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Abstract:  

Recently, triply periodic minimal surfaces have seen tremendous interest in the design of compact 

process engineering components. Benefits of high surface area per unit volume, modular form, 

and inherent periodicity provide a holistic self-supporting network and flow-conducive features. 

Applications of importance pertain to thermal power management, biomimetic scaffolds and 

structures, and feasibility of advanced manufacturing. This study presents a novel approach to the 

manipulation of the characteristic Schwarz-G, or ‘gyroid’ triply periodic minimal surface, for 

thermal design in the context of advanced manufacturing. The study presents relationships between 

design parameters and resulting surface area as a target response using the characteristic equation 

of a gyroid. Through parametric control, an approach to induce asymmetry in a gyroid is presented. 

Then, the characteristic equation is manipulated to produce a 20-fold increase in achievable area 

over a baseline design characteristic of 25.4 mm through controlled combinations of design 

parameters. A second relationship is presented as a function of the maximum area achieved and 

manipulated design parameters. Through the analysis, the study presents a framework to identify 

and maximize the achievable area of triply periodic minimal surfaces for advanced manufacturing 

and thermal management applications.  
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Abbreviations 

 

TPMS  triply periodic minimal surface 

CFD  computational fluid dynamics 

3D  three-dimensional 

CAD  computer aided design 

ABS  acrylonitrile butadiene styrene 

FDM  fused deposition modeling 

LPBF  laser powder bed fusion 
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FEA  finite element analysis 

sCO2  supercritical carbon dioxide 

HPC  high-performance computing 

COP  coefficient of performance 

PCHE  printed circuit heat exchanger 

 

Symbols 

 

𝑑𝑃  pressure differential 

𝑑𝑃/𝐿  pressure drop 

𝑁𝑢  Nusselt number 

𝑓  Fanning friction factor 

𝑃𝑟  Prandtl number 

 

1. Introduction 

 

The Schwarz-G, or gyroid is one of many triply periodic minimal surfaces (TPMSs), of 

significant mathematical interest since its discovery over fifty years ago [1]. In thermal engineering 

applications, a primary motivation behind is to leverage the high surface area-to-volume ratio, 

characteristic of TPMSs, in end applications of high loading; thermal, mechanical or hydraulic. In 

non-engineering applications, interest has stemmed from the ability to use scalable TPMSs to 

generate biomimetic structures and the use of advanced manufacturing techniques to fabricate 

prototypes. To manufacture a gyroid with suitable manufacturing tolerances, a CAD model must 

be developed through volumetric quantification of solid parts and voids for fluid flow. An example 

of such a realization of gyroids of different sizes and materials using fused deposition modeling 

(FDM) (at Oak Ridge National Laboratory (ORNL)) is shown in Figure 1. 

 

 
Figure 1. Gyroids of cubic edge length 50 mm (left) and 40 mm (right) printed at the Manufacturing 

Demonstration Facility located in ORNL. 

  

Mathematical approaches to describing a typical gyroid have seen repeated attempts. In 

1996, the construction and characterization of the gyroid surface with constant mean curvature 

was presented by Große-Brauckmann and Meinhard [2]. Using the characteristic equation of a 
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gyroid, a mathematical approach was later shown to relate a practical gyroid structure to surface 

design parameters [3]. The inherent periodicity of unit cells in sample structures coupled with 

symmetry of volumes separated by the gyroid make it an attractive option as a static mixer for 

fluid flow applications. One study pursued molecular and atomic scales of study to explore 

nineteen distinct gyroid nanostructures [4]. Of nineteen, three types were identified as ground-state 

structures corresponding to a given number of atomic-scale cycles, with asymmetry in the unit 

cell. Concurrently, a porosity-based approach gained traction in the description of void spaces 

created by a gyroid of finite wall thickness generated in a cubic template [5].  
 

