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Abstract

We define infinite horizon linear optimal control problem with linear constraints. We
provide a necessary condition for an optimal trajectory in terms of an infinite
sequence of linear programming problems. We also provide a similar sufficient
condition for optimality in terms of a related infinite sequence of linear programming
problems. We define a “bang-bang sequence of decision rules”, and provide sufficient
conditions for the existence of a unique optimal trajectory that is generated by such a
sequence of decision rules. We also provide a “robust” approximation result in terms
of a linear programming problem with a sufficiently long time horizon. We use the
strong duality theorem and complementary slackness condition of linear programming
to obtain necessary conditions for an optimal trajectory. These necessary conditions
lead to a very general “transversality condition”, the satisfaction of which is a
characteristic feature of optimal trajectories in infinite horizon optimization. A more
compact transversality condition is realized when along an optimal trajectory the
control variable is “eventually” strictly positive. Under suitable assumptions we prove
that there is a infinite horizon “implied dual linear programming problem” which has
a solution and which along with the optimal trajectory satisfies the complementary
slackness conditions. Further, the optimal value of the implied dual linear
programming problem is equal to the optimal value of the maximization problem that
gives rise to it. We obtain sufficient conditions for a trajectory to be an optimal
trajectory by using the strong duality theorem and complementary slackness condition
of linear programming.

Keywords: infinite horizon linear programming, linear optimal control, linear
constraints, duality, infinite horizon dual linear programming problem
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1. Introduction:

The earliest work on infinite horizon linear programming that is known to us is the
1973 Ph.d thesis of Joseph J. M. Evers, hereafter referred to as Evers (1973). We
pursue a similar line of work in the present paper.

In Lahiri (2025c) there is a discussion of infinite horizon linear optimal control, with
one state variable and one control variable. In that model, the objective function is



assumed to be linear, without such restrictions being imposed on the constraints. In
our work that follows, we assume that that there is one state variable and one control
variable with the dynamics of the state variable determined by a first order linear
difference equation and the constraint set for the control variable is bounded above by
a finite set of affine functions of the state variable.

Evers (1973) allows for multi-dimensional state and control variables but the
parameters defining the constraints are invariant over time. The model we work with
here, allows the parameters defining the constraints to vary with the time period.
Although, Evers (1973) does not explicitly allow for control variables, viewed from
the perspective of our model, the control variables are the “slack variables” that are
required to express the dynamics of the state variables as linear equations. The control
variables implied by the model in Evers (1973), do not contribute to the objective
function. Thus, while our framework of analysis is less general than that of Evers
(1973) as far as dimensions of the variables are concerned, it allows for considerably
greater flexibility as far as modeling the underlying dynamics of the infinite horizon
linear programming problem.

There is one important difference between infinite horizon linear programming and
optimization in infinite dimensional spaces that ought to be taken note of. Unlike
optimization in infinite dimensional spaces that can accommodate both optimization
with infinite number of variables and a finite number of constraints and optimization
with a finite number of variables and infinitely many constraints, there is no
possibility of meaningfully accommodating such “half-way houses” in infinite
horizon linear programming. Whether, that makes infinite horizon linear
programming restrictive or more useful than infinite dimensional optimization is
irrelevant, since chapter 1 of Evers (1973) discusses four “growth models” which can
be modeled as infinite horizon linear programming problems.

The work reported here is similar in nature to chapter 2 of Evers (1973). In section 2
we present the framework of analysis in which both state variable and control variable
are restricted to belong to the same closed and bounded interval of real numbers
containing zero. We define infinite horizon linear optimal control problem with linear
constraints - hereafter referred to as linear optimal control problem with linear
constraints- as well as a convenient special case case in which the there is only one
affine function of the state variable that is an upper bound for the control variable. In
section 3, we introduce the concept of optimality and provide a necessary condition
for an optimal trajectory in terms of an infinite sequence of linear programming
problems. In the same section, we also provide a similar sufficient condition for
optimality in terms of a related infinite sequence of linear programming problems.
Also included in this section, is a proposition that provides a set of sufficient
conditions under which all feasible trajectories are optimal trajectories.

In section 4, we introduce absolutely convergent linear optimal control problems with
linear constraints for which it is well known that the set of optimal solutions is always
non-empty. We define a “bang-bang sequence of decision rules”, and provide
sufficient conditions for the existence of a unique optimal trajectory that is generated
by such a sequence of decision rules. We also provide a “robust” approximation result



(proposition 4.2) in terms of a linear programming problem with a sufficiently long
time horizon. This result is quite plausible and very likely well known in the existing
literature on infinite horizon linear programming..

In addition to proposition 4.2, somewhat significant results are discussed in sections
sections 5 and 6 of this paper. In section 5, we use the strong duality theorem and
complementary slackness condition of linear programming to obtain necessary
conditions for an optimal trajectory. These necessary conditions lead to a very general
“transversality condition”, the satisfaction of which is a characteristic feature of
optimal trajectories in infinite horizon optimization. A more compact transversality
condition is realized when along an optimal trajectory the control variable is
“eventually” strictly positive for ever. A more striking result is the one in section 6,
under the assumptions in section 5 plus the assumption that the control variable
affects the evolution of the state variable at each and every time period. We refer to a
trajectory in which both state and control variables are positive at every period and the
control variable is always strictly less than its upper bound as “interiority condition”.
We show that if there exists an optimal trajectory satisfying interiority condition, then
there is a infinite horizon “implied dual linear programming problem” which has a
solution and which along with the optimal trajectory satisfies the complementary
slackness conditions. Further, the optimal value of the implied dual linear
programming problem is equal to the optimal value of the maximization problem that
gives rise to it. It is important to note, that this result depends on the initial value, not
only because the initial value is required to be strictly positive, but also because the
solution arising from it needs to satisfy the “interiority condition”.

In section 7, we once again use the strong duality theorem and complementary
slackness condition of linear programming to obtain sufficient conditions for a
trajectory to be an optimal trajectory.

2. Framework of Analysis:

Let X = [0, b] < R (the set of real numbers), with b > 0 be such that set of available
alternatives at any time period is a non-empty subset of XxX. Given a current
realization xe X of the state variable that was chosen in the immediately previous
time-period, a typical alternative that is “chosen” during the current period is an
ordered pair (u, y)e XXX, where u is the value of the control variable chosen for the
current period and ‘y’ is the value of the state variable that will be realized (as an
inheritance) in the immediately next period. Based on the realization (x, u) during the
current period an instantaneous pay-off is realized by the decision maker.

With N denoting the set of natural number (i.e., the set of strictly positive integers) let
NO denote Nu{0}, i.e., the set of non-negative integers. Time is measured in discrete
periods te N°. Beginning with an initial state variable, in each period teN’, an
alternative (state variable-control variable pair) is realized, and the chosen alternative
is denoted by (X, uy)e XxX. While at all time periods x: is an “inheritance” in the
current period, u¢ is chosen during the current period.



At each time-period te N?, Q; c XxXxX is the two-period constraint set at time-
period t, such that for all te N9, there exists a matrix [A!| B'] with a finite number of
rows and two-columns and a point (c!, d', e")e R3 satisfying the following properties:

(i) For all te N°, 45> 0 and A%+ B% >0 for all i where the ordered pair (44 5) is the
i row of the matrix [A!| BY].

