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Abstract

In the field of the Finite Element Method (FEM) for computational solid mechan-
ics, there is a strong need to develop efficient integrators for element-level quantities,
such as mass and stiffness matrices, internal and external forces, and so on. Currently,
the Standard (ST) approach to numerical integration is employed. Thus, generally
speaking, the more accurate (the higher order) quadrature (cubature) is chosen, the
more integration points it includes, and the more computationally expensive it be-
comes. Therefore, the practical rule of thumb is to select the least costly scheme that
is sufficiently accurate for global convergence.

This study is dedicated to the derivation of a highly efficient, yet sufficiently accu-
rate, integrator for the element-level consistent mass matrix evaluation of the widely
used 10-node tetrahedral element. We start by adopting the recently proposed J-
Derivatives (JD) approach and, for the first time, specifying it for the quadratic tetra-
hedral element. We explicitly provide all the necessary details for the in-code imple-
mentation of the resulting formula. We account for both constant and varying initial
density.

The accuracy of the suggested integrator is examined using five coarse-mesh ge-
ometries. Findings reveal that the suggested JD integrator outperforms the 11-point
ST cubature by a wide margin and is practically equivalent to the 15-point ST scheme.
Those results support the sufficient accuracy of our proposal. The relative ‘polyno-
mial’ complexity is examined using a Computer Algebra System (CAS). Accordingly,
the complexity of the complete, sufficiently accurate JD formula is 25% higher than
that of the only 1-point ST integration. Also, we compare the CPU time of the in-
code implementation. CPU time of the complete JD integration is 29% higher than
that of only 1-point ST integration. All those outcomes convincingly support the
proposed scheme as a practically desirable formula.

Keywords: J-Derivatives; Semi-Analytical; Quadrature-free; non-Gaussian; closed-
form; Finite Element Technology;

1 Introduction

A vast majority of practical real-life engineering problems associated with non-
linear solid mechanics are solved by means of the Finite Element Analysis (FEA).
However, satisfactory solutions often require immense computational resources. Thus,
progress in Finite Element Technology (FET), which aims to raise efficiency and over-
all performance of the method, is of great practical importance. Our contribution
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provides a novel, highly efficient element-level integrator for the consistent mass ma-
trix of the quadratic tetrahedral element.

Currently, to the best of our knowledge, for the vast majority of practical applica-
tions, the Standard (ST) numerical integration method is adopted, e.g. [48, 5]. Each
scheme has its own number of integration points at which the integrand is evaluated
and multiplied by the weight. The more integration points in the quadrature, the
higher the scheme’s accuracy (order); however, the higher the complexity. Thus, the
practical rule of thumb is to use the least expensive while sufficiently accurate quadra-
ture (cubature) for which global convergence occurs.

Several alternatives to conventional integration exist, for example, [1]. It is shown
that symbolic/analytic work with high-level programming and explicit code genera-
tion can yield highly efficient code in many practical cases. Also, [52] demonstrates
how Computer Algebra Systems (CAS) can be used to analytically treat and simplify
stiffness matrix terms for an 8-node elastic element; the resulting expressions lead
to significant time savings. Quadrature-free immersed isogeometric analysis can be
found in [2]. The study proposes a novel method for solving partial differential equa-
tions on 3D CAD geometries using immersed isogeometric discretizations, without
requiring quadrature schemes.

A code-generation strategy based on symbolic integration and polynomial common
subexpression elimination (CSE) is explored [44]. A systematic evaluation of the ap-
proach, measuring operation count, execution time, and numerical error, is presented.
Authors show that, with additional computational cost, it is possible to achieve much
of, and sometimes substantially exceed, the performance of alternative approaches
without compromising precision.

Closed-form terms for flat-faced tetrahedral elements’ stiffness matrices show sig-
nificant time savings compared to numerical integration [39]. Smoothed Finite El-
ement Method (S-FEM) describes how smoothing changes the weak form and the
element-level integrals (i.e., how stiffness assembly is modified) [35]. S-FEM variants,
applications to dynamics/eigenvalue problems, and comments on mass/stiffness be-
havior and computational aspects, also elaborating on computational efficiency claims
[57]. Presents a fully smoothed formulation where both stiffness and mass integrals
are treated via smoothing/modified integrals — explicitly shows how domain inte-
grals may be replaced by simpler boundary/smoothing cell integrals (necessary for
element-level cost) [53]. These demonstrate how smoothing ideas are implemented
at the element level (user-element subroutines), showing concrete element-level as-
sembly strategies and their computational implications [43].
In this study, we follow and significantly improve on the Semi-Analytical (SA)

approach for element-level mass matrix integration [13, 14, 15, 16, 17] and later
[22, 23]. The SA approach exploited the integrand’s mathematical structure. Specif-
ically, it identified two types of multiplicative terms: coordinate-dependent and mesh-
dependent ones. Then, it proposed a systematic approximation for the mixed-dependent
function to achieve the desired separation between variables. Finally, it performs an
analytical (symbolic) precomputation for the generalized weight matrices. The result-
ing formula took the form of a linear combination of the weight matrices multiplied
by the sampled Jacobian function (metric). In the aftermath, the SA approach enabled
a significant reduction in the number of sampling points required for a sufficiently
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accurate element-level mass-matrix evaluation.
In our study, we follow the recently proposed J-Derivatives (JD) approach [20] for

the evaluation of the element-level (element frame) mass matrix. Similar to the SA
approach, the JD method leverages the space and mesh separation and proposes a sys-
tematic approximation of the mixed terms, followed by the analytical precomputation
of the generalized weight matrices. However, the approximation is based on partial
derivatives rather than the sampled values. This makes our integrator non-Gaussian
or quadrature-free. Also, JD proposes an intelligent (efficient) way to express those
partial derivatives such that the resulting scheme, while still sufficiently accurate, sig-
nificantly overperforms the existing ones in efficiency.