The Taguchi method has been pursued in some studies to control print parameters for 

TPMSs such as gyroids with finite wall thicknesses. In one study, a Taguchi L9 array was 

developed for the FDM of primitive and gyroid surfaces, where the primitive surface exhibited 

superior absorption energy and lower vibration than the gyroid [6]. In a similar study, the layer 

height, printing speed, and line width were studied via the Taguchi method to determine optimal 

settings for maximized energy absorption under compression in gyroids (layer height of 20 mm) 

and maximized strength of the diamond TPMS (layer height of 0.10 mm) at a print speed of 60 

mm/s and line width of 0.40 mm [7]. Targeted closer to thermal management applications, gyroids 

with wall thicknesses of 0.2 mm, 0.5 mm and 0.7 mm were fabricated, using LPBF, for unit cells 

with sizes ranging from 10 mm to 12 mm [8]. The results revealed that samples with wall 

thicknesses of 0.5 mm or lower did not pass leakage tests.  

 

Further increases in heat transfer are sought through smooth finishes of fabricated 

prototypes. In one study, recursive characterization was performed on gyroids that underwent 

abrasive jet polishing in which a correlation between 𝑁𝑢 and 𝑓 was determined for the as received 

and polished (smoothed) samples [9]. Additionally, fundamental studies of fluid flow and heat 

transfer in gyroids, as enhanced heat exchangers, have been studied with the objective of producing 

enhanced heat transfer area in compact footprints [8-11]. These studies examined the effects of 

various unit cell sizes, wall thicknesses, and porosity values. One study found that for a simple 

gyroid sheet structure, the porosity was the only factor to have a significant effect on thermal 

power, with a maximum thermal power recorded at 45% porosity [10]. A simple study compared 

a gyroid unit cell, a unit cell array, and a recursive gyroid structure to illustrate ways to enhance 

heat transfer area while correlating 𝑑𝑃 to 𝑓 [11]. In a tubular volume, a gyroid was inscribed as a 

static mixer to study basic fluid flow and heat transfer characteristics [12]. Here, the authors 

introduced an additional term, which provided a deviation of local X and Y coordinates across the 

X-Y cross-section of a cylindrical containment, to generate gyroids of different thicknesses. Their 

results showed that this geometry resulted in a greater than 60% reduction in pressure drop and 

over 240% increase in the heat transfer rate as compared to a heat exchanger with conventional 

circular tubes of diameter equivalent to the length of the gyroid unit cell. In another study, a cold 

plate heat exchanger design was improved by incorporating optimized gyroid topologies 

(improved by varying their wall thickness and aspect ratio) to minimize pressure loss and 

temperature gradients [13]. The findings indicated that in the optimized gyroid design, there was 

a 7% increase in thermal power, 40% increase in thermal efficiency, and 61.5% decrease in 

pressure differential over the baseline. The effects of fundamental variations in the periodicity 

(number of turns per unit cell) and consequent changes in porosity (through the Darcy-

Forchheimer framework) on the ratio 𝑑𝑃/𝐿, in incompressible laminar flow, was performed in 

[14]. The study revealed a specific correlation between 𝑁𝑢 and 𝑅𝑒 when varying 𝑃𝑟 from 0.7 to 
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14, which can be used to design fluid stream hydraulics and inflow conditions. A detailed 

optimization study showed that increasing wall thickness and/or smaller pore diameter or pattern 

length leads to enhanced thermal performance of the heat exchanger [15]. A similar investigation 

on thermal process parameters, such as stream inflow velocity and temperature, showed high 

velocities at gyroid corners and their effects on 𝑁𝑢 and 𝑅𝑒 in aeroengines [16]. This study, 

however, did not consider the effects of compressibility on thermophysical properties which 

suggested that computational predictions could be improved for greater numerical accuracy in 

mass conservation and flow field resolution. In another aerodynamics study, it was shown that 

multi-morphology TPMS structures could be integrated through a sigmoid function to tradeoff a 

8-12% increase in thermal power and 9-13% greater 𝑁𝑢 for a 12-17% increase in friction 

coefficients [17]. A similar observation in parametric tradeoff was observed during analysis of 

gyroid structures for indirect evaporative cooling [18]; here, a lower COP was observed than in 

the conventional design due to a higher 𝑑𝑃 resulting from the flow path among dense unit cells 

but the greater surface area also provided higher heat removal. 