(i) For all te N° and (x, u)eXxX, c' + d'x + e'u € [0, b].

(iii) For all te N°, Q, = {(u, x, y)eXxXxXl| u < 4%+ Bx where for every i the ordered
pair (415 is the i" row of the matrix [A'| B and y = ¢' + d'x + e'u}.

By (i), AL+ Bix >0 for all (x, t)e XxNO.

Thus, by (i) and (i1) it follows that for all (x, t)e XxN°, {(u, y)e XXXl (x, u, y)e Q} #
¢ and hence for all te N°, Q, # ¢.

Note 2.1: The number of rows of the matrix [A' | B'] may vary with the time-period.
For te N°, let I(t) > 0 denote the number number of rows of the matrix [A!| B'], so that
forie{1, ..., I(t)}, the ordered pair (A1 5) is the i" row of [A' | B']. However for the
sake of simplicity, for xeX, we will sometimes denote the set {A5+Fxli=1, ..., 1(t)}
by { A%+ Bx}. Further, in the context of the matrix [A' | B'] instead of writing “for all
ie{1, ..., I(t)} and te H” (where H is any non-empty subset of N°) we shall sometimes
write “for all i and te H”.

For te N°, (x, u, y)e Q: can be interpreted in the following manner: given that xe X is
the realization of the state variable at time-period t, it is possible to choose the pair (u,
y)e XxX at time-period t.

For all (x, t)e XxXN°, let Q«(x) = {(u, y)e XxXI| (x, u, y)e Q} = {(u, c' + d'x + e'u)l u >
0, u <min{b, min{ A5+ Bx}}}.

Clearly for all (x, t)e XxN°, Q(x) is a non-empty and closed subset of XxX.
For xe X, let F(x) = {<(x, u)lte N°>| (xq, uy, xes1)€ Q, te N, x0 = x}.

We will (whenever necessary) refer to an infinite sequence <(xi, uy)lte N’ >e F(x) as a
trajectory starting at (from) x.

Clearly, F(x) is non-empty for all xe X.

Let <( pgt), pgt)) | te N> be a sequence of pairs of real numbers. If x is the realization
of the state variable at time-period t and u is the choice of the control variable at time

period ‘t’, the instantaneous pay-off received by the decision-maker at time period ‘t’
(0 (D

is pi x+ p,u.
We shall refer to the array <(( pgt), pg[)), Q) te N°> or alternatively <(( pgt), pgt)), [A']

BY, (c,de"))l te N°> as a (infinite horizon) linear optimal control problem with
linear constraints (LOC-LC problem).



Another special case of a LOC-LC problem is one when at each time period there is a
single upper-bound on the control variable.

Suppose I(t) = 1 for all teN° and for all teN?, there exists real numbers a‘, b* such that
a; + b'x > 0 for all x¢[0, b].

For each teN?, let = {(u, X, y)eXxXxXlu <a'+bx and y = ¢! + d'x + e'u}.

In this case the array <(( pgt), pzt)), Q) te NO> may be represented as <(( pgt), pzt)), [a'l

b, (c.,de"))l te N®> and referred to as a one-plus-one linear optimal control
problem with linear constraints (1+1-LOC-LC problem).

Note 2.2: If for some te N°, et # 0, then for (x, y, u)e€)y, it must be the case that u =

y-c—dix (@] (@] (t)(y Cr— dex,

, so that p1 )x + Py u=p;x+p, ). Thus, the instantaneous pay-off at

€t
time t, can be expressed entirely in terms of the state variables. On the other hand, if
for some te N°, et = 0, then for a given value x of the state variable at time period t,
there may be several values of the control variable that can chosen at time-period t.
Thus, the model of linear optimal control discussed here is a generalization of the
linear dynamic optimization model discussed in Lahiri (2025a, 2025b), the latter
being motivated by the reduced form model in Mitra (2000) and Sorger (2015).

For what follows we assume that <(( pgt), pzt) ), ) teN®> or <((p§t), pzt)), [At] B,

(ct,dt,et)l te N> is a given LOC-LC problem. As and when necessary, we will
impose additional assumptions on this LOC-LC problem.

. . . d-
u< A+ Bix forevery i, y = ¢' + d'x + e'u and d' # 0 implies u < A+ (y e % fo
At Btif Bf
every i, i.e., u < @ + By for every i, where for every i, @ = & B:"t and f = Bfe
ldf ldf

However, since y = c' + d'x + e'u, the chosen pair (u, y) depends on x. On the other
hand, if di = 0, then y = c¢' + €' u, and so x does not play any role in determining y.
None the less, x figures in the upper bound min{ 4%+ Bix} on the choice of u.

In the case of a LOC-LC problem it is easy to see that, for all te N°, Q is a non-empty,
closed and “convex” subset of XxXXXxX. Thus, in the case of a LOC-LC, for all xe X,
F(x) is a non-empty and convex set.

If e' = 0 for all te N, then for all xe X: <(x,, uylte N® >e F(x) if and only if u, < min
{a' + b'x,, b}and Xu1 = ¢t + d'x, for all te N°.

Note 2.3: The infinite horizon linear programming model in Evers (1973) allows the
state and control variables- the latter appearing as slack variables- to be multi-
dimensional. If we restrict the state and control variables to be one dimensional, then
the framework of analysis in Evers (1973) “suitably adapted to the one we are

concerned with” would require: I(t) = 1, 4, =b, B =0, d' =d"*!, e'=e*' £0, p. (t) =0



for all teN”. Such a formulation may be referred to as the “Evers model” in our
framework. This model is an example of a 1+1-LOC-LC problem.

3. Optimality and associated linear programming problems:

We will now consider the following optimization problem denoted OPT:

Given xe X, Maximize ¥ —0 [p(t)Xt+ (0 u,] subject to the infinite sequence satisfying
the constraints: (X, g, Xu1)€ Q, te N, x0 = x.

Note 3.1: The exact mathematical interpretation of the expression (formula)

[eS) . T
S0 [P xet puld is lim (3L, [£

concerned with here is in the domain of asymptotic analysis, which is very different
from infinite dimensional analysis.

X+ p (t) u;] ). Thus, the problem we are

An alternative and very useful version of OPT is the following optimization
problem:

(D

Given xe X, Maximize 20;1 X+ pgt) u;_;] subject to the infinite sequence

satisfying the constraints: (X, U, Xi+1)€ L, t€ N, xo = x.

Let S(x) = {<xdte N%>e F(x)l 3o [0 x4 p50u] 2 32 [yt p° v] for all <(yi,

(O 4 o0

witeN’>e F(x)},ie., Sx)= argmax Y, uy)..

<(xpup)| teNO>eF(x)
S(x) is the set of solutions starting from x for OPT.

For all Te N°, and xe X, let FT(x) = {<(Xy, ) It = T>| (X¢, Uy, Xer1)€ Qi for all t > T and
XT = X}.

For Te N? and ye X, <(x,, u)lt >T>e FT(x) may be referred to as a trajectory
starting at (from) x at time-period T.

It is easy to see that for all Te N° and xe X, FT(x) is non-empty.

Given (x, T)e XxN°, we will denote the following optimization problem by OPT-T:

Maximize Z: T[pgt) Vit pgt) V] subject to <(y, )| t > T>e F(x).

