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Abstract

Neuro—Fuzzy Systems combine fuzzy rule-based inference with neural learning, adapting member-
ships and rule parameters from data for interpretable modeling. Fuzzy Expert Systems map crisp
inputs to outputs via fuzzification, T-norm/implication inference, aggregation, and defuzzification.
Fuzzy Cognitive Maps capture causal relations on weighted directed graphs with iterative fuzzy up-
dates. We extend these to the plithogenic setting: the Plithogenic Fuzzy Expert System (PFES), the
Neuro—Plithogenic—Fuzzy System (NPFS), and Plithogenic Fuzzy Cognitive Maps (PFCM). We for-
malize a contradiction—aware operator and an Upside-Down transform with contradiction reset that
flips memberships/edge—contributions above a threshold and neutralizes the anchor contradiction.
We prove PFES, NPFS, and PFCM strictly generalize their classical counterparts and induce valid
plithogenic fuzzy structures. Numerical examples illustrate context—dependent reasoning, learning
consistency, and robustness under conflicting attributes.
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1 Preliminaries

This section provides a structured overview of the key concepts and definitions necessary for un-
derstanding the main results of this paper. The graphs considered in this paper are assumed to be
finite.



1.1 Neuro—Fuzzy System

A fuzzy set generalizes classical sets, allowing each element to have graded membership between
0 and 1 [1,/2]. Neural learning is the process where artificial neural networks adjust connection
weights to recognize patterns, optimize tasks, and improve performance [3}/4]. Neuro-Fuzzy Systems
combine fuzzy rule-based inference with neural learning, tuning membership and rule parameters from
data for adaptive, interpretable modeling (cf. [5H11]). As related concepts to Neuro—Fuzzy Systems,
Neuro—Intuitionistic Fuzzy Systems [12}/13] and Neuro—Neutrosophic Systems [14] are well known.

Definition 1.1 (Neuro—Fuzzy System). (cf. [518]) Let X C R™ be an input space and Y C R™ an
output space. A Neuro-Fuzzy System (NFS) is a parameterized fuzzy inference system

No = (X,Y,Rg,{a(-;60)},Tv, S0, 1o, Ag, Do),

where:

e Ry = {rj} 2, is a data—tunable rule base. Each rule has antecedents A;i, ..., Aj, with mem-
bership functlons pa;,(-;0) and either

(a) Sugeno/TSK consequent: r; : IF x is A;, (k=1,...,n) THEN y = g;(z; ¢;), or
(b) Mamdani consequent: 7; : IF x, is Aj, THEN y is B; with membership up,(-;0).

o Tp (T-norm), Sy (S—norm), Iy (implication) are (possibly parametric) fuzzy connectives; Ay
aggregates rule outputs; Dy is a defuzzifier (e.g., centroid).

Given z = (z1,...,2,) € X, the jth rule firing strength is

) w;(;0)
x; 60 o(pa,(x1;0),...,04,, (xn;0)), w(x;0) = —A2 L.
w;i(z;0) = Tp(pa, (x1:9) jo (@03 0)) i (7;0) S (2:6)

The system output fo(z) € Y is

M
(Sugeno) Zw x;0) g;(x;05),

(Mamdani) fs(z) = Dg(Ag({ w;(230) Tp s, (- 0) }Jle)).

Learning. Given data S = {(ar(”),y(p))};,\[:1 C X xY and a loss ¢, the parameters 6 (including

premise and consequent parameters) are estimated by empirical risk minimization:
N
0* € arg min f( ), (p)),
gmi ; o), y

typically via gradient—based backpropagation; in Sugeno models, hybrid schemes combine least—squares
for consequents with gradient descent for premises.

Example 1.2 (ANFIS: First-Order Sugeno). Let M rules of the form
IF T is Ajk (k = ]., . ,n) THEN gj(:C; QDj) = aj0 + Zajkxk.
k=1

With product T-norm, w;(z) = [[;_; pa,, (xx;6) and @; = w;/ >, w;, the output is

) = iu’}j(a:; ) (aj() + Zn: ajkxk).
j=1 k=1

When premise (membership) parameters are fixed, fp(z) is linear in the consequent coefficients {a;x},
enabling a forward least—squares step for consequents and a backward gradient step for premises
(hybrid learning).



1.2 Fuzzy Expert System (FES)

A Fuzzy Expert System maps crisp inputs to outputs using fuzzy rules: fuzzification, inference via T-
norm/implication, aggregation, and defuzzification [15H19|]. As related concepts to the Fuzzy Expert
System, the Soft Expert System [20}21], Intuitionistic Fuzzy Expert System [2224], and Neutrosophic
Expert System [25H27] are well known.

Definition 1.3 (Fuzzy Expert System (FES)). [15H19] Let X = X x --- x X,, be the input space
and Y the output space. A fuzzy expert system is a tuple

F=(9, K, Z, A),

where:

o Knowledge base K = (£, R) comprises linguistic term definitions £ (membership functions)
and a rule base R = {R;}7" ;. Each rule has the form

Rj: IF z1is Aj1 A -+ A x,is A, THEN yis By,

where Aj, € Xi, B; C Y are fuzzy sets with membership functions 4, @ Xp — [0,1],
uB; - Y — [0, 1]

o Fuzzifier ® maps a crisp input = (z1,...,2,) € X to degrees {ya,,(7x)}. In particular, the
singleton fuzzifier is

]-7 f = Tk,
0, otherwise.

D(zx)(§) = {

o Inference mechanism 7 fixes: (i) a T-norm ® to combine antecedents, giving the firing
strength

wi(z) = Q) pa,, (zr),
k=1

(ii) an implication/activation operator =, and (iii) an aggregation operator @ across rules. The
output fuzzy set (conditional on z) has membership

pout(y | ) = €D (w;(x) = ps, (1))

m
Jj=1

Two common specializations are:

(Mamdani type) ==®, & = an S-norm (e.g., max),

m

pout(y | 2) = @ (wj(z) @ pp, (v);

J=1

(Logical type) =-= an S-implication, @ = a T-norm.

o Defuzzifier A maps fiou(- | ) to a crisp output y* € Y. For the centroid (center-of-area)
method,

/ Y hous(y | ) dy
* Y

Yy = .
/ ,Uout(y | I) dy
Y

The overall input-output mapping is f: X =Y, f(z) = AZ(®(z),R)).



Example 1.4 (Mamdani—type Fuzzy Expert System for heater control: a full numeric walk—through).
Variables. Let X = X; x X5 with inputs e € X; (temperature error, °C) and é € X5 (error change,
°C/min). Let the output universe be Y = [0,100] (heater power %).

Linguistic terms (triangular memberships). For a < b < ¢ define

0, t<aort>c,

t=a <b
tri(¢; a, b, ¢) = b—a’ a<tsb,

c—t

—, b<it<e

c—b

Inputs:

un(e) = tri(e;—4,-2,0), pz(e) =tri(e; —2,0,2), pp(e) = tri(e;0,2,4),
pe(€) = tri(é; —2,—1,0), pg(é) = tri(é; —0.5,0,0.5), pg(é) = tri(é;0,1,2).

Output (three triangular terms on Y):

pr(y) = tri(y; 0,25,50),  pa(y) = tri(y; 25,50,75),  pg(y) = tri(y; 50,75, 100).

Rule base R (three rules).

Ry:IFeis N A éis H THEN yis L,
Ry:IFeis Z A éis C THEN yis M,
Rs:IFeis P AN éis C THEN y is H.

Inference mechanism (Mamdani type). Use the product T-norm for antecedent conjunction
and implication, and the max S-norm for aggregation:

w;(x) = H (antecedent degrees), pi(y | x) = wi(x)-pa,(y), tout(y | ) = mjax Wiy | x).

Defuzzify by the centroid:
100
/ Y tout (y | ) dy
0

100 :
/ pout(y | ) dy
0

*

y =

Crisp input and fuzzification. Take e = 1.0 and é = —0.5. Then

2-1 1-0
0—(-0.5

Rule firing strengths (product T-norm).
w1 = pun(L1.0) - pg(—0.5) =0,

wg = pz(1.0) - pe(—0.5) = 0.5-0.5 = 0.25,



ws = pp(1.0) - pe(—0.5) = 0.5-0.5 = 0.25.

Implication (product) and aggregation (max). Only Ry and R3 are active (height 0.25):
p2(y | @) = 0.25 par (y),

ps(y | ) = 0.25 pu (y),
prous (y | ) = max {0.25 puar (y), 0.25 purr(y)}-

Defuzzification (centroid). The two scaled triangles are identical in height and placed symmet-
rically about y = 62.5 (centers at 50 and 75, same bases of width 50). Hence the aggregated shape
Hout (- | ) is symmetric about y = 62.5, so its centroid is exactly

y* =62.5.

For (e,é) = (1.0, —0.5) the Mamdani FES outputs a heater command of 62.5%, balancing Medium
and High recommendations generated by Ry and Rs.

1.3 Fuzzy Cognitive Maps

Fuzzy Cognitive Maps model causal relationships between concepts using weighted directed graphs
and iterative updates with fuzzy logic functions [28-30]. Related concepts include Intuitionistic Fuzzy
Cognitive Maps [31H33], Neutrosophic Cognitive Maps [34H37], and Cognitive Hypermaps [38].

