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Abstract

We define infinite horizon linear optimal control problem with linear constraints. We
provide a necessary condition for an optimal trajectory in terms of an infinite
sequence of linear programming problems. We also provide a similar sufficient
condition for optimality in terms of a related infinite sequence of linear programming
problems. We define a “bang-bang sequence of decision rules”, and provide sufficient
conditions for the existence of a unique optimal trajectory that is generated by such a
sequence of decision rules. We also provide a “robust” approximation result in terms
of a linear programming problem with a sufficiently long time horizon. We use the
strong duality theorem and complementary slackness condition of linear programming
to obtain necessary conditions for an optimal trajectory. These necessary conditions
lead to a very general “transversality condition”, the satisfaction of which is a
characteristic feature of optimal trajectories in infinite horizon optimization. A more
compact transversality condition is realized when along an optimal trajectory the
control variable is “eventually” strictly positive. Under suitable assumptions we prove
that there is a infinite horizon “implied dual linear programming problem” which has
a solution and which along with the optimal trajectory satisfies the complementary
slackness conditions. Further, the optimal value of the implied dual linear
programming problem is equal to the optimal value of the maximization problem that
gives rise to it. We obtain sufficient conditions for a trajectory to be an optimal
trajectory by using the strong duality theorem and complementary slackness condition
of linear programming.

Keywords: infinite horizon linear programming, linear optimal control, linear
constraints, duality, infinite horizon dual linear programming problem
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1. Introduction:

The earliest work on infinite horizon linear programming that is known to us is the
1973 Ph.d thesis of Joseph J. M. Evers, hereafter referred to as Evers (1973). We
pursue a similar line of work in the present paper.



In Lahiri (2025c) there is a discussion of infinite horizon linear optimal control, with
one state variable and one control variable. In that model, the objective function is
assumed to be linear, without such restrictions being imposed on the constraints. In
our work that follows, we assume that that there is one state variable and one control
variable with the dynamics of the state variable determined by a first order linear
difference equation and the constraint set for the control variable is bounded above by
a finite set of affine functions of the state variable.

Evers (1973) allows for multi-dimensional state and control variables but the
parameters defining the constraints are invariant over time. The model we work with
here, allows the parameters defining the constraints to vary with the time period.
Although, Evers (1973) does not explicitly allow for control variables, viewed from
the perspective of our model, the control variables are the “slack variables” that are
required to express the dynamics of the state variables as linear equations. The control
variables implied by the model in Evers (1973), do not contribute to the objective
function. Thus, while our framework of analysis is less general than that of Evers
(1973) as far as dimensions of the variables are concerned, it allows for considerably
greater flexibility as far as modeling the underlying dynamics of the infinite horizon
linear programming problem.

There is one important difference between infinite horizon linear programming and
optimization in infinite dimensional spaces that ought to be taken note of. Unlike
optimization in infinite dimensional spaces that can accommodate both optimization
with infinite number of variables and a finite number of constraints and optimization
with a finite number of variables and infinitely many constraints, there is no
possibility of meaningfully accommodating such “half-way houses” in infinite
horizon linear programming. Whether, that makes infinite horizon linear
programming restrictive or more useful than infinite dimensional optimization is
irrelevant, since chapter 1 of Evers (1973) discusses four “growth models” which can
be modeled as infinite horizon linear programming problems.

The work reported here is similar in nature to chapter 2 of Evers (1973). In section 2
we present the framework of analysis in which both state variable and control variable
are restricted to belong to the same closed and bounded interval of real numbers
containing zero. We define infinite horizon linear optimal control problem with linear
constraints - hereafter referred to as linear optimal control problem with linear
constraints- as well as a convenient special case case in which the there is only one
affine function of the state variable that is an upper bound for the control variable. In
section 3, we introduce the concept of optimality and provide a necessary condition
for an optimal trajectory in terms of an infinite sequence of linear programming
problems. In the same section, we also provide a similar sufficient condition for
optimality in terms of a related infinite sequence of linear programming problems.
Also included in this section, is a proposition that provides a set of sufficient
conditions under which all feasible trajectories are optimal trajectories.

In section 4, we introduce absolutely convergent linear optimal control problems with
linear constraints for which it is well known that the set of optimal solutions is always
non-empty. We define a “bang-bang sequence of decision rules”, and provide



sufficient conditions for the existence of a unique optimal trajectory that is generated
by such a sequence of decision rules. We also provide a “robust” approximation result
(proposition 4.2) in terms of a linear programming problem with a sufficiently long
time horizon. This result is quite plausible and very likely well known in the existing
literature on infinite horizon linear programming..

In addition to proposition 4.2, somewhat significant results are discussed in sections
sections 5 and 6 of this paper. In section 5, we use the strong duality theorem and
complementary slackness condition of linear programming to obtain necessary
conditions for an optimal trajectory. These necessary conditions lead to a very general
“transversality condition”, the satisfaction of which is a characteristic feature of
optimal trajectories in infinite horizon optimization. A more compact transversality
condition is realized when along an optimal trajectory the control variable is
“eventually” strictly positive for ever. A more striking result is the one in section 6,
under the assumptions in section 5 plus the assumption that the control variable
affects the evolution of the state variable at each and every time period. We refer to a
trajectory in which both state and control variables are positive at every period and the
control variable is always strictly less than its upper bound as “interiority condition”.
We show that if there exists an optimal trajectory satisfying interiority condition, then
there is a infinite horizon “implied dual linear programming problem” which has a
solution and which along with the optimal trajectory satisfies the complementary
slackness conditions. Further, the optimal value of the implied dual linear
programming problem is equal to the optimal value of the maximization problem that
gives rise to it. It is important to note, that this result depends on the initial value, not
only because the initial value is required to be strictly positive, but also because the
solution arising from it needs to satisfy the “interiority condition”.

In section 7, we once again use the strong duality theorem and complementary
slackness condition of linear programming to obtain sufficient conditions for a
trajectory to be an optimal trajectory.

Work related to, but different from what is presented here- at the very least as far as
results are concerned- is available in Romeijn, Smith and Bean (1992). Our approach
to infinite horizon linear programming via truncated and finite horizon versions of the
original problem is akin to the approach adopted in the paper that we have just cited.

In a concluding section of this paper, we compare our model with other notable
infinite horizon linear programming models that already exist in the literature, such as
the ones due to Evers (1973), Grinold (1977) and Romeijn, Smith and Bean (1992).
While conceding that unlike our model, these other models allow multi-dimensional
variables, we point out that our model is conceptually more general, since it explicitly
distinguishes between control and state variables, although each of the two are
assumed to be one-dimensional in every time period.

2. Framework of Analysis:

Let X = [0, b] < R (the set of real numbers), with b > 0 be such that set of available
alternatives at any time period is a non-empty subset of XxX. Given a current
realization xe X of the state variable that was chosen in the immediately previous



time-period, a typical alternative that is “chosen” during the current period is an
ordered pair (u, y)e XxX, where u is the value of the control variable chosen for the
current period and ‘y’ is the value of the state variable that will be realized (as an
inheritance) in the immediately next period. Based on the realization (x, u) during the
current period an instantaneous pay-off is realized by the decision maker.

With N denoting the set of natural number (i.e., the set of strictly positive integers) let
NO denote Nu{0}, i.e., the set of non-negative integers. Time is measured in discrete
periods te N°. Beginning with an initial state variable, in each period teN’, an
alternative (state variable-control variable pair) is realized, and the chosen alternative
is denoted by (xi, u)e XxX. While at all time periods x; is an “inheritance” in the
current period, u is chosen during the current period.

At each time-period te N°, Q, ¢ XxXxX is the two-period constraint set at time-
period t, such that for all te NO, there exists a matrix [A!| B'] with a finite number of
rows and two-columns and a point (c!, d', e")e R3 satisfying the following properties:

(i) For all te N°, 4> 0 and A%+ B% > 0 for all i where the ordered pair (4%5) is the
i row of the matrix [A'| BY].

