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Abstract 

Accurate assessment of fracture toughness in aggregate-reinforced materials, such as 

concrete, is essential for predicting failure under various loading conditions. Conventional 

methods rely on homogeneous fracture parameters, overlooking the critical influence of 

mesostructural heterogeneity. We present a comprehensive framework to quantify 

heterogeneous fracture toughness by incorporating aggregate-scale features into finite 

element models. Realistic mesostructures were used to compute geometry factors and 

T-stress variations along the crack front, revealing substantial local variability due to 

aggregate dispersion and spatial randomness. By integrating these results with previously 

reported critical fracture loads, we determined lower and upper bounds of heterogeneous 

fracture toughness. Linear equations were developed to convert conventional 

homogeneous values into corresponding heterogeneous bounds. These findings 

underscore the role of mesostructure in defining fracture threshold zones. Our approach 

provides a generalizable methodology for evaluating fracture behavior in concrete, 

asphalt, and other aggregate-reinforced composites, with implications for design, 

performance assessment, and durability. 
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1. Introduction 

Aggregate-reinforced construction materials are composite mixtures consisting of non-

uniformly dispersed mineral aggregates with irregular shapes and varying sizes, such as 

gravel, sand, or crushed stone—bonded by cementitious, bituminous, or polymeric 

matrices [1,2]. Cement and asphalt concretes are among the most widely used examples 

of these materials. They are constantly exposed to environmental factors, including daily 

and seasonal thermal fluctuations, freeze-thaw cycles, humidity variations, and water 

saturation changes. They endure complex mechanical loadings, particularly traffic-

induced stresses applied to the concrete overlays and pavements. The presence of air 

voids, along with various fillers and additives, further influences their mesostructure and 

mechanical behavior. These combined factors contribute to their susceptibility to 

deterioration and failure mechanisms. Understanding the fracture mechanics of these 

materials is therefore crucial for optimizing engineering designs, improving performance, 

and developing sustainable alternatives tailored to specific applications. Moreover, it 

plays a key role in accurately determining pavement rehabilitation timing and assessing 

long-term service life. 

The principles of linear elastic fracture mechanics have widely been applied to analyze 

the failure of these materials, particularly given their brittle behavior in cold and low-

temperature conditions, as well as their exposure to demanding environmental and 

mechanical stresses [6]. Fracture toughness is a key material property that quantifies 

resistance to crack initiation and propagation. This response is highly sensitive to crack 

position and loading conditions, which define different fracture modes: Crack opening 

(Mode I), in-plane shearing or sliding (Mode II), out-of-plane shearing or tearing (Mode 

III), and intermediate mode mixities [7]. Several test specimens have been developed to 

characterize these fracture modes for aggregate-based construction materials, including 

the semi-circular bend [8], Brazilian disc [9], edge-notched disc bend [10], and edge-

notched diametrically compressed configurations [11], among others [12-15]. These 

experimental methods offer valuable insights into material behavior under complex stress 

states. However, despite being an inherent material property, fracture toughness is 
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significantly influenced by specimen geometry and loading conditions, quantified by the 

non-dimensional geometry factors [16,17]. To eliminate these influences, fracture 

toughness is often determined under conditions where the stress component parallel to 

the crack faces, known as the first non-singular term in the crack-tip stress field, or T-

stress, is negligible [18]. This approach is valid for homogeneous materials, where 

fracture parameters (geometry factor and T-stress) depend solely on specimen geometry 

and loading conditions. However, for heterogeneous materials such as aggregate-

reinforced composites, fracture parameters are also affected by the mesostructure [19]. 

Despite this, nearly all reported fracture toughness values for these materials have been 

determined using the homogeneous approach, without accounting for mesostructural 

effects in the calculation of geometry factor and T-stress, leading to potentially inaccurate 

assessments of true fracture toughness. 

Several geometry generation and reconstruction techniques have been developed and 

integrated with mesoscale finite element (FE) modeling to better understand the influence 

of mesostructural characteristics, such as aggregate dispersion, shape and size 

variations, volume fractions, interconnections, and air void distribution on the mechanical, 

thermomechanical, and damage responses of aggregate-reinforced construction 

materials. Among these techniques, two- and three-dimensional (2D and 3D) digital 

image processing reconstruction methods, such as X-ray computed tomography, have 

been widely used to capture mesostructures with high precision [20-24]. Voronoi 

tessellation-based methods have also been applied in both 2D and 3D [25,26], either 

independently or in combination with other random aggregate generation algorithms, 

including the voxel-based method [27], the splining method [28], and the repartitioning-

based aggregate generation algorithm [29]. Other random aggregate generation 

algorithms have been developed to achieve more realistic mesostructures [30-34]. For 

instance, the convex-concave surface method, combined with the double background grid 

method for placing processes [35]. Additionally, the 2D convex and concave polygon 

method [36] and the Monte Carlo material model [37] have also been among other 

techniques. Beyond 2D approaches, 3D realistic random aggregate generation 

algorithms [38,39] have been developed to simulate complex mesoscale interactions. The 

diffuse meshing technique [40] and parametric and morphological characterization 
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methods [41] have also been integrated with mesoscale FE modeling to improve accuracy 

in predicting material responses. The 2D aggregate gradation conversion framework, 

which incorporates a 3D random aggregate method with machine learning models [42], 

has been introduced to enhance predictive modeling, while a data-mining framework that 

combines a 3D random aggregate method with FE simulations [43]. Furthermore, a 

coarse asphalt mastic-based 3D mesostructure model [44] and a polygonal random 

aggregate generation algorithm [45] have been proposed. 

Despite advancements in mesostructural modeling, the influence of mesostructure on the 

true fracture toughness of aggregate-reinforced materials under different fracture modes 

remains unexplored. Existing fracture toughness studies predominantly rely on 

homogeneous material assumptions, overlooking the significant impact of mesostructural 

heterogeneities on fracture parameters. Furthermore, most mesomechanical models and 

algorithms are in-house codes that are not commercially available, requiring complex 

programming and substantial computational resources. Running these models with pre-

existing cracked test specimen geometries for fracture parameter calculations using well-

established methods, particularly the J-integral, is challenging and time-consuming. 

Therefore, an integrated approach that explicitly incorporates mesostructural effects in 

fracture toughness measurements is essential for achieving more accurate and reliable 

assessments of these material systems. 

In this study, we developed a comprehensive computational framework to assess the true 

heterogeneous fracture toughness of multiphase aggregate-matrix concrete by explicitly 

incorporating mesostructural heterogeneity. Realistic 3D aggregate dispersion 

mesostructures are generated and voxelated into volumetric meshes, enabling the 

mapping of distinct material phases within a finite element modeling environment. 

Custom-developed codes are used to efficiently construct voxel-based heterogeneous 

models representative of aggregate-reinforced construction materials. The accuracy of 

these models is verified through detailed spatial statistical analyses and validated via 

mesomechanical simulations, benchmarked against experimental data from the literature. 

These mesoscopic models are then used as virtual fracture test specimens, specifically, 

semi-circular bend (SCB) and edge-notched disc bend (ENDB) geometries, to simulate 
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crack initiation and calculate key fracture parameters, including geometry factors and T-

stress, under Modes I, II, and III loading conditions. Using critical fracture loads reported 

in prior experimental studies, we determine the corresponding heterogeneous fracture 

toughness values and establish a set of linear transformation relationships to convert 

conventionally reported homogeneous values into lower and upper bound heterogeneous 

equivalents. This work underscores the significant influence of mesostructural 

heterogeneity on fracture thresholds and provides a generalized, transferable 

methodology for evaluating fracture behavior in concrete and asphalt pavements, as well 

as other aggregate-reinforced material systems. 

2. Mesostructural geometry generation  

2.1. Generating aggregates 

To generate a realistic multiphase aggregate-matrix concrete mesostructures, we used 

Rhinoceros 3D and its visual programming language Grasshopper, integrated with Python 

scripting. The most challenging constituent to model is the non-uniformly dispersed 

aggregates with irregular shapes, varying sizes, and distinct volume ratios and fractions. 

