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Abstract

This paper presents a simulation study of a cart—pole (inverted pendulum) sys-
tem. Starting from first-principles physics, we derive the nonlinear equations of
motion and linearize them about the upright equilibrium to obtain a state-space
model for control design. Using this model, we synthesize an optimal Linear
Quadratic Regulator (LQR) that balances regulation performance and control
effort. All evaluations are performed in MATLAB/Simulink on the full non-
linear plant. Simulations show reliable recovery to the upright position with
short settling time, limited overshoot, and negligible steady-state error. The
workflow—modeling, linearization, and LQR design—is transparent and readily
transferable to hardware.
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1 Introduction

The inverted pendulum is a classic benchmark in control: easy to describe, hard
to stabilize. A rigid pole on a moving cart has an upright equilibrium that is
inherently unstable—small disturbances cause the pole to fall unless active control
counteracts them. As a result, the system concentrates key challenges of practi-
cal control—nonlinearity, underactuation, tight timing, and limited actuation—while
remaining compact enough for analysis and instruction.



A wide range of controllers including proportional-integral-derivative (PID) [1],
[2], [3] optimal control [4], [5], [6], [7], and fuzzy control [8], [9], [10] can be imple-
mented to stabilize the system. Historically, stabilization has often been attempted
with heuristic methods, such as PID control tuned around a linearized model, root-
locus pole placement, or gain scheduling across operating regions [11], [12], [13], [14].
These strategies can work for small disturbances and well-identified parameters, but
tend to be sensitive to modeling errors, actuator limits, and large initial angles. In
educational testbeds, one common practice is to first “swing up” the pendulum using
energy-based reasoning and then hand-off to a locally tuned linear controller near the
upright position.

In this paper, we follow a model-first, physics-guided route to stabilization and
evaluate the approach entirely in simulation. We begin with a Lagrangian derivation
of the coupled cart—pole dynamics, which makes the sources of nonlinearity (trigono-
metric coupling, gravity, and velocity-dependent terms) explicit. We then linearize
about the upright equilibrium to obtain a compact state-space model suitable for
analysis. On this foundation, we design an optimal state-feedback controller using Lin-
ear Quadratic Regulator (LQR). The LQR framework provides a systematic way to
balance regulation speed against control effort.

All evaluations are performed in MATLAB/Simulink on the full nonlinear plant
comparing open-loop and closed-loop responses. The simulations demonstrate rapid
return to upright position, limited overshoot, and near-zero steady-state error across a
range of scenarios, indicating that a straightforward LQR—grounded in a transparent
physical model—can robustly stabilize the inverted pendulum.

2 System Dynamics

2.1 Geometry, coordinates, and modeling choices
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Fig. 1: Cart—pendulum geometry and variables.



We consider a cart of mass M that moves horizontally with position r(t) (positive
to the right) under input force F'(t) (Fig. 1). A uniform slender rod of mass m and
length ¢ is pinned to the cart. The angle of the pendulum 6(t) is measured vertically
downward: # = 0 is the hanging and 6 = 7 is upright with gravity g acting downward.
Dissipation is modeled by the viscous drag of the cart ur and the pivot torque bd. Link
compliance and wheel slip are neglected, whereas rolling resistance is determined in b.
The Center of Mass (COM) of the rod lies at a distance d = ¢/2 from the pivot and
its moment of inertia about the pivot is

I, = tml*. (1)

The generalized coordinates and velocities are represented as,

-l

2.2 Kinematics and energies

The COM position and velocity is given as,

To.=1-+dsiné

Yo = dcosf

d.=17+dcos0

e = —dsin 0 6.
Hence . .

22492 =72+ 2dcosfr 0+ d*0>. (3)

The kinetic and potential energies (zero at § = 0), and Rayleigh dissipation are given
as,

T=%(M+m)f2+%lp92+mdc050¢9. (4)
V =mgd (1 — cosb). (5)
D=1pui?+1b62 (6)
And the generalized forces including viscous terms are represented as,
Qr=F—pur
: (7)
Qy = —b0.