Definition 1.5 (Fuzzy Cognitive Map (FCM)). [28430] Let n € N. An FCM is a quadruple
F=(C,W, f,a),

where:

e C={Cy,...,Cy} is a finite set of concepts.

W = (w;;) € [-1,1]"*" is a weighted adjacency matrix of a directed graph on C, where w;;
is the causal influence from C; to C; (support if w;; > 0, inhibition if w;; < 0). Self-loops are
usually set to w;; = 0.

e f:R —[0,1] is a nondecreasing transfer (squashing) function applied componentwise; typical
choices include the logistic sigmoid, a clipped linear map f(z) = min{l, max{0,z}}, or tanh
rescaled to [0, 1].

o a® € [0,1]" is the initial activation (state) vector, where ag.t) is the degree to which concept
Cj; is active/true at iteration ¢.

The (synchronous) update rule is

At — f(a(t)W), t=20,1,2,...

)

where f acts componentwise on the row vector a®TW. A vector a* € [0,1]" is a fized point if
a* = f(a*W). A periodic orbit (a®) is a limit cycle of length L if a®*+1) = a® for all large t.



Remark 1.6 (Well-posedness). Since f maps R to [0,1] componentwise, every iterate a® lies in
[0,1]™. Variants allow clamping a subset U C {1,...,n} to prescribed values each iteration.

Example 1.7 (A 3-concept FCM with step-by-step computation). Consider three everyday concepts:
C7 = Marketing, Cy = Sales, C'5 = Customer Satisfaction. Let the causal weights be

0 07 02
wW=[-02 0 06],
01 03 0

so, e.g., Marketing — Sales has weight 0.7 (support), Sales — Marketing has —0.2 (crowding out),
and Satisfaction — Sales has 0.3 (positive feedback). Choose the clipped linear transfer f(z) =
min{l, max{0,z}} and the initial state

a® = (0.60, 0.40, 0.50).
Tteration t = 0 — 1. Compute a(® W coordinatewise (row x matrix):
@OW); = 0.60-0+0.40 - (—0.2) + 0.50 - 0.1 = —0.08 + 0.05 = —0.03 L 0,

(@®W)y =0.60- 0.7+ 0.40- 0+ 0.50 - 0.3 = 0.42 + 0+ 0.15 = 0.57,
(a9 W)3 = 0.60- 0.2 +0.40- 0.6 +0.50 - 0 = 0.12 + 0.24 + 0 = 0.36.

Hence a®) = f(a®@W) = (0, 0.57, 0.36).

TIteration t = 1 — 2. With a(") = (0,0.57,0.36):
@OW); =0-0+0.57- (—0.2) + 0.36 - 0.1 = —0.114 + 0.036 = —0.078 L 0,
@YWy =0-0.740.57 -0+ 0.36 - 0.3 = 0.108,

@YW)3=0-0.240.57-0.6 +0.36 - 0 = 0.342,

so a® = (0, 0.108, 0.342).

Tteration t = 2 — 3. With a(®) = (0,0.108, 0.342):

(@®W); =0-0+0.108 - (—0.2) +0.342 - 0.1 = —0.0216 + 0.0342 = 0.0126,
@®W)y =0-0.7+0.108 - 04 0.342- 0.3 = 0.1026,
(@®W)s =0-0.2+0.108 - 0.6 + 0.342 - 0 = 0.0648,

thus a® = f(-) = (0.0126, 0.1026, 0.0648).

Iteration t = 3 — 4. With a®® = (0.0126,0.1026,0.0648):

@ W), = 0.0126 - 0+ 0.1026 - (—0.2) + 0.0648 - 0.1 = —0.02052 + 0.00648 = —0.01404 L 0,
(@® W)y = 0.0126 - 0.7+ 0.1026 - 0 + 0.0648 - 0.3 = 0.00882 + 0.01944 = 0.02826,
(@®W)5 = 0.0126 - 0.2 + 0.1026 - 0.6 + 0.0648 - 0 = 0.00252 + 0.06156 = 0.06408,

so a® = (0, 0.02826, 0.06408).
These iterations illustrate how positive and negative causal links drive the concepts toward a (near)

equilibrium under the chosen f. Different f, weights, or clamped inputs can produce distinct fixed
points or limit cycles.



1.4 Upside-Down Logic

This subsection presents the mathematical definition of Upside-Down Logic. In brief, Upside-Down
Logic flips the truth and falsity of lemmas under contextual transformations, thereby formalizing
ambiguity and reversals in reasoning systems [39H44]. The related definitions and notations are given
below.

Definition 1.8 (Context). [40,41] A context C is a collection of parameters or conditions under
which lemmas are evaluated. These may include spatial, temporal, semantic, or interpretive settings.

Definition 1.9 (Logical System). (cf. [45]) A logical system M is a mathematical structure that
formalizes reasoning. It consists of

'M = (7)7 V? U)?

where:

o P is the set of lemmas (statements) in the formal language L;
o Vs the set of truth values (e.g., {True, False} in classical logic);

e v:P —Vis a valuation (interpretation) that assigns a truth value to each lemma in P.

A logical system may additionally include:

e a set of axioms A C P assumed true within the system;
e a set of inference rules T specifying valid transformations used to derive new truths.

Notation 1.10. Let P be a set of lemmas and C a set of contexts. Define the truth-valuation
T: P xC — {True, False, Indeterminate},

which assigns a truth value to each lemma—context pair.

Notation 1.11. Let L be a formal language, and let M be a logical system with lemma set P,
truth-value set V, and valuation v : P — V.

Definition 1.12 (Upside-Down Logic). [40,41] An Upside-Down Logic is a logical system M’
obtained from M by introducing a transformation U on lemmas and/or contexts such that:

1. For any lemma A € P with truth value v(A) in context C, there exists a transformed lemma
U(A) and/or a transformed context U(C) for which:

e Falsification of the Truth: If v(A) = True in C, then v(U(A)) = False in U(C).
o Truthification of the False: If v(A) = False in C, then v(U(A)) = True in U(C).

2. The transformation U is well defined and consistent within the resulting system M’.

Example 1.13 (Upside-Down Logic: Context—Switching Policy). Let M = (P,V,v) with V =
{True, False} and a single lemma

A := “The city park closes at 20:00.”
Consider two contexts:

Cwk := {day=weekday, policy=close at 20:00}, Crest := {day=festival, policy=open until 22:00}.



Define the valuation
v(A | Cyx) = True, V(A | Crest) = False.

Let the Upside-Down transform U act by switching contexts and fixing the lemma:
U(ka) = Cfesta U(Cfest) = kaa U(A) = A.

Then (Falsification of the Truth) v(A | Cyk) = True implies o(U(A) | U(Cwx)) = v(A | Crest) = False;
and (Truthification of the False) v(A | Crest) = False implies v(U(A) | U(Cest)) = v(A | Cwx) = True.
Hence U yields an Upside-Down Logic M’ as in the definition.

Example 1.14 (Street Parking Rule with Day-Context Switch). Let the lemma be
A := “Parking on Main St. is permitted at 08:30.”
Define two contexts:
Cwk := {day=weekday, rule: no parking 07:00-09:00},

Csun := {day=Sunday, rule: parking allowed 00:00-24:00}.

Valuations at the same clock time ¢t = 08:30 are
v(A | Cwx) = False (08:30 € [07:00,09:00) ), V(A | Csun) = True.
Define the Upside-Down transform U by switching the context and fixing the lemma:
U(A) =4, UCu) = Couns U(Coun) = o
Then we have Falsification of the Truth and Truthification of the Fualse:
0(A | Coun) = True = v(U(A) | U(Csun)) = v(A | Cui) = False,

v(A | Cuk) = False = v(U(A) | U(Cwk)) = v(A | Coun) = True.
Thus U realizes Upside-Down Logic for this real-life parking policy.
Example 1.15 (Time-of-Day Pricing: Off-Peak vs Peak Tariff). Let the lemma be

A := “Running the dishwasher now is billed at the off—peak rate.”
Define contexts using standard electricity time—of-use windows:
Cott := {time = 22:30, tariff: off-peak 22:00-06:00},

Cpeak = {time = 18:30, tariff: peak 17:00-21:00}.

Valuations are
V(A | Cogr) = True (22:30 € [22:00, 06:00)), V(A | Cpeak) = False.
Define U by swapping the time-context and fixing the lemma:
U(4) = A, U(Cott) = Cpeak, U(Cpeak) = Coft-
Then Upside-Down Logic holds:
V(A | Cot) = True = v(U(A) | U(Cotr)) = v(A | Cpeax) = False,

V(A | Cpeax) = False = v(U(A) | U(Cpeax)) = v(A | Cogr) = True.

Therefore the transform flips the truth value of A when moving between peak and off-peak contexts,
exemplifying Upside-Down Logic in everyday billing.



1.5 Plithogenic Set

A Plithogenic Set [46H48] models elements with attribute-based membership and contradiction func-
tions, extending fuzzy [1,/49], intuitionistic [50,51], and neutrosophic sets [52}[53].