OPT-T can also be expressed as follows:

Given (x, T)e XxN°: Maximize ¥ P (0 Vet pgt) V;_;] subject to

<) | t2T>e F1(x).

For (x, T)e XxN°, $T(x) is the set of solutions starting from x for OPT-T, i.e., ST(x)

=  argmax ZZ r (t)Xt-I- (0 uy.
<(xpup)| t=2T>eFT (x)

Clearly, FO(x) = F(x) and $°(x) = §(x) for all xe X.



For all Te N° the correspondence h™: X -—XxX defined by h™(x) = {(ur,
x1+1)I< (X Up) | t=T>eST (%) is said to be the optimal period-T decision rule.

We now provide one necessary condition and a somewhat stronger sufficient
condition for optimality for an LOC-LC in terms of linear programming problems.

Proposition 3.1: Let <((p1 , pzt)) [At] BY, (c',d',e"))l te N°> be an LOC-LC problem
and suppose that for some xeX, <(xq, u)lte NO>eF (x).

Part 1: If <(x,, w)lte N®>e S(x) then for all Te N, <(x,, u)lt =0, 1, ..., T> solves the

(D (t)

following linear programming problem: Maximize Z;O 1 Vet Dy’ vi], subject to v <

AL+ Bly foreveryiand vi<bforallt=0, 1, ..., T, yu1 = c' + dly + e'v; for all t =
0,....,T-1I, yo=x0=X%X,y¢>0,v(>0, forallt =0, 1, ..., T, & both yt = X1, v = ur.

Part 2: If there exists T € N such that for all Te N satisfying T > T, <(x, u)lt = 0,
1, ..., T>solves the following linear programming problem: Maximize

ZtT:O (t)yt+ Vt] subject to v¢ < AL+ Bly foreveryiand vi<bforallt=0, 1,
T, yw1 =ct+dyi+e'viforallt=0, ..., T-1,yo=x0=X, y¢ >0, vi>0, forall t = 0,
1, ..., T, then <(x;, u)lte N’>e §(x).

Proof: Part 1: Suppose <(x;, u))lte N>>e §(x) and towards a contradiction suppose
that for some Te N,, there exists <(yi, volt =0, 1, ..., T> such that

(i) vi< A5+ By foreveryiand vi<bforallt=0, 1, ..., T,
(i1) yw1 =c'+ d'yc+e'viforall t=0, ..., T-1,

(1i1) yo = X0 = X, YT = XT, VT = UT,

(iv) y¢=>0,v¢>0,forallt=0,1, ..., T, and

(v) ZtT:o ([)J’t‘*‘ % v > Zt—O (t)Xf+p§t) Uy

Let <(zi, wolte N%> be such that that (z;, w) = (y, vo forall t=0, 1, ..., T, (z, wo) =
(Xt, ug) for all t > T.

Since yo = X0 = X, YT = XT, VT = Ur, it is easily verified that <(z;, w)lte NO> € F(x).

Thus, ZOO (t)Zt‘l’ % wy = Zt‘-O (t)yt+pgt) v +ZiT+1 (t)Xf+pgt)Ut]

T
Z[=0 (t)Xf+P§t)Ut]+Z[=T+1 mXﬁPEOUt] tho (t)Xt+ (t)ut]

This contradicts, <(x, uy)lte N°>e §(x) and proves Part 1.

Part 2: Suppose that there exists T* € N such that for all Te N satisfying T > T, <(x,
w)lt=0, 1, T> solves the linear programming problem: Maximize

ZLO (t)yt+ Vt] subject to vi < AL+ By, foreveryiand vi<bforallt=0, 1,
T, yw1 =c' + dtyt+ eviforallt=0, ..., T-1,yo=Xo=X, y¢ >0, v¢>0, for all t = O,
1, ..., T. Towards a contradiction suppose that <(x;, uylte NO>¢ S5x).



Thus, there exists <(y, vlteN>e F(x) such that Z,Tzo (0 Yty (0 v >
20;0 ([).Vt‘*' 9 v > Zt—O [P(t)Xt+P§t) uyl.

By note 3.1, limZT (t)J’t"’ % vl = ZZO (t)yf+p§t) Vt]>zc:;0 (t)Xt+ (t)ut]
. T B £
lim 57, ()Xt+ A0u.

Thus, there exists T%N, such that for all TeN satisfying T > T, it must be the case
T T
that 3, Y) Vit pgt) vl >0 (t)Xt-I- (0 u.

Let T" = max{T", T°}. .

Since <(y, vo)lteN>e F(x), vi < A%+ By for every ie{1, ..., I(t)} and vi<b for all t =
0,1,....,T, ysi=ct+dly+eviforallt=0, ..., T™-1, yo= X0 =X, y¢ >0, v > 0, for
allt=0,1,..., T

This contradicts our assumption that <(X;, u)lt =0, 1, ..., T> solves the linear
programming problems in the statement of Part 2 of this proposition and thus proves
Part 2. Q.E.D.

Note 3.2: In one way the sufficient condition is stronger than the necessary condition
because the constraints on the terminal values of the state and control variables in the
linear programming problem in the necessary condition (i.e., in part 1) are “absent”
from the constraints in the linear programming problem in the sufficient condition
(i.e., in part 2). Since, the evolution of the state variable is determined by an equation,
if the terminal period for linear programming problem in part 1, is T, then the value of
the state variable in period T + 1 has to be xr+1 and this also determines the
constraints for the control variable that needs to be chosen in period T+1. Further, the
requirement in part 1 that Xt = yr = cr.1 + drayr1 + er1vr., does impose “some
restriction” on the choice of yt.1. None of these restrictions apply for the linear
programming problem in part 2. At the same time, the conditions in part 2 are
required to hold “eventually”, where as the conditions in part 1 hold from period 3
onwards.

We close this section with an interesting observation.

Proposition 3.2: Suppose <((”, p5°), [At1 BY, (c',d\e)l te N> is an LOC-LC and

let xe X. If $(x) # ¢, d' = 0 and for some aeR\{0}. e' = a, pgt) =- apgtﬂ) for all te N©,
then S(x) = F(x).

Proof: For all <(x,, w)lte N%>eF(x), ZO;O (t)X[-I- pgt) u = pgo)x +

t+1 ) 0
52 I D+ 0] = o0 +

+1 +1 0 +1 0 +1
7 A" =™ 0] =0 + 52 A ts—au] =0 + Ey AV
since pg O=— apg “D and xu1 - 0w, = o for all te N°.

We have assumed that S(x) # ¢. Further, S(x) € F(x).



since, 2o [P0 x40 u] = pOx + $2 AV ¢, for all <(xi, ulte NO>€F(x), it

follows that S(x) = F(x). Q.E.D.

4. Existence of optimal solution, bang-bang sequence of decision rules and a
“robust” approximation result:

As in Mitra (2000), Sorger (2015) and Lahiri (2025a) (among numerous others) we
will, in the rest of this paper be concerned with an optimality criterion that requires
the following “Absolute Convergence” condition.

The LOC-LC problem <((p1 , pz)) Q) te N%> is said to satisfy Absolute
Convergence if for ie {1,2}, 2 ol? t)l < +oo,

If <(( pgt), pzt)), Q)| te N> satisfies Absolute Convergence, then we may refer to

<(( pgt), pzt)), Q) te N> as an Absolutely Convergent LOC-LC (AC-LOC-LC)
problem.

