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Abstract

We define infinite horizon linear optimal control problem with linear constraints. We
provide a necessary condition for an optimal trajectory in terms of an infinite
sequence of linear programming problems. We also provide a similar sufficient
condition for optimality in terms of a related infinite sequence of linear programming
problems. We provide a “robust” approximation result in terms of a linear
programming problem with a sufficiently long time horizon and another
approximation result in terms of a sequence of dual linear programming problems.
We prove that the optimal value of the duals of the truncated linear programming
problems with “fixed end-point” converge to the optimal value of the linear optimal
control problem with linear constraints beginning from period 1 if and only if a weak
transversality condition is satisfied. We prove that if there exists a solution satisfying
“interiority condition” for an absolutely convergent linear optimal control problem
with exactly one inequality constraint for the control variable in each period, then
there is an “implied infinite dual linear programming problem” which has a solution
and the optimal value of this dual is equal to the optimal value of the optimal control
problem if and only if the same weak transversality condition is satisfied. In the
general case of optimal control problems that allow more than one inequality
constraint for the control variable in each period, the satisfaction of a boundedness
condition for the optimal dual variables leads to the existence of an “implied infinite
horizon dual linear programming problem” which has a solution and the optimal value
of this dual is equal to the optimal value of the optimal control problem if and only if

the weak transversality condition is satisfied.
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1. Introduction:

The earliest work on infinite horizon linear programming that is known to us is
Hopkins (1969). This was followed by the work of Grinold (1971) and the 1973 Ph.d
thesis of Joseph J. M. Evers, hereafter referred to as Evers (1973). Notable
contributions in this area of research, that have been reported thereafter, are Grinold
(1977), Evers (1973), Romeijn, Smith and Bean (1992), Romeijn and Smith (1998).
We pursue a similar line of work in the present paper, a fairly good motivation for

which is chapter 2 of Evers (1973).

In Lahiri (2025¢) there is a discussion of infinite horizon linear optimal control, with
one state variable and one control variable. In that model, the objective function is
assumed to be linear, without such restrictions being imposed on the constraints. In
this paper, we assume that that there is one state variable and one control variable
with the dynamics of the state variable determined by a first order linear difference
equation and the constraint set for the control variable is bounded above by a finite set
of affine functions of the state variable. Thus, the upper bound function for the
available values for the control variable in any time period is a continuous, piece-wise
affine and concave function on the closed interval from which the value of the state

variable during the same period can be conceivably chosen.

In section 2 we present the framework of analysis in which both state variable and
control variable are restricted to belong to the same closed and bounded interval of
real numbers containing zero. We define infinite horizon linear optimal control
problem with linear constraints - hereafter referred to as linear optimal control
problem with linear constraints (LOC-LC problem )- as well as a convenient special
case case in which the there is only one affine function of the state variable that is an
upper bound for the control variable. In section 3, we introduce the concept of

optimality and provide a necessary condition for an optimal trajectory in terms of an



infinite sequence of linear programming problems. In the same section, we also
provide a similar sufficient condition for optimality in terms of a related infinite
sequence of linear programming problems. Also included in this section, is a
proposition that provides a set of sufficient conditions under which all feasible

trajectories are optimal trajectories.

In section 4, we introduce absolutely convergent linear optimal control problems with
linear constraints (AC-LOC-LC problems) for which it is well known that the set of
optimal solutions is always non-empty. We define a “bang-bang sequence of decision
rules”, and provide sufficient conditions for the existence of a unique optimal
trajectory that is generated by such a sequence of decision rules. We also provide a
“robust” approximation result (proposition 4.2) in terms of truncated free end-point
linear programming problems with a sufficiently long time horizon. This result is
quite plausible and very likely well known in the existing literature on infinite horizon
linear programming. The approximation result has a corollary that provides a set of
necessary conditions for optimality in terms of the sequence solutions of the dual
linear programs corresponding to the truncated free end-point linear programming

problems that approximate the infinite horizon linear programming problem.