(ii) For all te N° and (x, u)eXxX, c' + d'x + e'u € [0, b].

(iii) For all te N°, Q; = {(u, X, y)eXxXxXl u < 4%+ Bx where for every i the ordered
pair (445 is the i row of the matrix [A'| B and y = c' + d'x + e'u}.

By (i), A%+ Bix >0 for all (x, t)e XxN°.

Thus, by (i) and (ii) it follows that for all (x, t)e XxN°, {(u, y)e XxXI (x, u, y)e &} #
¢ and hence for all te N°, Q # ¢.

Note 2.1: The number of rows of the matrix [A'| B'] may vary with the time-period.
For te N°, let I(t) > O denote the number number of rows of the matrix [A! | B], so that
forie{1, ..., I(t)}, the ordered pair (415 is the i row of [A'| BY]. However for the
sake of simplicity, for xeX, we will sometimes denote the set {A:+FBxli=1, ..., 1(t)}
by { A%+ Bx}. Further, in the context of the matrix [A' | B'] instead of writing “for all
ie{1, ..., 1(t)} and te H” (where H is any non-empty subset of N°) we shall sometimes
write “for all i and te H”.

For te N°, (x, u, y)e Q can be interpreted in the following manner: given that xe X is
the realization of the state variable at time-period t, it is possible to choose the pair (u,
y)e XXX at time-period t.

For all (x, t)e XxN°, let Q(x) = {(u, y)e XxXI (x, u, y)e Q} = {(u, c' + d'x + e'u)l u >
0, u <min{b, min{ A5+ Bx}}}.

Clearly for all (x, t)e XxXN°, Q(x) is a non-empty and closed subset of XxX.
For xe X, let F(x) = {<(xq, ulte N>| (x;, u, Xu1)e Q, te N?, x0 = x}.

We will (whenever necessary) refer to an infinite sequence <(xi, uy)lte N’ >e F(x) as a
trajectory starting at (from) x.



Clearly, F(x) is non-empty for all xe X.

Let <( p1 . Dy )) | te N°> be a sequence of pairs of real numbers. If x is the realization
of the state variable at time-period t and u is the choice of the control variable at time

period ‘t’, the instantaneous pay-off received by the decision-maker at time period ‘t’

is pg)x +pg[) u.

We shall refer to the array <(( pgt), pzt)), Q)| te N> or alternatively <(( pgt), pzt)), [At]

B, (c¢',d',e"))l te N> as a (infinite horizon) linear optimal control problem with
linear constraints (LOC-LC problem).

Another special case of a LOC-LC problem is one when at each time period there is a
single upper-bound on the control variable.

Suppose I(t) = 1 for all teN° and for all teN°, there exists real numbers a‘, b' such that
a; + b'x > 0 for all x¢[0, b].

For each teN?, let = {(u, X, y)eXxXXxXlu<a'+bx and y = ¢! + d'x + e'u}.

In this case the array <((p1 . Dy )) Q)| te N> may be represented as <((p1 , pzt)) [a'l
b, (c.,de"))l te N°> and referred to as a one-plus-one linear optimal control
problem with linear constraints (1+1-LOC-LC problem).

Note 2.2: If for some te N, et # 0, then for (x, y, u)e€, it must be the case that u =

e dyx dox
y—z so that p1 X + pgt)u pgt)x + pgt) (y—ct £
t =7

time t, can be expressed entirely in terms of the state variables. On the other hand, if
for some te N, et = 0, then for a given value x of the state variable at time period t,
there may be several values of the control variable that can chosen at time-period t.
Thus, the model of linear optimal control discussed here is a generalization of the
linear dynamic optimization model discussed in Lahiri (2025a, 2025b), the latter
being motivated by the reduced form model in Mitra (2000) and Sorger (2015).

). Thus, the instantaneous pay-off at

For what follows we assume that <(( pgt), pzt) ), )| teN%> or <((p§t), pzt)), [At]BY],

(ct,dt,et)l te N> is a given LOC-LC problem. As and when necessary, we will
impose additional assumptions on this LOC-LC problem.

At
u< AL+ Bix forevery i, y = ¢' + d'x + e'u and d' # 0 implies u < A%+ Bi& c; % for
A 5
every i, i.e., u < @ + By for every i, where for every i, @ = Btd and f = Bfe
ldf ldt

However, since y = c' + d'x + e'u, the chosen pair (u, y) depends on x. On the other
hand, if d; = 0, then y = c' + €' u, and so x does not play any role in determining y.
None the less, x figures in the upper bound min{ 4%+ Bx} on the choice of u.



In the case of a LOC-LC problem it is easy to see that, for all te N°, Q; is a non-empty,
closed and “convex” subset of XxXXxX. Thus, in the case of a LOC-LC, for all xe X,
F(x) is a non-empty and convex set.

If e' = 0 for all te N, then for all xe X: <(x;, uy)lte N® >e F(x) if and only if u; < min
{a' + b'x,, b}and xu1 = ¢ + d'x for all te N°.

Note 2.3: The infinite horizon linear programming model in Evers (1973) allows the
state and control variables- the latter appearing as slack variables- to be multi-
dimensional. If we restrict the state and control variables to be one dimensional, then
the framework of analysis in Evers (1973) “suitably adapted to the one we are

concerned with” would require: I(t) = 1, 4 =b, B =0, d' = d*!, e = e"*! £0, pg[) =0

for all teN”. Such a formulation may be referred to as the “Evers model” in our
framework. This model is an example of a 1+1-LOC-LC problem.

3. Optimality and associated linear programming problems:

We will now consider the following optimization problem denoted OPT:

Given xe X, Maximize ZZO [p(t)X[+ u[] subject to the infinite sequence satisfying
the constraints: (X, g, Xu1)€ Q, te N, x0 = x.

Note 3.1: The exact mathematical interpretation of the expression (formula)

(0

ZZO (t)X[-}- p;t) uy] is lTim (ZZ:O X+ p ([) uy] ). Thus, the problem we are

concerned with here is in the domain of asymptotic analysis, which is very different
from infinite dimensional analysis.

An alternative and very useful version of OPT is the following optimization
problem:

Given xe X, Maximize 20;1 [pgt)Xt+ pg ) u;_;] subject to the infinite sequence

satisfying the constraints: (X, Uy, Xi+1)€ €2y, t€ N, xo = x.
0 ® (t) )
Let S(x) = {<xdte N’>e F(x)| ¥ o D1 X+ Dy ud 2 ¥ [Py Vet p Vt] for all <(yi,

witeN>e F(x)},ie,S(x)=  argmax ZZO (t)X[+ 6) ul.
<(xpup)| teN0>eT(X)

S(x) is the set of solutions starting from x for OPT.

For all TeN?, and xe X, let FT(x) = {<(X¢, wp) It = T> (xi, ug, Xes1)e ¢ for all t > T and
XT =X}.

For Te N° and ye X, <(xi, w)lt >T>e FT(x) may be referred to as a trajectory
starting at (from) x at time-period T.

It is easy to see that for all Te N° and xe X, FT(x) is non-empty.

Given (x, T)e XxN°, we will denote the following optimization problem by OPT-T:



Maximize ZZ T[pgt) Vet pg[) v] subject to <(y, V)| t=T>e F1(x).

OPT-T can also be expressed as follows:

Given (x, T)e XxN°: Maximize ¥, ., O y4 pPv,_,] subject to
<) t2T>e F1(x).

For (x, T)e XxN°, §T(x) is the set of solutions starting from x for OPT-T, i.e., ST(x)

(O 4 X0

=  argmax Zo; uy.

T
<(xpup)| t=2T>eFT (%)

Clearly, F(x) = F(x) and $%(x) = S(x) for all xe X.