If <((p§t), pzt)) Q) te N> is an Absolutely Convergent 1+1-LOC-LC, then we will
refer to it as an AC-1+1-LOC-LC.

Let <((5{°, p?), QoI te N®> be an AC-LOC-LC problem. Thus, for all sequence <(x,

uglte N> with (x., u)e XxX for all te N°, it must be the case that lim |p{"x,| =
t—>00

lim |p%ud =0, 52,17 x] €10, b5, P11 and 57, |7 ude [0, bEZ, 2211
t—>°

3 [
Let M = max{bY > 9171, bY 2, 15571} < +oe.
Thus, for all sequence <(x, uy)lte N°> with (x,, u)e XxX for all te N°, it must be the
[Se] 3 3 0 0 0 )
case that I} ()Xt+ ()ut] | < Zr—ol ()Xt-l- ()utl < Zl‘—O [l ()th-l-l ()utl] <2M.

The following results is immediate consequences of a corresponding result
(proposition 5.1) in a more general framework, available in Lahiri (2025c).

Proposition 4.1: Let <((5.°, p5?), QoI te N% be an AC-LOC-LC problem. S7(x) # ¢
for all (x, T)e XxN°, Hence, the optimal period-T decision rule h is non-empty
valued for all Te N°.

The following definition is based on pages 202—-208 in Kamien and Schwartz (1991).
For TeN°, the array <h'l t > T> of decision rules is said to be a bang-bang sequence
of decision rules if for all (x, t)eXxNC satisfying t > T and pz) # 0, h'(x) = (max{—% E;
min{b, min{ 4} + Bx}}, 0}, c' + d'x).

An immediate and interesting consequence of proposition 4.1 is the following
corollary.



Corollary 1 of proposition 4.1: Suppose <(( pgt), pgt)), [At] BY, (c',d',e")l te N°> is an
AC-LOC-LC. If for some Te N? it is the case that et = 0 and pgt);t O for all t > T, then,

for all xe X: <(x, uylt > T>e §7(x) if and only if for all t > T: Xw1 = ' + d'x and u, =
(f)

7 min{b, min{ 4} + Bx}},0}. Thus, for all t > T and x& X, it must be that h'(x)

max{
A0
= (max {lf—[)l min{b,{ 4+ Bx}}, 0}, c' + d'x), so that <h!l t > T> is a bang-bang
P2
sequence of decision rules.

Proof: We know from proposition 4.1 that for all xe X, §7(x) # ¢. Recall that for all
(x, )e XxN°, A+ Bix> 0 for all i, and e, = O for all t > T implies, X1 = c' + d'x€ [0, b]
for all (x, t)e XxN° and ue[0, min{b, {4 + Bx}}]. The rest follows from the
requirements in the statement of this corollary. Q.E.D.

Note 4.1: For a AC-1+1-LOC-LC problem, if <h'l t > T> is a bang-bang sequence of

AP
decision rules, then for all t > T and xe X, it must be the case that h'(x) = (max { rg

min{b, a' + b'x}, 0}, c' + d'x). Further, 2 o (t)Xt-}- (0 ul =

(T) ()
Dt o7 (max {22 war min{b,{A7 + Blx}}, 0) + X2, , [P x4 py” (max {22 g min{b,{4 + Bx}},

Proposition 4.1 implies the following “robust” approximation result.

Proposition 4.2 (Approximation Result): Suppose <((p1 , pzt)) [A'] BY], (c',d'e"))l

te N°> is an AC-LOC-LC and let xe X. Let V(x) = Yo 0 0 Vet pg[) v;] for all <(ys,
vo)lte N°>e S(x). Then for all € > 0, there exists T"()eN such that for all TeN with T >
T, the linear programming problem [Maximize ZLO [pgt) Vit p;t) v, subject to v¢ < 4}
+ By foreveryiand vi<bforallt=0,1,...,T, ywi =c' + d'y +e'viforall t =0, ...,
T-1, yo=xo=x,yi1 >0, v¢>0, forall t=0, 1, ..., T] has a solution <(x\", u{"”)I t =0,

1, o T>and 1N [A%%7 + p52ulP]- vl <ce.

Proof: Since <((7\°, pi0). [AUI B, (c.d.e))l te N> is an AC-LOC- LC S(x)# ¢ and
for all TeN the linear programming problem [Maximize 3" =0 [pgt) Vet p Vt] subject
to vi < A+ Bly foreveryiand vi<bforallt=0,1,..., T, ywi =c' + d‘yt + e'v for all
t=0,....T-1,yo=x0=X, y¢ >0, v >0, forall t=0, 1, ..., T] has a solution <(x_"”,
ut=0, .., T>.

Towards a contradiction suppose there exists € > 0 such that IZT [pgt) ET)+ p;t) ET)]—

V(x)I > ¢ infinitely often, i.e., either 2 0 [p(t) (T)+ [) (T)] € > V(x) infinitely
often or V(x) > 2 0 Y) ET)+ pzt) (T)] + ¢ infinitely often



Let <(xi, u)lte N%>e S(x). Since <(x,, u)lt =0, 1, ..., T> satisfies the constraints of
the linear programming problem for all TelN, it must be the case that

2,_0 [PY) ET)+ (0 (T)] Zz—o ([)Xt-}- ut] for all TeN.

Since, V(x) = Z;’io (t)Xt-I- (0 u = llm Z 0 (t)Xt+p(t) uy, there exists TN such

that for all TeN with T > T it is the case that Z . ([)Xt+pgt) u] + % > V() >

ZLO (t)Xt‘l’Pgt) uy -~

Thus, ZLO [pgt)ng)+ pgt) ET)] 22 Z =0 (t)Xt-l- (0 u) +- > V(x) for all TeN with
T>TC

Thus, ZLO gt)ng)+ pgt) ET)] +&> Z (t) (T)+ pgt) ET)] + i > V(x) for all TeN
with T > T°.

Thus, IZ (t) (T)+ pgt) ET)] V(x)l > ¢ infinitely often is incompatible with V(x) >

Zrzo Y) ET)‘*‘ pﬁ“) §T)] + ¢ infinitely often.

Thus, 157, [#2x"+ pPul"]- V(x)l > ¢ infinitely often implies

ZLO gt)ng)+ pgt) ET)] > V(x) + ¢ infinitely often.

Since, <(7°, i), [AUI B, (c',d.e))l te N> is an AC-LOC-LC, there exists T'elN
such that for all Tel satisfying T > T', bY . |pi°| <= for ie {1,2}.

ZLO gt)ng)+ pgt) ET)] > V(x) + ¢ infinitely often implies ZLO (0 (T)+ t) (T)] >
V(x) + ¢ with T > T! infinitely often.

Let T > T! be such that ZLO (ong)+ p2 T)] >V(X)+¢

()

Let x00, = ¢+ dTx+ el and <, w1t > T1> eFTH ).

Thus, <(x, u{"| teN®>eF(x).
T T T T

Now 152, (0% + pPuPu< 32, 17210+ 1550 1P <
bIE 1 (12714 147 = bE 2 1A + b2 5] < S+ 5=2,

€ 0 (9,.(T) (9, €
Thus, 2> 3 g 17X "+ 037U '] > -4
Thus, 32, [0+ pou®) = 57 150D+ p0u®] +

[} T T T T

S [pf) E>+p5° “]>V<x>+s+zﬂ+1 (A% + w1 > V) +e- 5=
V() + T > V().