Following the above, Section 2 recalls all the necessary details regarding the mathe-
matical problem statement of the element-level consistent mass matrix. The Standard
(ST) approach to numerical integration is also mentioned. Then, Subsection 2.1 re-
calls the recently proposed J-Derivatives (JD) method, allowing for the constant and
varying initial density. Next, Section 3 specifies the JD approach to the 10-node
tetrahedral element. All the necessary terms are derived and explicitly presented for
in-code implementation. Section 4 explores the accuracy of the proposed formula
based on a comparative accuracy study. A set of five coarse-mesh, automatically-
meshed geometries is selected to compare the 11-point and 15-point ST integrations
with the JD formula. Section 5 explores the complexity and the CPU time of the
proposed approach. It is compared to the least expansive possible integration - the
1-point ST quadrature. Finally, Section 6 discusses the results and draws important
practical conclusions. Appendix A keeps a record of important technical details of
the practical JD scheme.

2 Mathematical background

In this section, we recall the mathematical problem statement of the consistent mass
matrix. Then, we elaborate on the conventional (ST) approach to numerical integra-
tion. Finally, we explore the recently proposed J-Derivatives (JD) method.

The number of dimensions (either 2D or 3D) is denoted by ndim and the number
of element node is given by nnodes. Shape functions NI (ξ), where (I = 1, .., nnodes)
are explicit polynomials of local coordinates ξ, such that for the 2D case ndim = 2,
ξ = (ξ, η), while for the common 3D case ndim = 3, ξ = (ξ, η, ζ), see for example
(23). Initial material density in the initial element domain is denoted by ρ0; unless
specifically mentioned, the density function is not constant.

Integration in the parent element domain is commonly denoted by
∫
V□

(·) d□,
where for the ndim = 3, the d□ denotes d□ = dξdηdζ. Explicit integration bounds
in the tetrahedral domain are given by

∫ 1

0

∫ 1−ζ

0

∫ 1−η−ζ

0
(·) dξdηdζ. Elemental volume

of the initial volume domain dV is given by dV = Jdξdηdζ = Jd□, where J is the
Jacobian function (metric), transforming from the parent element to the initial config-
uration element. Jacobian J (ξ;XIm), (I = 1, .., nnodes,m = 1, .., ndim) is a function
of local coordinates ξ and of the mesh - nodal positions with respect to the global
coordinate system (e1, .., endim

) namely XI =
∑ndim

m=1 XImem where (I = 1, .., nnodes).
Jacobian is the determinant of the Jacobian matrix. Let’s denote an arbitrary ma-
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terial point X occupying spatial point X in the initial element domain, following the
isoparametric concept X =

∑nnodes

I=1 NI (ξ)XI . The Jacobian matrix [J ] is defined by
[J ] = Gradξ (X). Thus, for the 3D case ndim = 3, the Jacobian matrix is given by

[J ] =

 X1;ξ X1;η X1;ζ

X2;ξ X2;η X2;ζ

X3;ξ X3;η X3;ζ


Jmk = Xm;k =

nnodes∑
I=1

NI;k (ξ)XIm , (m, k = 1, .., ndim)

(1)

Where Xm = X · em =
∑nnodes

I=1 NIXIm, (m = 1, .., ndim). Semicolon represents the
partial differentiation with respect to local coordinates, e.g., NI;2 =

∂NI

∂η
. Determinant

admits the standard definition

J (ξ, XIm) = Det ([J ]) = J11J22J33 − J11J23J32 − J12J21J33+

J12J23J31 + J13J21J32 − J13J22J31
(2)

Consistent element-level mass matrix MIJ , (I, J = 1, .., nnodes) is defined by

MIJ =

∫
Ve

ρ0NINJdV =

∫
V□

ρ0NI (ξ)NJ (ξ) J (ξ;XK,n) d□

(I, J,K = 1, .., nnodes) , (n = 1, .., nndim)

(3)

It is noted that the above (3), provided constant initial density ρ0, can be evaluated
exactly, since all the integrand’s multiplicative terms are polynomials with respect
to the local coordinates ξ, see (1)(2)(23). However, the resulting expression will be
highly inefficient and redundantly accurate. The practical rule is to adopt the most
effective and sufficiently accurate scheme. Therefore, to the best of our knowledge,
all commercial packages employ the Standard (ST) approach to numerical integration
for 3D solid elements, specifically for the 10-node tetrahedral element.