 

As recent studies have proposed numerous correlations between 𝑁𝑢 and 𝑅𝑒 under differing 

thermal and hydraulic operating conditions, some studies have focused on predicting the heat 

transfer coefficient and hydraulic diameter when the gyroid lattice is manipulated through 

primitive controls [19] and fitted with planar, finned structures for additional heat transfer 

enhancements [20]. These efforts are of significance as compact heat exchangers are designed for 

high-pressure fluids such as sCO2
 to operate at high temperatures (500oC and above) in pursuit of 

power cycles capable of higher than conventional efficiencies. In one investigation, diamond and 

gyroid structures were evaluated against a PCHE for sCO2 operation with both structures 

outperforming the PCHE, but at the cost of a higher 𝑑𝑃/𝐿 and consequently increased pumping 

power [21].  

 

Based on these studies, the present investigation aims to fill the gap in knowledge regarding 

the manipulation of the gyroid lattice with parameters beyond the unit cell size, wall thickness, 

and porosity. The presented approach presents additional parameters which allow the gyroid to 

grow within a fixed size of unit cell, while exploring the effect of the iso-value surface on surface 

area of gyroid sheets. The outcome of this study is to enable near-term rapid prototyping and testing 

of gyroids with unprecedented surface area per volume for previously explored unit cell sizes.  
 

2. Theory and Calculation 

 

2.1. Theory 

 

The characteristic equation of a gyroid is a surface of zero thickness when the characteristic 

equation is evaluated as 𝑓(𝑥, 𝑦, 𝑧) = 0. The characteristic equation is given as Eq. (1) [22]:  

 

 

 

 

  
sin(𝑥) cos(𝑦) + sin(𝑦) cos(𝑧) + sin(𝑧) cos(𝑥) = 𝑓(𝑥, 𝑦, 𝑧) 

 
(1) 
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For visualization, Eq. (1) is plotted over a cubic volume of edge length 10.2 cm (4 in.), as shown 

in Figure 2; in (a), Eq. (1) is shown over surfaces of the cubic volume, and in (b), Eq. (1) is plotted 

within the volume of the cube. The function, f, is continuous through zero and symmetric about 

zero.  

               

Figure 2. Gyroid representations based on Eq. (1): (a) plotted on surfaces of a cubic volume, and 

(b) iso-value surface of f = 0 within a cubic volume. 

 

To develop control over the surface in a finite volume, Eq. (1) is presented in a parametric 

form in Eq. (2) to include the scaling of the 𝑥, 𝑦, and 𝑧 coordinates with specific wavenumber 

multipliers (𝑛, π, 𝐿): 

 

 

 

where 𝐿𝑋 , 𝐿𝑌, and 𝐿𝑍 are length-scale parameters which can be set equal to the edge length of the 

cube. Additionally, the terms 𝑛𝑋 , 𝑛𝑌, and 𝑛𝑍 control the number of repetitions of scaled ‘unit cells’ 

along the X, Y, and Z axes, and in this paper, are assumed to be of a constant value, 𝑛.This 

approach has been adopted in numerous studies; for instance, in one recent study, disparate values 

of 𝑛𝑋, 𝑛𝑌, and 𝑛𝑍 were used to vary the aspect ratio of the unit cell and study the effect of aspect 

ratio on thermo-hydraulics [10]. In another recent study, 𝑛 was set equal to 2 while the thickness 

of the surface was varied to study the effect of infills on effective yield strength [13]. 

 

Figure 3(a) illustrates Eq. (2) plotted over surfaces of a cube with an edge length of 101.6 

mm (4 in.). Figure 3(b) shows the iso-value surface at 𝑓 = 0 within the cubic volume. Such 

theoretical representations are first generated in CAD models prior to thickening walls for realistic 

prototyping and testing.  

 

From Figure 3, it is inferred that the control volume in which Eq. (2) is plotted generates 

two volumes separated by the gyroid surface. At f = 0, the two volumes are of equal magnitude; 

otherwise, the disparity in volume grows as the absolute value of 𝑓 increases from zero. It is also 

observed that the area of the iso-value surface at non-zero values of 𝑓 is lower than that at 𝑓 =  0. 