2.3 Euler-lagrange equations

With the Lagrangian L = T — V and viscous dissipation, the forced Euler—Lagrange

equations
d (0L oL .
% (aql> — 8ql = Qi, 1€ {7", 9} (8)

govern the coupled cart—pendulum dynamics under the generalized forces Q. = F'—pur
(cart) and Qo = —bf (pivot). Using the kinematics and energies derived earlier, we
obtained the motion equations as,

(M +m)# + mdcos0f — mdsin00* = F — pr

) . (9)

mdcos07 + I,0 + mgdsin = —b6.

With d = ¢/2, the compact matrix form is generated by grouping inertial, damping,
gravity, velocity and input terms from (9) as,
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%m€2 Lmlcost
L (10)
smtlcos M +m

7 %mﬁéQSinﬂ —ur + F

H(6)
Similarly, the physical state form is represented by defining the states 6, v = 7 and
w =0 as,

0=w
[w] _ H(o)! {1 —%.mgﬁs;ne — bw } (11)
0 smlsinfw® — pv + F

2.4 Normalization

Normalization simplifies analysis and simulation by reducing units, clustering param-
eters, and revealing intrinsic time scales. Based on the COM distance d = [/2, the
natural frequency and normalized time are chosen as:

s 9 _ /%9 _
wo = i VE T = wot.

The dimensionless states and input are defined as,

do 9 T F Fdim 2F‘dim
W = 5 = — v = — = =
dr wo’ Luwy’ md w3 mlw?’

and parameters as,




In further modeling, dots denote d/dr. And with an algebraic regrouping, the
normalized compact form is represented as,

f=w
{w} H,(6)! —sinf — 2b,w (12)
o] " %wQSinﬁ + 2b,wcosl — ppv + F
where,
2 —cos
H,(6) = 1 5 cos
—5cos0 k+1

The negative off-diagonal entries in H,(#) arise from measuring 6 from the downward
vertical with clockwise positive rotation. The term — sin 6 in the first RHS component
is gravity about the pivot and the 2b,w terms come from cart viscous drag carried
through the coupling.

The nonlinear modeling of the inverted pendulum system expressed in (12) can also
be represented in the form of explicit normalized ordinary differential equations.
Assuming C' = cosf, S = sin 6, the determinant of H,(f) can be calculated as,

2

A(0) = det H, () = 3

1
(k+1)— 502.

This determinant is positive for typical lab parameters, ensuring H, () is invertible
for all relevant 6. Then the inverse of H, () becomes,

o =[]

After substituting the value of H, (6)~! in (12) and performing matrix multiplication,
the normalized ODEs representing the dynamics of nonlinear pendulum cart system

are,

0 =w
. B+ (=85 —-2b,w) + C(3wS +2b,wC — ppv + F)
v A(6) (13)
oo %C(—S—%nw) + %(%wQS—&—anwC—,unv—i—F)
A(0)

3 Linearization and optimal control design

Having the full nonlinear state-space model in Section 2, we focus on local stabilization
of the inverted equilibrium. For that, we linearized about the upright equilibrium



where the pendulum is balanced:
(0%, w*,v*,u*) = (m, 0, 0, 0), sinf* =0, cos* = —1.

At this point, the nonlinear velocity-dependent terms vanish and help to obtain A, B,
matrices, which capture the dominant small-signal behavior. These matrices enable a
principled LQR design that trades off regulation performance and input effort, forming
the foundation of robustness.