Definition 1.16 (Plithogenic Set). [46}/54] Let S be a universal set and P C S a nonempty subset.
A Plithogenic Set is a quintuple

PS = (P, v, Pv, pdf, pCF),

where

v is an attribute,

e Puv is the set of possible values of the attribute v,

o pdf : P x Pv—[0,1]® is the Degree of Appurtenance Function (DAF)E
o pCF : Pv x Pv — [0,1]" is the Degree of Contradiction Function (DCF).

The DCF satisfies, for all a,b € Pu,
Reflexivity: pCF(a,a) =0, Symmetry: pCF(a,b) = pCF(b,a).
Here s € N is the appurtenance dimension and ¢ € N the contradiction dimension.

Example 1.17 (Plithogenic Set: Laptops with Two-Dimensional Appurtenance). Let the universe
S be a laptop catalogue and P = {{1,02,¢3} C S the models under evaluation. Fix the attribute
v =“design aspect” with value set Pv = {Light, Power, Cheap}. Define a degree of appurtenance
function pdf : P x Pv — [0,1]? whose components encode (utility, reliability):

pdf (¢4, Light) = (0.90, 0.60), pdf (¢1, Power) = (0.40, 0.70), pdf (¢1, Cheap) = (0.55,0.65),
pdf (2, Light) = (0.70,0.80), pdf (b2, Power) = (0.85,0.75), pdf (2, Cheap) = (0.30,0.60),
pdf (£, Light) = (0.50,0.55),  pdf(¢3, Power) = (0.60,0.50),  pdf (s, Cheap) = (0.85,0.70).

Let the contradiction function pC'F : Pv x Pv — [0, 1] be symmetric with
pC F(Light, Light) = pCF (Power, Power) = pCF(Cheap, Cheap) = 0,
pCF(Light, Power) = pCF (Power, Light) = 0.7,
pCF(Light, Cheap) = pCF(Cheap, Light) = 0.3,
pCF(Power, Cheap) = pCF(Cheap, Power) = 0.6.

Then PS = (P,v, Pv,pdf,pCF') satisfies the plithogenic set axioms (reflexive and symmetric pC'F;
vector—valued pdf), hence is a valid Plithogenic Set.

Definition 1.18 (Plithogenic Fuzzy Set (s = 1, t = 1)). [46/56,57] A Plithogenic Fuzzy Set is a
Plithogenic Set P.S = (P, v, Pv, pdf, pCF) with

pdf : P x Pv — [0,1], pCF : Pv x Pv — [0,1].
For x € P and attribute value a € Pv, write
pp(x | a) = pdf(xz,a) €10,1],

the (single) fuzzy membership degree of & w.r.t. a. The contradiction between two attribute values
is the scalar ¢(a,b) := pCF(a,b) € [0,1] with c(a,a) = 0 and ¢(a,b) = c(b, a).

n the literature, DAF is defined in slightly different ways: some variants use powerset—valued constructions, others
the simple cube [0,1]°. We adopt the latter (classical) form here; cf. [55].




Example 1.19 (Plithogenic Fuzzy Set: Houses with Scalar Appurtenance and Contradiction). Let
P = {h1, ha, h3} be houses and take the attribute value set Pv = {Expensive, Cheap, Modern, Traditional}.
Define the scalar membership pdf : P x Pv — [0, 1] by

pdf (hy, Expensive) = 0.9, pdf (hi, Cheap) = 0.1, pdf(h1,Modern) = 0.8, pdf(h, Traditional) = 0.2,
pdf (he, Expensive) = 0.4, pdf(hg, Cheap) = 0.6, pdf (ha, Modern) = 0.5, pdf(hz, Traditional) = 0.5,
pdf (hs, Expensive) = 0.2, pdf(hs, Cheap) = 0.8, pdf(hs, Modern) = 0.3, pdf(hs, Traditional) = 0.7.

Let the contradiction map pCF : Pv x Pv — [0, 1] be symmetric with pCF(a,a) = 0 and, for a # b,
pCF(Expensive, Cheap) = 1.0, pCF(Modern, Traditional) = 0.9,

pCF(Expensive, Modern) = 0.3, pCF(Expensive, Traditional) = 0.6,
pCF(Cheap, Modern) = 0.6, pCF(Cheap, Traditional) = 0.3.

Then PS = (P, v, Pv, pdf,pCF) is a Plithogenic Fuzzy Set (the case s =t = 1 in the definition), with
scalar appurtenance pp(h; | a) = pdf (h;,a) and admissible symmetric contradiction degrees.

1.6 Upside-Down Logic in Plithogenic Fuzzy Set with contradiction reset

Upside-Down Logic in a Plithogenic Fuzzy Set with contradiction reset flips fuzzy memberships when
contradictions exceed a threshold, then neutralizes contradictions, ensuring consistency in contexts
where values previously conflicted (cf. [58]).

Definition 1.20 (Upside-Down Logic in Plithogenic Fuzzy Set with contradiction reset). (cf. [58])
Let PS = (P,v, Pv,pdf,pCF) be a Plithogenic Fuzzy Set with

pp(z | a):=pdf(z,a) € 0,1], c(a,b) := pCF(a,b) € 0,1],

and c(a,a) =0, c(a,b) = c(b,a). Fix a reference (anchor) attribute b € Pv and a threshold 7 € [0, 1].
Define the activation set
A;(b) == {a€Pv : cla,b) > 7}

The Upside-Down transform with contradiction reset produces a new Plithogenic Fuzzy Set
PSYr = (P, v, Pv, pdf%, pCFU)

by
1—pp(x|a), a€ A (b),
pp(z | a), a ¢ Ar(b),

and the updated contradiction map pCFUYb~ defined for all u,v € Pv by

pdf % (2,a) = {

pCFUer (u,v) =

0, {u,v} = {a,b} for some a € A, (D),
pCF(u,v), otherwise.

That is, whenever the flip is triggered for the pair (a,b) (i.e. a € A, (b)), the post-transform contra-
diction between a and b is reset to zero.

Example 1.21 (Concrete instance of the Upside-Down transform with contradiction reset). Let
P = {hy,h2,h3} be houses and Pv = {Expensive, Cheap, Modern}. Define scalar memberships

pp (x| a) = pdf(z,a) € [0,1] by

‘ Expensive Cheap Modern
hy 0.80 0.20 0.60
ha 0.30 0.70 0.40
hs 0.50 0.50 0.20




and a symmetric contradiction map ¢(a,b) = pCF(a,b):

c(a,b) | Expensive Cheap Modern

Expensive 0 0.90 0.75
Cheap 0.90 0 0.40
Modern 0.75 0.40 0

Choose the anchor attribute b = Expensive and threshold 7 = 0.70. Then the activation set is
A;(b) ={a € Pv: c¢(a,Expensive) > 0.70 } = {Cheap, Modern}.

Applying the Upside-Down transform with contradiction reset, for a € A.(b) we flip memberships
pdfY~(z,a) = 1 — pdf (z,a); otherwise we keep them unchanged. The transformed memberships are

‘ Expensive Cheap Modern
hy 0.80 1-0.20=0.80 1-—0.60=0.40
ho 0.30 1-0.70=0.30 1-—0.40=0.60
hs 0.50 1-0.50=0.50 1-—0.20=0.80

The contradiction map is reset to 0 between the flipped attributes and the anchor:

Vv (a,b) ‘Expensive Cheap Modern

Expensive 0 0 0
Cheap 0 0 0.40
Modern 0 0.40 0
ie.,
cYv (Expensive, Cheap) = ¢V*7 (Cheap, Expensive) = 0
and

Ub,-r(

cV»7 (Expensive, Modern) = ¢ Modern, Expensive) = 0

, while the non—anchor pair remains unchanged
¢ (Cheap, Modern) = ¢(Cheap, Modern) = 0.40

. This realizes the definition: all attributes sufficiently contradictory to the anchor are flipped, and
their post—transform contradiction with the anchor is reset to zero.

Example 1.22 (Daily Commuting Choice under a Safety—First Context). Universe and attributes.
Let P = {Car, Bicycle, Subway} and Pv = {Safety, Speed, Cost}. The plithogenic memberships
pdf (z,a) € [0, 1] are
‘ Safety Speed Cost
Car 0.80 0.60  0.20
Bicycle | 0.40 0.90 0.80
Subway | 0.90 0.70  0.60

The symmetric contradiction map c(a,b) is

c(a,b) ‘ Safety Speed Cost

Safety 0 0.80 0.30
Speed | 0.80 0 0.50
Cost 0.30  0.50 0

Anchor and threshold. Take the anchor b = Safety with threshold 7 = 0.70. Then the activation
set is
A, (b) ={a € Pv: c(a,Safety) > 0.70 } = {Speed}.

Upside-Down transform with contradiction reset. For a € A, (b) we flip pdf and reset the
corresponding contradiction to 0:

pdeb,-r (x7 Speed) =1—- pdf(.f[', Speed),

¢V (Speed, Safety) = cV» (Safety, Speed) = 0.



All other entries remain unchanged. Hence

‘ Safety Speed (flipped) Cost

Car 0.80 1—-0.60=0.40 0.20
Bicycle | 040 1-0.90=0.10 0.80
Subway | 0.90 1-0.70=0.30 0.60

and the updated contradiction matrix entries are
¢V (Safety, Speed) = cV*7 (Speed, Safety) = 0,

Vb (Safety, Cost) = 0.30,
cY» (Speed, Cost) = 0.50.