Standard (ST) numerical integration methods are based on integrand evaluation at
a prescribed quadrature (cubature) points multiplied by weights associated with each
point (e.g., Gauss points). Each quadrature has an integration order, which is the order
of the polynomial that is integrated exactly using that scheme. Typically, the higher-
order scheme, i.e., the more accurate quadrature, requires more sampling points and,
as a consequence, complexity rises. ST approximation takes the next form

MST
IJ =

nip∑
q=1

wqρ0qNIqNJqJq (XK,n)

(I, J,K = 1, .., nnodes) , (n = 1, .., nndim)

(4)

Where nip stands for the number of integration points, wq are weights associated with
sampling point (q = 1, .., nip). Initial density evaluated at the integration point is de-
noted by ρ0q. Shape functions and the Jacobian function evaluated at the integration
points are denoted by NIq and Jq, respectively. Clearly, the higher the nip, the more
terms the above ST approximation (4) contains, and the complexity increases

MST
IJ ≈ w1NI1NJ1ρ01J1 + w2NI2NJ2ρ02J2 + ...+ wnip

NInip
NJnip

ρ0nip
Jnip

(I, J,K = 1, .., nnodes) , (n = 1, .., nndim)
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While the above (4) is implemented in a rather straightforward manner, we wish to in-
clude an additional representation that provides a generalizing perspective and serves
as a connecting bridge to the latest developments. By adopting the next definition

MST
IJq = wqNIqNJq, (I, J = 1, .., nnodes) , (q = 1, .., nip) (5)

The ST approximation (4) takes the form

MST
IJ =

nip∑
q=1

MST
IJq (ρ0qJq)

(I, J = 1, .., nnodes)

(6)

Clearly, the above (6) and (4) are identical. However, here, the ST approximation is
represented as a linear combination of nip generalized weight matrices MST

IJq multi-
plied by (ρ0J) function sampled at the integration point. One might ask - do better
generalized weights exist such that for the same nip the resulting accuracy increases
dramatically? This question has been answered positively by proposing the Semi-
Analytical (SA) approach, e.g., [22, 23]. SA element-level mass matrix integrator
MSA

IJ =
∑nip

q=1 M
SA
IJq (ρ0qJq) allowed to reduce several times (two to four times) the

necessary amount if integration points by prescribing superior generalized weights
matrices. Our contribution represents an additional step forward by achieving an
equally dramatic increase in efficiency.

2.1 J-Derivatives (JD) approach

Herein, we recall the recently proposed J-Derivatives (JD) approach [20]. The JD
method enables the derivation of highly efficient, case-specific integrators tailored for
evaluating the element-level mass matrix. The tremendous efficiency increase is made
possible by two cornerstones. The first is taking advantage of a specific integrand form
in (3) by separating the coordinate-dependent and mesh-dependent terms. This was
made possible due to an analytical approximation for the (ρ0J) function. In addition,
a computationally beneficial form of partial derivatives is found. Notably, we use CAS
to derive all required expressions explicitly. Let us first present the approach based
on the most practical case of constant initial density ρ0 = const. In practice, for the
majority of simulations, the mesh is fine enough to assume it is constant within each
element. However, the generalization to varying density immediately follows. It in-
troduces no computational or theoretical difficulties. For the constant density, the JD
integrator is non-Gaussian; it does not require the notion of integration (or sampling)
points.

An integrand in (3) is given by ρ0NI(ξ)NJ(ξ)J(ξ;XKM), we distinguish between
coordinate and mesh-dependent functions. However, Jacobian is both, thus it is ana-
lytically approximated by means of Taylor’s multivariate expansion about the centroid
ξ∗ = (ξ∗, η∗, ζ∗). With the help of the next definitions

Ñ0 = 1, Ñ1 = (ξ − ξ∗) , Ñ2 = (η − η∗) , Ñ3 = (ζ − ζ∗) (7)
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J̃0 (XKm) = J (ξ;XKm)
∣∣
ξ∗

J̃1 (XKm) =
∂J (ξ;XKm)

∂ξ

∣∣
ξ∗

J̃2 (XKm) =
∂J (ξ;XKm)

∂η

∣∣
ξ∗

J̃3 (XKm) =
∂J (ξ;XKm)

∂ζ

∣∣
ξ∗

(8)

Linearly approximated Jacobian function (metric) takes the convenient form

J (ξ;XJn) ≈
3∑

q=0

Ñq (ξ) J̃q (XKm)

(J,K = 1, .., nnodes) , (n,m = 1, .., ndim)

(9)

Now, the above (9) is installed in the original problem statement (3). The definition
of the generalized weight matrices is as follows

MJD
IJq =

∫
V□

NINJÑq d□

(I, J = 1, .., nnodes) , (q = 0, .., 3)

(10)

Therefore, the JD integrator for the constant density case is given by

MJD
IJ =

3∑
q=0

MJD
IJq (ρ0J̃q), (I, J = 1, .., nnodes) (11)

Importantly, generalized coefficient matrices MJD
IJq given by (10) are precomputed

numbers, similar to weights in ST numerical integration. For example, our study
provides those values for the 10-node tetrahedral element. This enables in-code in-
tegrator implementation. Also, the above linear combination of generalized weight
matrices resembles the previously mentioned ST representation and the SA integra-
tors (6). However, the above JD uses the Jacobian’s partial derivatives rather than the
Jacobian evaluated at the sampling point. This point will be addressed later since it is
an additional source of JD efficiency superiority. Also, we note that the above (11) is
a non-Gaussian integrator (quadrature-free) in the sense that it does not require the
notion of sampling points.