Therefore, for the use of gyroids in heat transfer applications, it is suggested that exploration of 

designs at 𝑓 =  0 will provide the greatest values of area, and consequently, greatest thermal 

  
𝑠𝑖𝑛 (𝑛𝑋𝜋

𝑥

𝐿𝑋
) 𝑐𝑜𝑠 (𝑛𝑌𝜋

𝑦

𝐿𝑌
) + 𝑠𝑖𝑛 (𝑛𝑌𝜋

𝑦

𝐿𝑌
) 𝑐𝑜𝑠 (𝑛𝑍𝜋

𝑧

𝐿𝑍
) +  𝑠𝑖𝑛 (𝑛𝑍𝜋

𝑧

𝐿𝑍
) 𝑐𝑜𝑠 (𝑛𝑥𝜋

𝑥

𝐿𝑋
) = 𝑓(𝑥, 𝑦, 𝑧)   

 
(2) 
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performance per unit volume. At non-zero values of f, asymmetric volumes are formed around the 

iso-value surface. The magnitude of asymmetry increases with respect to the absolute value of f. 

As the f approaches 1.2, the iso-value surface becomes discontinuous. Illustrations of gyroid 

surfaces with f values of 0, 0.3, 0.6, 0.9 and 1.2 are shown in Figure 4. 

Figure 3. Gyroid surfaces derived from iso-value surfaces of Eq. (2), over surfaces of a cube with 

an edge length of 101.6 m (4 in.) (a) 𝑓(𝑥, 𝑦, 𝑧) plotted over surfaces of the volume and (b) 𝑓 = 0 

plotted within the volume. 

                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                 

Figure 4. Decreasing surface area of iso-value surfaces with f values of (a) 0.3, (b) 0.6, (c) 0.9, and 

(d) 1.2. 
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At 𝑓 = 0, it is desired to introduce local growth of unit cells to maximize the area of the 

iso-value surface. Parameters 𝑝𝑋, 𝑝𝑌, and 𝑝𝑍 are introduced as exponents of the coordinates x, y, 

and z to allow Eq. (2) to be re-written as Eq. (3): 

 

 

 

 

For the sake of simplicity, 𝑝𝑋, 𝑝𝑌, and 𝑝𝑍 are assumed to be of equal value, 𝑝. When 𝑝 =
1, Eqs. (2) and (3) are identical. When 𝑝 <  1, the smallest unit cell is formed where the 𝑥, 𝑦, and 

𝑧 values are at their minimum. When 𝑝 >  1, the smallest unit cell is formed when these values 

are at their maximum.  

 

To the best of the authors’ knowledge there is little, if any, work that has examined how 

exponentiating the independent variables of Eq. (2) affects the topological character of the gyroid. 

Thus, this paper aims to elucidate the effects of varying p in Eq. (3) to generate gyroids with 

constant wall thickness but varying surface area within each unit cell. Such an approach is expected 

to maximize the gyroid surface area within a given volume while including growth and shrinkage 

of the underlying gyroid for thermal management applications. 

2.2. Calculation 

To explore the topology of gyroid surfaces generated at different values of p, commercial 

software Simcenter Intelligent Design Exploration (IDE) [23] is used to conduct a rapid sweep of 

design parameters and identify the topology with maximum surface area. SC-IDE natively couples 

with Simcenter STAR-CCM+ (StarCCM) [24] and provides seamless integration of design, 

parameters, and solution space for rapid exploration. In StarCCM, the parameters are set up such 

that any changes are directly implemented in the generation of iso-value surfaces over a range of 

values designated for 𝑓 and 𝑝. The current study is carried out in three stages. The first stage 

conducts a preliminary analysis to establish the variation in area due to linear changes in scaling 

parameter, 𝐿, and number of unit cells, 𝑛. The second stage investigates the effect of 1 ≤ p < 2 and 

𝑛 = [1,2,3] at a fixed value of 𝐿. The third stage explores the effect of 0 < 𝑝 < 1 to complete the 

search space and identifies a global maximum for area of iso-value surface, 𝑓 = 0. In IDE, 

performance ranking is developed by providing equal weight to all parameters and setting the 

objective to maximize the area of the iso-value surface. 

The first two stages were completed directly in StarCCM on a workstation with a Windows 

10 operating system and Intel ® Xeon® W-2123 CPU processor with clock speed of 3.6 GHz. The 

third stage was conducted on a high-performance computing (HPC) cluster with a Linux operating 

system, Rocky Linux 8.8, and AMD EPYC 9654 processors with dual-socket, 96 CPU cores and 

a clock speed of 2.40 GHz. The HPC cluster was used to generate a finite-volume mesh and report 

4,000 values of area for iso-value surfaces of the gyroid based on parameter values using 192x 

CPU cores for 192 concurrent simulations. One time-step was simulated to generate the area of 

the iso-value surface.  