For all Te N° the correspondence h™: X ——XxX defined by h™(x) = {(ur,
xrDI< (XU | t=T>eST (%) is said to be the optimal period-T decision rule.

We now provide one necessary condition and a somewhat stronger sufficient
condition for optimality for an LOC-LC in terms of linear programming problems.

Proposition 3.1: Let <((5.°, 1), [A'I BY, (c.d,e")l te N% be an LOC-LC problem
and suppose that for some xeX, <(xq, u)lte NO>eF (x).

Part 1: If <(x,, w)lte N%>e S(x) then for all Te N, <(x,, u)lt =0, 1, ..., T> solves the
0 Vet pzt) v;], subject to v¢ <
Al + By foreveryiand vi<bforallt=0, 1, ..., T, yu1 = c' + dly, + e'v, for all t =

0,....,T-1I,yo=x0=X%X,y:>0,v¢>0, forallt =0, 1, ..., T, & both yT = X1, VT = ur.

following linear programming problem: Maximize Z;O

Part 2: If there exists T* € N such that for all Te N satisfying T > T, <(xi, uglt =0,
1, ..., T> solves the following linear programming problem: Maximize

Zr—o (t) ;t) v, subject to vi < AL + By foreveryiand vi<bforallt=0,1, ...,
T, yw1 =c' + dtyt+ eviforallt=0, ..., T-1, yo=%x0=X%, y¢ >0, v¢>0, for all t = 0,
1, ..., T, then <(X, u)lte N> §(x).

Proof: Part 1: Suppose <(x;, u))lte N®>>e §(x) and towards a contradiction suppose
that for some Te N,, there exists <(yi, volt =0, 1, ..., T> such that

(i) vi< AL+ By foreveryiand vi<bforallt=0,1, ..., T,
(i1) yu1 =c'+ d'yc+e'viforall t=0, ..., T-1,

(1i1) yo = X0 = X, YT = XT, VT = UT,

(iv) y¢=0,v>0,forallt=0,1, ..., T, and

(v) Zr—o ([) Yetp; % v > Zt—O (t)Xf+p§t) Uyl

Let <(zi, wo)lte N°> be such that that (z;, w) = (y, vo forallt=0, 1, ..., T, (z, w) =
(Xi, ug) for all t > T.

Since yo = X0 = X, YT = XT, VT = UT, it is easily verified that <(z;, w)lte N°> € F(x).



Thus, Zoo (t)Zt‘*‘ % wy = Zt—O ([)y:+pgt) vl + Zji 741 (t)Xﬁ'pgt) ug| >
ZzT=0 (t)Xt‘l’Pgt) u,] + th 741 (t)Xt+P§t) u = tho (t)Xt+ % uy|.
This contradicts, <(x, uy)lte N°>e §(x) and proves Part 1.

Part 2: Suppose that there exists T* € N such that for all Te N satisfying T > T, <(x,
Ut)lt =0, 1, T> solves the linear programming problem: Maximize

Z 0 [pgt) y[+ V[] subject to vi < A%+ By, foreveryiand vi<bforallt=0, 1,

T, ysi=ct+dyc+eviforallt=0, ..., T-1, yo=x0=X, y¢ >0, v >0, for all t = O,

1, ..., T. Towards a contradiction suppose that <(x, u,)lte N°>&S(x).

(8 (5

Thus, there exists <(yt, v)lteN’>€ F(x) such that 3,7

3 A x4 P50 ug).

1V VetDs vl >

By note 3.1, lim ZT (t)yt+ Dy = Yo (t)yt+pgt) vl >Y7, (t)Xt-I- ) =
lim ¥°7_ [p&f)xﬁ )

Thus, there exists TN, such that for all TelN satisfying T > TY, it must be the case
that 3 [P0yt 2 vl > L 1205455 .

Let T = max{T", T°}.

Since <(yt, vo)lteN’>e F(x), vi < A%+ By for every ie{1, ..., I(t)} and vi<b for all t =
0,1,....,T, ysi=ct+dly+eviforallt=0, ..., T™-1, yo=x0 =X, y¢ >0, v > 0, for
allt=0,1,..., T

This contradicts our assumption that <(X, u)lt =0, 1, ..., T> solves the linear
programming problems in the statement of Part 2 of this proposition and thus proves
Part 2. Q.E.D.

Note 3.2: In one way the sufficient condition is stronger than the necessary condition
because the constraints on the terminal values of the state and control variables in the
linear programming problem in the necessary condition (i.e., in part 1) are “absent”
from the constraints in the linear programming problem in the sufficient condition
(i.e., in part 2). Since, the evolution of the state variable is determined by an equation,
if the terminal period for linear programming problem in part 1, is T, then the value of
the state variable in period T + 1 has to be xt+1 and this also determines the
constraints for the control variable that needs to be chosen in period T+1. Further, the
requirement in part 1 that Xt = yr = cr.1 + drayr1 + er1vr., does impose “some
restriction” on the choice of yr.1. None of these restrictions apply for the linear
programming problem in part 2. At the same time, the conditions in part 2 are
required to hold “eventually”, where as the conditions in part 1 hold from period 3
onwards.

We close this section with an interesting observation.



Proposition 3.2: Suppose <((”, p5°), [At1 BY, (c',dte))l te N> is an LOC-LC and
let xe X. If S(x) # ¢, d' = 0 and for some aeR\{0}. e' = a, pgt) apltﬂ) for all te N©,
then S(x) = F(x).

Proof: For all <(x,, wlte N°>eF(x), ¥ [ x 41 u] = pVx +

Zl‘—O U+1)Xr+1+p§[) ul = PEO)X +

Zl‘—O ([+1)Xt+1 apg o u] = (O)X + Zt—O PYH) [ —auy] :p1 x + Zl‘—O pYH) Cr

since p2 = apg “D and xu1 - 0w, = ¢ for all te N°.

We have assumed that S(x) # ¢. Further, S(x) € F(x).
Since, Z‘;’;O (t)Xt-l- pgt) u = O + » 0 p&H )ct for all <(x, u)lte N®>eF(x), it

follows that S(x) = F(x). Q.E.D.

4. Existence of optimal solution, bang-bang sequence of decision rules and a
“robust” approximation result:

As in Mitra (2000), Sorger (2015) and Lahiri (2025a) (among numerous others) we
will, in the rest of this paper be concerned with an optimality criterion that requires
the following “Absolute Convergence” condition.

The LOC-LC problem <((#.?, p?), QI te N> is said to satisfy Absolute
Convergence if for ie { 1,2}, Z ol? zL)| < 400,

If <(( pgt), pzt)) Q)| te N> satisfies Absolute Convergence, then we may refer to

<((p§t), pzt)) Q)| te N> as an Absolutely Convergent LOC-LC (AC-LOC-LC)
problem.

If <(( pgt), pzt)), Q) te N> is an Absolutely Convergent 1+1-LOC-LC, then we will
refer to it as an AC-1+1-LOC-LC.

Let <(( pgt), P, )) Q)| te N> be an AC-LOC-LC problem. Thus, for all sequence <(xt,

uolte N°> with (x,, ur)e XxX for all te N°, it must be the case that lim | p1 O%| =
=00

lim 257l =0, %20 1917 %] €10, bYZy 171711 and £2, 171 ude 10, bEZ, 155711
t—>00

Let M = max{by > |pi°], b3, 15571} < +oo.
Thus, for all sequence <(x, uy)lte N> with (x,, u)e XxX for all te N°, it must be the
case that IZZO ([)X[-}- (0 ul | < Zz—o | (t)X[-l- (0 u < Zt—O [l (t)th-l-I ([)u 4] < 2M.

The following results is immediate consequences of a corresponding result
(proposition 5.1) in a more general framework, available in Lahiri (2025c).