We therefore used the Voronoi tessellation technique, a well-established method for 

generating aggregates [25,27,28]. Either a cubic or cylindrical domain was discretized 

into tessellated Voronoi cells, each characterized by a maximum length (dmax), defined as 

the greatest distance among its vertices (Figure 1). The cubic domain was used as a 

representative volume element (RVE) for finite element (FE) mesomechanical modeling, 

whereas the cylindrical domain was prepared for FE simulations of fracture test 

specimens, including the semi-circular bend (SCB) and edge-notched disc bend (ENDB) 

configurations. The aggregates were classified based on sizes commonly reported for 

typical concrete and asphalt mixtures in the literature [46-48]: Approximately 2.36 mm 

(size #1), 4.5 mm (size #2), 9 mm (size #3), and 12.5 mm (size #4), with volume ratios of 

about 28%, 37%, 26%, and 9%, respectively. We selected these four discrete aggregate 

sizes with minimal size variation to balance geometric realism and computational 

efficiency. Modeling larger aggregates makes it infeasible to reach higher aggregate 

volume fractions (Vf ≈ 60%), while incorporating smaller aggregates significantly 
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increases computational cost and complexity, rendering them impractical for finite 

element mesostructural modeling.  

The aggregates with different volume fractions and volume ratios were generated using 

the PhysX simulation solver within Grasshopper, which required converting the Voronoi-

generated aggregates into a mesh format (Figure 1). The aggregates were randomly 

positioned within the main domain, and a collision process under gravity was simulated, 

resulting in a realistic non-uniform dispersion. After collision and reaching stable positions 

under gravitational effects, the final arrangement of the aggregates was exported as 

standard triangle language (STL) files.  
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Figure 1: The flowchart of the aggregate generation algorithm integrating Rhinoceros 3D, 

Grasshopper, and Python scripting. 

2.2. Spatial analyses 

To quantitatively assess the mesostructural characteristics of the generated aggregates, 

various statistical functions were applied to evaluate shape irregularity, degree of 

nonuniformity, and spatial dispersion. For validation and comparison, 3 independent 

algorithm-generated mesostructural trials and image data from 3 actual asphalt concrete 

specimens were analyzed (Figure 2a), each with a total aggregate volume fraction of 

60%. In the algorithm-generated mesostructures, the volume ratios were chosen to reflect 

typical gradation used in concrete and asphalt mixtures: 28% for size #1 (2.36 mm), 37% 

for size #2 (4.5 mm), 26% for size #3 (9 mm), and 9% for size #4 (12.5 mm). The radii 

and centroid coordinates of the aggregates in both the experimental and simulated 

specimens were measured using Rhinoceros 3D and Grasshopper software. 

2.2.1. Shape irregularity 

To characterize the irregularity of aggregate shapes, we defined an isoperimetric shape 

factor (ISF), a dimensionless index derived from the ratio of a particle’s surface area to 

the surface area of a volume-equivalent sphere. This formulation is based on the concept 

of sphericity originally introduced by Wadell [49], and is expressed as: 

                                                      
2 3

3
4

4

A
ISF

V




=
 
 
 

                                                                      (1) 

where A is the surface area of the particle, V is volume of the particle, and (3V/4π)1/3 is 

the radius of a sphere with the same volume. The denominator 4πr2 represents the 

surface area of that ideal sphere. An ISF=1 corresponds to a perfect sphere, while ISF>1 

indicates increasing shape irregularity, more surface area than a volume-equivalent 

sphere. The higher the ISF, the more irregular the aggregate geometry. 

Figure 1b presents box-and-whisker plots of the isoperimetric shape factors (ISF) for both 

algorithm-generated and experimentally measured aggregates. All ISF values exceed 1, 

indicating that none of the particles are perfect spheres. The algorithm-generated results 
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exhibit good agreement with the experimental data, capturing the general trend of shape 

irregularity. However, the experimental aggregates display a broader distribution of ISF 

values, reflecting a wider range of shape irregularities. This increased variability is 

attributed to the natural irregularity of real aggregates, whereas the algorithm-generated 

aggregates were based on four discrete size categories with relatively narrow size 

variation ranges.  

 

2.2.2. Radial distribution function 

The radial distribution function (RDF), g(r) also known as the pair correlation function, 

offers a long-range spatial analysis of the RVE microstructure. It describes the variation 

in average aggregate density as function of distance from the centroid of an arbitrary 

aggregate [50-54]. Specifically, g(r) quantifies how aggregate centers are distributed with 

respect to one another, relative to a completely random distribution. To compute g(r) the 

number of aggregates located within a spherical shell of inner radius r and outer radius 

r+dr is counted, then normalized by the expected number of aggregates in the same shell 

for a uniform distribution. The mathematical expression is [54]: 

                                                   
2
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where N is the total number of aggregates, ρ is the average number density of aggregates 

in the domain, rij is the center-to-center distance between aggregates i and j, and δ is the 

Dirac delta function that counts the number of pairs separated by a distance r. Values of 

g(r)>1 indicate clustering at that distance, g(r)=1 corresponds to a complete spatial 

randomness (CSR), and g(r)<1 suggests exclusion zones or repulsion. 

Figure 2c shows representative radial distribution functions, g(r), for both algorithm-

generated and experimental mesostructures as function of the normalized distance r/Ra, 

where r is the radial distance from the centroid of a reference aggregate and Ra is the 

aggregate radius. The algorithm-generated results exhibit good agreement with the 

experimental data, both displaying similarly spaced sharp peaks that reflect consistent 

spatial ordering of aggregate distributions. These results are further corroborated with 
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kernel density analysis as function of radial distribution function g(r) shown in Figure 2d, 

where both algorithm-generated and experimental data exhibit similar deviations from the 

complete spatial randomness (CSR) bound. The complete set of results for all algorithm-

generated and experimental trials are presented in Figure S1a-d (Supplementary 

Material). 

2.2.3. Nearest neighbor distance 

The nearest neighbor distance (NND) function quantifies the distance between the 

centroid of each aggregate and that of its closest neighboring aggregate. NND-based 

functions serve as effective tools for assessing short-range spatial organization and 

dispersion characteristics within mesostructures [50-54]. To evaluate the degree of spatial 

non-uniformity, we computed the probability density function (PDF) of the first, second, 

and third NNDs for all aggregates. In systems with non-uniform dispersion, the first NND 

PDF typically exhibits a pronounced sharp peak at a value corresponding to the minimum 

permitted distance between neighboring centroids. The sharpness and intensity of this 

peak tend to diminish progressively in the second and third NND PDFs, reflecting 

decreasing local spatial correlations [51]. Furthermore, the range of distances is expected 

to increase from the first to the second and third nearest neighbor, illustrating the widening 

spatial separation as the analysis moves beyond immediate neighbors [51]. Figure 2e-g 

illustrates representative short-range spatial analyses based on the first, second, and 

third NND for both algorithm-generated and experimental mesostructures. The results 

indicate a strong correlation between the two, with similar distributions observed across 

all three NND levels, confirming that the generated mesostructures effectively replicate 

the local spatial characteristics of actual asphalt concrete. The complete set of NND 

results for all algorithm-generated and experimental trials are provided in Figure S2a-f 

(Supplementary Material). 
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Figure 2: Spatial analysis of experimental and algorithm-generated aggregate distributions, 

benchmarked against complete spatial randomness (CSR). (a) A typical image of experimental 

and algorithm-generated aggregates; (b) box-and-whisker plots of isoperimetric shape factor of 

experimental and algorithm-generated aggregates; (c) radial distribution function g(r) of 

experimental and algorithm-generated aggregates versus distance normalized by the radius of 

aggregates (Ra); (d) Kernel distribution of the g(r) for experimental and algorithm-generated 
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aggregates. First (e), second (f), and third (g) nearest neighbor distance of experimental and 

algorithm-generated aggregates.  