3.1 Linearization of nonlinear system

Let # = f(x,u) denote the normalized dynamics represented in (13). The linearized
model about the upright is represented as,

be Ay Bea, A= =9 ,
O | (ge ) O (e )
with perturbations £ =z — x*, @ = u — u”*.
0 dg 0H, 00
Using — (H;1(0)g(z, :H*l——Hfl( ”—)H*l d the fact that
sing a(-)( 2 (0)g(z,u)) waey ~ Ha(Tag gy ) He g and the fact tha
g(x*,u*) = 0, and substituting sin * = 0, cos §* = —1, we obtain the matrices as,
0 1 0 0
6(k+1) 7 12b,(k+1)  6u, 6
Ar = | 4k +1 4k+1 4k+1 |»  Br=| 4k+1
_ 3 60, B 4 g, 4
4k +1 4k +1 4k +1 4k +1

Interpretation: The positive entry A,(2,1) > 0 encodes the open-loop instability in
the inverted configuration; the damping-related terms on A;(2,2) and A,(3,3) scale
with b,, and p,; the off-diagonal damping/coupling entries A,(2,3) and A, (3,2) reflect
translation—rotation coupling; and B, shows how a cart force drives both angular
acceleration and cart acceleration upright.

Controllability: For k > 0 and finite by, i, the pair (A,, B;) is controllable, so full-
state feedback can place the closed-loop poles arbitrarily.
3.2 Optimal LQR state-feedback design

After linearization around upright unstable equilibrium point, we design a continuous-
time Linear—Quadratic Regulator for (A,, B;). Given @ = 0 and R > 0, the cost
function expressed as,

J :/ (Z‘TQI—FUTRu)dT
0

is minimized by the linear feedback u = — Kz, with

K = R'BP, AP+ PA, —PB,R'B]P+Q = 0,



where P >~ 0 solves the continuous-time algebraic Riccati equation.

The values of the diagonal @ = diag(gs, qu,q») and the scalar R = r, are the
key parametrs for efficiently stabilizing the system via appropriate feedback gains K.
The state weights @ are chosen to emphasize the response of certain states, while
the control weight R is chosen to select how much control effort is used to solve the
optimization problem.

4 Simulations, Results and Discussion

The simulation is carried out in MATLAB using the ODE45 function and Simulink
computation. For ease of simulation, the normalized parameters b,, u, and k are
assigned values of 0.05, 0.2 and 4 respectively.

4.1 Validation of the equations of motions

Initially, the dynamics of the system expressed in (13) is validated using a simple
pendulum system approach. The rod is held at an angle of 0.87 and is released to swing,
where 7 represents the upright position relative to the initial downward position. Fig.
2 shows the position (#), angular velocity (w) of the rod, and linear velocity (v) of the
cart against time.
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Fig. 2: Inverted pendulum states vs. time without application of controller. Angle is
plotted as /7 (so 1 corresponds to the upright position, § = 7 rad); w in rad/s; cart
velocity v in m/s.



Fig. 2 shows that in normal condition, when the pendulum is dropped from a
certain angle then the state variables decay by time and eventually settle to zero. This
behavior is consistent with the model assumptions and supports the correctness of the
derived equations.

4.2 Instability of the lineraized system

The linearized system remains unstable. The instability of the system is illustrated by
using the pole location technique. With the normalized parameter values, the matrices
A, and B, are computed as,

0 1 0 0
A, = | 1765 —0.177 0.071 ’ B, = |—0.353
—0.176 0.018 —0.047 0.235

The poles are obtained by getting the eigen values using the function eig(4) and
are -1.416, 1.246 and -0.054. Because one eigenvalue lies in the right-half plane, the
linearized system is unstable, motivating the feedback design.

4.3 Controllability

Before designing the controller, the linearized system is checked for its controllability
via it’s rank and comparing it with state variables and order of the system. The rank
is determined to be 3 using rank(ctrb(A,B)) function. Similarly, the transfer function
of the system is calculated using sstf and ¢f functions and expressed as,

—0.353s — 0.03328

. 14
s34+ 0.224 52 — 1.755 s — 0.09545 (14)

G(s) =

The order of the transfer function is 3 and the rank is also 3. So, the proposed linearized
system is controllable, and the optimal controller can be designed for it.

