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Abstract

Temperature and pressure are two statistical measurements of the same phenomenon: molecular

motion. Temperature measures average translational kinetic energy per molecule (⟨ 12mv2⟩);
pressure measures momentum flux from molecules to boundaries. Both emerge from mean

squared velocity (v2). Under ideal gas assumptions (dilute, negligible interactions, elastic

collisions, isotropy, equilibrium), this shared dependence makes the ideal gas law PV = NkBT a

definitional necessity rather than an empirical discovery.

Contribution: This paper presents no new physics. Kinetic theory established these connections

in the 19th century [1, 2]. The contribution is pedagogical synthesis: making explicit the

definitional relationship between temperature and pressure that standard empirical presentation

(Boyle’s law, Charles’s law, Gay-Lussac’s law as separate discoveries) obscures.

The Deflated Tire
On a cold winter morning, your car’s tire pressure light flickers on. You check the gauge: 28 PSI,

down from yesterday’s 32. The tire isn’t leaking and you’ve lost no air, yet pressure has fallen. Only

temperature changed.

The standard explanation: temperature and pressure are related. Gay-Lussac’s law tells us that

at constant volume, P ∝ T . Drop temperature, drop pressure. This empirical relationship has

been known for centuries and works perfectly. But what is this relationship? Why do temperature

and pressure track together so precisely? Standard presentation teaches Boyle’s law (P ∝ 1/V ),

Charles’s law (V ∝ T ), and Gay-Lussac’s law (P ∝ T ) as separate experimental discoveries that

combine into PV = NkBT . The pieces fit together perfectly, yet we’re never shown why they must.

They must because temperature and pressure aren’t separate properties that happen to correlate.

They’re two questions we ask about the same phenomenon.
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Two Ways to Measure Molecular Motion
Temperature measures the average kinetic energy per molecule while pressure measures the momentum

flux from molecules to boundaries. Both scale with mean squared velocity (v2). Temperature captures

motion intensity, pressure captures motion impact, and they covary not by empirical correlation but

by logical necessity.

What follows is the proof in three steps: what temperature measures, what pressure measures, and

why their proportionality is inevitable.

Premise 1: Temperature Measures Average Kinetic Energy

A gas is a collection of molecules in constant, random motion. When we measure temperature, we

measure the average translational kinetic energy of this motion.

For a single molecule of mass m moving with velocity v, kinetic energy equals:

Ekinetic =
1

2
mv2 (1)

Temperature T is defined as the average of this quantity across all molecules:〈
1

2
mv2

〉
=

3

2
kBT (2)

where kB = 1.381× 10−23 J/K is Boltzmann’s constant and the factor of 3 accounts for motion in

three translational dimensions (each axis contributes 1
2kBT ) [3, 5, 7].

Rearranging:

v2 =
3kBT

m
(3)

Temperature is a statistical property. It describes not individual molecular speeds but their average

translational energy. A hotter gas has molecules moving faster on average. Root-mean-square

velocity scales as vrms =
√
3kBT/m.

For nitrogen at room temperature (293 K), vrms ≈ 510 m/s, faster than sound, yet we measure this

as comfortable room temperature because we’re averaging random motion in all directions.
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Premise 2: Pressure Measures Momentum Flux

Pressure arises from molecular collisions with container walls. Each collision transfers momentum.

For an elastic collision with a wall, a molecule with perpendicular velocity v⊥ reverses direction:

∆p = 2mv⊥ (4)

Pressure is not force per unit area in the static sense. It’s the rate of momentum transfer across a

surface. For n molecules per unit volume with random three-dimensional motion, pressure equals

the perpendicular component of momentum flux:

P = nm⟨v2⊥⟩ (5)

Isotropy (the assumption that motion has no preferred direction) means the perpendicular component

equals one-third of total velocity squared: ⟨v2⊥⟩ =
1
3v

2. Thus:

P =
1

3
nmv2 (6)

Formally, pressure is the diagonal component of the momentum-flux (Cauchy stress) tensor Pij =

nm⟨vivj⟩. Isotropy yields ⟨vivj⟩ = 1
3v

2δij , confirming the scalar pressure formula [5, 6]. The factor

of 1
3 reflects dimensional averaging: in isotropic motion, only one-third of velocity is directed

perpendicular to any given wall on average. Pressure depends on two factors: collision rate

(proportional to v) and momentum per collision (proportional to mv). Both scale with velocity, so

pressure scales with v2.

Therefore: Both Depend on v2 and Must Track Together

From Premise 1:

v2 =
3kBT

m
(7)

Substituting into the pressure equation from Premise 2:

P =
1

3
nmv2 =

1

3
nm · 3kBT

m
= nkBT (8)

This is the ideal gas law in microscopic form, where n is number density (molecules per unit volume).

Multiplying both sides by volume V yields the familiar macroscopic form:

PV = NkBT (9)
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where N = nV is the total number of molecules [3, 5].