 

  

𝑠𝑖𝑛 (
𝑛𝑋𝜋

𝐿𝑋

 𝑥𝑝𝑋) 𝑐𝑜𝑠 (
𝑛𝑌𝜋

𝐿𝑌

𝑦𝑝𝑌) + 𝑠𝑖𝑛 (
𝑛𝑌𝜋

𝐿𝑌

𝑦𝑝𝑌) 𝑐𝑜𝑠 (
𝑛𝑍𝜋

𝐿𝑍

𝑧𝑝𝑍) +  𝑠𝑖𝑛 (
𝑛𝑍𝜋

𝐿𝑍

𝑧𝑝𝑍) 𝑐𝑜𝑠 (
𝑛𝑋𝜋

𝐿𝑋

𝑥𝑝𝑋) = 𝑓(𝑥, 𝑦, 𝑧) = 0 

 

(3) 
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3. Results and Discussion 
 

In the first stage, a preliminary trend is established between the area of the iso-value surface 

and changes in 𝑛 and 𝐿 for p = 1. Here, the term ‘iso-value surface’ refers to the surface generated 

at 𝑓 = 0. In the second stage, the effect of 1 ≤ p < 2 is discussed. In the third stage, exploration of 

surfaces at 0 < 𝑝 < 1 resulted in identification of the 𝑝 value at which the area reaches a maximum 

above 𝑝 = 1, and detailed discussion follows on identification of the greatest value of area using 

a combination of 𝑓, 𝑝, and 𝐿.  
 

3.1. Stage 1: Preliminary Study of Gyroids with 𝒑 = 𝟏, 𝒇 = 𝟎 
 

Based on Eq. (3), it is evident that for 𝑝 = 1, the argument inside the sine and cosine 

functions are dependent not only on the parameters n and L, but also on the spatial coordinates 

corresponding to (𝑥, 𝑦, 𝑧). The resulting value of the function, 𝑓, ranges from -1.499 to 1.499. At 

𝑓 = 0, the iso-value surface evenly divides the volume in which f is plotted. In contrast, non-zero 

values generate asymmetry. It is seen that increasing 𝑛 from 1 to 3 increases the area of the iso-

value surface. Greater values of area are observed at lower values of 𝐿 and higher values of 𝑛. 

Table 1 summarizes the relative changes in area of the iso-surface as 𝑛 increases from 1 to 3 for 

fixed values of 𝐿. It can be observed that the increment in area over 𝑛 = 1 is proportional to the 

change in n and is consistent for all values of 𝐿. The reference volume used in Table 1 is 

approximately 0.0011 m3 for a cube of edge length 0.1016 m. 
 

Table 1. Variation of area per unit volume with 𝑛 and 𝐿 at 𝑝 = 1, 𝑓 = 0. 

 True area per unit volume (1/m) Increment over 𝑛 = 1 

𝑛 𝐿

= 0.0127 𝑚 

𝐿

= 0.0254 𝑚 

𝐿

= 0.0508 𝑚 

𝐿

= 0.0127 𝑚 

𝐿

= 0.0254 𝑚 

𝐿

= 0.0508 𝑚 

1 121.78 60.88 30.44 1.0000 1.0000 1.0000 

2 243.82 121.78 60.88 2.0021 2.0005 2.0002 

3 366.41 182.75 91.32 3.0087 3.0020 3.0005 

 

The values in Table 1 focus on rigid changes to the number of unit cells, 𝑛, or the length of 

each unit cell, 𝐿, to increase the area of the iso-value surface. From Figure 5, it can also be visually 

verified that the topology is scalable with respect to the ratio 𝑛/𝐿. Therefore, the scope of thermal 

applications may range from a few millimeters, such as those encountered in micro-electronics 

and data center applications, to several meters as encountered in industrial heat transfer equipment. 

The inherent scalability of geometry lends itself to advanced manufacturing techniques for rapid 

prototyping at laboratory-scale as well as the elevation of technological maturity from conceptual 

prototype to demonstration in relevant environments. Symbiotically, this computational exercise 

can promote the maturity of manufacturing technologies and allow for feasible fabrication of 

complex topologies in thermal management systems at scales relevant to industry.  