What is the order of the above JD formula? We can elaborate on the topic only
in the non-rigorous sense. JD integrator (11) is exact for the linear Jacobian element.
Namely, as long as the Jacobian is constant (regular mesh) or a linear function of coor-
dinates ξ, the formula is exact. Thus, the order is equal to the order of the integrand
in (10). For example, for the 10-node tetrahedral element, shape functions NI are
quadratic (23); thus, (NINJÑq) is fifth order with respect to ξ, see (7). In fact, the JD
integrator approximates all coarse-mesh elements using a linear Jacobian. Based on
previous SA studies, this is a sufficiently accurate assumption for a mass matrix inte-
grator [22, 23]. We’ll reproduce those findings in the comparative accuracy study.

The central question now is how to express partial derivatives J̃q, (q = 0, .., 3) such
that the JD integrator (11) will be significantly less complex (more efficient) than all
the alternatives? The secret is to express the partial derivatives in terms of partial
derivatives of the Jacobian matrix and not in terms of the mesh! As such, the Jaco-
bian matrix (1) is linearized with the help of Taylor’s multivariate expansion about
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the centroid ξ∗ = (ξ∗, η∗, ζ∗). To this end, we recall the definition (7) and use the
next one[

J0
]
= [J ]

∣∣
ξ∗

[
J1

]
=

∂ [J ]

∂ξ

∣∣
ξ∗

[
J2

]
=

∂ [J ]

∂η

∣∣
ξ∗

[
J3

]
=

∂ [J ]

∂ζ

∣∣
ξ∗

(12)

to write the linear approximation of [J ], given by (1) as

[J ] ≈
3∑

q=0

Ñq (ξ) [J
q (XKm)]

(K = 1, .., nnodes) , (m = 1, .., ndim)

(13)

Partial derivative matrices (12) are evaluated using a CAS; for the 10-node tetrahe-
dral, [Jq], (q = 0, .., 3) are given by (24,25,26,27). Partial derivatives of the Jacobian
function J̃q, (q = 0, .., 3) follow (2), (8), (9) and the above (13) to take the explicit,
computationally compact form

J̃0 = J0
1,1J

0
2,2J

0
3,3 − J0

1,1J
0
2,3J

0
3,2 − J0

1,2J
0
2,1J

0
3,3+

J0
1,2J

0
2,3J

0
3,1 + J0

1,3J
0
2,1J

0
3,2 − J0

1,3J
0
2,2J

0
3,1

(14)

J̃m = J0
1,1J

0
2,2J

m
3,3 − J0

1,1J
0
2,3J

m
3,2 − J0

1,1J
0
3,2J

m
2,3 + J0

1,1J
0
3,3J

m
2,2 − J0

1,2J
0
2,1J

m
3,3+

J0
1,2J

0
2,3J

m
3,1 + J0

1,2J
0
3,1J

m
2,3 − J0

1,2J
0
3,3J

m
2,1 + J0

1,3J
0
2,1J

m
3,2 − J0

1,3J
0
2,2J

m
3,1−

J0
1,3J

0
3,1J

m
2,2 + J0

1,3J
0
3,2J

m
2,1 + J0

2,1J
0
3,2J

m
1,3 − J0

2,1J
0
3,3J

m
1,2 − J0

2,2J
0
3,1J

m
1,3+

J0
2,2J

0
3,3J

m
1,1 + J0

2,3J
0
3,1J

m
1,2 − J0

2,3J
0
3,2J

m
1,1

(m = 1, 2, 3)

(15)

Using the above (14),(15), the proposed JD integrator (11) becomes not only suffi-
ciently accurate (see Section 4), but also highly efficient (see Section 5).

Finally, we’ll generalize (11) for the varying initial density ρ0 ̸= const. Derivation
follows the same theoretical guidelines and poses no computational or theoretical dif-
ficulty. Previously, we’ve kept the density constant and linearly approximated the
Jacobian using its partial derivatives. Now, we’ll linearly approximate the multiplica-
tive function (ρ0J), and use its partial derivatives in the resulting integrator. As such,
let us assume a linear density distribution within the 10-node tetrahedral element
domain (while a careful reader notes that the proposed model can be used as is, for
any other domain as well). Initial density values at the four vertex nodes are known
and denoted by ρ0m, (m = 1, 2, 3, 4), thus

ρ0 = (1− ξ − η − ζ) ρ01 + ξρ02 + ηρ03 + ζρ04

ρ0m = ρ0
∣∣
ξ=NODE m

(m = 1, 2, 3, 4)
(16)

Then, with the help of linearized Jacobian given by (9), the above density approxi-
mation (16), and definitions (7-8), the linear multivariate approximation of the (now
quadratic function) (ρ0J) about the centroid ξ∗ = (ξ = ξ∗, η = η∗, ζ = ζ∗), takes the
form

(ρ0J) ≈
3∑

q=0

ÑqJ̃
ρ0
q J̃ρ0

0 = (ρ0J)
∣∣
ξ∗

J̃ρ0
1 =

∂ (ρ0J)

∂ξ

∣∣
ξ∗

J̃ρ0
2 =

∂ (ρ0J)

∂η

∣∣
ξ∗

J̃ρ0
3 =

∂ (ρ0J)

∂ζ

∣∣
ξ∗

(17)
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where partial derivatives J̃ρ0
q , (q = 0, 1, 2, 3) are given by

J̃ρ0
0 = ρ̃00J̃0 J̃ρ0

m = ρ̃0mJ̃0 + ρ̃00J̃m (m = 1, 2, 3)

ρ̃00 =
1

4
(ρ01 + ρ02 + ρ03 + ρ04) ρ̃0m = ρ0 m+1 − ρ01

(18)

Then, substitution of (17) to the original problem statement (3) followed by the conse-
quential adoption of the generalized weights matrices (10), results in the JD integrator

MJD
IJ =

3∑
q=0

MJD
IJqJ̃

ρ0
0 (19)

Clearly, the above (19) and the previously developed (11) agree with each other when
the density is constant, as it can be seen in (18). Importantly, in terms of additional
complexity, all the extra required computations are given by (18), and are practically
negligible.