In addition to proposition 4.2, somewhat significant results are discussed in sections
sections 5, 6 and 7 of this paper. In section 5, our first main result is a proposition that
states that the “optimal value of the dual” of the truncated “fixed end-point” linear
programming problem with the initial and terminal values of the state variable in the
latter being the same as the initial and terminal values of the state variable in the
optimal trajectory , converges to the optimal value of the AC-LOC-LC problem
beginning from period 1 if and only if a “weak transversality” condition is satisfied. A
more striking result is the one in section 6, about the existence of a solution for the
“implied infinite horizon dual linear programming problem” of an AC-LOC-LC
problem “with one inequality constraint for the control variable”. Under the
assumptions that the value of the state variable is strictly positive beginning with the
first time period, the value of the control variable is strictly positive beginning with
the intial time period, the value of the control variable is strictly less than its upper
bound in “at least one” time period and the difference equation for the state variable
has a non-zero co-efficient for the control variable, we prove that a necessary and

sufficient condition for the existence of a solution for the “implied infinite horizon



dual linear programming problem”, is the satisfaction of the “weak transversality
condition”. We refer to the property of a trajectory requiring the state variable to be
positive from the first time period, the control variable to be positive from the initial
period, the control variable to be strictly less than its upper bound in at least one time
period and the difference equation for the state variable has a non-zero co-efficient for
the control variable, as “interiority condition”. Thus, if there exists an optimal
trajectory satisfying “interiority condition”, then the “implied infinite horizon dual
linear programming problem™ has a solution. Further, the optimal value of the infinite
horizon dual linear programming problem, is “equal” to the optimal value of the
absolutely continuous optimal control problem with linear constraints. However, we
prove this result in the context of AC-LOC-LC problems that have only one

inequality condition for the control variable.

In section 7, we prove a similar result in the general case of a AC-LOC- LC problem
with one or more inequality constraints for its control variables. We prove that if a
AC-LOC- LC problem satisfies a “boundedness condition” for its sequence of optimal
dual variables then its “implied infinite horizon dual linear programming problem”
has a solution and the optimal value of the infinite horizon dual linear programming
problem, is “equal” to the optimal value of the absolutely continuous optimal control

problem with linear constraints.

Sections 6 and 7 are concerned with what is known as the “duality gap problem”.
Duality gap is about the possibility of the optimal value of an infinite horizon linear
programming problem being different from the optimal value of its infinite horizon
dual linear programming problem. In linear programming, primal and dual linear
programming problems are defined in the context of finite number of unknown
variables. Hence, we refer to the dual linear programming problem in the infinite

horizon context as “implied infinite horizon dual linear programming problem”.

There is one important difference between infinite “horizon” linear programming and
infinite linear programming that ought to be taken note of. Unlike infinite linear
programming that can accommodate both optimization with infinite number of
variables and a finite number of constraints and optimization with a finite number of
variables and infinitely many constraints, there is no possibility of meaningfully

accommodating such “half-way houses” in infinite horizon linear programming.



Whether, that makes infinite horizon linear programming restrictive or more useful
than infinite dimensional optimization is irrelevant, since chapter 1 of Evers (1973)
discusses four “growth models” which can be modeled as infinite horizon linear

programming problems.

Our approach to infinite horizon linear programming via truncated and finite horizon
versions of the original problem is akin to the approach adopted in the papers that we
cited in the first paragraph of this section. In a concluding section of this paper, we
compare our model with these other notable infinite horizon linear programming
models. While conceding that unlike our model, these other models allow multi-
dimensional variables, we point out that our model is conceptually more general,
since it explicitly distinguishes between control variable and state variable with each
evolving in its own distinct way, although each of the two are assumed to be one-

dimensional in every time period.

Note 1.1: This paper is a generalization of another paper entitled “Infinite Horizon
Linear Programming With One-Dimensional Control Variable”. DOI:

https://doi.org/10.31224/6208
2. Framework of Analysis:

Let X = [0, b] < R (the set of real numbers), with b > 0 be such that the set of
available alternatives at any time period is a non-empty subset of XxX. Given a
current realization xe X of the state variable that was chosen in the immediately
previous time-period, a typical alternative that is “realized” during the current period
is an ordered pair (u, y)e XXX, where ‘u’ is the value of the control variable chosen
for the current period and this ‘v’ along with ‘x’, determines ‘y’ as the value of the
state variable for the immediately next period. Based on the pair (x, u) during the

current period an instantaneous pay-off is realized by the decision maker.