4.4 LQR state-feedback and control tuning

To convert the open-loop system to closed loop, state-feedback approach is used such
that the input to the system is updated with respect to the state variables as,
u(t) = —Kux(t).

The appropriate value of K determines the shifting of eigen values of unstable system
to left-half plane.

Linear Quadratic Regulator (LQR) Control technique is used to determine the opti-
mum values of K. LQR provides a principled trade-off between state regulation (via
Q) and control effort (via R), and yields a unique stabilzing gain K from the solu-
tion of the continuous-time algebraic Riccati equation. The state weight @ and control



weight R are chosen as,

150 0 0
Q=050  R=0001
0 0 30

Using these weights and function LQR(A, B, Q, R), the feedback gains are calculated
as
K= [7516.335 —342.505 7128.568}

With these feedback gains in use, the poles of the system are calculated again using
function eig(A — B * K), and found to be -88.813, -1.685 and -0.417. This shows that
all the poles are located in the left-half plane, so the system has turned to be stable.
The LQR controller has done its duty perfectly by allocating the eigen values in the
correct position to stabilize the system.

4.5 Closed-loop nonlinear simulation

The feedback gains K update the state variables according to the input and set point.
The set point for the proposed inverted pendulum system is 7 which is upright position.
With this set point, the LQR controller is applied to the original nonlinear system in
(13) and it’s response is observed as shown in Fig. 3,
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Fig. 3: Inverted pendulum states vs. time with application of controller. Angle is
plotted as 8/7 (so 1 corresponds to the upright position, § = 7 rad); w in rad/s; cart
velocity v in m/s.



Fig. 3 shows that the controller efficiently stabilized the inverted pendulum in the
upright position, having an initial starting point of 0.87. Similarly, the angular velocity
w and the linear velocity v are also stabilized at 0. Furthermore, the controller is
capable of keeping the transient response short with almost zero steady-state error.

4.6 Simulink implementation

The dynamical modeling of the system is validated using Simulink, also. Initially, the
behavior of the system is observed without the controller and having the pendulum
released from an angle of 0.87. The Simulink model and the graphical response for it
are shown in Fig. 4 and Fig. 5, respectively.
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Fig. 4: Simulink block diagram of the inverted pendulum cart system without
application of controller.
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Fig. 5: Inverted pendulum states vs. time without application of controller, modeled
in Simulink. Angle is plotted as 6/7 (so 1 corresponds to the upright position, § = 7
rad); w in rad/s; cart velocity v in m/s.
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Fig. 5 shows that the pendulum rod when released from an angle of 0.87, decays
by time and ultimately settles down to rest position i.e. vertically downward. This
validates the correctness of the mathematical modeling of the inverted pendulum cart
system from Simulink environment too.

Similarly, the behaviour of the system is also observed in response to the applied
LQR controller. The Simulink model to showcase application of controller and system’s
response are shown in Fig. 6 and Fig. 7 respectively.
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Fig. 6: Simulink block diagram of the inverted pendulum cart system with
application of controller.
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Fig. 7: Inverted pendulum states vs. time with application of controller, modeled in
Simulink. Angle is plotted as 8/7 (so 1 corresponds to the upright position, § = =
rad); w in rad/s; cart velocity v in m/s.
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Fig. 7 shows that the LQR controller has efficiently stabilized the pendulum in an
upright position by adjusting the input with respect to the change in state variables.

5 Conclusion

This work presented a complete simulation-based workflow for stabilizing the
cart—pendulum system: a clear angle convention, Lagrangian modeling, a compact
normalized state-space form with H,(6), linearization at the upright equilibrium,
and an optimal LQR design. The resulting controller reliably stabilized the inverted
configuration on the full nonlinear model, meeting standard performance metrics.
Although evaluated in simulation, normalization and closed-form (A, B;) make the
method directly transferable to hardware. Future work will integrate swing-up, output-
feedback/observer design, and constraint handling (e.g., MPC) to broaden operating
range and robustness.
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