 

3. Voxelization and finite element modeling 

3.1. Voxelization 

Directly using the generated mesostructures with Voronoi aggregates in FE modeling of 

cracked specimens is computationally intensive, costly, and generally impractical. This is 

particularly true when computing fracture parameters such as stress intensity factors and 

T-stress, which require specific mesh patterns capable of accurately capturing the 

singular stress fields near the crack tip. Methods like the J-integral are highly sensitive to 

mesh quality and topology around the crack front, making the use of complex, irregular 

aggregate geometries nearly infeasible in practice. To overcome this limitation, we 

developed a hybrid approach that uses the STL-format Voronoi aggregates as templates, 

which are imported into the commercial FE software ABAQUS and then voxelated through 

an integrated workflow combining MATLAB programming and custom Python scripts. This 

process converts each voxel of the Voronoi aggregate into a corresponding volumetric 

element (Figure 3), enabling efficient and straightforward FE modeling of cracked 

specimens with multiphase materials or inherent heterogeneity. 
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Figure 3: Flowchart illustrating the voxelization process of aggregates and the generation of 

material-mapped, voxelated aggregate-based finite element models. 
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The exported STL files from Rhinoceros 3D and Grasshopper contain mesh 

representations of the aggregates, consisting of node coordinates and associated 

triangular connectivity data. Each aggregate forms a distinct set of connected nodes. To 

identify individual aggregates, we parsed the STL file in MATLAB to extract a list of points 

(vertex coordinates) and their corresponding connectivity information (triangles). Using 

graph theory analysis, we then identified each aggregate as a connected component 

within the mesh, allowing each to be treated as an individual triangulation object. To 

voxelize each aggregate with a finite element mesh, we first duplicated the main domain 

geometry and meshed it within ABAQUS. A combined Python and MATLAB workflow was 

then developed to extract the centroid of each finite element and determine which 

centroids resided within the polygonal surface mesh of any individual aggregate in three-

dimensional space. This spatial mapping enabled the assignment of distinct groups of 

elements as voxelated aggregates based on their geometric inclusion within the 

corresponding aggregate boundaries (Figure 3). We therefore implemented the fast, 

minimum-storage ray-triangle intersection algorithm originally introduced by Möller and 

Trumbore [56] (Figure 3 and 4). This method, widely recognized for its computational 

efficiency and low memory footprint, was particularly well-suited to our application, which 

involved extensive point-in-polygon queries across large, mesh-based geometries. A key 

advantage of this algorithm is that it does not require surface normal vectors, making it 

robust and independent of the orientation of mesh surface normals. The algorithm 

operates by casting a ray from each query point in an arbitrary but fixed direction and 

evaluating its intersections with the target mesh, which is represented as a collection of 

non-overlapping triangles. Each triangle is defined by three vertices V0, V1, V2∈ℝ3, and 

the ray is described by an origin (O) and a direction vector (Ψ). The ray is parameterized 

as (Figure 3 and 4): 

                                                    ( ) , 0v v v= + Ω Ο Ψ                                                   (2) 

The core principle of the Möller–Trumbore algorithm is to determine whether and where 

this ray intersects a triangle surface, without explicitly computing or storing the plane 

equation of the triangle. This feature makes the method computationally efficient and 

particularly effective for applications involving large-scale spatial queries. The algorithm 
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performs a coordinate transformation that repositions the triangle such that one of its 

vertices is placed at the origin. The remaining vertices then define two edge vectors of 

the triangle (Figure 3 and 4): 

                                                      1 1 0 2 2 0,  = − = −Κ V V Κ V V                                           (3) 

The ray’s origin is similarly translated: 

                                                                 0= −Η O V                                                       

(4) 

The intersection test is reformulated by substituting the ray equation into the barycentric 

form of the triangle: 

                                                   0 1 2( )1v u x u x+ = − − + +O Ψ V V V                                   (5) 

This leads to a system of linear equations in the scalar parameters v, u, and x, where v 

is the distance from the ray origin to the intersection point, and u, x are the barycentric 

coordinates of the intersection point within the triangle. The solution is given by: 
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                                        (6) 

where M=[K1K2-Ψ] and each determinant represents the scalar triple product of the 

corresponding vectors. A valid intersection occurs if u≥0, x≥0, u+x≤1and v≥0. In the 

context of point-in-polygon testing, an odd number of ray–triangle intersections indicates 

that the point lies inside a closed surface, while an even number suggests it lies outside. 

One of the key strengths of this algorithm is its numerical robustness and efficiency in 

memory usage, as it avoids precomputing triangle normals. This is particularly beneficial 

for large surface meshes, where memory savings are significant. Furthermore, 

intermediate computations, such as cross products and dot products are strategically 

reused, minimizing redundant calculations and further improving performance. To 
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mitigate issues arising from floating-point precision near triangle planes, we introduced a 

small epsilon threshold when evaluating the determinant of the system matrix. Rays 

nearly parallel to a triangle indicated by determinant values close to zero, were discarded 

early, improving both computational efficiency and numerical stability.  

 

Figure 4: A schematic of Möller and Trumbore fast, minimum storage ray-triangle intersection. 

After identifying the finite element centroids residing within the aggregate geometries, a 

dedicated Python script was developed to read the corresponding element labels and 

generate an element set in ABAQUS. This element set was then used to assign the 

aggregate material section by editing the ABAQUS input file accordingly, enabling phase-

specific material property definitions within the voxelated domain. A flowchart of the 

implemented voxelization and FE modeling workflow is presented in Figure 3, while a 

schematic representation of the Möller–Trumbore ray-triangle intersection algorithm is 

illustrated in Figure 4. 

3.2. Mesomechanical modeling 

We assessed the elastic stress states and responses of the generated heterogeneous, 

aggregate-reinforced mesostructures through mesomechanical finite element modeling. 
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To evaluate the fidelity of the generated representative mesostructures, we compared the 

predicted volume-averaged mechanical properties obtained from the FE 

mesomechanical models with available experimental data for a typical asphalt concrete. 

This validation was essential for identifying the appropriate stress components to be used 

in the subsequent calculation fracture parameters, which are critical for accurate fracture 

toughness measurements. To determine the optimum size of the representative volume 

elements (RVEs), we generated a series of cubic RVEs with the aggregates volume 

fraction (Vf) of 60%, edge lengths (L) of 31.25, 62.5, 93.75, and 125 mm, and conducted 

3 independent mesostructural trials for each size using our mesostructural geometry 

generation algorithm (Figure 5a). Each RVE was voxelated using a uniform mesh size of 

1.24 mm, resulting in models comprising 15,625, 125,000, 438,976, and 1,030,301 8-

node hexahedral (C3D8R) elements, respectively (Figure 5b-c). This range of RVE sizes 

enabled a systematic investigation of convergence in volume-averaged mechanical 

properties, thereby ensuring the selection of a statistically representative domain. The 

elastic properties of the constituent materials were assigned based on reported values 

[19,48]: the aggregates were modeled with a Young’s modulus of Ea=56,800 MPa and a 

Poisson’s ratio of νa=0.15, while the matrix was assigned with a Young’s modulus of Em 

= 13,800 MPa and a Poisson’s ratio of νm = 0.25. These values are common for 

cementitious and bituminous based concrete and asphalt mixtures. It was also assumed 

that the aggregates and matrix were perfectly bonded in the FE models (i.e., coincident 

nodes were used on the finer-matrix interfaces). Given that this part of study focused on 

elastic behavior, this assumption was considered appropriate [57-61]. Periodic boundary 

conditions were applied to the RVEs using node-to-node constraint equations, following 

detailed techniques described in the literature [57,59]. The implementation of periodic 

boundary conditions, along with the associated meshing requirements, is further 

discussed in Ref. [59]. 