This, contradicts the definition of V(x) in the statement of this proposition and proves
the proposition. Q.E.D.



5. Duality Theory for AC-LOC-LC problems and “necessary’’ conditions for
optimality:

Let <(( pgt), pgt)), [A'] BY, (c.d.e"))l te N> be an AC-LOC-LC problem and suppose
that for all teN°, 4% AL+ Bbe(0, b) for all ie{1, ..., I(t)}, so that for all xeX, A%+ Bxe(0,
b) for all i and te N°.

For some xe€ X, let <(x, uy)lte N°> eF(x).

For Te N with T > 3 consider the linear programming problem in part 1 of proposition
3.1.

gt) v+ pgt) V], subject to vi < A% + Bty for every i and v, <b for all t

Ma‘tximizeth=0
=0,1,...,T,ysr =c'+dyc+e'viforallt=0, ..., T-1, yo=x0 = X, y¢ = 0, v¢ > 0, for
allt=0,1, ..., T, & both YT = XT, VT = UT.

Since )’ [T=O Y) yt+pgt) v = p§°>x+ > zT=1 Y) y[+pgt_1) Ve1] along with yo = xo = X

and yt = X1, VT = UT, the linear programming problem in part 1 of proposition 3.1
reduces to the following.

D Vet ZtT:_l gt)yﬁpgt_l) Ve1], subject to vo < A% + 5% for every

Maximize pgT_ 1

ie{1,...,1(0)}, v - Bry.< A foreveryiandt=1, ..., T-1,v,<bforallt=0, 1, ..., T-
1, yi-eo=c?+d%, yui -dly - etve=ctforall t=1, ..., T-2, -dT 'yt - €Tlvrg = -x7
+c y>0,forallt=1, ..., T-1, v >0, forallt=0, 1, ..., T-1.

Further, since for all xeX, A% Bixe (0, b) for all i and te N, “vo < A% + Bx for every
ie{l, ..., 1(0)}, v - ny[ < Af foreveryiandt=1, ..., T-1” implies “v, < b for all te NO.

Thus, the linear programming maximization problem reduces to the following.

1) 1r.(9 (1)

Maximize pgT_ Vg + ZrT=_1 1 Vet D, T Ve1], subject to vo < A% + Bx for every

ic{l,...,1(0)}, vi- By < Aiforeveryiandt=1, ..., T-1, yi - €% = c® + d°%, yu1 -
dy-etvi=ctforallt=1, ..., T-2, -d™yr.y - eTlvry = xr+ T, y¢ >0, forall t=1, ...,
T-1, v¢>0, forallt=0,1, ..., T-1.

The dual of this linear programming problem is the following linear programming

problem.

Minimize a(()y)(c" +d%) + ZtT:_lZ a([” A+ czr(T7_)1(cT‘1 - XT1) + le_(=01) LO1D A%+ Bx) +

Z[T___ll ng FD AL subject to a([f)l - d‘a&n - leg LD B> pgt)for allt=1, ..., T-1, -

aPet + 310 gD > pOfor all t= 0, ..., T-1, f417 >0 for alliand t =0, ..., T-1,
eRforallt=0, ..., T-1.

APer forall t=0, ..., T-1

In the context of this section we have the following lemma.

Lemma 5.1: If <(x,, u)lte N%>e §(x) then for all Te N, with T > 3, there exist arrays

<dP1aPer forall t=0, ..., T-1> and <FADIFHDER, for all i and t =0, ..., T-1>
such that:



0 a2, 0l -5 FD > pfPand (o - el - 5 SV - O, =0, for
allt=1, ..., T-1.

(ii) - a'me + Zl(t) LD > p (t) and (—a Det + Zl(t) SED —pgt))ut =0forallt=1, ...,
T-1.

(iii) uo < A% + Bx and (uo - 42 - B2x) 501D = 0 for every ie{1, ..., 1(0)}.
(v) u; - Bx < Aband (u; - A~ Bx) D =0 foreveryiandt=1, ..., T-1.

Proof: By part 1 of proposition 3.1, if <(x;, uy)lte N°>e §(x) then for all Te N, <(x,
w)lt=0, 1, T> solves the following linear programming problem: Maximize

Z[T=0 (t)y[+ V[] subject to vi < A%+ Blyi for every iand vi<b forall t=0, 1,
T, yu1 =ct+dyc+e'viforallt=0, ..., T-1, yo=x0 =X, y¢ =0, v¢ > 0, for allt—O,
1, ..., T, & both YT = XT, VT = UT.

Thus, it follows from the discussion preceding the statement of this proposition, that
for all Te N with T > 3, <(x, u)lt =0, 1, ..., T> with Xo = X solves: Maximize

pgT D Ve + Zt‘—l (t)y pgt D V1], subject to vo < 4% + Ax for every ie(1, ...,
1(0)},vi - Blyc< Abforeveryiandt=1, ..., T-1, y1 - €% = ¢ + d’K, yu1 -dly; - etve=
ctforallt=1, ..., T-2, -d"yr - eT'vr = xr + ¢,y >0, forall t=1, ..., T-1, v >
0,forallt=0,1, ..., T-1.

By the weak duality theorem and complementary slackness conditions of linear
programming (see topic 2 of Lahiri (2020)), it follows that for all Te N with T > 3,

there exist arrays <a.”la’ R forall t = 0, ..., T-1> and <D G DR, for all i
andt=0, ..., T-1> such that:

@) &P - dal” - 2! gD gt > pOand (&7 - dal” - 319 gD B pOyx, =0, for
allt=1, ..., T-1.

(i) -t "et + Y9 gD > p9 and (-aPet + X gD - pOy = 0 forallt=1, ...,
T-1.

(iii) uo < A% + Bx and (uo - 4? - BYx) 1D = 0 for every ie{1, ..., 1(0)}.
(iv) u - Bix < Atand (u, - A~ Bx)FD =0 foreveryiandt=1, ..., T-1.
This proves the lemma. Q.E.D.

In the context of this section, the following proposition follows from lemma 5.1.

()

Proposition 5. 1 If <(xi, u)lte N°>e S(x) then there exists a; € R and arrays <( aT 25

PP, &P )eR? for all TeN, T > 3>, <B(T, i)l (T, 1)€R+ for all i and TeN®>
such that:

s 3 3 . 3 3 .
(i) af” - d'ay” - £ B(L, 1) B} = piPand (af” - d'ay” - 1) B(L, 1) B - PPy =

(ii*) uo < 4% + Ax and (uo - A7 - B2x)B(0, i) = 0 for every ie{1, ..., I(0)}.



(i) @y, - d™a5P, - 2D g(T—1, ) B > pi" Vand (&7, - d™d; -
YU B(T—1, ) B - p" P)xr = 0 for all TEN with T > 3.

(v -a et + S B(T—1, 1) > pi" P and (-aPset + XD B(T-1, 1) -
pgT‘”)uT.l = 0 for all TeN with T > 3.

vHur - B s < A and (ur - A7 B xr)B(T-1, i) = O for every ief1, ...,
I(T-1)} and Te N with T > 2.

Proof: Suppose <(x;, u)lte N> S(x).