 

In Figure 5, the reader may proceed row-wise from (a)-(c), (d)-(f) and (g)-(i) to observe the 

increase in area of unit cells at a fixed number of unit cells per distance, 𝐿. Increasing 𝐿 from 

0.0127 m to 0.0254 m and 0.0127 m to 0.0508 m create 4-fold and 16-fold increases in the area of 

each unit cell, respectively. At each 𝐿, increasing the number of unit cells from 1 to 3 reveals a 

greater density of unit cells owing to three-dimensional spans in a cubic volume; therefore, an 
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increase in number of unit cells from 1 to 2 and 1 to 3 create an 8-fold and 27-fold decrease in the 

volume of each unit cell, respectively. This may be visually assessed column-wise in Figure 5 

along (a)-(d)-(g), (b)-(e)-(h) and (c)-(f)-(i). Thus, rigid manipulation of the gyroid can create 

desired changes in area or volume, as a global phenomenon. This feature is leveraged in subsequent 

sections of this study to create localized changes in the unit cells.  

 
    

        
Figure 5. Illustrations of gyroid surfaces generated using values of 𝑛 and 𝐿 in Table 1: (a) n = 1, L 

= 0.0127 m, (b) n = 1, L = 0.0254 m, (c) n = 1, L = 0.0508 m, (d) n = 2, L = 0.0127 m, (e) n = 2, L 

= 0.0254 m, (f) n = 2, L = 0.0508m, (g) n = 3, L = 0.0127 m, (h) n = 3, L = 0.0254 m, and (i) n = 

3, L = 0.0508 m. 
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3.2. Stage 2: Gyroids with 𝒑 ≥ 𝟏, 𝒇 = 𝟎 
 

When values of 𝑝 were increased above 1, two salient observations were made. First, at a 

given value of 𝑝, the area of the iso-value surface increased proportionately with respect to 𝑛; this 

behavior is consistent with trends presented in Sec. 3.1. Second, as 𝑝 increased, the area of the iso-

value surface decreased for a given 𝐿 and 𝑛. Variations in area and relative increments are 

summarized for 𝑝 ≥ 1 in Table 2. This decrease is consistent across values of 𝐿 and n ranging from 

0.0127 m to 0.0508 m and 1 to 3, respectively. 

 

Table 2. Variation of area per unit volume with 𝑛 and 𝑝 at 𝑓 = 0 and 𝐿 = 0.0127 𝑚. 
 

 True Area per Unit Volume (1/m) Increment Over 𝑛 = 1 

𝑛 𝑝  

= 1.00 

𝑝

= 1.25 

𝑝

= 1.50 

𝑝

= 1.75 

𝑝   

= 1.00 

𝑝

= 1.25 

𝑝  

= 1.50 

𝑝 

= 1.75 

1 121.78 69.11 38.69 22.85 1.00 1.00 1.00 1.00 

2 243.82 138.72 79.49 46.09 2.00 2.01 2.05 2.02 

3 366.41 208.16 119.03 70.13 3.01 3.01 3.08 3.07 
 

From the data in Table 2, the area per unit volume of each iso-value surface, A, was then 

normalized by the maximum value of area per unit volume in the range explored, 𝐴𝑀𝐴𝑋, and a 

correlation with 𝑝 was found using a second-order polynomial fit, as given by the following 

equation: 
 

 

 

 

Here, the scaled value of the iso-value surface area, 𝐴/𝐴𝑀𝐴𝑋, is normalized for 𝑛 = 1 and 

p = 1 for a given L. Thus, values of 𝑝 greater than 1 will produce values of 𝐴/𝐴𝑚𝑎𝑥 less than 1. 

Iso-value surfaces of gyroids at 𝑝 =  [1.25, 1.50, 1.75] are shown in Figures 6(a)-(c), respectively.  

Figure 6. Iso-value surfaces of gyroids at 𝑝 > 1, (a) 𝑝 =  1.25, (b) 𝑝 =  1.50, and (c) 𝑝 =
 1.75. 