The computed volume-averaged elastic properties of each FE mesomechanical model 

were obtained through six independent simulations, wherein distinct macroscopic 

displacements (strains) were applied to the opposing faces of the RVE. In each 

simulation, a single component of the macroscopic strain tensor was imposed, while 

ensuring the remaining components were held fixed, allowing for the extraction of 
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corresponding components of the homogenized stiffness tensor. The relationship 

between the volume-averaged stress and volume-averaged strain in a heterogeneous 

material is given by [62]: 

                                                     
1

( )


  

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e

ij ij x d                                               (7) 

                                                     
1

( )


  


= 
e

ij ij x d                                              (8) 

where ij and ij denote the components of the volume-averaged strain and stress tensors 

over the total volume of RVE domain μ, where μe is the volume of each element. ( ) ij x

and ( ) ij x are the corresponding local strain and stress fields. The equivalent 

homogenized stiffness tensor 
H

ijklC relates the macroscopic quantities via: 

                                                       = H

ij ijkl klC                                                          (9) 

For an orthotropic elastic material, the constitutive relation between stress and strain can 

be written in matrix notation as: 

                                                           
H=σ C ε                                                            (10) 

where HC is the homogenized stiffness matrix. The inverse of this matrix, 
H H 1( )−=S C , is 

the compliance matrix, from which the effective elastic constants can be extracted using 

the following relationships: 

                                         
1 1

,  ( ),  
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i ij ij

ii ii ij
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E i j G

S S S
= =  =                                  (11) 

where E1, E2, and E3 are the effective Young’s moduli along the principal material 

directions; ν12, ν13, and ν23 are the effective Poisson’s ratios; and G12, G13, and G23 are the 

effective shear moduli. Details of the volume averaging scheme is further described in 

Ref. [57,59,61]. 
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Figure 5d presents the computed effective Young’s moduli along the principal material 

directions, normalized by the Young’s modulus of the matrix (Em), as function of 

normalized RVE size (L/d) for 3 independent mesostructural trials, where L is the edge 

length of the RVE and d is the maximum length of the largest size of aggregates. The 

elastic responses observed in smaller RVEs exhibit pronounced orthotropic behavior due 

to localized heterogeneities and insufficient statistical representativeness. However, as 

the RVE size increases, the responses along the principal material directions converge, 

indicating a transition toward isotropic behavior. This trend is consistent with observations 

in other particulate composite systems, where non-uniform dispersion of discontinuous 

inclusions leads to effective isotropic elastic properties and stress states when the RVE 

is sufficiently large [61]. The predicted Young’s moduli from our FE mesomechanical 

models show good agreement with experimental data available in the literature [48,63-

66], thereby validating the accuracy of our voxelated mesomechanical representations. 

Figure 5e also shows the degree of stress non-uniformity within a typical RVE, as 

revealed by the computed contour distribution. 
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Figure 5: Mesomechanical modeling of asphalt concretes. (a) Generated 3D representative 

volume element (RVE) mesostructure using Rhinoceros 3D and Grasshopper; (b) voxelated RVE 

with equivalent material-mapped aggregates; (c) fully merged voxel-based RVE with matrix 

(bitumen) integrated into the aggregate mesostructure. (d) Comparison between experimental 

elastic moduli and numerical RVE results, showing normalized elastic moduli along three principal 

directions as function of normalized RVE size (L/d); (e) typical non-uniform stress distribution 

within the RVE. 
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3.3. Fracture test specimen modeling 

To examine the influence of mesostructure and specimen geometry on the fracture 

toughness of aggregate-reinforced construction materials under different loading modes, 

we used two widely recognized fracture test configurations: the semi-circular bend (SCB) 

and the edge-notched disc bend (ENDB) specimens (Figure 6a,b). These configurations 

were used to evaluate fracture behavior under crack opening (Mode I), in-plane shearing 

or sliding (Mode II), and out-of-plane shearing or tearing (Mode III) conditions 

[7,10,67,68]. We therefore generated SCB and ENDB specimens with varying aggregate 

volume fractions of 10%, 20%, 30%, 40%, 50%, and 60% using our mesostructural 

geometry generation algorithm. Four aggregate size classes were considered: 2.36 mm 

(size #1), 4.5 mm (size #2), 9 mm (size #3), and 12.5 mm (size #4), with respective volume 

ratios of approximately 28%, 37%, 26%, and 9% (Figure 6c,d). These aggregate sizes 

and corresponding volume ratios have broadly utilized in conventional concrete and 

asphalt mixtures [46-48]. The cases with 0% and 100% aggregate volume fractions 

represented the homogeneous configurations. The voxelated SCB specimen was 

modeled with a diameter (D) of 150 mm and a thickness (t) of 50 mm, incorporating 

83,440 8-node hexahedral (C3D8R) linear elements and 9,240 20-node hexahedral 

(C3D20R) quadratic elements. Similarly, the ENDB specimen, with identical dimensions 

(150 mm diameter (D) and 50 mm height (B)), was voxelated using 54,720 C3D8R linear 

elements and 7,056 C3D20R quadratic elements (Figure 6e-h). To accurately capture the 

square-root singularity of the stress and strain fields near the crack front, 20-node 

hexahedral (C3D20R) quadratic elements were used as singular elements at the crack 

tip (Figure 6e-h). This was achieved by relocating the mid-side nodes of the first ring of 

elements surrounding the crack front to one-quarter of the element length away from the 

crack front nodes, following standard quarter-point techniques [69]. Figure 6g,h indicates 

that both the aggregate and matrix phases, each with distinct mechanical properties, are 

incorporated within the singular and non-singular mesh regions in the vicinity of the crack 

tip. 

These specimen dimensions are commonly used in concrete and asphalt mixtures 

fracture testing, as they conform to the standard dimensions of specimens produced by 
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the Superpave Gyratory Compactor, a widely adopted device for fabricating cylindrical 

asphalt samples [70]. The elastic properties of both the aggregate and matrix (bitumen) 

phases were assigned to be the same as those used in our mesomechanical models. 

Both SCB and ENDB specimens were loaded under a conventional three-point bending 

configuration using rigid rollers (Figure 6a,b). All displacement and rotational degrees of 

freedom of the rigid rollers were constrained, except for the vertical displacement of the 

loading roller along the loading direction. A general hard contact interaction was defined 

between the rigid rollers and the specimen surfaces to accurately replicate the loading 

conditions.  

Both SCB and ENDB specimens were modeled with an edge crack initiated from one 

side, extending through the specimen thickness in the SCB and across the diameter in 

the ENDB. The crack length was oriented along the specimen radius in the SCB and 

along the height in the ENDB, as shown in Figure 6a,b. Mode I fracture was simulated by 

applying symmetric three-point bending, with the distances from the specimen center to 

the supporting rigid rollers set to S1=S2=67.5 mm (S1/R=S2/R=0.9) for both SCB and 

ENDB specimens, where R=D/2 is the specimen radius, and a crack orientation angle 

was set to α=0°, aligned with the axial direction of the ENDB specimen. Mode II loading 

was achieved by introducing asymmetry in the supporting rigid rollers: one roller was fixed 

at S1=67.5 mm (S1/R=0.9) in both specimens, while the other was placed closer to the 

specimen center at S2=6 mm (S2/R=0.08) for the SCB specimen, and at S2=3.81 mm 

(S2/R=0.05) with α=0°. Mode III fracture was simulated exclusively in the ENDB specimen 

by maintaining symmetric supporting rigid rollers at S1=S2=71.25 mm (S1/R=S2/R=0.95) 

and rotating the crack about the specimen's axial axis by α=63°. The crack length (a) was 

set to 30 mm (a/R=0.4) in the SCB specimen, and to 20 mm (a/B=0.4) in the ENDB 

specimen (Figure 6a,b). The selected loading conditions, crack lengths, and crack 

orientation angles were based on extensive computational and experimental studies 

previously reported in the literature for homogeneously assumed materials [71-94], 

enabling direct comparison between our heterogeneous results and established data. 

Moreover, these reported configurations have been shown to produce minimal T-stress, 

thereby reducing the influence of loading type and specimen geometry [18,68]. This 
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allows for a clearer evaluation of the effects of mesostructure and material heterogeneity, 

isolated from confounding geometric and loading variables. 