Consider the lemma A: “Bicycle is fast” with truth proxy pdf (Bicycle, Speed). Before UD, pdf =
0.90 > 0.5 (True); after UD, pdfU»~ = 0.10 < 0.5 (False), while the contradiction with the anchor is
reset to 0 to avoid double penalization.

Example 1.23 (Hiring under Budget Pressure with Experience as Anchor). Universe and at-
tributes. Let P = {Alice, Bob, Carol} and Pv = {Experience, SalaryLow, CultureFit}. Member-
ships pdf (z,a) are

‘ Experience SalaryLow CultureFit

Alice 0.90 0.20 0.70
Bob 0.60 0.80 0.50
Carol 0.40 0.90 0.60

The symmetric contradiction map c(a,b) is

c(a,b) | Experience SalaryLow CultureFit

Experience 0 0.85 0.20
SalaryLow 0.85 0 0.40
CultureFit 0.20 0.40 0

Anchor and threshold. Choose b = Experience and 7 = 0.80. Then
A;(b) ={a: c(a,Experience) > 0.80 } = {SalaryLow}.

Upside—Down transform with contradiction reset. Flip the activated attribute and reset its
contradiction with the anchor:

pdf 7 (2, SalaryLow) = 1 — pdf (z, SalaryLow),

¢V (SalaryLow, Experience) = ¢»7 (Experience, SalaryLow) = 0,

others unchanged. Thus

‘Experience SalaryLow (flipped) CultureFit

Alice 0.90 1-0.20=0.80 0.70
Bob 0.60 1-0.80=0.20 0.50
Carol 0.40 1-0.90=0.10 0.60

and the updated contradiction entries are
cUnr (Experience, SalaryLow) = 0,

cYv7 (Experience, CultureFit) = 0.20,
¢V~ (SalaryLow, CultureFit) = 0.40.

Upside—Down Logic manifestation. Lemma A: “Bob has low salary demand” uses pdf (Bob, SalaryLow).
Initially 0.80 > 0.5 (True); after UD, 1 —0.80 = 0.20 < 0.5 (False). The contradiction between Ezpe-
rience (anchor) and SalaryLow is reset to 0, so subsequent reasoning treats the flipped attribute as
non—contradictory to the anchor.



2 Main Results

The results of this paper are presented below.

2.1 Neuro—Plithogenic—Fuzzy System

The Neuro-Plithogenic-Fuzzy System with Upside-Down Transform resets contradictions by flipping
memberships, enhancing learning consistency and robust reasoning under conflicting attributes.

Definition 2.1 (Plithogenic Activation/Combination Operator). Let T : [0, 1]>— [0, 1] be a T-norm,
S :10,1]?> — [0,1] an S—norm, and w : [0,1] — [0,1] a nondecreasing function with w(0) = 0 and
w(l) = 1. For a, 5, ¢ € [0, 1], define the plithogenic combination

@ O B = (1—w(c)T(a,B) + wlc)S(a,B).

Then ®. is a convex interpolation between 1" and S controlled by the contradiction degree c; in
particular, & ©9 8 = T(«, 8) and aa ®1 8 = S(a, B).

Example 2.2 (Numerical instance of the Plithogenic Activation/Combination Operator). Let the
T-norm and S—norm be

T(Oé:B):aﬂ; S(a,ﬁ)zmax{a,ﬁ},

and choose the interpolation weight w(c) = ¢ (linear in the contradiction degree ¢ € [0,1]). For
a = 0.6 and 8 = 0.3 one has T'(«, 5) = 0.18 and S(«, ) = 0.6. Therefore,

a®:;f=(1-¢)0.18+c0.6.
Concrete values:
a®oB =018 (pureT),  a®gas8 =0.75-0.18 +0.25- 0.6 = 0.285,

a®ors B =025-0.18+0.75-0.6 = 0.495, a0, 3=0.6 (pureS).

Thus ©. continuously interpolates between conjunctive/product behavior and disjunctive/max be-
havior as c increases.

Definition 2.3 (Neuro—Plithogenic—Fuzzy System (NPFS)). Let X CR™ and Y C R™. Let Pv be a
finite set of attribute values and let ¢ : Pv x Pv — [0, 1] be a contradiction map satisfying c¢(a,a) =0
and c¢(a,b) = ¢(b,a) for all a,b € Pv. Fix a T-norm T, an S—norm S, an implication/activation =,
an aggregation @, a defuzzifier A, and a monotone w as in Definition An NPFS is a tuple

NPG = (Xa Y, Pv, ¢, Ry, {IU’Ajk( i 9)}7 {/‘B]‘ ( S 0)}3 T,S,=,&,0, A),
where the (trainable) rule base Ry = {R;}}L, consists of rules
Rj: IFxiis Ajy A--- N xpis Aj, THEN (y is Bj) with attribute a(j) € Puv,

the Ajr and Bj being fuzzy sets with memberships pa,, : Xp — [0,1] and pp; : Y — [0,1], and
where a(j) tags the consequent of rule j with an attribute value.

Inference for a given context/anchor b € Pv. Given a crisp input = = (z1,...,z,) € X and a
chosen anchor attribute b € Pv (representing the desired/prevailing attribute in the context), define
the rule firing strengths

wj (JJ, 0) = T(:uAﬂ (331; 0)’ <y HA, ('T'm 0))7

w;(x; 0) = M

Zizl wi(x; )



The plithogenic activation of rule j on each y € Y is

iy | ,0) = (wi(2:0)) Octag),n) 15, (Y;0)-
The aggregated output fuzzy set (conditional on (z,b)) is

M
Mout(y | Qﬁ,b) = @Mﬂ(y ‘ va)a
j=1

and the crisp output is fo(z;b) := A(gous (- | 2,0)) €Y.

Plithogenic appurtenance induced by the NPFS. Let p; , € [0,1] be rule-to-attribute weights
with > cp, Pj.a = 1. Define, for each x € X and a € Pv, the NPFS—induced degree of appurtenance

M
pdfg(x,a) = ij,a w;(x;0) €10,1]. (1)

(The map x — pdfyg(x,a) will provide the plithogenic fuzzy structure in Theorem )

Learning. Given data S = {(z*),y® b))}V and a loss ¢, estimate 6 (and optionally p; 4, ¢, w)
by

N
* i (). p(P)y (P
0" € arg min Zﬁ(fe(x ;0P y )

p=1

Example 2.4 (A minimal Neuro—Plithogenic—Fuzzy System (NPFS) with two rules). Letn =1, X C
R, Y ={0,1} (“reject”, “accept”). Take Pv = {Eco, Speed} with anchor b = Eco and contradiction
map

¢(Eco, Eco) = 0, ¢(Speed, Eco) = ¢(Eco, Speed) = 0.8.
Use T'(a, ) = af, S(a, ) = max{a,f}, w(c) = ¢, aggregation & = max, and discrete centroid
Zye{o,l} Y Hout (Y)
Zye{O,l} Hout (y)

Ry :IFzis A;3 THEN yis By (a(1) = Eco),
R2 :IF z is A21 THEN Yy is B2 (CL(2) = Speed).

defuzzifier y* = . Consider two rules:

At a given input x, suppose pa,, (z) = 0.6, pa,, (£) = 0.5; hence w; = 0.6, wy = 0.5. Let the
consequents be fuzzy sets on Y with memberships

pB,(0) =02, up, (1) =09,  up,(0)=0.7, pp,(1) =0.3.
Plithogenic activation (Definition yields, for y € {0,1},
sy | 2,) = (1= elal), ) ws i, () + ela(s), b) max{uy, s, ()}
Compute for y = 0 (reject):
(0] 2,b) = (1-0) - (0.6-0.2) = 0.12,
112(0 | 2,b) = (1= 0.8) - (0.5-0.7) + 0.8 - max{0.5,0.7} = 0.07 + 0.56 = 0.63,
S0 piout (0 | 2, b) = max{0.12,0.63} = 0.63. For y = 1 (accept):
(1] z,b) = (1—0)-(0.6-0.9) = 0.54,
p2(1 ] 2,b) = (1—0.8) - (0.5-0.3) + 0.8 - max{0.5,0.3} = 0.03 + 0.40 = 0.43,
hence piout(1 | ,b) = max{0.54,0.43} = 0.54. Defuzzifying,

0-0.63+1-0.54 0.54
= = ~ 0.462.
0.63 4 0.54 1.17
Thus the NPFS produces a context—aware output that balances rule evidence via the contradic-

tion—controlled operator ®..

*




Remark 2.5 (Well-definedness and bounds). By convexity in Definition and the facts T, 5 €
[0,1], one has 0 < p;(y | ,b) < 1 and thus 0 < pious(y | z,b) < 1. Moreover, pdfy(z,a) € [0,1] and
> acpyPdfo(x,a) =1 by .

Theorem 2.6 (NPFS generalizes the Neuro-Fuzzy System). Consider the NPFS of Definition
with the following specialization:

c(a,b) =0 for all a,b € Puv, w = id, ©o=T.

Then for every input x and anchor b,

M
,u‘](y | l‘,b) = T<wj(z;0)7MBj (y,o))a ,uout(y ‘ $,b) = @T(wjv,qu)a

j=1

which coincides with the standard Mamdani—type Neuro—Fuzzy inference. Consequently, fo(x;b) equals
the Neuro—Fuzzy output with the same (T,®,A); hence NPFS strictly generalizes the Neuro—Fuzzy
System.