Proposition 4.1: Let <((p.°, p?), Qo te N% be an AC-LOC-LC problem. S7(x) # 0
for all (x, T)e XxN°. Hence, the optimal period-T decision rule hT is non-empty
valued for all Te N°.

The following definition is based on pages 202—-208 in Kamien and Schwartz (1991).

For TeN°, the array <h'l t > T> of decision rules is said to be a bang-bang sequence
(f)
of decision rules if for all (x, t)eXxN° satisfying t > T and p. ;é 0, h'(x) = (max{ T

min{b, min{ 4%+ Bx}}, 0}, c' + d'x).

An immediate and interesting consequence of proposition 4.1 is the following
corollary.

Corollary 1 of proposition 4.1: Suppose <(( pgt), pgt)), [At] BY, (c',d',e")l te N°> is an
AC-LOC-LC. If for some Te N? it is the case that e' = 0 and pgt);t O for all t > T, then,

for all xe X: <(x, uylt > T>e §7(x) if and only if for all t > T: Xw1 = ' + d'x and u, =
(f)
7 min{b, min{4}+ Bx}},0}. Thus, for all t > T and x& X, it must be that h'(x)
(f)
= (max {lf—[)l min{b,{ 4+ Bx}}, 0}, c' + d'x), so that <h!l t > T> is a bang-bang
P

max {

sequence of decision rules.

Proof: We know from proposition 4.1 that for all xe X, §7(x) # ¢. Recall that for all
(x, )e XxXNO, A+ Bix> 0 for all i, and e, = 0 for all t > T implies, X1 = c' + d'xe [0, b]
for all (x, t)e XxN° and ue[0, min{b, {4 + B'x}}]. The rest follows from the
requirements in the statement of this corollary. Q.E.D.

Note 4.1: For a AC-1+1-LOC-LC problem, if <h'l t > T> is a bang-bang sequence of
AP
decision rules, then for all t > T and xe X, it must be the case that h'(x) = (max { rY

min{b, a' + b'x}, 0}, ¢! + d'x). Further, ¥ (t)Xt+ Dy =

(T) (0
P o (max (e min{D,{A] + Bx3}, 0) + X0, [P 5k " (max {7 min{b, (4] + B,
2

Proposition 4.1 implies the following “robust” approximation result.

Proposition 4.2 (Approximation Result): Suppose <((p1 , pzt)) [A'] BY], (c',d'e"))l

te N> is an AC-LOC-LC and let xe X. Let V(x) = ¥ =0 (t) pgt) v;] for all <(ys,

volte N> S(x). Then for all € > 0, there exists T"(¢)eN such that for all TeN with T >

th‘" p;t) v, subject to v¢ < 4}

T, the linear programming problem [Maximize ZLO
+ nyt foreveryiand vi<bforallt=0,1, ..., T, yu1 =c'+dyc+e'v forallt=0, ...,

T-1,yo=Xx0=X,y:>0,v(>0, forallt=0, 1, ..., T] has a solution <(x§T), utT))I t=

1, oo T>and X (A% + p52ulP]- vl <ce.



Proof: Since <((p\°, pi0), [AUI BY, (c',d.e))l te N> is an AC-LOC-LC, S(x)# ¢ and
for all TeN the linear programming problem [Maximize ZLO Y) Vit pgt) v;] subject
to vi< AL+ Bly foreveryiand vi<bforallt=0, 1, ..., T, yu1 = c' + d'y + e'v; for all
t=0,...,T-1,yo=xo=xX, y1>0,v>0, forall t=0, I, ..., T] has a solution <(x_"",
u)t=0, .. T>.

Towards a contradiction suppose there exists € > 0 such that IZLO [pgt)ng)+ pgt) ET)]
V(x)I > ¢ infinitely often, i.e., either ZLO [pgt)ng)+ pgt)ugn] - £ > V(x) infinitely

often or V(x) > ZLO gt)ng)+ pgt)ugn] + ¢ infinitely often.

Let <(x;, w)lte N9>e S(x). Since <(x;, u)lt =0, 1, ..., T> satisfies the constraints of
the linear programming problem for all TelN, it must be the case that

Z[_O [pgt) T)+ pgt)ugT)] > Z[_O [pgt)xt+ (t)ut] for all TelN.

Since, V(x) = ¥, (t)Xt-l- (0 u = llm Z —0 (t)Xt+pg)u[] there exists TN such
that for all TeN with T > T it is the case that Z ~0 [pgt)Xt+ pgt) u] + % > V() >

S [Pt Py ] -5

Thus, ZLO [pgt)ng)+ pgt) §T)] 72 Z =0 [pgt)Xt+ (0 U +- > V(x) for all TeN with
T>TO

Thus, B, [A7x+ p7ui] + &> X1 1A%+ pPu”] +2> V(x) for all Tel

with T > TO,

Thus, IZ (t) (T)+ pgt) ET)] V(x)I > ¢ infinitely often is incompatible with V(x) >

Zrzo Y) ET)‘*‘ pﬁ“) §T)] + ¢ infinitely often.

Thus, 157, [P+ pPul"]- V(x)l > ¢ infinitely often implies

Z 0 [pgt) ET)+ pgt) ET)] > V(x) + ¢ infinitely often.

Since, <(7°, i), [AUI BY, (¢',d.e))l te N> is an AC-LOC-LC, there exists T'elN
such that for all Tel satisfying T > T', b3 |pi°| <= for ie (1,2}

ZLO [pgt)ng)+ pgt) ET)] > V(x) + ¢ infinitely often implies ZLO [pgt)xg)+ pgt)ugT)] >
V(x) + ¢ with T > T! infinitely often.

Let T > T! be such that ZLO gt)xtT)+ pgt) (T)] >VX)+¢

()
T+1

Q)

T)
Let x00, = T+ d™x+ ™l and <(x”, a1t > T 1> F 121,

Thus, <(x, ("] eNO>eF(x).



T T T T
Now 152, (0% + pouPu< 32, 172160+ 150 [P <

bIE T py DA 1+ 1A =bE 2, A1) + DX 15| <5+ 5=2
€ o 0. .M, O (D €
Thus, >3 g 21X "+ 03 g 1> -4

Thus, 200 (l‘) (T)+ (l‘) (T)] Z (t) (T)+ (D (T)]

=0 Py U
oo t T I3 T I3 T 13 T &
ZHH 5) '+ pPuf )]>V(x)+s+2ﬁT+1 x4 pu) > Vix) 46 - =

V) + T > V(x).

This, contradicts the definition of V(x) in the statement of this proposition and proves
the proposition. Q.E.D.

5. Duality Theory for AC-LOC-LC problems and “necessary’’ conditions for
optimality:

Let <((7{°, p2), [A'1 BY, (c.d',e))l te N®> be an AC-LOC-LC problem and suppose
that for all teN°, 4% AL+ Bbe(0, b] for all ie{1, ..., I(t)}, so that for all xeX, A%+ Bxe(0,
b] for all i and te N°.

For some xe€ X, let <(xi, uy)lte N> eF(x).

For Te N with T > 3 consider the linear programming problem in part 1 of proposition
3.1.

Maximize Z;O Y) Vet pgt) v, subject to vi < AL + By, for every i and vi < b for all t

=0,1,....,T,ywr =ct+dy+e'viforall t=0, ..., T-1, yo=Xo = X, y¢ > 0, v¢ > 0, for
allt=0,1,..., T, & both yr = xr, vr = ur.

: T [ [ [ t—1

V._1] along with yo = Xo =X
and yr = X1, VT = UT, the hnear programmmg problem in part 1 of proposition 3.1

reduces to the following.