Theoretically speaking, the above integrator is less accurate than (11), since it is
exact for linear (ρ0J) and not for the linear Jacobian function. However, this phe-
nomenon is true for all the other integrators as well. If one decides to vary the initial
density rather than lower the element size until the constant-density assumption is suf-
ficient for practical purposes, they’ll experience a decrease in accuracy. It is unclear
which approach suffers more, since the exact solution for comparison does not exist;
one does not have ”the true” density distribution function, but merely its sampled
values. Still, we provide the generalized version to avoid appearing less capable than
other integrators that do allow non-constant density. Finally, we wish to remark that
for a linearly distributed density with a constant Jacobian (regular mesh), the above
JD is exact ((17) truly linear). In that sense, JD admits ’full integration’, which is a
well-known practical requirement for global system conversion. This fact once again
supports the practical claim of sufficient accuracy.

3 Specification for the 10-node tetrahedral element

In this section, we specify, for the first time, the JD integrator to the widely-used
10-nodes quadratic tetrahedral element, e.g., [55]. As such, we provide all the details
for the practical in-code implementation. Based on those expressions, comparisons
of accuracy, complexity, and CPU time are performed. Shape functions are recalled
in (23).
Firstly, partial Jacobian matrices [Jq], (q = 0, 1, 2, 3), must be evaluated. To this

end, Jacobian matrix definition (1) together with the standard shape functions (23) is
used in Taylor’s multivariate expansion (13) about the tetrahedral centroid given by
ξ∗ = (ξ = 1/4, η = 1/4, ζ = 1/4). The resulting matrices are detailed in (24,25,26,27).
Unsurprisingly, those are mesh-dependent matrices, yet the only two necessary con-
stants to be remembered are given by

c1 = 4 c2 = 2 (20)

Notably, for our specific case of quadratic tetrahedral, the linear approximation of
the Jacobian matrix is an exact representation. The order in (1) follows the order of
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partial derivatives of the shape functions (23), which are quadratic. Thus NI;m where
(I = 1, .., nnodes) and (m = 1, .., nndim) are linear with respect to ξ.
Secondly, partial derivatives J̃q for (q = 0, 1, 2, 3) must be evaluated using the ex-

plicit formula (14) and (15). Those hold for every ndim = 3 element. Moreover,
this holds even for higher-order JD models, where an integrator developer wishes
to leverage higher-order approximations of the Jacobian matrix (and/or the Jacobian
function).
Thirdly, generalized weight matricesMJD

IJq where (I, J = 1, .., nnodes) and (q = 0, 1, 2, 3)
must be evaluated. To this end, definitions (10),(23), and (7) are recalled together with
explicit integration bounds in the tetrahedral element domain

MJD
IJq =

∫
V□

NINJÑq d□ =

∫ 1

0

∫ 1−ζ

0

∫ 1−η−ζ

0

NINJÑq dξdηdζ

(I, J = 1, .., nnodes) , (q = 0, 1, 2, 3)

(21)

The above weight matrices are symmetric MJD
IJq = MJD

JIq, thus, at most, one can expect
55 independent components in each matrix. However, after careful examination of
the results, there are only 10 independent entries for all the weight matrices. Let us
define

m1 =
1

10080
, m2 =

2

10080
, m3 =

4

10080
, m4 =

6

10080
, m5 =

8

10080

m6 =
16

10080
, m7 =

24

10080
, m8 =

32

10080
, m9 =

64

10080
, m10 =

128

10080

(22)

With the help of the above definition (22), weight matrices (21) are given by (28)-(31).
Now, computation (11) can be realized in code.
Finally, several remarks regarding in-code implementation. (i) We do use CAS for

automatic code generation; however, as it was shown throughout the section, there
is no extremely lengthy code often associated with the ’closed-form’ approach. (ii)
There are only twelve constants to be remembered, given by (20) and (22). This
is a dramatically smaller number of constants than necessary for the ST approach.
As such, following the ST integration (4), one needs weights wq, (q = 1, .., nip), plus
NIq, (I = 1, .., nnodes, q = 1, .., nip), and partial derivatives of the shape functions for
(1), denoted by N q

I;m = NI;m(ξ = ξq), (I = 1, .., nnodes,m = 1, .., ndim, q = 1, .., nip).
Overall, it is at most (nip) plus (10 × nip) plus (10 × 3 × nip), which is many times
higher than twelve, even for (nip = 1). (iii) Generalized weight matrices (28)-(31)
consist of many zeros, which can be accounted for by explicit code generation, for
example, both of those are interchangeable

MJD
17 = ρ0(M

JD
170 J̃0 +MJD

171 J̃1 +MJD
172 J̃2 +MJD

173 J̃3)

MJD
17 = ρ0(−m6J̃0 −m3J̃2)

Clearly, one is more economical than the other.