Proof. If ¢ = 0, then by Definition a®of = (1—w(0)T(x,B) +w(0)S(a,8) = T(a, B) since
w(0) = 0. Substituting into the NPFS equations yields the classical Mamdani pipeline; the defuzzified
output therefore matches exactly the Neuro—Fuzzy mapping with the same (T, ®, A). O

Theorem 2.7 (NPFS carries a Plithogenic-Fuzzy Set structure). Fiz 0, the attribute set Pv, and
the contradiction map c from Definition . Let P := X and let v denote the (categorical) attribute
whose values are Pv. Define PSy := (P,v, Pv,pdfy,c) where pdfy is given by . Then PSy is a
Plithogenic—Fuzzy Set, i.e.,

pdfp : P x Pv—[0,1], c¢: Pvx Pv—10,1],
with c(a,a) =0 and c(a,b) = ¢(b,a) for all a,b € Puv.

Proof. By construction, pdfe(z,a) = >, pjaw;(z;0) is a convex combination of numbers in [0,1];

hence pdfp(z,a) € [0,1]. Moreover }_,p, pdfo(z,a) = 3_;w;(x;0) 3, pja =1, so each x € P has

a well-defined distribution of appurtenance degrees across Pv. The map c is assumed reflexive on
the diagonal and symmetric by Definition Therefore (P, v, Pv, pdfy, c) satisfies the axioms of a
Plithogenic—Fuzzy Set. O

2.2 Upside-Down Transform with Contradiction Reset in NPFS

The Upside-Down Transform with Contradiction Reset in NPFS flips fuzzy memberships and resets
contradictions, enabling context-aware adaptive reasoning.

Definition 2.8 (Upside-Down Transform with Contradiction Reset in NPFS). Let
NPy = (X,Y, Pv,¢, Rg,{pa,,. }, {ns,},T,5,=,®,0,4)
be a Neuro—Plithogenic—Fuzzy System as in Definition where each rule
Rj: IFzyis Ajy A---Axyis Ay, THEN yis B; is tagged by a(j) € Pv.
Fix an anchor attribute b € Pv and a threshold 7 € [0, 1]. Define the activation set
A.(b) .= {a€Pv : cla,b)>71}.
The Upside-Down (UD) transform with contradiction reset produces a new NPFS
NP = (X, Y, Pv, "7 Ry, {pia, }, {ug "1, T, S, =, &,077 A)

by the following operations:



(a) Consequent flip (Upside—Down):

1—pup.(y), ifa(y) € A (b),
W0 (y) = 18, () (7) € A7 () vyey.
wB; (y), otherwise,

(b) Contradiction reset: for all u,v € Pv,

Vv (u,v) =

{ 0, if {u,v} = {a,b} for some a € A.(b),

c(u,v), otherwise.

(¢) Plithogenic activation update: the plithogenic combination used in the inference step is
reparameterized by the updated contradiction: for any a, 8 € [0, 1] and any pair (a,b) € Pvx Pv,

o U A= (L= w7 (@,0) Tla, ) + w(e (a,b)) S(a, B),

where w : [0,1] — [0,1] is a fixed nondecreasing function with w(0) =0, w(1) = 1.

Given a crisp input = (z1,...,2,) € X, define the (unchanged) rule firing strengths
w;(x; 6
wj(z;0) = T(,uA],l(xl)7 ... ,uAjn(xn)), w;i(z;0) = Mj(i)
i wi(w;6)

Then the transformed rule activations and output membership are
Up.r Up.» Us,» Up.r Us,r
Ty e b) = wi(as0) O i@, e (| 2 0) = @u” (y | z,b),

and the crisp output is ng”'T(x; b) = A(ugj[( | z,0)).

Remark 2.9. The transform flips only those consequents whose attributes are sufficiently contra-
dictory to the anchor (a(j) € A-(b)), and then neutralizes the corresponding contradiction by setting
cY7(a(j),b) = 0. Hence, after the flip, those rules interact conjunctively (via 7) with the context,
eliminating double penalization.

Example 2.10 (Two-Rule Numerical Tllustration with Discrete Defuzzification). Let n =1, X C R,
and take a discrete output universe Y = {L,H} identified with {0,1}. Choose T(a, ) = af,
S(a, 8) = max{a, f}, and w(c) = ¢. Let Pv = {Cost, Speed} and anchor b = Cost. Assume the
contradiction map

¢(Cost, Cost) = 0, ¢(Cost, Speed) = ¢(Speed, Cost) = 0.8.

Threshold 7 = 0.7 gives A, (b) = {Speed}.

Rules and memberships. There are two rules (M = 2):

Ry :IFzis A;; THEN yis By (a(1) = Cost),
Ry : IF zis Ay THEN yis By (a(2) = Speed).

For an input x, suppose
ta,, () = 0.6, fay () =05 = w; =0.6, wy =0.5.
Let the consequent memberships on Y be

HB, (L) = 0.2, KB, (H) = 09, M By (L) = 087 KBy (H) =0.3.



Aggregation is @ = max, and defuzzification uses the discrete centroid

* Zyeyyﬂout(y)

B Zyey Mout (y) © [0’ 1]

Y

Before UD transform. Plithogenic activation uses ®.(«, 8) = (1 — ¢)a + cmax{«, 5}.
(L | 2,b) = (1—0)-(0.6-0.2) + 0 - max{0.6,0.2} = 0.12,
o (L | z,0) = (1 —-0.8)-(0.5-0.8) + 0.8 - max{0.5,0.8}
=0.2-04+0.8-0.8=0.084+0.64 =0.72,
= pout(L | #,b) = max{0.12, 0.72} = 0.72.
Similarly for H:
w1 (H | z,0) =(1—0)-(0.6-0.9) = 0.54,
po(H | 2,b) = (1 —0.8) - (0.5-0.3) + 0.8 - max{0.5,0.3}
=0.2-0.1540.8-0.5=0.03 + 0.40 = 0.43,
= fiout(H | ,b) = max{0.54, 0.43} = 0.54.

Discrete centroid:
« 0-07241-0.54 0.54

= = ~ 0.4286.
Ypre 0.72 + 0.54 1.2 ~ 04286

After UD transform with contradiction reset. Since a(2) = Speed € A.(b), flip By and reset
¢(Speed, Cost) to O:
pg, (L) =1-08=0.2, u% (H)=1-03=0.7,  c"(Speed, Cost) = 0.

Rule 1 is unchanged. Using ©f (a, 8) = af for the pair (Speed, Cost):

pY(L | 2,0) =0.6-02=0.12, u§(L|z,b)=0.5-0.2=0.10,

pd(H | 2,0) = 0.6-0.9 = 0.54, u¥(H|z,b)=0.5-0.7=0.35.
Aggregate:

pY (L] z,b) = max{0.12,0.10} = 0.12, pY(H | z,b) = max{0.54,0.35} = 0.54.

Discrete centroid: 00124 1-0.54 0.54
* o T T X 0.8182.
Ypost 0.12 + 0.54 0.66

Effect. The UD transform reduces the influence at L (after flipping the contradictory rule) and
neutralizes the contradiction with the anchor, yielding a much larger crisp output (0.4286 — 0.8182)
under the same input x.

2.3 Plithogenic Fuzzy Expert System

A Plithogenic Fuzzy Expert System integrates fuzzy inference with plithogenic attributes, modeling
contradiction degrees for nuanced expert reasoning and decision-making.

Definition 2.11 (Plithogenic Activation/Combination Operator). Let T : [0,1]> — [0,1] be a
T-norm, S : [0,1]2 — [0,1] an S-norm, and w : [0,1] — [0, 1] a nondecreasing function with w(0) = 0
and w(l) = 1. For «, 8, ¢ € [0, 1], define the plithogenic combination

a O B = (1—w(c)T(a,B) + wlc)S(a,B).

Then ©, continuously interpolates between T" and S using the contradiction degree c: in particular,
QQOB = T(Oé,ﬂ) and a O B = S(Oé,ﬂ)



Example 2.12 (Numerical illustration of the Plithogenic Activation/Combination Operator). Let
the T-norm and S-norm be

T(aaﬁ):aﬁa S(a,ﬁ)zmax{oz,ﬂ},

and choose the interpolation w(c) = ¢ for ¢ € [0,1]. For & = 0.6 and 8 = 0.3 we have T(«a, ) = 0.18
and S(a, §) = 0.6. Hence, for any contradiction degree c,

a®.8=01-¢c)T(e,8) +cS(a, ) =(1—1¢)-0.184+ ¢ 0.6.
Concrete values:
a®y B =0.18 (pureT), a ®p.25 S =0.75-0.18 + 0.25 - 0.6 = 0.285,

a ®g.rs 8 =10.25-0.18 +0.75- 0.6 = 0.495, a®1 8 =0.6 (pureS).

Thus ®. continuously interpolates between conjunctive (product) and disjunctive (max) behavior as
¢ increases.