Maximize pgr_l) Vi1t Z z—1 s pgt 2 V1], subject to vo < A% + Bx for every

ie{l, ..., 1(0)}, v¢ - Bf-ytS A,- foreveryiandt=1,...,T-1,vv<bforallt=0,1, ..., T-
L, yi-eo=c’+d%, yu1 -dyi-etvi=cforall t = 1, ..., T-2, -d"lyr - eTlvry = x7
+c ye>0,forallt=1, ..., T-1, v >0, forallt=0, 1, ..., T-1.

(8

Further, since for all xeX, A% Bixe (0, b] for all i and te N°, “vo < A% + Bx for every
ic{1, ..., 1(0)}, v - Bly.< Aiforeveryiand t=1, ..., T-1” implies “v; <b for all te N°.

Thus, the linear programming maximization problem reduces to the following.

(7-1)

Maximize pZT (0 (1)

Vg + 21—1 1 Vet P, V1], subject to vo < A% + Bx for every
ic{l,...,1(0)},vi- Blyc< Aiforeveryiandt=1, ..., T-1, yi1 - €% = c® + d°, yui -
dyc-etvi=ctforallt=1, ..., T-2, -d™yr.1 - eT'vri = xr + ¢, y¢ >0, forall t=1, ...,
T-1, v¢>0, forallt=0, 1, ..., T-1.



The dual of this linear programming problem is the following linear programming
problem.

Minimize afm(co +d%) + Y ] 2 mcf+ aﬂ)l(cT'1 - XT) + le_(=01) FO1D(A)+B)x) +
NSO FEID 48 subject to @ D _ad? - »ra LD B> pOforallt=1, ..., T-1, -
aPet+ 30 FED > pOforall t=0, ..., T-1, £4D > 0 foralliand t =0, ..., T-1,
aPeR forall t=0, ..., T-1.

In the context of this section we have the following lemma.

Lemma 5.1: If <(x;, u))lte N°>e §(x) then for all Te N, with T > 3, there exist arrays

<dP1dPer forall t=0, ..., T-1> and <D DR, forall iand t =0, ..., T-1>
such that:

0 a2, 0l -3 S0 B> pfPand (o - el - 5 SV B - O, =0, for
allt=1, ..., T-1.

(ii) - a'me + Zl(t) LD > p (t) and (—a Det + Zl(t) LD —pgt))ut =0forallt=1, ...,
T-1.

(iii) uo < 4% + Bx and (uo - 42 - BYx) 501D = 0 for every ie{1, ..., 1(0)}.
(v) u; - Bix < Aband (u; - A~ Bx) D =0 foreveryiandt=1, ..., T-1.

Proof: By part 1 of proposition 3.1, if <(x;, uy)lte N°>e §(x) then for all Te N, <(x,
u)lt=0, 1, T> solves the following linear programming problem: Maximize
ZLO (t)y[+ v, subject to vi < AL+ By foreveryiand vi<bforallt=0, 1,

T, yu1 =ct+dyi+e'viforall t=0, ..., T-1,yo=x0=X,y. =0, v >0, forall t = O,
1, ..., T, & both yr = XT, VT = UT.

Thus, it follows from the discussion preceding the statement of this proposition, that
for all Te N with T > 3, <(x, u)lt =0, 1, ..., T> with Xo = X solves: Maximize

pgr D Vg + Zl‘—l (t)yt+pgt D V,—1], subject to vo < A? + BYx for every ie{1, ...,
1(0)}, v - By < Aiforeveryiandt=1, ..., T-1, y1 - €% = ¢ + d’K, yuu1 -dly; - etvy=
ctforallt=1, ..., T-2, -d™y7 - eT'vry = xr+ ¢,y >0, forall t=1, ..., T-1, v >
0,forallt=0,1, ..., T-1.

By the weak duality theorem and complementary slackness conditions of linear
programming (see topic 2 of Lahiri (2020)), it follows that for all Te N with T > 3,

there exist arrays <a."|d. R for all t =0, ..., T-1> and <1 D| fE1DeR, for all i
andt=0, ..., T-1> such that:

@) &7 - dal” - 2™ gD gt > pOand (&7 - dal” - 319 gD B pOyx, =0, for
allt=1, ..., T-1.

(i) -at et + 319 1D > PO and (-aS et + 319 gD - pOyu = 0 forall t=1, ...,
T-1.



(iii) uo < A% + Bx and (uo - 4% - B¥x)%1D = 0 for every i€{1, ..., 1(0)}.
(v) u. - Bx < Atand (u, - A~ Bx) D =0 foreveryiandt=1, ..., T-1.
This proves the lemma. Q.E.D.

In the context of this section, the following proposition follows from lemma 5.1.

Proposition 5. 1 If <(x,, w)lte N°>>€e S(x) then there exists a e R and arrays <( a'(T 25

PN AP,, &P )eR? for all TeN, T > 3>, <B(T, i)l (T, 1)€R+ for all i and TeN®>
such that:

(i) ay’ - d'd” - 10 B, ) B} > pVand (0 - d'ey” - £ B(L, ) B - Vw1 =
(i) uo < A% + Ax and (uo - 4% - B2x)B(0, i) = O for every ie{1, ..., [(0)}.

(i) @y, - d™aP, - 2D B(T—1, ) B > pi" Vand (&7, - d™d; -
YD E(T—1, ) B - p" P)xr = 0 for all TEN with T > 3.

(v -a et + SV B(T—1, 1) > pi' P and (-a5Pset + XD B(T-1, 1) -
pgT‘“)uT.l = 0 for all TeN with T > 3.

(vVYuri - B ey < A7 and (ur - A7 B xr)B(T-1, i) = O for every ie{1, ...,
I(T-1)} and Te N with T > 2.

Proof: Suppose <(x, uy)lte N> §(x).

From lemma 1 it follows that for all Te N, with T > 3, there exist arrays <afg7)|a'§7)€R
forallt=0, ..., T-1> and <D FEADER, foralliand t =0, ..., T-1> such that:

0 a2, 0l -5 FD B> pfPand (o - el - 5 SV B - O, =0, for
allt=1, ..., T-1.

(ii) - a'me + Zl(t) LD > p (t) and (—a Det + Zl(t) SED —pgt))ut =0forallt=1, ...,
T-1.

(iii) uo < A% + Bx and (uo - 42 - Bx) 501D = 0 for every ie{1, ..., 1(0)}.
(v) u; - Bix < Aband (u; - A~ Bx) D =0 foreveryiandt=1, ..., T-1.

Let B(0, i) = 913 = 0 for every ie{1, ..., 1(0)}, B(1, i) = F13) = 0 for every ie{1, ...,
I(1)} and for Te N, with T >3, B(T-1, i) denote S 717D for all ie{1, ..., I(T-1)}.

For T =3 and t = 0, (i) is equivalent to (i").

(iii) is equivalent to (i) when t = 3.

(iii"), (iv"), (v") are equivalent to (i), (ii) and (iii) for t = T-1. Q.E.D.

Note 5.1: If for some Te N, with T > 3, it is the case that x1.;1 > 0, then pgT D a(TY)Z

daP, - 7D B(T—1, 1) B If for some Te N, with T > 3 it is the case that ur-1 > 0,



then pgT D= (7) e+ Z[(T D B(T—1,i). If for some Te N, with T > 3, and ie{1, .
I(T-1)}, ur1 < AIT B + B x14, then B(T—1,1) = 0.

Note 5.2: For a AC-1+1-LOC-LC problem, the four conditions in the statement of

proposition 5. 1 reduce to the following: there exists ag )e R and arrays <( a(TDZ,

PP, dP)er? for all TEN, T > 3>, <B(T)l B(T)eRafor all TeN®> such that:
() a)’ - d'a® - B)b! > piPand (& - d1dP - B(DHb! - P =
(ii*) up < a® + b’ and (uo - a° - b%x)B(0) =0

(iii*) &7, - d'ds?, - BT-Db™ > 7 Vand (&7, - da?, - BT-1)bT1 - o Dyxp,y =
0 for all Te N with T > 3.