 

Figure 6: Fracture test specimen mesoscopic modeling. (a) Schematic of the semi-circular bend 

(SCB) and (b) edge-notched disc bend (ENDB) specimens and their dimensions. Generated 

mesoscopic (c) SCB and (d) ENDB specimens using Rhinoceros 3D and Grasshopper; (b) 

voxelated (e) cracked SCB and (f) ENDB specimens with equivalent material-mapped 
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aggregates; (c) fully merged voxel-based (e) cracked SCB and (f) ENDB specimens with matrix 

(bitumen) integrated into the aggregate mesostructure.  

 

Fracture parameters were computed using a J-integral approach, implemented within the 

ABAQUS, through static analyses of both SCB and ENDB models subjected to different 

fracture modes. The geometry factors (i.e., YI, YII, and YIII) were evaluated based on the 

following general expressions [7,18,68]: 
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where P is the applied load, a is the crack length, R is the radius of the specimens, t is 

the thickness of the SCB specimen and B is the height of the ENDB specimen.  YI (SCB), 

YII (SCB), YI (ENDB), YII (ENDB) and YIII (ENDB) are the geometry factors under Mode I, Mode II 

and Mode III, for the SCB and ENDB specimens, respectively. They are non-dimensional 

forms of corresponding KI (SCB), KII (SCB), KI (ENDB), KII (ENDB) and KIII (ENDB), respectively. 

In addition to the geometry factors, T-stress is also a critical fracture parameter. The 

influence of specimen geometry and loading configuration on fracture toughness and 

fracture initiation angle can be effectively assessed through the inclusion of the T-stress 

term [17,95-97]. The stress and strain fields around a crack tip under general mixed-mode 

loading can be expressed using the infinite series expansion developed by Williams, as 

shown below [98]: 
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( ) ( ) . .ij SIF T H OT  = + +                                                                                   (17) 

where i and j are r, θ, and z are the local polar coordinates at the crack tip. The first term 

represents the singular stress field associated with the stress intensity factors (SIFs), 

while the second term is a non-singular stress component, commonly referred to as the 

T-stress which is independent of the distance from the crack tip. The remaining higher-

order terms (H.O.T.) are generally negligible near the crack tip compared to the dominant 

SIF and T-stress terms.  At the onset of fracture, the stress at the crack tip reaches a 

critical value (σcr), which is considered a material constant. Under such conditions, both 

the SIFs and T-stress attain their critical values. The critical SIFs (e.g., KIc, KIIc and KIIIc) 

are typically used as material fracture toughness. However, this assumption is valid only 

when the T-stress is negligible [11,16,18]. If the T-stress is non-negligible, its magnitude 

and sign can significantly influence the apparent fracture toughness—either increasing or 

decreasing the measured value depending on the mode mixity, specimen geometry and 

loading configurations [16,17,96,97]. To obtain a valid fracture toughness value that 

reflects the material property, it is essential to minimize the influence of T-stress. 

Therefore, fracture test configurations that produce near-zero or negligible T-stress 

values are recommended. Under such conditions, the critical SIF becomes directly related 

to the critical stress ahead of the crack tip, making the measured fracture toughness 

independent of geometry and loading conditions [16,18]. However, in heterogeneous 

multiphase materials such as aggregate-reinforced mixtures, mesostructural effects can 

also play a significant role in influencing the T-stress. This additional complexity may 

affect the measurement of the true material fracture toughness, a factor that has not yet 

been thoroughly investigated in the literature. In this study, the non-dimensional forms of 

heterogenous T-stress (T*) under different fracture modes were computed for both SCB 

and ENDB specimens using the following expressions [7,18,68]: 
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4. Results and discussion 

Figure S3a,b (Supplementary Material) presents the typical computed Mode I (YI) and 

Mode II (YII) geometry factors for the SCB specimen as function of the normalized crack 

front position parameter (2z/t) across various aggregate volume fractions. A value of 

2z/t=0 corresponds to the midpoint of the crack front, while 2z/t=±1 represents the crack 

front endpoints located at the free surfaces. Similarly, Figure S4a-c (Supplementary 

Material) shows the typical computed Mode I (YI), Mode II (YII) and Mode III (YIII) geometry 

factors for the ENDB specimen versus the normalized crack front position parameter (z/R) 

across different aggregate volume fractions. Here, z/R=0 represents the midpoint of the 

crack front, whereas z/R = ±1 indicates the crack front endpoints at the free surfaces. 

Figures S3 and S4 reveal significant differences between the computed geometry factors 

for the homogeneous cases (0% or 100% aggregate volume fractions) and those for 

heterogeneous mesostructures with varying aggregate volume fractions, across the 

entire crack front in both SCB and ENDB specimens under different fracture modes. 

These nonlinear fluctuations arise from the realistic representation of non-uniformly 

dispersed aggregates throughout the specimen and more critically, from the explicit 

incorporation of both material phases—aggregates and matrix, along the crack front. This 

heterogeneous distribution influences both the far-field stress distribution within the 

specimen and the local stress concentrations at the crack tip. 

Since the base material model used in this study was developed for concrete and asphalt 

mixtures, we specifically focused on the results corresponding to the 60% aggregate 

volume fraction, as shown in Figure 7.  Figure 7a,b illustrates the homogeneous Mode I 
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(YI) and Mode II (YII) geometry factors, showing smooth and monotonically converging 

trends along the normalized crack front position (2z/t). However, the computed results 

near the free surface regions (i.e., |2z/t| ≥ 0.8 or |z/R| ≥ 0.8) are not considered valid and 

must be excluded from the analysis. This limitation arises due to variations in the crack 

tip singularity in these regions, where classical stress intensity factors are not well-defined 

because of severe and abrupt changes in the strain gradients, commonly referred to as 

"corner point singularities" or "free surface effects" [99]. Figure 7c,d presents the 

computed heterogeneous Mode I (YI) and Mode II (YII) geometry factors for the SCB 

specimen, evaluated across 3 independent mesostructural trials as function of the 

normalized crack front position (2z/t). The pronounced fluctuations in the results reflect 

the random distribution of aggregate and matrix phases along the crack front, where the 

observed peaks correspond to aggregate regions and the valleys to matrix regions or 

aggregate–matrix interfaces, depending on the local spatial arrangement. Although slight 

deviations suggest that mesostructural heterogeneity may induce negligible mixed-mode 

effects, the distinction between YI and YII remains sufficiently pronounced to classify these 

conditions as representative of Mode I and Mode II conditions, respectively. Figure 7c,d 

demonstrates the presence of distinct lower and upper bounds along the crack front, 

which are critical for evaluating heterogeneous fracture toughness. The minimum values 

correspond to reduced fracture toughness, while the maximum values indicate higher 

fracture toughness estimates. To enhance the interpretability and practical applicability of 

these results, we extracted the maximum and minimum values along the crack front and 

fitted smooth curves through these extrema to define lower and upper bounds, as shown 

in Figure 7e,f. To further demonstrates how aggregate volume fraction influences the 

variation of geometry factors along the crack front. We plotted the fitted upper and lower 

bound curves of the Mode I (YI) and Mode II (YII) geometry factors for the SCB specimen, 

against the normalized crack front position parameter (2z/t) for various aggregate volume 

fractions as shown in Figure S5a,b (Supplementary Material). The results indicate that 

the maximum values are consistently located near the midpoint of the crack front. 
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Figure 7: Homogeneous and heterogeneous geometry factors along the crack front (2z/t)  of SCB 

specimen. (a) Mode I and (b) Mode II geometry factors for the homogeneous SCB specimen; (c) 

Mode I and (d) Mode II geometry factors for 3 independent mesostructural trials of the 

heterogeneous SCB specimen; fitted upper and lower bound envelope for (e) Mode I and (f) Mode 

II geometry factors in the heterogeneous SCB specimen. 