Definition 2.13 (Plithogenic Fuzzy Expert System (PFES)). Let X = X; X --- x X, be the input
space and Y the output universe. Let Pv be a finite set of attribute values and ¢ : Pv x Pv — [0, 1]
a contradiction map satisfying

c(a,a) =0, c(a,b) = c(b,a) for all a,b € Pv.

Fix a fuzzifier ®, a T-norm T, an S-norm S, an implication/activation =, an aggregation operator
@, a plithogenic operator ©(.y from Definition 2.11} and a defuzzifier A. A PFES is a tuple

PF = (®, K, I, A, Pv, ¢, @),

where the knowledge base I = (£, R) consists of linguistic terms £ (membership functions) and a
rule base R = {R;}}L, with rules of the form

Rj: IFzyis Ajs A---A z,is Aj, THEN yis B; tagged with a(j) € P,

where Aj;, € Xy and B; C Y are fuzzy sets with memberships p4,, : Xx — [0,1] and pp,; : Y — [0,1].

Inference under an anchor attribute. Given a crisp input « = (21,...,2,) € X and a chosen
anchor (context) b € Pv, the fuzzifier ® yields degrees {y1a,, (%)} and the rule firing strengths

wj(z) = ()

wj(x) =T (pa;, (1), - pa, (Tn)), M wi(x)

The plithogenic activation of rule j on y € Y is

pi(y | z,b) = w;i(z) ©cai),s) 1B, Y),

and the aggregated output fuzzy set is

M
Mout(y | x?b) = @Mﬁ(y ‘ xab)
j=1

The crisp output is f(z;b) := Apous (- | 2,0)) €Y.

Example 2.14 (A concrete Plithogenic Fuzzy Expert System with step—by-step inference). Let
X = X, with a single crisp input « € X1, and Y = {0, 1} (“reject”, “accept”). Consider the attribute
value set Pv = {Safety, Cost} and choose the anchor (context) b = Safety. Define a symmetric
contradiction map ¢ : Pv x Pv — [0,1] by

c(Safety, Safety) = 0, c(Safety, Cost) = ¢(Cost, Safety) = 0.7.



Set the operators and modules as follows:
T(a,B) =af, S(a,p)=max{a,f}, w(c)=¢, @ =max, P =singleton fuzzifier.

Use the discrete centroid defuzzifier
> YHout(y)
y€{0,1}

> tout(y)

y€{0,1}

Apout) =

The rule base R = {R;, Ra} is:
Ry :IF zis A1; THEN y is By (tag a(1) = Safety),
Ry : IF zis Agy THEN y is By (tag a(2) = Cost).
At the given input x, suppose

KAy, (Z‘) =0.7, KAy, (l‘) = 0.6,
so the rule firing strengths (with 7" as product) are
w1 = T(:uAll (‘T)) =07, w2 = T(MAm (:L')) =0.6.
Let the consequent fuzzy sets on Y be

pB,(0) =0.2, up, (1) =08,  up,(0)=0.6, up,(1)=0.3.
Plithogenic activation (Definition uses the contradiction between the rule tag and the anchor,
ie. c(a(l),b) =0 and c(a(2),b) = 0.7:
pi(y [ =,0) = wj Ocagyvy s, (y) = (=) T(ws,pp,(y) + cS(wj, ps, (y))-
Fory=1 (accept):
pr(l|z,b) =(1—-0)7(0.7,0.8) +0- 5(0.7,0.8) = 0.7 - 0.8 = 0.56,
pa(l | z,b) = (1 —-0.7)7(0.6,0.3) + 0.7 5(0.6,0.3) = 0.3-0.18 + 0.7 - 0.6 = 0.054 4 0.42 = 0.474.

Aggregate by @ = max:
tout (1 | 2,b) = max{0.56, 0.474} = 0.56.

Fory =0 (reject):
(0] z,0) = (1 — 0)T(0.7,0.2) = 0.14,

112(0 | z,b) = (1 — 0.7) T(0.6,0.6) + 0.7 5(0.6,0.6) = 0.3 - 0.36 + 0.7 - 0.6 = 0.108 + 0.42 = 0.528,

hence
tout (0 | 2,0) = max{0.14, 0.528} = 0.528.

Finally, defuzzify:

0-0528+1-0.56  0.56
. frd A u frd frd
F(@;6) = Alptow) 0.528 + 0.56 1.088

Thus, the PFES outputs a context—aware score balancing rule evidence via the contradiction—con-
trolled plithogenic operator ©..

Remark 2.15 (Well-posedness). Since T',S € [0,1] and 0 < w(c) <1, one has 0 < p,;(y | z,b) <1
and 0 < pout(y | ,0) <1, so A is applicable (e.g., centroid).

Theorem 2.16 (PFES generalizes the classical Fuzzy Expert System). Let PF be a PFES as in
Definition[2.13 and specialize to

c(a,b) =0 for all a,b € Pv, w(0) =0,
so that ®9 =T by Definition[2.11 Then, for every input x and anchor b,

~ 0.5147.

M
ﬂj(y | va) = T(wj($)7/‘l’B]‘ (y))7 Nout(y | va) = @T(wj(x)’qu (y))7
j=1

which coincides with the standard Mamdani-type fuzzy expert inference. Hence f(x;b) equals the
output of a Fuzzy Expert System with the same (D, T,=,®,A); therefore PFES strictly generalizes
FES.



Proof. With ¢ =0 and w(0) = 0, Definition yields
a®f=(1-0)T(a,)+0-S(a,8) =T(ex, B).

Substituting o = wj(x) and 8 = pup,(y) gives u;(y | z,b) = T'(w;(x), up,;(y)) and thus the classical
Mamdani aggregation. Defuzzification is identical, so the overall mapping matches the usual FES. [

Definition 2.17 (PFES-induced Plithogenic Fuzzy Membership). Let P := X and let v denote the
categorical attribute with value set Pv. Define, for x € P and a € Pv, the PFES-induced degree of
appurtenance

7 ith @ w; ()
df (z,a) = wj(x 0,1}, with  w;(r) = —7——"—.
- ) VE %mt e t ) Zg1 w;()

Theorem 2.18 (PFES carries a Plithogenic-Fuzzy Set structure). Fiz a PFES PF with Pv and
contradiction map c. Let PS = (P,v, Pv,pdf,c) where P = X and pdf is given by Definition ,
Then PS is a Plithogenic-Fuzzy Set, i.e.,

pdf : P x Pv—[0,1], c¢: Pvx Pv—|0,1],
with ¢(a,a) =0 and c(a,b) = c(b,a) for all a,b € Pv.

Proof. (Range) For each fixed z, 0 < w;(z) < 1 and ZJA/il w;(xz) = 1. Hence 0 < pdf(z,a) <1 for
every a as a sum of a subfamily of a probability vector. (Normalization) Summing over all a € Pu,

M
D pdf(wa) = 3 Y wi@) = Y @) =1,

a€Pv acPv j: a(j)=a

so the appurtenance degrees across Pv form a proper distribution for each x. (Contradiction) By
assumption on ¢, one has ¢(a,a) = 0 and ¢(a,b) = ¢(b, a), meeting the usual plithogenic-fuzzy axioms.
Therefore (P, v, Pv, pdf,c) is a Plithogenic-Fuzzy Set. O

2.4 Upside-Down Transform with Contradiction Reset in Plithogenic Fuzzy Expert
System

Upside-Down Transform with Contradiction Reset in a Plithogenic Fuzzy Expert System flips con-
tradictory fuzzy rule outputs and neutralizes contradictions, ensuring consistent reasoning outcomes.

Definition 2.19 (Upside-Down Transform with Contradiction Reset in PFES). Let a Plithogenic
Fuzzy Expert System (PFES) be

PF = ((I), K, I, A, Pv, c, @(,)),
where K = (£,R) and R = {R; }j”il with rules
Rj . IF Iy is Ajl VARERIVANRY 7% is A]’n THEN ylS Bj,

each tagged by an attribute value a(j) € Pv. Here ¢ : Pv x Pv — [0,1] is a contradiction map with
¢(a,a) =0 and ¢(a,b) = ¢(b,a), and the plithogenic activation (for a, §, ¢ € [0,1]) is

a @ B = (1-w(c)T(a,8) + w(c)S(a,p),
for fixed T' (T—norm), S (S—norm), and a nondecreasing w : [0, 1] — [0, 1] with w(0) =0, w(1) = 1.

Fix an anchor attribute b € Pv and a threshold 7 € [0, 1]. Define the activation set
Ar(b) == {a€Pv: c(a,b) >1}.
The Upside-Down (UD) transform with contradiction reset produces a new PFES

Pbe’T = (¢7 ICUbJ7 IUb'77 A7 PU’ cUb’T’ QEJ;YT)

by:



(a) Consequent flip (Upside-Down): for each rule R,

1—pp.(y), if €A,
W) o= { e AN LDy,
wB; (y), otherwise,

and set KV = (L, {RjUb’T ]Nil) with consequents BjUb".

(b) Contradiction reset: for all u,v € P,

cUrr (u,v) :=

¢(u,v), otherwise.

{ 0, if {u,v} = {a,b} for some a € A,(b),

(c) Plithogenic activation update: for any «, 8 € [0,1] and (a,b) € Pv X Puv,

Uy,

a ©® A, B = (l—w(cU’”(a, b))) T(a,B) + w(c(a,b) S(a, B).