@v") - aT 1€+ B(T-1) >p(T D and (-a T 1e + B(T-1) - pzT 1))UT-1 =0 for all TeN
with T > 3.

(v urg - b™xr <a™ and (ur. - a™ - b™x1.)B(T-1) = 0, for every Te N with T > 2.
An interesting corollary of proposition 5.1 is the following.

Corollary 1 of proposition 5.1: If <(x,, u)lte N°>e §(x) then for all Te N, with T > 3,

there exist sequences <( aﬂrnz, )I(a’(TDZ, aﬂ)l)eR2 for all TeN, T > 3> and <B(T, 1)l
B(T, i)eR. for all i and TeN®> such that

lim [(c1—xp)ars + iy xpoe BTV BT—1,04] 1] =0,

=1

Further, if there exists T"e N, such that ur < A7 + B'xr for all ie{1, ..., (T)} and T >
T", then lim [(crq—xp)a(D+a(Dxr-1] =0.

Proof: If <(x, u)lte N°>e S(x), then from proposition 5.1, we know that for all Te N,

with T > 3, there exists arrays <( aT 25 a(Tnl)I(aT 25 aT 1)€R2 for all TeN, T > 3>,
<B(T, i)l B(T, i)eR. for all i and TeN’> such that:

(i) @}, - d™a5P, - 2D g(T—1, ) B > pi" Vand (&7, - d™d; -

YD B(T—1, ) B - p" P)xr = 0 for all TEN with T > 3.

(1V ) - aT 1€ +21(T D B(T—1,1) Zp;T_l) and (-@ T 1e +Z[(T D B(T—1,1) -
DYyt = 0 for all Te N with T > 3.

v ur - B g < A and (ur - A7 B xr)B(T-1, i) = O for every ief1, ...,
I(T-1)} and Te N with T > 2.

Addmg the two equalities (QKTDZ dr laT - ng_l) B(T-1,i)B"t - pgT_l))xT_l =0
and (— e + Z](T D B(T—1,i) - p2 ))UT-I =0 for all Te N with T > 3 we get
Q’(TDZXTl d™a (7) 1XT-1 - Zjiq_l) B(T—l, i)BI-T_lXT_l - pgT 1) a(Ty)le ur-1 +

zE U B(T-1, 1) upy - p5 Dura =0



Since, <(xi, u)lte N%>e S(x), it must be the case that xu1 = ¢ + dixe + etU.t for all teN®,

by substituting cr.1 - x1 for -d™!xr. - eT'ur.1, we get, (cr.1 - XT)Q’( 1+ aT XTI -
(7-1 T (7-1 . 71 71

Y B(T=1, ) B Ly + RV B(T=1, Dupey - A7 Vxra - g5 Pura = 0.

Adding the equalities (ur.1 - 471~ B/ xr.)B(T-1, i) = 0 over ie{ 1, ..., [(T-1)} we get
YD B(T—1, gy - XV BT—1, D) B My =XV B(T-1,D) A = 0, e,
S U BT=1, Dupy - BV BT—1, DB ey -0 B(T-1, DA

Substituting for Zl( =1 B(T—-1,D)uzpq - ng_l) B(T—1, 1) B 1xz_, in the equation
(cr1 - x1) @y + a(TDZXT YD B(T-1, ) B xpy + X B(T-1, D gy -

p&T Dy - pg “Dury =0, we get (cr1 - XT)a’T o+ Q’(TDZXT | +ZI(T Dp(T-1,1)471 -
(71— 1) (7-1)
)2 T1-py ur1=0

Since <(p°, 7). [A1 BY, (c',d.e))l te N> be an AC-LOC-LC problem and xi, u; €

= [0, b] for all te N, lim (0 KDy ] =0,

Thus, Jim [(cr—1 — xn) @y + dilpxe_g + NV B(T—1, D47 1] =0,

Further, if if there exists T"e N, such that ur < A7 + B'xr for all ie{1, ..., I(T)} and T
>T", then B(T, i) = 0, then for all ie{1, ..., I(T)} and T >T".

Thus, ¥, B(T—1, )47 = 0 forall T> T'+ 1.

HCHCC, ;}m [(CT—l — XT) Q'(TY_)1+ a'(TY—)ZXT—l ] =0. QED

Note 5.3: We may refer to the condition

) ITI_IEO [(cr—1 — x7) a(ry—)l"' “(77—)2XT—1 + Zﬁg_l) B(T-1,1)A4/']1=0"asa

transversality condition. For the 1+1-LOC-LC problem, the transversality condition
reduces to hm [(cr—1 — XT)“(T7)1+ (D D x_1 +B(T—1)a™"1] = 0.

6. Interiority condition and infinite horizon dual linear programming problem:

In this section we consider AC-LOC-LC problems for which, in addition to the
conditions assumed in section 5, we assume that the evolution of the state variable is
always dependent on the chosen value of the control control variable. Further, the
consequences of optimality are only applicable only to those optimal trajectories for
which both the state and control variable are always positive and the control variable
always satisfy its inequality constraints with strict inequality. We refer to this
condition as “interiority condition”. In such a situation lemma 5.1 leads to a much
stronger necessary condition than in proposition 5.1.

Proposition 6.1: Let <((p}°, ), [A'I B, (c.d',e")l te N% be an AC-LOC-LC
problem and suppose that for all teN°, et # 0, A%, A%+ Bbe(0, b] for all ie{1, ..., I(t)}.



Suppose that for some x€(0, b] and <(x, uy)lte NO>e S(x), <(x, u)lte N> satisfies the
following “interiority condition”: For all teN°, u;> 0, x> 0 and u; < A,t- - Bf-xt for all
ie{1, ..., I(t)}. Then, there exists a sequence <&l a@; € R, teN®> such that:

(1) (t)
W) @ = 0 - dl%, a =- % for all te N.

(i @_;- d'a; = pfor all t €.
(iii"™) -aet = p{? for all t €.
Further:

(iv™) <ajl teN®> and <B’(t, )l B*(t, i) = Ofor all ie{1, ..., t} and t eN’> solve the
following linear programming problem for all Te N, T > 3:
Minimize a(()n(c" +d%) + Z[T;lz agn A+ a(TY_)l (c™-x1) + Z,[-(:Ol) LOID A+ Bx) +

Zf;llzf(:? LD AL subject to a(z)l -diat? - le(:? LD B> pgt)for allt=1, ..., T-1, -
aPet + 310 gD > pOfor all t= 0, ..., T-1, D >0 foralliand t =0, ..., T-1,
aPer forall t=0, ..., T-1.

(v") Forall TeN, T = 3, o Vup g + B0 [ %25 Pue 1] = d(c?+ d%) +

1
-2 _
SR dic g (€™ - x).

Proof: From the discussion preceding lemma 5.1, we know if <(x, u)lte N°>e S(x),
then that for all Te N with T > 3, <(xt, u)lt =0, ..., T> solves:

1) 1r.(9 (t-1)

Maximize pgT_ Vg + 21T=_1 1 Vet P, V1], subject to vo < A% + Bx for every
ic{l,...,1(0)},vi- Blyc< Aiforeveryiandt=1, ..., T-1, yi - €% = c® + d°%, yui -
dy-etvi=ctforallt=1, ..., T-2, -d™yr.1 - eT'vri = xr + ¢, y¢ >0, forall t=1, ...,

T-1,v¢>0, forallt=0,1, ..., T-1.

By the strong duality theorem of linear programming we know that <(x, u)lt =0, ...,
T> solves the above problem if and only if its dual has a solution, in which case the
optimal value of the maximization problem and the optimal value of its dual equal.
The dual of the linear programming maximization problem is the following;

dual of this linear programming problem is the following linear programming
problem.