 

Similarly, Figure 8a–c presents the geometry factors for Mode I (YI), Mode II (YII), and 

Mode III (YIII) of the homogeneous ENDB specimen as functions of the normalized crack 

front position (z/R). Figure 8d–f displays the corresponding geometry factors for the 

heterogeneous ENDB specimen, based on 3 independent mesostructural trials. Figure 

8g–i further exhibits the lower and upper bound datasets of geometry factors, along with 

the corresponding fitted curves, for each of the three fracture modes across the 

normalized crack front position (z/R) in the ENDB specimen. Figure S6a–c 

(Supplementary Material) displays the fitted upper and lower bound curves for the Mode 

I (YI), Mode II (YII), and Mode III (YIII) geometry factors of the ENDB specimen, plotted 
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against the normalized crack front position (z/R) across different aggregate volume 

fractions. The results show that, for all studied volume fractions, the peak values of the 

geometry factors consistently appear near the midpoint of the crack front. 

 

Figure 8: Homogeneous and heterogeneous geometry factors along the crack front (z/R) of 

ENDB specimen. (a) Mode I, (b) Mode II, and (c) Mode III geometry factors for the homogeneous 

ENDB specimen; (c) Mode I, (d) Mode II, and (e) Mode III geometry factors for 3 independent 

mesostructural trials of the heterogeneous ENDB specimen; fitted upper and lower bound 
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envelope for (f) Mode I, (g) Mode II, and (h) Mode III geometry factors in the heterogeneous 

ENDB specimen. 

Figure 9a,b illustrates the normalized T-stress values (T*) for Mode I and Mode II in the 

homogeneous SCB specimen, plotted as functions of the normalized crack front 

coordinate (2z/t). The corresponding results for the heterogeneous SCB specimens, 

obtained from 3 independent mesostructural trials, are shown in Figure 9c,d. To better 

interpret the variability introduced by mesostructural heterogeneity, Figure 9e,f present 

the extracted lower and upper bounds of T* along the crack front, with fitted curves 

highlighting the envelope for T* each fracture mode. Figure S7a,b (Supplementary 

Material) present representative normalized T-stress (T*) variations for Mode I and Mode 

II in the SCB specimen, plotted as functions of the normalized crack front position (2z/t) 

across various aggregate volume fractions. In addition, Figure S8a,b (Supplementary 

Material) display the fitted upper and lower bound curves for the Mode I and Mode II 

normalized T-stress (T*) values, highlighting the variation of T* along the crack front for 

different aggregate volume fractions. 
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Figure 9: Homogeneous and heterogeneous normalized T-stress (T*) along the crack front (2z/t) 

of SCB specimen. (a) Mode I and (b) Mode II T* for the homogeneous SCB specimen; (c) Mode 

I and (d) Mode II T* for 3 independent mesostructural trials of the heterogeneous SCB specimen; 

fitted upper and lower bound envelope for (e) Mode I and (f) Mode II T* in the heterogeneous 

SCB specimen. 

An analogous set of results for the ENDB specimen is provided in Figure 10. Specifically, 

Figure 10a through 10c show the T* variations under Mode I, Mode II, and Mode III 

conditions for the homogeneous ENDB, expressed as functions of the normalized crack 

front coordinate (z/R). Figure 10d–f displays the corresponding heterogeneous results 

from 3 independent mesostructures. Finally, Figure 10g–i compiles the lower and upper 

bound envelopes of T* for each fracture mode in the ENDB specimen, accompanied by 

smooth fitted curves that capture the trends across the crack front. Figure S9a–c 

(Supplementary Material) present typical normalized T-stress (T*) variations for Mode I, 

Mode II, and Mode III in the ENDB specimen, plotted against the normalized crack front 

position (z/R) for a range of aggregate volume fractions. Figure S10a–c (Supplementary 

Material) also show the fitted upper and lower bound curves through crack front for T* 

under each fracture mode for the different aggregate volume fractions. 

Figures S5 and S6 show that, in both SCB and ENDB specimens, the upper bound 

geometry factors across different fracture modes exhibit greater sensitivity to variations 

in the global aggregate volume fraction (Vf) compared to the lower bound values. In 

contrast, the heterogeneous T-stress components of the SCB specimen demonstrate 

mixed sensitivities: the lower bound Mode I T-stress ( *

IT ) and the upper bound Mode II 

T-stress ( *

IIT ) are less sensitive to changes in Vf. For the ENDB specimen, which features 

a longer crack front than the SCB specimen, T-stress values across all fracture modes 

are generally less responsive to variations in Vf, with *

IIT showing particularly minimal 

fluctuations.  

 



32 
 

 

Figure 10: Homogeneous and heterogeneous normalized T-stress (T*) along the crack front (z/R) 

of ENDB specimen. (a) Mode I, (b) Mode II, and (c) Mode III T* for the homogeneous ENDB 

specimen; (c) Mode I, (d) Mode II, and (e) Mode III T* for 3 independent mesostructural trials of 

the heterogeneous ENDB specimen; fitted upper and lower bound envelope for (f) Mode I, (g) 

Mode II, and (h) Mode III T* in the heterogeneous ENDB specimen. 
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To better understand the influence of aggregate and matrix elements along the crack 

front, we analyzed their local volume fractions. We aimed to confirm that higher geometry 

factors and T-stress upper bounds are associated with aggregate regions, while lower 

bounds correspond to the matrix phase and interface transitions. To this end, we plotted 

the fluctuations of Mode I geometry factors (YI) and T-stress along the crack fronts of both 

SCB and ENDB specimens (Figure 11a-d). These results are shown alongside the 

corresponding local aggregate volume fraction (φa), defined as follows: 
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where φa denotes the local aggregate volume fraction at the crack front position (2z/t for 

the SCB and z/R for the ENDB specimen), with Va is the aggregate volume at that 

corresponding local position and VLocal is the total local volume at the same location. 

Figure 11a–d presents the local aggregate volume fraction (φa) alongside the 

corresponding heterogeneous Mode I geometry factor (YI) and T-stress profiles along the 

crack front for both SCB and ENDB specimens, at a global aggregate volume fraction of 

Vf=60%. The variations in these fracture parameters exhibit a strong correlation with φa, 

confirming that the observed fluctuations primarily result from transitions between 

aggregate-rich regions and aggregate–matrix interfaces. Similar trends were also 

observed for Mode II and Mode III fracture parameters, which exhibited strong spatial 

correlations with φa (Figure S11 in Supplementary Material). Notably, the longer crack 

front in the ENDB specimen increases the likelihood of encountering either fully aggregate 

or fully matrix segments at a given location, thereby amplifying the microstructural 

heterogeneity compared to the SCB specimen.  

Figures 11e and 11f further demonstrate that the range of heterogeneity—defined by the 

difference between lower and upper bounds, is significantly larger in the ENDB specimen. 

This is shown by comparing the heterogeneous Mode I and II geometry factors (YI and 

YII) normalized by their respective homogeneous values across the crack front. A wider 

gap between bounds reflects greater heterogeneity. These findings indicate that 
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specimens with longer crack fronts, such as ENDB, better capture the inherent variability 

of real-world conditions in aggregate-reinforced materials. 

 

Figure 11: Comparison of mesostructural heterogeneity along the crack front in SCB and ENDB 

specimens and its influence on fracture parameters. Local aggregate volume fraction (φa) and 

corresponding Mode I geometry factor (YI) along the crack front of (a) SCB and (b) ENDB 

specimens. Local φa and corresponding Mode I T-stress across the crack front of (c) SCB and (d) 
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ENDB specimens. Normalized lower and upper bound heterogeneous Mode I (e) and Mode II (f) 

geometry factors (YI and YII) with respect to their homogeneous counterparts along the crack 

front.  

Based on Figures 7–10 as well as Figures S5 and S6 the extremum points at the lower 

and upper bounds of geometry factors are consistently located near the midpoint of the 

crack front in both SCB and ENDB specimens. This observation aligns with the results for 

homogeneous specimens and is consistent with findings reported in the literature [7,10]. 