From lemma 1 it follows that for all Te N, with T > 3, there exist arrays <a, DI
forallt=0, ..., T-1>and <,6(“17)I,8(“]736R+ foralliandt=0, ..., T-1> such that:

) a2, - 0l -5 S0 B> pfPand (o - el - 5 SV B - O, =0, for
allt=1, ..., T-1.

(i) - aﬂ)e + Zl(t) LD > p (t) and (-@ Det+ Z[([) S p(t))ut Oforallt=1,
T-1.

(iii) uo < 4% + Bx and (uo - 42 - B2x) 501D = 0 for every ie{1, ..., 1(0)}.

(v) u; - Bx < Aband (u; - A~ Bx) D =0 foreveryiandt=1, ..., T-1.

Let (0, i) = f%13 = 0 for every ie{1, ..., 1(0)}, B(1, i) = F113) = 0 for every ie{1, ...,
I(1)} and for Te N, with T >3, B(T-1, i) denote S 717D for all ie{1, ..., I(T-1)}.

For T =3 and t = 0, (i) is equivalent to (i").

(iii) is equivalent to (i) when t = 3.

(iii"), (iv"), (v") are equivalent to (i), (ii) and (iii) for t = T-1. Q.E.D.

Note 5.1: If for some Te N, with T > 3, it is the case that xt-; > 0, then pgT D a(TY)Z

ddP, -y B(T 1,1) . If for some Te N, with T > 3 it is the case that ur.i >0,
then pgT Y= P e+ 3D B(T—1, i). If for some Te N, with T >3, and ie{1, ...,
I(T-1)}, ur1 < A7 + B x1, then B(T—1,1) = 0.

Note 5.2: For a AC-1+1-LOC-LC problem, the four conditions in the statement of

() (D

propos1t10n 5.1, reduce to the following: there exists a, € R and arrays <( a;.’,,

PP, P )eR? for all TN, T > 3>, <B(T) B(T)€R+f0r all TeN®> such that:
(i & - d'al® - p(b! = pPand (af - d'a® - p(Db! - pP)xi = 0.
(i) up < a® + b’ and (uo - a° - bx)B(0) =0

(iii*) @7, - d'd, - BT-Db™ > p7 Vand (&', - d'a?, - BT-1)bT1 - T Dyxr,y =
0 for all Te N with T > 3.



(iv7) -a2 et + B(T-1) = oS and (-aP et + B(T-1) - p5" P)ur = 0 for all Te N
with T > 3,

(v ur1 - b™xr <a™ and (uri - a™ - bT™!x1)B(T-1) = 0, for every Te N with T > 2.
An interesting corollary of proposition 5.1 is the following.

Corollary 1 of proposition 5.1: If <(x,, u)lte N°>>e S(x) then for all Te N, with T > 3,
there exist sequences <(a(77_)2, ay’ 1)I(af(Tnz, a(T DeR? for all TeN, T > 3> and <B(T, i)l
B(T, i)eR. for all i and TeN®> such that

ITI_IEO [(CT—l—XT)“(TY_)1+a(TY_)1XT—2+ Z[(T Y B(T-1,)A ' ]=0.

Further, if there exists T"e N, such that ur < A7 + B’xr for all ie{1, ..., I(T)} and T >
T, then lim [(crq—xp) a(D)+a(Dx7-1] =0.

Proof: If <(x, u)lte N°>e S(x), then from proposition 5.1, we know that for all Te N,
with T > 3, there exists arrays <(a ), @y (a5, @2 ,)eR? for all TEN, T > 3>,
<B(T, i)l B(T, i)eR. for all i and TeN’> such that:

(i) a2, - d™aP, - 2D B(T—1, ) B = pi Vand (&7, - d™ a7, -

YD E(T—1, ) B - p" P)xay = 0 for all TeN with T > 3.

(v -a2 et + X B(T—1,1) > A7 and (-2 et + RV B(T-1, 1) -
pgT‘”)uT.l =0 for all Te N with T > 3.

vVt - B xr < AT Y and (ura - A7 B xr)B(T-1, 1) = 0 for every ie{1, ...,
I(T-1)} and Te N with T > 2.

Addmg the two equalities (Q’(TY)Z dr laT 1- le.g_l) B(T-1,1)Bt- pgT_l))Xm =0
and (-aPy et + XD B(T—1, 1) - o5 P)urs = 0 for all Te N with T > 3 we get
Q’(TY_DZXT-I -dT lamlx 1 - ZI(T DR(T-1,1)B 1xpy - pgT Dyr a(Tnle ur. +
Zfii_l) B(T_lr l) ur 1 - pz 1)uT—l =0

Since, <(xi, w)lte N>e §x), it must be the case that xu1 = ¢ + dix( + e for all teN®,
(D

by substituting cr.; - xr for -d™'xr. - eT'ur.;, we get, (cr.1 - X1) a(TD1+ aT o XT-1 -
YD BT=1, ) B g + XV BT=1, Dy - P Vxaa- 57 Purs =0,
Adding the equalities (ur-1 - A7 - B/ Yxr.)B(T-1, i) = 0 over ie{1, ..., I(T-1)} we get
YVR(T—1, gy - XV BT—1, DB g -3V B(T-1,D) 4771 =0, ie.,
SEy BT Dupy - ETV BT=1, DB ey XY B(T-1, D AT

Substituting for Z[(T D B(T—1,)uzpq - Z[(T D B(T—1,1) B’ 1x7_; in the equation
(cr1 - XT)aT i+ a(Tsz ZI(T D B(T—1,1) B xpq + ZI(T D B(T—-1,)upq -



pgT Dy T-1 - pgT 1)uT 1 =0, we get (cT-1 - XT)a’T 1t Q’(DZXT-l +Z§(:71‘_1) B(T-1, i)AI.T_1 -
(7=Dy (7-1) —
)2 T1-py ur1=0

Since <(p°, 7). [AUI BY, (c',d.e))l te N> be an AC-LOC-LC problem and xi, u; €
= [0, b] for all te N°, lTl_{g [pgT_l)XT_l_pgT—l) ur4]=0.
Thl,lS, }‘I_I;I;lo [(CT—I - XT) Q'(TY_)l‘I‘ a(TY—)ZXT—l + Zﬁq_l) B(T_l, l)/IIT_1 ] =0.

Further, if if there exists T"e N, such that ur < A7 + B'xr for all ie{1, ..., I(T)} and T
>T", then B(T, i) = 0, then for all ie{1, ..., I(T)} and T > T".

Thus, X7 B(T—1, )47 = 0 for all T>T"+ 1.

Hence, ITim [(cr—1 — XT) a(T7_)1+ a(TY_)ZxT_l 1=0. QE.D.

Note 5.3: We may refer to the condition

“lim [(cr—y — %) a(ry—)l"' “(77—)2XT—1 + Zﬁg_l) B(T-1,1)4/ " ]1=0"asa

transversality condition. For the 1+1 LOC LC problem, the transversality condition
reduces to lim [(cr—y — XT)Q’( + aT ,xr—1 +B(T—1)a" '] =0.

6. Interiority condition and infinite horizon dual linear programming problem:

In this section we consider AC-LOC-LC problems for which, in addition to the
conditions assumed in section 5, we assume that the evolution of the state variable is
always dependent on the chosen value of the control control variable. Further, the
consequences of optimality are only applicable only to those optimal trajectories for
which both the state and control variable are always positive and the control variable
always satisfy its inequality constraints with strict inequality. We refer to condition as
“interiority condition”. In such a situation lemma 5.1 leads to a much stronger
necessary condition than in proposition 5.1.