 

 

 

 

 
𝐴/𝐴𝑀𝐴𝑋 = 1.2098𝑝2 − 4.4017𝑝 + 4.1888 (4) 
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3.3. Stage 3: Exploration of Design Optimum for Maximum Area (𝒑 < 𝟏, 𝒇 = 𝟎) 

 

Further investigation into p values which could generate larger iso-value areas were 

pursued by exploring combinations of 𝑝 < 1 and 𝑓 = 0 over unit cells sizes ranging from 

0.003175 m to 0.0254 m (in 0.003175 m increments). These lengths were chosen in the context of 

conventional heat exchanger sizes. Figure 6 shows the effect of concurrent variation of p and f on 

the iso-value surface area. From Eq. (3), it is seen that for a given 𝑛, 𝑓, and 𝑝, lower values of 𝐿 

will give larger values of argument in the sine and cosine terms. At n = 1, it is seen from Figure 7 

that the area gradually increases as 𝑝 reduces from 1 to 0.3 and then sharply decreases as 𝑝 reaches 

zero. This behavior suggests that an inflection point exists at or around 𝑝 = 0.3, and can serve as 

a basis for further detailed optimization. Additionally, this behavior suggests that the framework 

of analysis could be extended to other TPMSs, such as the Schwarz-P or Schwarz-D for example. 

In the context of prototype manufacturing for thermal management applications, it may be noted 

that the range of unit cell sizes studied can be refined to a reference size of 3.175 mm (“best 

design”) to develop iso-value surface areas roughly 20 times as large as those at the initial reference 

size of 25.4 mm (“baseline design”) at 𝑓 = 0. No increase in area was seen at values of 𝑓 > 0. 

 

Figure 7. Variation of area with concurrent variation of 𝑓 and 𝑝 at (a) 𝐿 =  3.175 𝑚𝑚 (b) 𝐿 =
 6.35 𝑚𝑚 (c) 𝐿 =  9.525 𝑚𝑚 (d) 𝐿 =  12.7 𝑚𝑚 (e) 𝐿 =  15.875 𝑚𝑚 (f) 𝐿 =  19.05 𝑚𝑚 (g) 

𝐿 = 22.225 𝑚𝑚 (h) 𝐿 = 25.4 𝑚𝑚. 
 

Figure 8 features a connectivity plot of L, f, p, and area (A) of the iso-value surface. Here, 

a parametric sweep of 4,000 combinations was explored with the area of iso-value surface (𝑓 = 0) 

as the response. The best design, which is highlighted by the red line in the figure, exhibits the 

largest area due to the smallest unit cell size. Compared to the baseline design (black line in the 

figure) with a unit cell size of 25.4 mm, the best design uses a unit cell size of 3.175 mm, or 1/8th 

the baseline value. Therefore, it is possible to harness more area in the same volume by altering 

not only the value of 𝐿 and 𝑛, but also varying the size of individual unit cells through the value 

of 𝑝.  
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Figure 8. Connectivity plot of 𝐿, 𝑓, 𝑝, and area (A) of iso-value surface.  

 

At 𝑝 = 0, the area generated is near-zero. Therefore, a low, non-zero value of 0.05 is used 

as a minimum. An evaluation of the area generated on the iso-value surface at 𝑓 = 0 by variation 

of 𝑝 from 0.01 to 1 shows the lowest value at 𝑝 = 0.01, and the maximum value at 𝑝 = 0.3. At 

𝑝 = 1, the area is lowest observed over the range of interest from 𝑝. A fourth-order polynomial fit 

provides the relationship between scaled area, 
𝐴

𝐴𝑀𝐴𝑋
, and 𝑝 as: 

 

 

 

 

Using computational methods, it is observed that Eq. (5) approaches a maximum at 𝑝 =
0.3048. However, using the p values from this study a trend of the area, as scaled by the maximum 

value at 𝑝 = 0.3, is shown in Figure 9. Further analysis of the data found that the root mean square 

error (RMSE) was 0.01, indicating that the equation is a good fit to the data. The true value of 

maximum corroborates the approach in this study to explore values of p less than 1 to maximize 

surface area in the context of thermal design.  

Figure 9. Scaled (with respect to Amax) iso-value surface area that is varied with respect to p, as 

based on Eq. (5). 