Accordingly, we extracted the lower and upper bound values of geometry factors and T-

stress at the center of the crack front, corresponding to 2z/t=0 for SCB and z/R=0 for 

ENDB specimens. To assess the influence of global aggregate volume fraction (Vf) on 

fracture parameters, we plotted the geometry factors and T-stress values at the crack 

front midpoint across different Vf. Figure 12a,b presents the lower and upper bound 

geometry factors for SCB and ENDB specimens, respectively, under Mode I, Mode II, and 

Mode III loading. Here, Vf=0% and 100% represent the homogeneous specimens, while 

intermediate values of Vf correspond to heterogeneous mesostructures. Similarly, Figure 

12c,d shows the corresponding lower and upper bound values of the non-dimensional T-

stress (T*) for both specimens under various fracture modes, plotted as functions of 

aggregate volume fraction, ranging from fully homogeneous to highly heterogeneous 

configurations.  
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Figure 12: Geometry factors and normalized T-stress (T*) at the midpoint of the crack front in 

both SCB and ENDB specimens as functions of global aggregate volume fraction (Vf). Lower and 

upper bound geometry factors for (a) the SCB specimen under Mode I and Mode II loading and 

(b) for the ENDB specimen under Mode I, Mode II and Mode III loading. Lower and upper bound 

T* for (a) the SCB specimen under Mode I and Mode II loading and (b) for the ENDB specimen 

under Mode I, Mode II and Mode III loading. 

 

We then used the lower and upper bound values of geometry factors and T-stress, 

computed at the crack front midpoint for Vf=60% (Figure 12), to obtain the heterogenous 

fracture toughness for asphalt concrete materials under Mode I, Mode II, and Mode III 

conditions. This was achieved by using the critical fracture loads reported in the literature 

for SCB and ENDB specimens tested under the same loading modes at low 



37 
 

temperatures. Figure 13 compares the lower and upper bounds of heterogeneous fracture 

toughness with the corresponding homogeneous values. Figure 13a,b show Mode I (KIc) 

and Mode II (KIIc) fracture toughness values for the SCB specimen, respectively. For 

Mode I, the median lower bound is around 20% below the homogeneous median value, 

while the median upper bound is about 31% higher, resulting in a total median range of 

59%. For Mode II, the median lower bound falls 28% below the homogeneous median 

value, and the median upper bound exceeds it by 15%, giving a total median variation of 

47%.  

Figure 13c,d present the Mode I (KIc), Mode II (KIIc), and Mode III (KIIIc) fracture toughness 

values for the ENDB specimen. For Mode I, the difference between the median lower 

bound and the homogeneous median value is approximately 35%, while the difference 

between the median upper bound and the homogeneous median value is about 48%, 

resulting in a total difference of 100% between the median lower and median upper 

bounds. For Mode II, the median lower bound exceeds the homogeneous median value 

by approximately 138%, and the median upper bound is 63% higher, yielding a total 

median difference of 289%. For Mode III, the median lower bound is 113% lower than the 

homogeneous median value, while the median upper bound is 44% higher, giving a total 

median difference of approximately 208%. Table S1 one summarizes detailed data for the 

box-and-whisker plots presented in Figure 13. The median percentage differences shown 

in Figure 13 indicate that the largest deviations between homogeneous and 

heterogeneous fracture toughness occur in the ENDB specimen across all fracture 

modes. This may be attributed to the longer crack front in the ENDB specimen, which 

increases the likelihood of intersecting a greater variety of aggregate-matrix 

compositions, thereby introducing more pronounced mesostructural heterogeneity along 

the crack front.  
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Figure 13: Box-and-whisker plots for the homogenous and heterogeneous fracture toughness of 

asphalt concretes. (a) Mode I (KIc) and (b) Mode II (KIIc) homogenous, lower and upper fracture 

bound toughness variations of SCB specimen. (c) Mode I (KIc), (d) Mode II (KIIc) and (e) Mode III 

(KIIIc) homogenous, lower and upper fracture bound fracture toughness variations of ENDB 

specimen. 

We plotted the obtained homogeneous and heterogeneous fracture toughness values 

against their corresponding critical T-stress to decouple the influence of specimen 

geometry and mesostructure on the fracture threshold zone of asphalt concretes (Figure 

14a-c). Note that the critical T-stress values were calculated using the reported critical 

fracture loads for each test configuration. Figure 14a presents the Mode I fracture 

toughness (KIc) as function of the corresponding critical T-stress (TIc). All homogeneous 

KIc values occur at TIc≈0, indicating that the selected specimen geometry and loading 

conditions in this study exert minimal influence on the variation of intrinsic fracture 

toughness. The lower bound KIc–TIc values for both specimens exhibit a linear trend on 

the negative side of TIc, while the upper bound values align linearly on the positive side. 
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This distinction highlights the role of mesostructural heterogeneity in defining the Mode I 

fracture threshold zone for each specimen, as indicated by the shaded regions in Figure 

14a. Similarly, Figures 14b and 14c show the KIIc–TIIc and KIIIc–TIIIc relationships, 

respectively, where the homogeneous, lower bound, and upper bound values follow 

distinct and aligned linear trends. The shaded regions in these figures emphasize the 

influence of mesostructural heterogeneity on the Mode II and Mode III fracture threshold 

zones.  

Linear relationships between the lower and upper bounds of heterogeneous fracture 

toughness and the corresponding critical T-stress were derived as follows: 
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where LB stands for lower bound and UP denotes upper bound. These equations enable 

the conversion of heterogeneous fracture toughness bounds across different specimen 

types. Specifically, by determining the critical T-stress of a given specimen, the 

corresponding lower and upper bounds of heterogeneous fracture toughness can 

accurately be estimated. 

Based on the observed linear trends and the overlapping fracture threshold zones 

between the homogeneous and heterogeneous results in Figures 14a–c, we further 

plotted the heterogeneous fracture toughness values against their corresponding 
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homogeneous counterparts for Mode I, Mode II, and Mode III, as shown in Figures 14d–

f, respectively. The previously reported homogeneous fracture toughness values for 

asphalt concretes—or future values measured using homogeneous geometry factors, 

can be recalculated and converted into corresponding lower and upper bound 

heterogeneous fracture toughness values using the linear relationships derived from the 

trends shown in Figures 14d–f with R2=0.99. 
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( )  0.7803LB H

IIc IIcK SCB K=                                                                                                 (34) 

( )  1.1545UB H

IIc IIcK SCB K=                                                                                                 (35) 

( )  0.4196LB H

IIc IIcK ENDB K=                                                                                              (36) 

( )  1.6331UB H

IIc IIcK ENDB K=                                                                                               (37) 

( )  0.4694LB H

IIIc IIIcK ENDB K=                                                                                              (38) 

( )  1.449UB H

IIIc IIIcK ENDB K=                                                                                                (39) 

where LB stands for lower bound, UP denotes upper bound, and H refers to homogenous.  
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Figure 14: The effect of mesostructural heterogeneity on the fracture threshold zone of asphalt 

concrete and the relationship between homogenous and heterogeneous fracture toughness for 

both SCB and ENDB specimens. (a) Mode I, (b) Mode II, and (c) Mode III homogenous, lower 

and upper bound fracture toughness variations as function of their corresponding critical T-stress 

values. The relation between (d) Mode I, (e) Mode II, and (f) Mode III homogenous with their 

respective lower and upper bound heterogenous fracture toughness for both SCB and ENDB 

specimens. 
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Figure 14 exhibit that the linear relationships between the lower and upper bounds of 

heterogeneous fracture toughness in ENDB and SCB specimens under Mode I indicate 

that these properties are not specimen-dependent. They can be interconverted using 

either the corresponding T-stress of a given specimen or the homogeneous fracture 

toughness. In contrast, Mode II appears to be specimen-dependent, as independent 

linear relationships were observed for the lower and upper bounds in each specimen type. 

As for Mode III, further investigation is needed, particularly involving comparisons across 

different test specimens capable of producing Mode III fracture. 