Proposition 6.1: Let <((p}°, p?), [A'I B, (c.d',e")l te N% be an AC-LOC-LC
problem and suppose that for all teN°, et # 0, A%, A%+ Bbe(0, b) for all ie{1, ..., I(t)}.

Suppose that for some xe(0, b) and <(x, u)lte N®>e S(x), <(x, uy)lte N°> satisfies the
following “interiority condition”: For all teN°, u;> 0. u; < 4% - Bix for all ie{1, ...,
I(t)}. Then, there exists a sequence <&}l a; € R. teN®> such that:

(1) Q)
(1**) a,a _pgl) dlpz1 , a'; Pt fOI' all te N

(i @_;- d'a; = p for all t €.
(iii"™) -aet = p{? for all t €N.
Further:

(v™)<d;l teN°> and <B"(t, 1) B"(t, 1) = O for all ie{1, ..., t} and t eN°> solve the
following linear programming problem for all Te N, T > 3:



Minimize a(()y)(c" +d%) + ZtT:_lZ aﬁ” i+ H(T7_)1(CT'1 - X1) + Z,[-(:Ol) LD (A +BYx) +

NSO fID 4L subject to @7 - d'al” - 9 geAD B> pOforall t=1, ..., T-1, -
& Vet + 310 gD > pOfor all t= 0, ..., T-1, A7 >0 foralliand t =0, ..., T-1,
aPer forall t=0, ..., T-1.

(v") Forall TeN, T = 3, o Vup g + B0 [ %25 Pue 1] = d(c?+ d%) +

1
-2 -
Yot A+ dp (™! - x).

Proof: From the discussion preceding lemma 5.1, we know if <(x, uy)lte N> S(x),
then that for all Te N with T > 3, <(x;, u)lt =0, ..., T> solves:

1) 1r.(9 (t-1)

Maximize pgT_ Vg + 21T=_1 1 Vet P, V1], subject to vo < A% + Bx for every

ic{l,...,1(0)}, vi- By < Aiforeveryiandt=1, ..., T-1, yi - €% = c® + d°, yu1 -
dy - etvi=ctforallt=1, ..., T-2, -d™yr.1 - eT'vri = xr + ¢, y¢ >0, forall t=1, ...,
T-1,v¢>0, forallt=0,1, ..., T-1.

By the strong duality theorem of linear programming we know that <(x, u)lt =0, ...,
T> solves the above problem if and only if its dual has a solution, in which case the
optimal value of the maximization problem and the optimal value of its dual equal.
The dual of the linear programming maximization problem is the following;

dual of this linear programming problem is the following linear programming
problem.

Minimize a5”(c? +d%) + %77 at” 4 a2 (€™ - x1) + 20 fOAD (404 BIx) +
Z[T___ll ng LD AL subject to aﬂ - dtag) - leg FAD B> pOforallt=1, ..., T-1, -
aPet+ 310 61D > pOforall t =0, ..., T-1, D >0 for all i and t =0, ..., T-1,

A PeR forall t=0, ..., T-1.

From the strong duality theorem and the complementary slackness condition we know
that since <(x., w)lte N’>e §(x) € F(x), <(xi, w)lt =0, ..., T> solves the maximization

problem if and only if there exist <a57)la(t7)eR forallt=0, ..., T-1>and
<[EAD|FEADeR, for alliand t =0, ..., T-1> such that:

() @y - da;” - £ D B> pland (a) - day” - XL f1D B - p)xe =0, for
allt=1, ..., T-1.

(ii) -2 et + Zﬁg LD > pgt) and (-aiPet + Zﬁ(:? LD pgt))ut =0forallt=1, ...,
T-1.

(iii) uo < 4% + Bx and (uo - 42 - Bx) 501D = 0 for every ie(1, ..., 1(0)}.
(v) u; - Bix < Aband (u; - A~ Bx) D =0 foreveryiandt=1, ..., T-1.
By the “interiority condition”, for all teN°, u¢> 0. u; < 4% - Bx for all ie{1, ..., I(t)}.

From (iii) and (iv), S0 = 0 for all ie{1, ..., 1(0)} and t =1, ..., T-1.



Along with this information, from (i) and (ii) we get: agz)l - d‘a’in = pgt) and —a'gne‘
=pP forallt=1, ..., T-1.

(0
From —crgnet = pgt) forallt=1, ..., T-1 and e' # O for all t € N, we get aﬁ” =- %

forallt=1, ..., T-1 and from &'”; - d'a{” = p{%forall t=1, ..., T-1, we get )" =
(1)
1 1 p
pg)_'_dla,gnng)_dl:_l'

Thus, values of agn fort=0, ..., T-1 and TeN with T > 3, is independent of T.
Thus, for all teN® there exists @; € R such that aﬁ” = a; for all TeN with T > 3.

Hence, @, ;- d'a} = pg[) for all teN.

Thus, <a;l @; € R. teN®> satisfies (i""), (ii"*) and (iii"") in the statement of this
proposition and along with <B*(t, i)l B*(t, i) = O for all ie{1, ..., t} and t eN°> solve the
linear programming minimization problem in the statement of this proposition for all
TeN, T > 3. Hence (iv") is satisfied.

Thus, for all TeN, T >3, p5" Pup g + X5 [pP0x 495 Pup ] = ah(c® + d%) +
Z[T___lz @i+ dy (™ - x7).
Thus (v*™) is satisfied. Q.E.D.

Note 6.1: %im p;T_l)uT_1 =0, since %im pgT_l) =0 and ut.1 € [0, b] for all TeN.

: -1 = —1 . — 1
Thus, }lj’{}o 5 g+ Ztrz 1 Y)xﬁpgt u ) = }g{}o ZIT_ ' Y)xﬁpét u )=

1 =1
0o —1

thl Y)xﬁpgt )ut—l]-

For xeX, consider the following infinite horizon linear programming problem

“implied” by OPT (as defined in section 3).

(D (=1)

Maximize Z;”:l Vet Ds V1], subject to vo < A% + Bx for every ie{1, ..., 1(0)},

vi - By < A for every ie{1, ..., I(t)} and t N, y; - €®vo = ¢ + d’X, yu1 - dy; - etve= ¢!
for all t €N, y > 0 for all t eN, v¢ > 0 for all t eN.

This is the maximization problem that we are really concerned with.

Its “implied dual linear programming (IDLP) problem” is the following:

Minimize ao(c® + d%) + X5, a.c+ 310 B0, )(A+Bx) + X2, 219 (¢, i) AL,

=1
subject to a;_4 - d'a; - ng p(t, i) B> pgt)for all teN, -a,e' + le.(ﬁ B(t, i) > pgt)for all t
eN, B(t, i) >0 for all ie{1, ..., I(t)} and teN, aeR for all teNC.

(5
If <§I e' eR\{0}, teN> is a bounded sequence, then }im a; = }im - % =0, since
lim pgt) =0.

t—oo



0 0 : -2 T-1 _ 0 0 00
Thus, aj(c® + d’x) + }%Zz:l a;c+ (™ -x1) = ap(®+dx) + ¥ 2, aic

Since we have assumed that for all teN°, and (x,u)e[0,b]x[0, b], ¢t + dix + ewe[0, b], it
must be the case that <c( c€R, teN®> is a bounded sequence.