4 Comparative accuracy study

Now that the proposed JD integrator has been detailed, we must establish its ac-
curacy and computational cost. Specifically, it is essential to demonstrate that the
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scheme is sufficiently accurate. Then, it is crucial to establish efficiency superiority.
Both of those, if true, would indicate that the suggested JD formula is highly desirable
for practical implementation.

A Comparative accuracy study is performed based on five test geometries, which
were generated using ABAQUS and meshed with an automatic mesh generator [22].
The first geometry is a regular mesh (constant Jacobian/flat-faced); the second is a ball;
and the last three bodies have been made with especially poor meshing. Moreover,
in the fifth geometry, several elements are singular, namely, the Jacobian crosses zero
at some point in the domain. We kept it to test it as the worst-case scenario (Figure 1).

Figure 1: Test geometries G1 trough G5. G1 is a regular-mesh (constant Jacobian) box geometry. G2 -
ball geometry. G3-G5 curved bodies, coarse-mesh geometries. All meshes have been generated using
an automatic mesh generator.

Table 1 keeps record of the number of elements and nodes for each geometry in
the test set

G1 G2 G3 G4 G5
# Elements 583 3358 332 136 302
# Nodes 994 5147 682 310 772

Table 1: - records the number of elements and nodes for each test geometry G1,..,G5

In our comparative accuracy study, we’ve chosen two practical quadratures to com-
pare to, the 11-point and the 15-point quadratures [48, 5]. For each element in
every test geometry, we evaluated the exact mass matrices. Then, for every element,
we evaluate all the mass matrices using 11-point ST, 15-point ST, and the suggested
JD integrator. All errors are reported in percentiles %. We report the average error,
the minimum average error (for the most accurate matrix in the geometry), and the
maximum average error (for the least accurate matrix in the geometry), see Figure 2.
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Figure 2: Summary of the accuracy comparison in % between the 11-point and 15-point ST quadrature
vs the proposed JD integrator, for all the test-set geometries

In accordance with our expectation, the JD is exact for the regular mesh (Geom1);
moreover, it is practically exact for the second geometry - probably the Jacobian func-
tion there is close to linear. While the 11-point ST does not admit even the regular
mesh, the 15-point ST is practically exact. Errors are small relative to the associ-
ated errors in the stiffness matrix, especially with an extremely coarse mesh. Our
JD, although slightly less accurate than the 15-point ST, is practically equivalent to it.
The only geometry for which maximum errors cross the single-digit threshold is the
fifth one. Clearly, no engineer would tolerate such a poor (and even ill- or singular-)
mesh; it was created as a worst-case scenario. And still, even for the fifth geometry,
maximum errors are contained in a rather reasonable range. Yes, a higher-order JD
integrator can indeed be proposed by using a quadratic (or mixed) approximation for
the Jacobian function (9). However, the above results convince us that higher-order
pursuit will have academic but no practical meaning - the proposed JD formula is
sufficiently accurate. Our goal is purely pragmatic: the least expensive yet accurate
enough integrator. Finally, we recall that the JD is formulated to be exact for the
regular mesh (constant metric/flat-faced elements) but also for the linear Jacobian;
this is an even stricter demand than the well-known ’full’ integration requirement.

5 Complexity and CPU time

In this section, our goal is to demonstrate quantitatively that the suggested JD inte-
grator (11) is highly desirable in terms of its computational costs. To this end, we’ve
studied the (relative) ’polynomial’ complexity of the JD integrator vs the 1-point ST
integration. Also, we’ve examined the subroutine running CPU time vs the 1-point
ST subroutine. In both cases, according to our findings, the complete and sufficiently
accurate JD formula is of the same order of magnitude in complexity. It has a com-
parable runtime to 1-point ST quadrature.

Complexity estimation is performed using CAS, specifically MAPLE. We use the
built-in function named ’Complexity’, which evaluates the (relative) complexity of a
formula (expression/polynomial). We use this function in ’polynomial’ mode, which
treats all variables equally. The returned numerical values bear no absolute meaning;
they are used to compare one value to another. Thus, we compute the complexity of
1-point ST and the complexity of a complete JD formula, and compare the results
for rough efficiency estimation.

For the conventional numerical integration (4), we first must evaluate the complex-
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ity of each component of the Jacobian matrix (1), i.e.,

J11 = N1;1X11 +N2;1X21 +N3;1X31 + ...+N9;1X91 +N10;1X10 1

...

...

J33 = N1;3X13 +N2;3X23 +N3;3X33 + ...+N9;3X93 +N10;3X10 3

All the variables are kept symbolic, so that the built-in function is not affected by
the sudden vanishing of a particular number or mantissa length; it treats all variables
equally. Then, the complexity associated with the determinant computation (2) is
evaluated. Finally, the complexity associated with (4) is computed. While we do ac-
count for symmetry, e.g., we compute MST

12 = w1ρ0N1N2J , we assign MST
21 = MST

12 .
All the complexities are added, and the total number is recorded.