With N denoting the set of natural number (i.e., the set of strictly positive integers) let
NO denote Nu{0}, i.e., the set of non-negative integers. Time is measured in discrete
periods te N°. Beginning with an initial value of the state variable, in each period teN?,
an alternative (state variable-control variable pair) is realized, and the chosen
alternative is denoted by (X, uy)e XxX. While at all time periods X is an “inheritance”

in the current period, u; is chosen during the current period.



At each time-period te N?, Q; c XxXxX is the two-period constraint set at time-
period t, such that for all te N°, there exists a matrix [A® | B?®] of dimension 2Xm(t)
for some positive integer m(t) with I(t) denoting the set of first m(t) positive integers,

and a point (c¥, dV, e®)e R? satisfying the following properties:

(i) For all te N° and i€l(t), Af.t) >0 and Al(t) + l.[)b >0, where the ordered pair (A!IB})
is the i row of the matrix [A!| B']. Further, {mdteN°} is a bounded set of positive

integers and {MteN°} is a bounded set of real numbers, where for all teN°, M, =

max {max {AllicI(t)}, max{A} + Bbliel(t)}}.
(i1) For all te N° and (x, u)eXxX, c® + d9x + e®u € [0, b].

(iiii) For all te N°, Q= {(x, u, y)eXxXxXl u < AY + B for all il(t), and y = ¢® +

dO9x + eWu}.

For te N°, (x, u, y)e Q can be interpreted in the following manner: given that xe X is
the realization of the state variable at time-period t, it is possible to choose the pair (u,

y)e XXX at time-period t.

Further, the boundedness assumption on {mteN°} is included to avoid needless
complications related to the dimensions of the variables in the “dual linear

programming problems” particularly in sections 6 and 7.

Thus, there exists a natural number me{mteN°}, such that m < m; for all teN°.
o~ A ® 0 .

By (1), A;” + B;"x > 0 for all (x, t)e XXN" and i€l(t).

For all (x, t)e XXN, let Q«(x) = {(u, y)e XXXI (x, u, y)e Q} = {(u, c© + d¥x + eOu)|

u>0, u<min{b, min{A"® + B xlieI(t)}}}.

Thus, by (i) and (ii) it follows that for all (x, t)e XxN°, Q(x) # ¢ and hence for all
te NO, Qi+ q)

Clearly, for all (x, t)e XxN°, Q(x) is a non-empty and closed subset of XxX.

For xe X, let F(x) = {<(xs, uo)lte NO>| (x, ug, Xu1)e Q, te N, xo = x}.



We will (whenever necessary) refer to an infinite sequence <(X, uy)lte N? >e F(x) as a
trajectory starting at (from) x and to F(x) as the set of trajectories starting at

(from) x.
Clearly, F(x) is non-empty for all xe X.

An alternative representation of the set of trajectories starting at (from) x could be

the following: F*(x) = {<(X¢, up1)lte N> (X¢-1, U1, X)€ Qe-1, t€ N, X0 = X }.

Let <( pgt), pgt)) | te N> be a sequence of pairs of real numbers. If x is the realization

of the state variable at time-period t and u is the choice of the control variable at time

period ‘t’, the instantaneous pay-off received by the decision-maker at time period ‘t’

is pgt)x + pgt) u.

We shall refer to the array <(( p1 Ny )) Q)| te N> or alternatively <(( pgt), pzt)) [A®
| B®], (c®©,d®,e®))| te N°> as a (infinite horizon) linear optimal control problem

with linear constraints (LOC-LC problem).

Since we have assumed in our definition of an LOC-LC problem <(( p1 , pZ[)) [A“]

B, (c®,d®, e®))l te N°> that {MlteN°} is a bounded set of real numbers, where for
all teN°, M, = max {max{A"liel(t)}, max{A"® + BOblieI(t)} }, if whenever M, > b, we
replace A" by (Mit)Ai(t), B® by (Mit)Bi(t) for all iel(t), e by (=9e® and p” by (=) p°.
and otherwise let the parameters and constraints remain the same as in the original
problem, then we get an LOC-LC problem <((p %, p{%), [A© | B'®], (c©,d'®, ¢ )]
te N> such that for all xeX, <(X¢, w)lte NO> and <(xq, Vo)lte NO > with v = u  if M <b,

V= (Mit)ut if M; > b:

(1) ve€[0, b] for all te N°.