Minimize a5”(c? +d%) + %77 at” 4 a2 (€™ - x1) + 210 fOAD (404 Bx) +
Z[T___ll ng LD AL subject to aﬂ - dtag) - leg FAD B> pOforallt=1, ..., T-1, -
aPet+ 310 gD > pOforall t =0, ..., T-1, A0 >0 for all i and t =0, ..., T-1,
APeR forall t=0, ..., T-1.

From the strong duality theorem and the complementary slackness condition we know
that since <(x;, w)lte N’>e §(x) € F(x), <(xi, w)lt =0, ..., T> solves the maximization



problem if and only if there exist <« Ia'meR forallt=0, ..., T-1> and
<D FEADER, for alliand t =0, ..., T-1> such that:

(1) ag-z)l _ dtagn 1(1) ﬂn T)Bt> (t)and (aﬂ) dta(n f(:l':)l ﬂl:l]Y)Bf— pgt))xt — 0’ for
allt=1, ..., T-1.

(ii) - arme + Zl(t) LD > p (t) and (—a Det + Zl(t) FeAD —pgt))ut =0forallt=1, ...,
T-1.

(iii) uo < 4% + Bx and (uo - 4? - B2x) 501D = 0 for every ie{1, ..., 1(0)}.

(v) u; - Bx < Aband (u; - A~ Bx) D =0 foreveryiandt=1, ..., T-1.

By the “interiority condition”, for all teN°, u¢> 0. u; < A% - Bx for all ie{1, ..., I(t)}.
From (iii) and (iv), S0 = 0 for all ie{1, ..., 1(0)} and t =1, ..., T-1.

Along with this information, from (i) and (ii) we get: & 7) d‘a’m = pgt) and a’m
p2 ) for all t = 1,...,T-1.

(D . (n_ A
From -a; ¢! —p2 )forall t=1, ..., T-1 and e' # O for all t € NC, we get a; ~2- for

allt=1, ..., T-1 and from a,_ 7) -d'a (7) —pgt)for allt=1, ..., T-1, we get a (7) —pgl)

)
dlagnz L

Thus, values of aﬁ” fort=0, ..., T-1 and TeN with T > 3, is independent of T.
Thus, for all teN® there exists a; € R such that af?) = a for all TeN with T > 3.

Hence, a;_; - d'a} = pgt) for all teN.

Thus, <a;l @; € R. teN®> satisfies (i), (ii"*) and (iii"") in the statement of this
proposition and along with <B*(t, i)l B*(t, i) = O for all ie{1, ..., t} and t eN°> solve the
linear programming minimization problem in the statement of this proposition for all
TeN, T > 3. Hence (iv*") is satisfied.

Thus, for all TeN, T >3, p5" Puz g + X [PP0x AP Pup ] = ah(c® + d%) +
ZT 2 *Ct'l' a'T 1(CTl - XT)

Thus (v*) is satisfied. Q.E.D.
Note 6.1: %im pgT UuT_l =0, since }im pgT Y=0and uri € [0, b] for all TeN.
. 71 1 . r 1
Thus, lim B Mg + iy Oxpy Puq]) = Jim Yo A Oxpy u] =

oo 1
2 A xS P ).

For xeX, consider the following infinite horizon linear programming problem
“implied” by OPT (as defined in section 3).



(5 (&=1)

Maximize Z;ozl Vet ps V1], subject to vo < A + B)x for every i€{1, ..., 1(0)},
vi - By < A for every ie{1, ..., I(t)} and t €N, yi - €%p = c® + d°x, yu1 - dy - e'vi=c!
for all t €N, y¢> 0 for all t eN, v¢ >0 for all t eN.

This is the maximization problem that we are really concerned with.

Its “implied dual linear programming (IDLP) problem” is the following:

Minimize ao(c’ + d%%) + X7, @, ¢+ Y0 B0, ) (A+Bx) + X2, X9 (e, i) AL
subject to a;_4 - d'a; - ng B(t, i) B> pg o all telN, -a.e' + Zf(:? Bt i) > pg)for all t
eN, B(t, i) >0 forallie{1, ..., I(t)} and teN®, a,€R for all teNP.

(5
If <—I e' eR\{0}, teN> is a bounded sequence, then llm a; = lim — pe— =0, since

t—oo

lim p2 =0.

t—oo

04 40 ; =2 T-1 — 04 40 0
Thus, aj(c® + d’%) + 7111_{?021':1 dpc+ (™ -x1) = ap(®+dx) + Y 2, aic

Since we have assumed that for all teN°, and (x,u)e[0,b]x[0, b], ¢ + dix + ewe[0, b], it
must be the case that <c{ c€R, teN®> is a bounded sequence.

The implication of proposition 6.1, is that <a;l a@; € R. teN°>, <B*(t, i)l B*(t, i) = O for
all ie{1, ..., t} and t eN®> satisfy all the constraints of IDLP and ap(c® + d’x) +

»e atcf+ T B0, ) (AN B%) + X7 2D B (L, D) Al = dy (O + d%) + YT dicf =
S %t By Ve,

7. Duality Theory for AC-1+1-LOC-LC problems and ‘“‘sufficient” conditions for
optimality:

To facilitate and simplify exposition we will in this section consider sufficient
conditions from the perspective of duality for AC-14+1-LOC-LC problems. The results
extend in a straightforward manner to AC-LC-LOC roblems.

Let <((7{°, p?). [a1 b1, (c'.d',e")l te N®> be a AC-1+1-LOC-LC problem and
suppose that for all teNO, al, a' + bbe(0, b], so that for all xeX, a' + b'x €(0, b] for all
te NO.

Once again, for some xe X, let <(xs, u)lte NO> eF (x).

For Te N with T > 2 consider the linear programming problem in part 2 of proposition
3.1.

Maximize 2 0 [pY) yetp; (0 v, subject to vi<a'+ by, vi<bforallt=0, 1, ..., T, yu1
=c'+dy+eviforallt=0, ..., T-1,yo=x0=X, y¢ >0, v¢>0 for all t =0, 1, ...,T.

Note that yt = cr.1 + dr1yTt1 + er1vr.1, and so in this linear programming problem yt
is endogenously determined and not chosen. However, vt is chosen.



ZLO (0 Vet p; (0 v = (0)X+ Ztrzl (0 y[+pgt) Vi1] + p2 vrand by hypothesis for all

xeX, a' + b'xe(0, b) for all te N°, so that v, < a' + b'yifort=0, 1, ..., T, implies vi<b
forallt=0,1, ..., T.

Thus, the linear programming problem reduces to the following.

(5 (&=1)

Maximize Zthl 1V Vetps vl + pgn vy, subjectto vi<a'+ by fort=0,1, ..., T,

yt+1:c‘+d‘yt+evtf0rallt_0, o T-1,yo=x0=X,y¢>0,vi>0forallt=0,1, ...,
T.

yur=c' +dy+e'viforallt=0, ..., T-1,yo=xo=X,y: >0, forallt=0, 1, ..., T, can
be written as, yi - €% = ¢ + d’%, yu1 - d'y -etv= ¢t forallt=1, ..., T-1, y: >0 for all
t=1,...,T.

Further, vr <a® + byt and yr = ¢ + d™yr.; + e™lvr implies vr - bTdT'yr. - bTeT
v <aT 4+ bTe™,

Hence, the linear programming problem that we are concerned with in this section
may be expressed as follows.

Maximize ZLI (0 Vet p;t D Viq] + pgn V7, subject to vo < a® + bk, v - bty < a' for t

=1,...,T,yi —eovo:c +d%%, yiu1 - d'y -etv=c¢t forallt=1, ..., T-1,y;>0forall t=
1,..,Tandv¢>0forallt=0,1, ..., T.

