Target: 2, Prediction: 2, Correct: 1 

 
Target: 0, Prediction: 0, Correct: 1 

Figure 7: Some examples on MNIST dataset. 

The use of a learnable coefficient in the Kernel-KAN significantly improved the classification 

performance by better capturing complex patterns in the digit images. The Kernel-KAN model 

achieved a test accuracy of 92%. 

Conclusion 

The Kernel Interpolation Kolmogorov-Arnold Network (Kernel-KAN) signifies a notable 

progress in nonlinear function approximation, providing a strong and effective substitute for 

conventional Multi-Layer Perceptrons (MLPs). By merging the Kolmogorov-Arnold theorem 

with the impressive approximation capabilities of kernel interpolation, Kernel-KANs attain 

enhanced performance regarding parameter efficiency, dynamic activation functions, and 

interpretability. 

The experimental findings confirm the efficacy of Kernel-KANs across multiple tasks. Function 

approximation tasks further highlighted the model's ability to accurately capture complex 
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nonlinear relationships. In digit classification using the MNIST dataset, the Kernel-KAN model 

exhibited high accuracy while utilizing fewer parameters than conventional MLPs. Moreover, the 

capacity to approximate complex functions emphasizes the promise of Kernel-KANs in 

managing intricate, high-dimensional data. 

In summary, the Kernel-KAN architecture significantly improves the flexibility and adaptability 

of neural networks while also offering a clear and interpretable framework for comprehending 

and modeling intricate functions. This groundbreaking method shows potential for various 

applications in scientific and engineering fields, setting the stage for further progress in function 

approximation and neural network development. 
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