The implication of proposition 6.1, is that <l a@; € R. teN°>, <B*(t, i)l B*(t, i) = O for
all ie{1, ..., t} and t eN®> satisfy all the constraints of IDLP and ap(c® + d’x) +
»e aftcf+ 2O B0, ) (A+ %) + X2, XN Br(t, DAL = a0 +dO%) + X7 dic =

1
Z[=1 (t) pgt )ul’—l]'

7. Duality Theory for AC-1+1-LOC-LC problems and “‘sufficient” conditions for
optimality:

To facilitate and simplify exposition we will in this section consider sufficient
conditions from the perspective of duality for AC-1+1-LOC-LC problems. The results
extend in a straightforward manner to AC-LC-LOC roblems.

Let <((5{°, p?). [at1 b1, (¢',d',e")l te N°> be a AC-1+1-LOC-LC problem and
suppose that for all teNO, a', a' + b'be(0, b), so that for all xeX, a' + bx €(0, b) for all
te NO,

Once again, for some xe X, let <(x;, uo)lte N> eF(x).

For Te N with T > 2 consider the linear programming problem in part 2 of proposition
3.1.

(D (D

Maximize ZLO L Vet Py Vi, subject to vi<a'+ by, vi<bforallt=0, 1, ..., T, yu

=c‘+d‘yt+etvtf0r allt=0,...,T-1,yo=x0=X%,y: >0, v¢>0 for all t =0, 1, ...,T.

Note that yr = cr.1 + dr1yT-1 + er-1vr, and so in this linear programming problem yt
is endogenously determined and not chosen. However, vt is chosen.

ZLO (0 Vet Dy (0 v = ( Dx+ Z 1 (0 Vet pzt) Vi1] + pgn vrand by hypothesis for all
xeX, a' + b'xe(0, b) for all te N°, so that vi<a'+ by fort=0,1, ..., T, implies vi<b
forallt=0,1, ..., T.

Thus, the linear programming problem reduces to the following.

(t)y[+pgt D Viq] + pgn vy, subject to vi<a'+ by fort=0, 1, ..., T,

.. T
Maximize ). ,_,
yur=c'+dyc+e'viforallt=0, ..., T-1,yo=Xo=X,y:>0,v¢>0forallt=0, 1, ...,

T.

yur=c' +dyc+eviforallt=0,...,T-1,yo=Xo=X,y: >0, forall t=0, 1, ..., T, can
be written as, yi - €%o = ¢ + d’%, yu1 - d'yi-etv=ct forallt=1, ..., T-1, y. > 0 for all
t=1, ..., T.

Further, vr <a' + b"yr and yr = ¢! + d™yr; + eT!vr; implies vy - bT™d™ !y - bTeT
v <aT 4+ b,

Hence, the linear programming problem that we are concerned with in this section
may be expressed as follows.



(5 (&=1)

Maximize Zthl VYD, Vel + pgn vp, subject to vo < a’ + b%x, v¢ - bly;< a' fort

=1,...,T,yi1- €% =c®+ d°%, yu1 - dlyi -e'v=c' forallt=1, ..., T-1,y.>0forall t =
1,..,Tandv¢>0forallt=0,1, ..., T.

The dual of this linear programming problem is the following.

Minimize @ (c® + d%) + 2./} & ¢ +4(0 ) (& +b0x) + %" Bt Da' subject to
a” - did” - pmbt > P2 forall t = 1, T 1, @, - BT > 7, - a([y)e +
B(IT) > piPforall t=0, ..., T-1, B(TIT) > pP BAT)>0fort=0, ..., T, at R for
allt=0, ..., T-1.

In the context of this section we have the following proposition.

Proposition 7.1: Suppose that for <(x,, uy)lte N> €F(x) and there exists T*elN such
that for all TeN with T > T" the following conditions are satisfied:

There exists arrays <a; 7)I Der for all t = 0, ..., T-1> and <B(tIT)IB(tIT)eR+ for all t =
0, ..., T> such that:

() P, - ad - BHT)b > P12 and (&7, - dal” - BET)b! - p%)x, = O for all t =
1,...,T1.

(i) a7, - BT > A and (&7, - BTITHBT - p{)xr = 0.
(i) - &t et + B(UT) > pg@ and (- &t"et + BIT) - pP)uc=0forall t=0, ..., T-1
(iv**) B(TIT) > A5 and (B(TIT) - ps7)ur =0
(V™) (uo - a° - b%%)B(0IT) = 0.
(vi™) (u¢ - bix-a)p(tIT) =0, fort =1, ..., T.
Then, <(x;, u)lte N%>e S(x).
Proof: Let <(x;, u)lte N°> ¢F(x).

By part 2 of proposition 3.1, if there exists T"€lN such that for all TeN with T > T*
such that <(xi, u)lt =0, 1, ..., T> solves [Maximize [T=O 0 Vet pzt) v;], subject to v¢
<a'+bly,vi<bforallt=0,1, ..., T, yu1 =c' + d'y + e'v¢ for allt=0, ..., T-1, yo=Xo
=X, yt>0,v¢>0forallt=0, 1, ..., T] then <(x;, u)lte N> S(x).

In the discussion preceding the statement of the proposition we have shown that <(x;,

wlt=0, 1, ..., T> solves [Maximize ZIT:() (0 Vet pgt) v;], subject to vi < a' + bly, vi <

bforallt=0,1, ..., T, yt+1:ct+dtyt+e‘vtfor allt=0,...,T-1,yo=x0=X, y¢ >0, v

>0forallt=0, 1, ..., T] if and only if <(x;, u)lt=0, 1, ..., T> solves [Maximize
Z[T=1 (t)y[+p§t 1) Vt_l] +p§n vy, subject to vo < a + b’%%, v - by < a' fort=1, ..., T,
yi-€e%p=c+d%, yiui1 -d'y -etvi=c¢t forallt=1,...,T-1,y;>0forallt=1,...,T

and vi>0forallt=0,1, ..., T].



However, by the strong duality theorem and the complementary slackness condition
of linear programming, <(x, u)lt =0, 1, ..., T> solves [Maximize

ZLI [pgt)yﬁpgt_l) Viq] + pgn vr, subject to vo < a’ + b’x, v - bty <at fort=1, ..., T,
yi - €% =c+d%, yu1 -d'yi-etv=c' forallt=1,...,T-1,y;>0forallt=1,...,T
and vi>0forallt=0, 1, ..., T] if and only if

(Dup<a’+b%, u-bxe<al fort=1, ..., T,x1 - e =c+ d’%, xet1 - d'x¢ -elu= ¢t
forallt=1,...,T-1,xc=0forallt=1, ..., Tandu>0forallt=0,1, ..., T.

(2) There exists arrays <a'”1a.eR for all t =0, ..., T-1> and <B(UT)IB(T)eR for all
t=0, ..., T>such that (™, (ii™), (i11"), Gv™), (v™) and (vi"™) in the statement of
this proposition are satisfied.

Since <(xi, u)lte N%> eF(x), for all TeN with T > T, (1) holds and we have assumed
in the statement of this proposition that for all TeN with T > T", (2) is satisfied.

Thus, <(x,, u)lte N>e S(x). Q.E.D.
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