At constant volume, if temperature increases 10% (measured in Kelvin), pressure must increase 10%.

This is inevitable: temperature measures v2, pressure measures v2, so they must scale identically.

This is not a law of nature discovered through experiment. This is a tautology once temperature is

defined as ⟨12mv2⟩.

Increase molecular speeds by factor α, and both temperature and pressure increase by factor α2.

Faster molecules hit walls both harder (more momentum per collision) and more often (higher

collision rate), so pressure scales with velocity squared, exactly as temperature does.

Consider a pinball machine: double the ball speeds and the impact force on the walls quadruples.

Each ball hits twice as hard (momentum doubles) and twice as often (frequency doubles). Pressure

scales with v2, not v. Temperature measures this same v2. When temperature doubles (in Kelvin),

pressure doubles at fixed volume. The proportionality is exact because both quantities measure the

same microscopic velocities through different statistical lenses: energy per particle versus momentum

flux to boundaries.

When This Breaks Down

The tautology holds under specific conditions. When these conditions fail, corrections appear.

Ideal gas assumptions:

• Dilute: Molecules occupy negligible volume (Vmolecules ≪ Vcontainer)

• Non-interacting: Interaction forces negligible except during brief collisions

• Elastic collisions: Kinetic energy conserved in collisions

• Isotropy: No preferred direction in molecular motion

• Equilibrium: Maxwell-Boltzmann velocity distribution established

When interactions become significant, the virial equation adds a correction term:

P = nkBT +
1

3V

〈∑
i<j

rij ·Fij

〉
(10)

where rij is the vector between molecules i and j, and Fij is the intermolecular force. The second

term, known as the virial of the intermolecular forces, accounts for potential energy contributions

that pure kinetic theory ignores [4]. Real gases deviate from ideality exactly where these assumptions

break: high density (molecules crowd each other), strong interactions (attractive/repulsive forces

matter), or extreme conditions (very low temperature where quantum effects dominate).
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Why Standard Presentation Obscures This

Most introductory physics textbooks present gas laws empirically before deriving them from kinetic

theory. OpenStax University Physics [8] and similar texts introduce Boyle’s law (P ∝ 1/V at

constant T ), Charles’s law (V ∝ T at constant P ), and Gay-Lussac’s law (P ∝ T at constant V ) as

separate experimental discoveries, only later combining them into PV = NkBT and deriving the

result from molecular motion.

Advanced texts like Feynman’s Lectures [9] reverse this order, deriving gas behavior from kinetic

theory first. This reveals the mechanism immediately: PV = NkBT follows from what temperature

and pressure actually measure.

The empirical sequencing creates a pedagogical illusion: gas laws appear as mysterious correlations

that kinetic theory later "explains." In reality, once temperature is defined as average kinetic energy,

the correlations become inevitable. The mystery dissolves into definition.

The Definitional Necessity

Temperature and pressure are not separate variables that empirically relate but rather two questions

we ask about the same phenomenon: molecular motion. A thermometer measures average kinetic

energy per molecule (motion intensity) while a pressure gauge measures momentum flux to boundaries

(motion impact). Both probe v2 through different statistical aggregations.

Heat increases molecular speeds, raising both energy per particle and collision forces simultaneously,

so the ideal gas law PV = NkBT emerges not from experimental accident but from definitional

necessity. Under ideal gas assumptions, this relationship must hold because temperature and pressure

measure the same microscopic velocities through different macroscopic lenses.

Back to the Tire
Every thermometer is a molecular speedometer and every pressure gauge is an impact counter.

We built separate instruments with separate units (Kelvin and Pascals) for the same underlying

phenomenon, so the correlation isn’t mysterious but tautological.

Return to that cold winter morning. Your tire pressure warning light illuminates because overnight,

the air temperature dropped. Lower temperature means lower average molecular speeds. Slower

molecules hit the tire walls less frequently and with less force per collision. The pressure gauge

measures this reduced momentum flux. The thermometer measures the reduced kinetic energy. Same

phenomenon, two measurements. The tire didn’t leak. The molecules just slowed down.
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When you add air to restore pressure, you’re not "fixing" temperature. You’re increasing the number

of molecules N , which increases collision rate regardless of individual molecular speeds. More

molecules means more total bombardment of the walls. The pressure rises back to 32 PSI not because

molecules sped up but because there are more of them hitting the walls. Same mechanism, different

variable: P = nkBT where n = N/V is molecular density.

The equations weren’t discovered but chosen. Once we define temperature as ⟨12mv2⟩ and measure

pressure as momentum flux, PV = NkBT follows necessarily, transforming the ideal gas law from

empirical mystery into definitional inevitability.

Temperature measures average kinetic energy per molecule. Pressure measures momentum flux to

boundaries. Together, they are two complementary measurements of molecular motion.
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