Inference (unchanged premises). Given z = (x,...
and rule firing strengths

, Tn), the fuzzifier ® yields degrees pa;, (7)

_ w; ()

w;j(x) :T(.UAjl(fCl)v"'7“Ajn(x”))’ (@) = m

The transformed rule activations and aggregated output are
U, U, Up,» U, U “(
Ty e b) = wie) O g W), o (| D) EBM ""(y | z,b),

and the crisp output is fU» (z;b) = A(ugj[( | z,0)).

Remark 2.20. Ounly consequents whose attributes are sufficiently contradictory to the anchor (a(j) €
A, (b)) are flipped. After the flip, the reset ¢Vt~ (a(j),b) = 0 prevents double penalization and makes
their activation conjunctive (w(c%) = 0).

Example 2.21 (Two-Rule Numeric PFES with Discrete Defuzzification). Let n = 1, X C R, and
Y = {L,H} = {0,1}. Choose T(«, ) = af, S(a, ) = max{a, f}, w(c) = ¢, and & = max. Let
Pv = {Cost, Speed} with anchor b = Cost and

¢(Cost, Cost) = 0, ¢(Cost, Speed) = ¢(Speed, Cost) = 0.8.

Set threshold 7 = 0.7, hence A, (b) = {Speed}.

Rules and memberships.

Ry :IFzis A;3 THEN yis By (a(1) = Cost),
Ry : IF zis Ay THEN yis By (a(2) = Speed).

For the given x, suppose fi4,, () = 0.6, pa,, () = 0.5, so wy = 0.6, wy = 0.5. Let
HBq (L) = 027 H“By (H) = 097 1B, (L) = 087 HUBs (H) =0.3.
Defuzzification uses the discrete centroid

£ Zer y,uout(y)
Y B Zyey Hout (y) © [0’ 1]



Before UD transform. Plithogenic activation ©.(«, 8) = (1 — ¢)af + cmax{a, 8} gives

wi(L | x,b) =
/’62(L | x7b =
= pout(L | #,b) = max{0.12,0.72} = 0.72;

)= (1-0)-(0.6-0.2) = 0.12,
)
)

1 (H | 2,b) = (1—0)-(0.6-0.9) = 0.54,
) = (
)

(
(1-0.8)-(0.5-0.8) + 0.8 - max{0.5,0.8} = 0.08 + 0.64 = 0.72,

po(H | 2,b) = (1 —0.8) - (0.5 0.3) + 0.8 - max{0.5,0.3} = 0.03 + 0.40 = 0.43,
= fiout(H | ,b) = max{0.54,0.43} = 0.54.
Thus
. 0-07241-054  0.54

_ - ~ 0.4286.
Ypre 0.72 + 0.54 1.26

After UD transform with contradiction reset. Since a(2) = Speed € A.(b), flip By and reset
¢(Speed, Cost) to 0:

pg,(L)=1-08=0.2, pf (H)=1-03=0.7,  c"(Speed, Cost) = 0.
Then with ©f (a, 8) = af,

pd (L 2,0) =0.6-02=0.12, uxY(L]|z,b)=05-02=0.10,
pV(H | 2,0) =0.6-0.9=0.54, pd(H|z,b)=0.5-0.7=0.35,
SO
uY (L] z,b) = max{0.12,0.10} = 0.12, pY(H | z,b) = max{0.54,0.35} = 0.54,

and
« _0:012+1-0.54 0.54
Ypost =0 124054 0.66
Effect. Flipping the contradictory rule and neutralizing its contradiction with the anchor shifts the
decision markedly toward H (0.4286 — 0.8182) under the same input.

~ (0.8182.

2.5 Plithogenic Fuzzy Cognitive Maps

Plithogenic Fuzzy Cognitive Maps integrate attribute-specific causal matrices using contradiction-
aware weights, yielding context-dependent concept dynamics and iterative updates convergence prop-
erties (cf. [59-62]).

Notation 2.22. We adopt the standard plithogenic ingredients (Pv,c):

e Pu is a finite set of attribute values (design aspects, criteria, contexts, ...).

o ¢: Pvx Pv—|0,1] is a degree of contradiction function (DCF) satisfying

c(a,a) =0, c(a,b) =c(b,a) for all a,b € Po.

Let ¢ : [0,1] — (0,00) be a fized monotone nonincreasing attenuation with ¢(0) =1 (e.g. (u) = 1—u).
For an anchor (context) b € Pv, define normalized plithogenic context weights

2% e (0,1], > Aalb) =1 (2)
c\u, a€Pv

u€Pv

Ya|b) =



Definition 2.23 (Plithogenic Fuzzy Cognitive Map (PFCM)). Fix n € N, an attribute value set

Pv, a DCF ¢, and an attenuation ¢ as above. For each a € Pv, let W(@) = (wl(;)) € [-1,1]™*™ be
the attribute—specific influence matrix. Let f : R — [0, 1] be a nondecreasing transfer function and
a® € [0,1]" an initial state.

For an anchor (context) b € Pv, the effective (contextual) influence matriz is the convex combination
W) == > Alalb)W,  y(a]b)asin (7). (3)
a€Pv

The Plithogenic Fuzzy Cognitive Map is the system
PFCM = (CAW Y aepu, Pr,c 6, f,a),
whose synchronous update under anchor b is
at*th) — faOW®),  t=0,1,2,..., (4)

with f acting componentwise.

Theorem 2.24 (PFCM generalizes classical FCM). Assume either |Pv| = 1 or c¢(a,b) = 0 for all
a,b € Pv and ¢ = 1. Then y(a | b) =1 for the unique a, so W(b) = W) and the PFCM update (9)
reduces to the classical FCM update with W = W ®) . Hence every FCM is a special case of a PFCM.

Proof. If |Pv| = 1 with value a, then the denominator in (7) equals ¢(c(a,b)) = ¢(0) = 1 and
v(a|b) =1, giving W) =W@, Ifc=0and ¢ =1, then y(a | b) = 1/|Pv| and W(® can be chosen
so that their average equals the single W of the classical FCM (or simply take |Pv| = 1). In all cases
@D coincides with the FCM iteration. O

Definition 2.25 (Attribute-weighted row strengths and plithogenic membership). For each concept
C; and attribute a € Pv define the (nonnegative) absolute row strength

Si(a) = Z|w§;) ’

Fix an anchor b € Pv. Set
pf(ina ) = 2@ gy (5)

> ¢lewb) Sifu)

u€ Pv

_ 1
[Py

whenever the denominator is nonzero; if it is zero (all row strengths vanish), set pdf(i,a | b)
for all a.

Theorem 2.26 (PFCM induces a Plithogenic—Fuzzy Set). Let P := C and v be the categorical
attribute with value set Pv. For any anchor b € Pv, the pair

PSb:(P7 v, PU, pdf(v‘b)a C)

is a Plithogenic—Fuzzy Set: pdf(-,- | b) : P x Pv — [0, 1] satisfies Y
and c is reflexive and symmetric.

wcpo PAf(i,a | b) =1 for every i,

Proof. By construction S;(a) > 0 and ¢(c(a,b)) > 0, so the numerator and denominator of are
nonnegative; if the denominator is positive then pdf(i,a | b) € [0,1] and

~ _ 2at(c(a,b))Si(a)
aezpvpdf(z,a |b) = S o, 5) S (w)

If the denominator is zero we defined a uniform distribution. The DCF ¢ has ¢(a,a) = 0 and
c(a,b) = ¢(b, a) by assumption. Thus the quintuple satisfies the axioms of a plithogenic—fuzzy set. [

=1




Example 2.27. Let n = 3 with concepts C; = Marketing, Co = Sales, C'3 = Satisfaction. Take two
attribute values

Pv = {Cost, Speed}, ¢(Cost, Cost) = ¢(Speed, Speed) = 0, ¢(Cost, Speed) = 0.8,
and ¢(u) = 1 —u. Choose anchor b = Cost; then
¢(c(Cost, Cost)) =1, ¢(c(Speed, Cost)) =1 — 0.8 = 0.2.
Hence, using with denominator 14 0.2 =1.2 = 6/5,

1 5 02 1
t]b)=— =~ d|b)=-—=-=.
Y(Cost [b) =15 =5, Y(Speed | b) = 75 = ¢
Attribute—specific influence matrices:
0 05 01 0 09 03
wCest) — | _0.1 0 04], wSpeed) — | _03 0 0.6
0.06 02 0 01 04 0
By (@),
0 17 2
- 5 1 30 15
W(b) — EW(COSt)+6W(Spe8d) — 71725 0 ;,T?; ,
T
120 30

where each entry is computed exactly, e.g.

S _ 5. 1.09_ 5 1 9 _ 2549 _ 34 _ 17
wig =5-05+5-09=3+5 =% =6 = 30°

Choose the clipped linear transfer f(z) = min{l, max{0,z}} and initial state
a® = (0.6, 0.4, 0.5) = (g 2 %).
Compute al) = f(a(® /W(b)) coordinatewise:
@OW); =0.6-0+0.4- (— 1—2‘5) 105 (%) Ay T Gy 8 29 0,02417

ENY

0717\ . 17 7 17 7 _ 102435 _ 137
@OW); =063 +04-0+05- L = 1T 4 T = 102435 — BT ) 45667,

@OW)3=0.6-2 +04- 18 105.0=2 + 13 = 6413 = 19 5 (.25333.