For the JD approach, we add up all the complexities associated with entries of the
partial derivatives of the Jacobian matrix (24) - (27). Then, the complexities asso-
ciated with the Jacobian’s partial derivatives (14) and (15). Eventually, complexities
associated with the JD formula (11). Here too, we account for mass matrix symme-
try. Also, we account for the zeros in the generalized weight matrices (28) - (31).
After all, we have two numbers to compare. CST

1p denotes the complexity of 1-point
ST numerical integration while CJD stands for the complexity of the complete JD
scheme. The ratio is given by CJD/CST

1p = 1.253, which means that our sufficiently
accurate JD formula is about 25% more complex than 1-point ST integration, which
is meaningless in terms of accuracy (see Figure 2). It is fair to say that for the 10-node
tetrahedral element, both are roughly similar in terms of complexity. The same has
been observed for the 20-node hexahedral element [20].

How many independent numbers must be remembered for the subroutine? For
the JD integrator, we require only twelve numbers to be stored (20),(22). For each
ST point, there is 1 weight, 10 shape functions at the integration point, and 10 × 3
shape functions’ partial derivatives at the integration point. About 41 numbers for the
1-point ST vs 12 for the complete JD formula!

At last, we wished to ensure that our complexity computations translate to CPU
time. To this end, we created two functions (subroutines). The implementation used
automatic code generation via CAS, the same explicit expressions we used for com-
plexity. There were no loops or matrix multiplications, which could distort the results,
since one is faster than the other; only explicit closed-form expressions generated by
a CAS were used. Obviously, we had to run both functions many times (100×106) to
obtain sufficient CPU time for averaging and comparison. T 1pST

avg denotes the averaged
time for 106 runs and T JD

avg stands for the averaged time for 106 runs of the complete
JD formula. Importantly, T JD

avg /T
1pST
avg = 1.293, namely, the suggested, complete, suf-

ficiently accurate JD model runs about 29% longer than 1-point ST integration. This
result agrees with the previously reported complexity ratio.

Authors emphasize that they cannot conduct a comprehensive complexity study for
the JD method. Also, it would be more convincing to use well-established codes for
CPU time study. However, all comparisons (accuracy, complexity, and CPU time)
were conducted fairly to both methods and to the best of our programming abilities.
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6 Discussion and Conclusions

The main goal of the study is to derive a novel case-specific integrator tailored
to the element-level consistent mass matrix of the 10-node tetrahedral element. To
this end, the recently proposed J-Derivatives (JD) approach is adopted [20]. The
report provides, for the first time, all the necessary technical terms for in-code imple-
mentation. In addition, we examine the accuracy, complexity, and CPU time of the
suggested scheme.

The JD method exploits the mathematical structure of the integrand (3) and dis-
tinguishes between coordinate-dependent and mesh-dependent terms. However, the
Jacobian function includes both; thus, it is systematically approximated using Taylor’s
multivariate expansion about the centroid. Then, the coordinate-dependent func-
tions are analytically integrated to produce the generalized weight matrices (10). This
makes the JD formula a linear combination of four matrices multiplied by the partial
derivatives of the Jacobian function and the initial density (11). Importantly, the JD
scheme is exact for the regular mesh (constant Jacobian/flat faced/constant metric/full
integration) and for the linear Jacobian function. This establishes the suggested inte-
grator as sufficiently accurate based on purely theoretical considerations. Also, it is
non-Gaussian in the sense that no integration or sampling points are needed. Partial
derivatives of the Jacobian function J̃q where (q = 0, 1, 2, 3), are expressed in terms of
the partial derivatives of the linearized Jacobian matrix (14), (15), and not in terms of
the mesh. This intelligent choice ensures high efficiency of the proposed approach.

Accuracy of the derived integrator is examined based on five test geometries meshed
using Abaqus automatic mesh generator [22], see Figure 1. We compared the accu-
racy of the JD integrator with that of 11-point and 15-point conventional quadra-
ture (cubature) numerical integration. Our conclusion supports the JD as an accurate
enough formula, as its precision is practically equivalent to that of the well-established
and widely used 15-point ST.

The complexity of the proposed JD integrator has been examined using the CAS
built-in function and compared to the 1-point ST integration. We’ve chosen the
1-point conventional integration as the base for comparison, since we couldn’t think
of any less expensive options. Keep in mind that for practical applications, 15-point
quadratures are used. According to our findings, our complete, sufficiently accurate
JD formula is 25% more complex than the 1-point ST, making them roughly equiva-
lent in complexity. In addition, we’ve implemented 1-point ST computation and the
JD integrator to study CPU time. Accordingly, the complete JD required 29% more
CPU time than the 1-point ST quadrature. Once again, it makes both of them ”on
the same league”. In terms of memory - numbers to be remembered for the subrou-
tine, the ST requires 41 numbers for each point while the complete JD formula only
12 given by (20),(22).