The results underscore that mesostructural heterogeneity is a key nonlinear factor 

contributing to the wide scatter of fracture toughness values reported in the literature. As 

such, the fracture toughness of heterogeneous aggregate-reinforced materials cannot be 

accurately characterized by a single value. Instead, both lower and upper bounds must 

be considered to fully capture the material’s fracture response.  To further emphasize the 

significance of this finding, we introduce and compare the effective fracture toughness 

(Keff) values in Figure 15. These are calculated using the following expressions: 

( ) 2 2LB

eff Ic LB IIc LBK SCB K K
− −

= +                                                                                          (40) 

( ) 2 2H

eff Ic H IIc HK SCB K K
− −

= +                                                                                             (41) 

( ) 2 2UB

eff Ic UB IIc UBK SCB K K
− −

= +                                                                                           (42) 

( ) 2 2 2LB

eff Ic LB IIc LB IIIc LBK ENDB K K K
− − −

= + +                                                                            (43) 

( ) 2 2 2H

eff Ic H IIc H IIIc HK ENDB K K K
− − −

= + +                                                                               (44) 

( ) 2 2 2UB

eff Ic UB IIc UB IIIc UBK ENDB K K K
− − −

= + +                                                                          (45) 

where LB, H, and UB represent the lower bound, homogeneous, and upper bound 

fracture toughness values, respectively.  
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Figure 15: The homogeneous and heterogeneous effective fracture toughness. Homogeneous, 

lower bound and upper bound effective fracture toughness of (a) SCB and (b) ENDB. 

These expressions provide a framework for evaluating the effective fracture response of 

heterogeneous material systems by integrating the full range of fracture modes. This 

approach has practical implications, particularly in estimating the fatigue life of aggregate-

reinforced materials such as concrete and asphalt mixtures. For instance, the well-

established Paris’ law, given by da/dN = C·(ΔK)m, where da/dN is the crack growth rate, 

ΔK is the stress intensity factor range, and C and m are experimentally determined 

material constants, is widely used for fatigue life predictions. In this context, applying 

conventionally measured fracture toughness values, derived using homogeneous 

geometry factors and T-stress assumptions, can significantly overestimate fatigue life. In 

contrast, using the more realistic lower bound heterogeneous fracture toughness values 

obtained in this study results in notably shorter, and arguably more accurate, fatigue life 

predictions. This highlights the critical importance of accounting for mesostructural 

heterogeneity in fracture and fatigue analyses of construction materials. 
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5. Conclusion 

This study introduced a comprehensive and transferable computational framework to 

quantify the heterogenous fracture toughness of aggregate-reinforced construction 

materials, using asphalt concretes as a material model system. By explicitly incorporating 

mesostructural heterogeneity, including aggregate size distribution, shape irregularity, 

spatial dispersion, and volume fraction—this work addressed key limitations of 

conventional approaches that rely on homogeneous fracture parameters required for 

calculating fracture toughness. 

A validated 3D aggregate generation algorithm was developed and voxelated into 

volumetric meshes, enabling distinct material phases to be mapped into finite element 

models of semi-circular bend (SCB) and edge-notched disc bend (ENDB) specimens. 

The spatial characteristics of the mesostructures and their mesomechanical responses 

were rigorously validated through statistical spatial analyses and simulation results, 

benchmarked against experimental data from the literature. These findings highlight the 

critical role of mesostructural heterogeneity in defining the fracture threshold zone and 

mechanical performance of asphalt concretes. The heterogenous fracture threshold 

zones provide a novel metric for assessing failure risk in multiphase aggregate-reinforced 

materials. 

Concluding remarks include: 

• Strong fluctuation in local geometry factors and T-stress was observed along the 

crack front due to random aggregate-matrix distribution. 

• Lower and upper bounds of geometry factors and T-stress were determined across 

different aggregate volume fractions, enhancing the general applicability of the 

modeling framework to other aggregate-based material systems. 

• Heterogeneous fracture toughness showed total deviations up to 100% in Mode I, 

289% in Mode II, and 208% in Mode III, particularly in ENDB specimens with longer 

crack fronts. 
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• Distinct linear relationships were found between fracture toughness and critical T-

stress, enabling decoupling of geometric effects and mesostructural influence on 

fracture thresholds. 

• Linear transformation functions were derived to convert conventional 

homogeneous fracture toughness values into upper and lower heterogeneous 

bounds, allowing reinterpretation of previously published data and guiding future 

assessments. 

In summary, this work delivers a validated and generalizable methodology for 

characterizing fracture behavior in multiphase aggregate-reinforced material systems. 

The framework can readily be extended to other material systems such as concrete and 

polymer composites, informing the design of more durable, fracture-resistant 

infrastructure materials and supporting more accurate and reliable fracture toughness 

evaluations as well as test interpretations. 
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Figure S1: Spatial analysis of experimental and algorithm-generated aggregate 

distributions, benchmarked against complete spatial randomness (CSR). Radial 

distribution function g(r) of (a) algorithm-generated and (b) experimental aggregates 

versus distance normalized by the radius of aggregates (Ra) for 3 independent 

mesostructure trials. Kernel distribution of the g(r) for (c) algorithm-generated and (d) 

experimental aggregates for 3 independent mesostructure trials. 
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Figure S2: Nearest neighbor distance analysis of experimental and algorithm-generated 

aggregate distributions. (a) First, (b) second, and (c) third nearest neighbor distance of 

algorithm-generated aggregates for 3 independent mesostructure trials. (d) First, (e) 

second, and (f) third nearest neighbor distance of algorithm-generated aggregates for 3 

independent mesostructure trials. 
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Figure S3: Typical homogeneous and heterogeneous geometry factors along the crack 

front (2z/t) of SCB specimen for different aggregates volume fractions: (a) Mode I and 

(b) Mode II. 

 

 

 

 

 

 

 



58 
 

 

Figure S4: Typical homogeneous and heterogeneous geometry factors along the crack 

front (z/R) of ENDB specimen for different aggregates volume fractions: (a) Mode I, (b) 

Mode II, and (b) Mode III. 
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Figure S5: Typical fitted upper and lower bound geometry factor curves along the crack 

front (2z/t) of SCB specimen for different aggregates volume fractions: (a) Mode and (b) 

Mode II. LB stands for lower bound and UP denotes upper bound. 
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Figure S6: Typical fitted upper and lower bound geometry factor curves along the crack 

front (z/R) of ENDB specimen for different aggregates volume fractions: (a) Mode I, (b) 

Mode II, and (b) Mode III. LB stands for lower bound and UP denotes upper bound. 
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Figure S7: Typical homogeneous and heterogeneous normalized T-stress along the 

crack front (2z/t) of SCB specimen for different aggregates volume fractions: (a) Mode I 

and (b) Mode II. 
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Figure S8: Typical fitted upper and lower bound normalized T-stress curves along the 

crack front (2z/t) of SCB specimen for different aggregates volume fractions: (a) Mode I 

and (b) Mode II. LB stands for lower bound and UP denotes upper bound. 
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Figure S9: Typical homogeneous and heterogeneous normalized T-stress along the 

crack front (z/R) of ENDB specimen for different aggregates volume fractions: (a) Mode 

I, (b) Mode II, and (b) Mode III. 
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Figure S10: Typical fitted upper and lower bound normalized T-stress curves along the 

crack front (z/R) of ENDB specimen for different aggregates volume fractions: (a) Mode 

I, (b) Mode II, and (b) Mode III. LB stands for lower bound and UP denotes upper bound. 
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Figure S11: Comparison of mesostructural heterogeneity along the crack front in SCB 

and ENDB specimens and its influence on fracture parameters. Local aggregate volume 

fraction (φa) and corresponding Mode II geometry factor (YII) along the crack front of (a) 

SCB and (b) ENDB specimens. Local φa and corresponding Mode II T-stress across the 

crack front of (c) SCB and (d) ENDB specimens.  

 

 