Thus

a) = (0, BT 19) ~ (0, 0.4567, 0.2533) .

Finally, extract the plithogenic—fuzzy membership for node C under anchor b = Cost via . Abso-
lute row strengths for ¢ = 1:

S1(Cost) = [0] 4+ |0.5| + ]0.1] = 0.6, S1(Speed) = |0] 4 10.9] + 10.3| = 1.2.
Weight by :
©(c(Cost, b))S1(Cost) =1-0.6 = 0.6, (c(Speed, b))S1(Speed) =0.2-1.2 =0.24,

denominator = 0.84 = g—é Hence

0.6 60 5 0.24 24 2
df (1 t|b)=—=—= = =0.7142 df (1 d|b)=—=—= = =02 14 .
pdf(1,Cost |b) = gt = g3 = 7 ~ 0714285, pdf(L,Speed [b) = 7o = o7 = = ~ 02857

One checks pdf (1, Cost | b) + pdf (1, Speed | b) = 1, as guaranteed by Theorem



2.6 Upside—Down Transform with Contradiction Reset in Plithogenic Fuzzy Cognitive
Maps

The transform flips highly contradictory attribute matrices, resets anchor contradictions to zero, and
recomputes context-weighted influences preserving overall update stability.

Notation 2.28 (Notation (Recall)). Letn € N and C' = {C4,...,C,} be the concept set. Fix a finite
set of attribute values Pv and a degree of contradiction function ¢ : Pv x Pv — [0, 1] with

cla,a) =0, c(a,b) = c(b,a) for all a,b € Pu. (6)

For each a € Pv let W(®) = (wf;)) € [—1,1]™*"™ be the attribute—specific influence matriz. Let f : R —

[0,1] be a nondecreasing transfer (squashing) function applied componentwise and let a® € [0,1]™ be
an initial state.

Fiz a monotone nonincreasing attenuation ¢ : [0,1] — (0,00) with p(0) =1 (e.g. p(u) =1 —wu). For
an anchor (context) b € Pv define normalized context weights

2% € (0,1], > Aalb) =1 (7)
clu, a€Pv

u€ePv

Yalb) =

The effective influence matrix in context b is

W) = > ya| )W e[-1,1]"", (8)
a€Pv

and the Sy’fLCh? onous update 18
a(t D = a(t) /\” b t=20,1,2,.... 9
f ’ y Ly 4y

We call the tuple PFCM = (C,{W },cpy, Pv,c,p, f,al®)) a Plithogenic Fuzzy Cognitive Map
(PFCM).

Definition 2.29 (UD+ CR on a PFCM). Let PFCM be as above, fix an anchor b € Pv and a
threshold 7 € [0, 1]. Define the activation set

A;(b) == {a€Pv : cla,b)>7}.
The Upside-Down transform with contradiction reset Uy » produces the transformed system

PFCMUbm = (C,{W DU} cp,, Pv, ¥, o, f,a)

by
7 74 C)) A (b
(flip of contradictory attributes) WU .= { W(“),7 Z ; ATEb;: (10)
07 5 - ;b f A.,- b y
(contradiction reset) ¢V (u,v) = {u 0} . {a, b} for some a € Ar(b) (11)
c(u,v), otherwise.
Using ¢V in yields new weights
U
v P(c”(a,b))
7 (a]b) = € (0,1],
ZuEPv W(CU (U, b))
and the new effective matrix and update law are
WU@) = 3 A )Wer, ) = faOF@). (12)

a€Pv



Remark 2.30 (Well-posedness). Since each WU ¢ [—1,1]"*™ and AV (- | b) is a convex weight

vector, WU (b) € [-1,1]"*™ and (12) is well defined. Because f maps R into [0,1] componentwise,
every iterate a®) € [0,1]” both before and after Uy ;.

Definition 2.31 (Edge—sign lemmas and valuations). Fix b € Pv. For each a € Pv and ordered pair
(i,7) define the lemma

ng)_i_ := “the contribution of attribute a to the effective edge ¢ — j in context b is nonnegative”.
Let v be the valuation
True, v(a | b) w; (a) >0 and wl(j) # 0,
'U(L'E;l)-'r) = J False, Y(a|b)w (a) <0,
Indeterminate, wf;) =0.

After applying U, -, evaluate the same lemmas in the transformed system using the valuation vY:

True, YW (a|b) 1( >0 and wg-l)’U #0,
(LE?)JF) = < False, YY(a|b) 1( R
Indeterminate, w@ v=o.

ij
Theorem 2.32 (UD + CR endows PFCM with an Upside-Down Logic). Let Uy, be as in Deﬁm’—

tion and consider the logical system M = (P, {True, False, Indeterminate}, v) with P = { i, +}
Define the transformed system ./\/l’ = (P,{True, False, Indeterminate},vV). Then, for every a €
A;(b), i,5€{1,...,n} with w ") 40, one has

v(LEjL) =True = oY (LE;L) = False, (LE;L)JF) = False = oY (LE;L) = True. (13)

In words: within the activated attribute set A,(b), the UD+ CR map falsifies truths and truthifies
falsities—hence realizes an Upside—Down Logic on these lemmas.

Proof. Fix a € A,(b) and indices 4, j with w 7& 0. By . (")’U = —wg-l). By , cY(a,b) =0,
so p(cY(a, b)) = p(0) = 1. Hence vY(a | b) =

ZuGPv (WO(C u’ b )
Likewise y(a | b) > 0 by @ Therefore the signs satisfy

sgn(7Y(a ] b) wY) = sgn(7¥(a | b)) sgn( — w) = — sgn(wl?),

€ (0,1], in particular vY(a | b) > 0.

while
sen(y(a | b)wl) = sgn(wl?),
since both (- | b) and 4V (- | b) are strictly positive. Consequently,

Y w) >0 = V(| b <o,

with strict inequalities because w 7£ 0. Hence the truth value of Ll .+ Hips between True and False

under Uy, establishing (13). If wg;l) = 0, then wf;) = 0 and both valuations yield Indeterminate,
which is consistent with the statement. O

Proposition 2.33 (Effect on the effective matrix entries). For any a € A,(b) and any (i,j), if
(a) = 0 then the attribute—level contribution to the effective entry flips sign:

Ya ) w  and 7(a|b)wY = —4Y(a|b)wy

have opposite signs. Consequently, the transformed effective entry satisfies

af0) = 3 Alvu) = 3 AV lbul

ug A, (b) u€A, (b)

which differs from w;;(b) =", ~v(u | b)w by the szgn inversion of all activated—atiribute contribu-
tions together with a reweighting caused by the reset ¢V



Proof. The displayed identities follow directly from (10), (1I), and the definitions of /V[7(b) and W Y(v).
The sign claim is identical to the argument in the proof of Theorem [2:32] O

Example 2.34. Let n = 3 and Pv = {Cost, Speed}. Take
¢(Cost, Cost) = ¢(Speed, Speed) = 0, ¢(Cost, Speed) = ¢(Speed, Cost) = 0.8,
choose ¢p(u) =1 — u, anchor b = Cost, and threshold 7 = 0.7. Then A, (b) = {Speed}, and
¢(c(Cost,b)) =1, ¢(c(Speed,b)) =1 —0.8=0.2.

Hence, before UD,

1 5 0.2 1
t]b) = =2 Speed | b) = —= = —.
7(Cost | b) 7026 7(Speed | b) = 1= = ¢
Attribute matrices (all entries exact):
11 9 3
(Cost) O1 ’ ? (Speed) 03 10 ?
ost ee
wes =0 B oo g
% 5 U v 5 O
Effective matrix before UD:
17 2
. 0 5% 1
W(b) _ %W(Cost) + %W(Speed) — _% 0 %
T
120 30

Apply Uy, . Since A, (b) = {Speed}, we flip W SPeed) and reset ¢V (Speed, b) = 0. Thus ¢ (cY (Cost, b)) =
¢(cY(Speed, b)) =1 and

U 8 _ U 1 Speed),U __ Speed
77 (Cost | b) = " (Speed | b) = 3, W (Speed).U — _ yy7(Speed)
Hence the transformed effective matrix is
WU@) _ %W(Cost) + % ( . W(Speed)).

For example, the (1,2)-entry changes from

0 -5, 1,1 9 _ 5 , 3 _ 25418 _ 43
w12(b)_6 st6 170=12T20= "120 _120“‘0'3583

to
~U 1 1 1 9 1 9 1
le(b)*§'§+§'(*To) 420 — 5 0.2,

i.e. its sign is inverted. This realizes Theorem M concretely for the lemma Lgf’fd):

o(EEEY) = Trie oY (L) = Palse

(The strict flip holds for any edge where ngspeed) #0.)

3 Conclusion

In this paper, we examined the extensions of these frameworks into the Plithogenic Set domain,
namely the Plithogenic Fuzzy Expert System and the Neuro—Plithogenic-Fuzzy System. In future
work, we expect research to progress on further extensions employing Neutrosophic Sets [52}[53],
Intuitionistic Fuzzy Sets [50], Graphs [63], HyperGraphs [64,65], and SuperHyperGraphs [48}/66,67].
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