In conclusion, the proposed JD-based mass matrix integrator is found by us to be
sufficiently accurate based on both theoretical considerations and practical compari-
son to the 15-point ST integration. Its complexity and CPU time were compared
to the 1-point ST scheme and found to be of comparable magnitude (about 25-30%
higher). At the same time, its memory requirements are much lower than those of
the ST approach. Thus, the proposed formula is highly desirable and ready for im-
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plementation in code.
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8 Appendix A

Shape functions of the standard 10-node quadratic tetrahedral (e.g.[6]) are given
by

N1 = (1− ξ − η − ζ) (1− 2ξ − 2η − 2ζ)

N2 = ξ (2ξ − 1) N3 = η (2η − 1) N4 = ζ (2ζ − 1)

N5 = 4ξ (1− ξ − η − ζ) N6 = 4ξη N7 = 4η (1− ξ − η − ζ)

N8 = 4ζ (1− ξ − η − ζ) N9 = 4ξζ N10 = 4ηζ

(23)

Partial derivatives of the Jacobian matrix [Jq], (q = 0, .., 3), given by (12), are ex-
plicitly evaluated using CAS

[J0] = −X71 +X61 −X81 +X91 −X51 +X61 −X81 +X10 1 X91 −X51 −X71 +X10 1

−X72 +X62 −X82 +X92 −X52 +X62 −X82 +X10 2 X92 −X52 −X72 +X10 2

−X73 +X63 −X83 +X93 −X53 +X63 −X83 +X10 3 X93 −X53 −X73 +X10 3

 (24)

[J1] =

c1

 −c2X51 +X11 +X21 −X71 +X11 −X51 +X61 −X81 +X91 +X11 −X51

−c2X52 +X12 +X22 −X72 +X12 −X52 +X62 −X82 +X92 +X12 −X52

−c2X53 +X13 +X23 −X73 +X13 −X53 +X63 −X83 +X93 +X13 −X53

 (25)

[J2] =

c1

 −X71 +X11 −X51 +X61 −c2X71 +X11 +X31 −X71 −X81 +X10 1 +X11

−X72 +X12 −X52 +X62 −c2X72 +X12 +X32 −X72 −X82 +X10 2 +X12

−X73 +X13 −X53 +X63 −c2X73 +X13 +X33 −X73 −X83 +X10 3 +X13

 (26)

[J3] =

c1

 −X81 +X91 +X11 −X51 −X71 −X81 +X10 1 +X11 −c2X81 +X11 +X41

−X82 +X92 +X12 −X52 −X72 −X82 +X10 2 +X12 −c2X82 +X12 +X42

−X83 +X93 +X13 −X53 −X73 −X83 +X10 3 +X13 −c2X83 +X13 +X43

 (27)
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With the help of mass coefficients (22), the generalized weight matrices (21), take
the form

MJD
IJ0 =



m7 m3 m3 m3 −m6 −m7 −m6 −m6 −m7 −m7

m3 m7 m3 m3 −m6 −m6 −m7 −m7 −m6 −m7
m3 m3 m7 m3 −m7 −m6 −m6 −m7 −m7 −m6
m3 m3 m3 m7 −m7 −m7 −m7 −m6 −m6 −m6
−m6 −m6 −m7 −m7 m10 m9 m9 m9 m9 m8
−m7 −m6 −m6 −m7 m9 m10 m9 m8 m9 m9
−m6 −m7 −m6 −m7 m9 m9 m10 m9 m8 m9
−m6 −m7 −m7 −m6 m9 m8 m9 m10 m9 m9
−m7 −m6 −m7 −m6 m9 m9 m8 m9 m10 m9
−m7 −m7 −m6 −m6 m8 m9 m9 m9 m9 m10


(28)

MJD
IJ1 =



−m2 −m1 m1 m1 −m3 −m2 0 0 −m2 m2
−m1 m4 −m1 −m1 m3 m3 m2 m2 m3 m2
m1 −m1 −m2 m1 −m2 −m3 0 m2 −m2 0
m1 −m1 m1 −m2 −m2 −m2 m2 0 −m3 0
−m3 m3 −m2 −m2 m6 m5 0 0 m5 0
−m2 m3 −m3 −m2 m5 m6 0 0 m5 0
0 m2 0 m2 0 0 −m6 −m5 0 −m5
0 m2 m2 0 0 0 −m5 −m6 0 −m5

−m2 m3 −m2 −m3 m5 m5 0 0 m6 0
m2 m2 0 0 0 0 −m5 −m5 0 −m6


(29)

MJD
IJ2 =



−m2 m1 −m1 m1 0 −m2 −m3 0 m2 −m2
m1 −m2 −m1 m1 0 −m3 −m2 m2 0 −m2
−m1 −m1 m4 −m1 m2 m3 m3 m2 m2 m3
m1 m1 −m1 −m2 m2 −m2 −m2 0 0 −m3
0 0 m2 m2 −m6 0 0 −m5 −m5 0

−m2 −m3 m3 −m2 0 m6 m5 0 0 m5
−m3 −m2 m3 −m2 0 m5 m6 0 0 m5
0 m2 m2 0 −m5 0 0 −m6 −m5 0
m2 0 m2 0 −m5 0 0 −m5 −m6 0
−m2 −m2 m3 −m3 0 m5 m5 0 0 m6


(30)

MJD
IJ3 =



−m2 m1 m1 −m1 0 m2 0 −m3 −m2 −m2
m1 −m2 m1 −m1 0 0 m2 −m2 −m3 −m2
m1 m1 −m2 −m1 m2 0 0 −m2 −m2 −m3
−m1 −m1 −m1 m4 m2 m2 m2 m3 m3 m3
0 0 m2 m2 −m6 −m5 −m5 0 0 0
m2 0 0 m2 −m5 −m6 −m5 0 0 0
0 m2 0 m2 −m5 −m5 −m6 0 0 0

−m3 −m2 −m2 m3 0 0 0 m6 m5 m5
−m2 −m3 −m2 m3 0 0 0 m5 m6 m5
−m2 −m2 −m3 m3 0 0 0 m5 m5 m6


(31)
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