 𝐴

𝐴𝑀𝐴𝑋
= −7.7312𝑝4 + 21.594𝑝3 − 21.599𝑝2 + 8.0239𝑝 + 0.033 (5) 
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From the perspective of advanced manufacturing and thermal system design, Eq. (4) and 

Eq. (5) provide clarity on trends of area generated by the iso-value surface at values of 𝑝 above 

and below 1. The reader should note that the identified quantitative relationships apply only to 

zero-thickness surfaces. For instance, a finite wall thickness common to advanced manufacturing 

in the range of 1 mm – 3 mm will notably reduce the available area for heat transfer applications. 

However, realistic wall roughness is expected to create friction with flow and induce perturbations 

in the boundary layer, benefiting thermal mixing; this aspect remains to be studied in continuing 

work. Figure 10 illustrates iso-value surfaces generated using data in Figure 8 for representative 

values of p ranging from 0.01 to 1.0. 
 

 

Figure 10. Illustrations of iso-value surfaces for p values of (a) 0.01, (b) 0.1, (c) 0.2, (d) 0.3, (e) 

0.4, (f) 0.5, (g) 0.6, (h) 0.8, and (i) 1.0. 

 

A deeper interpretation of computed data in this study is made available through Figure 11. 

Plot (a) reveals the variation of area with respect to changes in 𝑝 for fixed values of 𝑓 and 𝐿. The 

size of the data bubble grows with value of f and the color bar transitions from red to blue as the 
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value of L increases from 0.003175 m to 0.0254 m; values of the latter have been rounded to three 

significant figures. Further to the maximum identified by Eq. (5), it is seen that the characteristic 

gyroid generated at 𝑝 = 1 bears area less than even 𝑝 = 0.05. In future work, it remains to be seen 

if more than one maximum exists, and at values of p less than 0 and above 2. At larger values of 

L, fixed values of 𝑓 and p render larger values of surface area, which is solely attributed to the 

larger size of the unit cell. In addition, a large value of L complemented by a low value of 𝑓 will 

generate the maximum area at a given value of 𝑝. This is further corroborated by the qualitative 

trends evident in figures 11 (b) and (c).  

 

Figure 11. Plot illustrating the variation in iso-value surface area with respect to (a) 𝑝, (b) 𝑓, and 

(c) 𝐿. 
 

4. Conclusions 

The gyroid as a TPMS has received widespread attention due to inherent scalability and 

periodic surfaces which offer opportunities for customization into numerous end applications. This 

study provided a summary of recent influential work in the field with a focus on heat transfer 

applications. The study identified prior work which has laid the foundation to characterize void 

space in the gyroid, as well as pathways to design new gyroids towards enhanced heat transfer in 

a compact footprint. The study presented a novel approach towards generating novel shapes of 

gyroids with the sole objective of maximizing the heat transfer area in comparison to traditional 

approaches which relied on the fixed unit cell sizes rendered by the characteristic equation of a 

gyroid. 

The study presented the parametric form of the characteristic equation of a gyroid which 

was adopted in prior research as well but demonstrated the effect of rigid changes in the size of 
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the unit cell and the number of unit cells within a fixed length towards harnessing greater surface 

area in a fixed volume. In the context of heat transfer, a key feasibility criterion for design is 

manufacturability and mechanical integrity. Through rigid manipulation, it was shown that global 

changes in the unit cell could be implemented which in conjunction with prior research, could 

develop greater than characteristic surface area. However, this approach leads to abrupt changes 

in hydraulic profiles due to large changes in cross-sectional area and hydraulic diameter, which are 

further associated with undesired changes in pressure differential. The novel approach proposed 

seeks to mitigate these occurrences by providing growth and shrinkage through targeted 

manipulation of new parameters along the Cartesian co-ordinate system. In doing so, the gyroid 

gradually grows and shrinks.  

Investigation of the effect of the new parameter, 𝑝, on the growth of unit cells revealed 

several inferences. First, at 𝑝  =  1 , the characteristic equation was reproduced. At 𝑝 >  1, the 

area rendered by the gyroid was lower than that of the characteristic value. At p < 1, a maximum 

was identified for a fixed value of n and L. A parametric study was conducted to identify this value, 

and a maximum in area was identified at 𝑝 =  0.3. A comparison with theory was conducted to 

compute the exact derivative, and the corresponding maximum was found to be for p = 0.304857. 

Thus, the blind study was verified by the derived analytical value.  
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