The dual of this linear programming problem is the following.
Minimize am(c +d%) + ZT LD e 430 7)(30+b0x) + ZtT_l B(H T)a" subject to

ngl - dta'g_n - B(tlT)bt > p (l') forallt= 1 L T- 1 a,T L B(TlT)bT > (7), a,(ne +

B(IT) > pi for allt:O,...,T—l,B(TIT)> AP BUT)>0fort=0, ..., T, e for
allt=0, ..., T-1.

In the context of this section we have the following proposition.

Proposition 7.1: Suppose that for <(xi, u,)lte N°> €F(x) and there exists T*eN such
that for all TeN with T > T~ the following conditions are satisfied:

There exists arrays <a 7)I Der for all t = 0, ..., T-1> and <B(tIT)IB(tIT)eR+ for all t =
0, ..., T> such that:

(1***) 7) _did (7) - BUT)b > p (t) and (a(n d'a (7) - BT)b' - gt))Xt =Q0forallt=
1, ..., T 1.

(i) a7, - BT > A and (&7, - BTITHBT - p{7)xr = 0.
(i) - a5 et + BUT) > pgﬂ and (- @ "¢t + BAUT) - pP)u =0 forall t=0, ..., T-1
(iv™) B(TIT) = A5 and (B(TIT) - p57)ur =0
(V™) (uo - a° - b%%)B(0IT) = 0.
(vi"™) (u, - bix,-aOBET) = 0, for t = 1, ..., T.



Then, <(x;, w)lte N%>e S(x).
Proof: Let <(x;, u)lte N°> eF(x).

By part 2 of proposition 3.1, if there exists T €N such that for all TeN with T > T"
such that <(x¢, u)lt =0, 1, ..., T> solves [Maximize Z,Tzo gt) Vit pg[) v;], subject to v;
<a'+by,vi<bforallt=0,1,..., T,y =c'+dy+e'viforallt=0, ..., T-1, yo = Xo

=X,y¢>0,v¢>0forallt=0, 1, ..., T] then <(x, uylte NO>e S(x).

In the discussion preceding the statement of the proposition we have shown that <(x,
w)lt=0, 1, ..., T> solves [Maximize Zzio [pgt) Vet pgt) v, subject to v < a' + by, v <
bforallt=0,1,...,T,ywi=c'+dyc+e'viforallt=0, ..., T-1, yo= X0 =X, y: >0, v
>0forallt=0, 1, ..., T] if and only if <(x;, u)lt =0, 1, ..., T> solves [Maximize
Z,Tzl gt)yﬁpgt_l) Vieq] + pgn vy, subject to vo < a% + b, v - bty <at fort=1, ..., T,
yi - €% =+ d%, yui - d'yi-e'v=c¢' forallt=1,...,T-1,y;>0forallt=1,...,T

andv>0forallt=0,1, ..., T].

However, by the strong duality theorem and the complementary slackness condition
of linear programming, <(x;, u)lt =0, 1, ..., T> solves [Maximize

Z,Tzl gt)yﬁpgt_l) Vieq] + pgn v, subject to vo < a% + b’%%, v - bty <at fort=1, ..., T,
yi - €%o=c+d%, yui - d'yi-e'v=c¢' forallt=1,...,T-1,y;>0forallt=1,...,T
and vi>0forallt=0, 1, ..., T] if and only if

(Du<a®+b%, u-bx<a' fort=1,..., T,x1 - e =c+d’, xe1 - dix -€tu= ¢t
forallt=1,...,T-1,xc=0forallt=1, ..., Tandu>0forallt=0,1, ..., T.

(2) There exists arrays <ag7)la'§7)€R forallt=0, ..., T-1> and <B(tIT)IB(tIT)eR for all
t=0, ..., T>such that (™, (ii™), (i11"), Gv™), (v and (vi*™) in the statement of
this proposition are satisfied.

Since <(xi, u)lte N> eF(x), for all TeN with T > T, (1) holds and we have assumed
in the statement of this proposition that for all TelN with T > T", (2) is satisfied.

Thus, <(x, u)lte N°>>e S(x). Q.E.D.
8. Conclusion:

While concluding this paper, the first point that needs to be noted is that it is possible
to make the analysis appear slightly simpler if we began with the assumption that for
all te N® and ie {1, ..., I(t)}, A% [0, b] and A%+ Bbe [0, b]. In fact that can always be
implemented by including an additional inequality constraint for the control variable
(if necessary) whose parameters are defined by Af(t)ﬂe [0, b] and Af(t)ﬂ +
B,t(t) +1b€ [0, b]. Under such circumstances, the bang-bang sequence of decision rules
would be defined thus:

(0

P
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For TeN® and for all (x, t)eXxN° satisfying t > T and p> # 0, h(x) = (max {
min{ Af + Bix}, 0}, ¢! + dx).



Not much by way of generality would be lost in the context of this paper, if we restrict
our framework of analysis in this manner.

The next point that needs to be noted is that as in Evers (1973), control variables are
implicit in the model discussed in Romeijn, Smith and Bean (1992). However, as in
the case of Evers (1973), the framework of analysis in Romeijn, Smith and Bean

0 _ 0 for all teN°, and hence fails to generalize the framework of

(1992) requires p.
analysis of this paper. A notable consequence of their assumption that the control
variable does not influence the value of the objective function, is that our definition of
a bang-bang sequence of decision rules is difficult (if not impossible) to accommodate
in their framework. Needless to say, that there are other results in our conceptually
more general framework that cannot be framed meaningfully in the Evers model or

the one of Romeijn, Smith and Bean (1992).

The final point that we wish to note is about finite horizon approximations of the
infinite horizon optimization problem that we are concerned with. A notable
precedent in this respect is the infinite horizon linear programming model in Grinold
(1977), which in our context would resemble something like the following:

Given a non-zero real number p, a real number o€ (0, 1) and xe X: Maximize
Yo o 8" pue subject to u < X, Xu1 = ¢ + e'uy for all teN?, xo = x, x> 0 for all teN, u; >0
for all teN?.

Note that u; < x,, for all teN° and our assumption that for all (y, u)eXxX, c' + d'y + e'u
€ X = [0, b] for all teN? implies u, < b for all teN°. Note that the infinite horizon
model in Grinold (1977) when appropriately calibrated to fit into our framework
implies d' = 0 for all teN°.

The infinite horizon maximization problem described above can be more simply
represented as the following: Maximize Z;x;o 8tpu, subject to uo < X, U1 < ¢t + e'uy
for all teN°, xo = x, u; > 0 for all teN°.

The finite horizon approximation suggested in section 5 of Grinold (1977) does not
seem to be applicable in our conceptually more general framework of analysis.

If our framework of analysis a suitable finite horizon approximation for Te N with T
sufficiently large may be formulated as follows:

Given xe X, and qlm =Y pl@, ie {1, 2}, Maximize Zf___ol Y)Xt+ pgt) u +

a'" x4+ q$° up subject to uc < AL+ Bixyie {1, ..., 10}, t=0, 1, ..., T, X1 = c* + dx, +
eu, t=0,...,T-1,x0=%x,u<b,u >0 forall te{O0, 1, ..., T}, x>0 for all te{1, ...,
T}.

The implicit assumption in such an approximation is that after a sufficiently long
period of time, the state and control variables may be assumed to remain constant,
without causing much disparity between the infinite horizon model and its finite
horizon approximation. For such an interpretation to be “perfectly consistent” with
our AC-LOC-LC problem, we need to impose the additional constraints ur < A%+
Bixr,ie {1, ..., I}, te N, t > T+1, xr = ¢! + d'xr + e'ur, te N, t > T.



Apart from issues concerning the existence of a trajectory <(x., u)lte N°> eF(x)
satisfying (X, u)) = (xt, ur) for all te N, t > T+1, the solution to the truncated
optimization problem satisfying such additional constraints may underestimate the
optimal value of the AC-LOC-LC problem. Thus for T sufficiently large, the decision
maker might choose to ignore the feasibility constraints beyond the terminal time
period.
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