(2) <(xt, uylte N® >e F(x) if and only if <(x, vi)lte N® > satisfies xu1 =c'® + d'Ox, +

e Oy, for all te N°, vi < min{ A + BOxiel(1)}.

3) X O x4 piPug] < + oo if and only if Yoo (o2 x4 p°v,] < + o, in which

]

case ZZO Xt pgt) u] = Zt—O [p([)X[+ P(t) V.



Hence, without any loss of generality we may assume that M <b for all teN°.

Further, we have assumed that there exists there exists a natural number me{mtlteNO 1,

such that m < m, for all teN°.

Hence, if for some teN°, it is the case that m(t) < m, then we can append to the m(t)
inequalities of the form u; < 4 ,w + Blth, iel(t) a set of m-m(t) inequalities of the
form u; < b + 0x,, without affecting the LOC-LC problem or its outcomes in any

mannecr.

Thus, for what follows in this work, we may with loss of generality assume the

following:

Assumption on Control Variable Constraints: (i) M; <b for all teN°. (ii) m; = m for

all teN?, so that I(t) =1 = {1, ..., m} for all teN°.

A special case of a LOC-LC problem is one when at each time period there is a single

upper-bound on the control variable, i.e., m = 1.

Suppose I= {1} for all teN° and for all teN°, there exists real numbers a®, b® such that

a® + b®x¢[0, b] for all xe[0, b].
For each teN?, let = {(u, X, y)eXxXxX| u <a® + b®x and y = ¢ + d¥x + e®u}.

In this case the array <(( pgt), pgt)), Q)| te N> may be represented as <(( pgt), pgt)), (a®,
b®), (c®,d®,e®))l te N> and referred to as a one-plus-one linear optimal control

problem with linear constraints ((1+1) -LOC-LC problem).

Note 2.1: If for some te N?, et # 0, then for (x, y, u)e€, it must be the case that u =

—c®_q® —c®_q® .
yCe—X, so that pgt)x + pgt)u = pgt)x + pg[) (}/CE—X). Thus, the instantaneous pay-
t t

off at time t, can be expressed entirely in terms of the state variables. On the other
hand, if for some te N°, e® = 0, then for a given value x of the state variable at time
period t, there may be several values of the control variable that can chosen at time-
period t. Thus, the model of linear optimal control discussed here is a generalization
of the linear dynamic optimization model discussed in Lahiri (2025a, 2025b), the
latter being motivated by the reduced form model in Mitra (2000) and Sorger (2015).



u< Aim + B@x for every iel, y = ¢V + dVx + e®u and d© # 0 implies u < Aim +

— (D—e® (f)
BI.([)(M) for every i€l, i.e.,u < a{ Y4 ,3( % y for every iel, satisfying 1— Y

70 ke
®_ 0 Y
. t [/ [/ t t
0, where for every iel, a{ ) — 1—;;0() d g = d() . However, since y = ¢ + d¥x
B 5%

+ eWu, the chosen pair (u, y) depends on x. On the other hand, if dV =0, theny = ¢ +

ey, and so x does not play any role in determining y. None the less, x figures in the

upper bound min{Al([) +BI.(OXIieI} on the choice of u.

In the case of a LOC-LC problem it is easy to see that, for all te N°, Q is a non-empty,
closed and “convex” subset of XxXXXxX. Thus, in the case of a LOC-LC problem, for

all xe X, F(x) is a non-empty and convex set.

If e = 0 for all te N, then for all xe X: <(x, u)lte N%>e F(x) if and only if u, < a® +

bOxand xu1 = c© + dOx, for all te N°,

Note 2.2: If we restrict the state and control variables to be one dimensional, then the

framework of analysis in Evers (1973)“suitably adapted to the one we are concerned
with” would require: I = {1}, Al(t) =D, B( D 20, d0 = D, e® = gD 2 0, p;° =0 for
all teN”. Such a formulation may be referred to as the “Evers model” in our

framework. This model is an example of a (1+1)-LOC-LC problem.
3. Optimality and associated linear programming problems:

We will now consider the following optimization problem denoted OPT:

Given xe X, Maximize ZZO [p(t) X+ p ut] subject to the infinite sequence satisfying

the constraints: (X, U, Xw+1)€ L, t€ N xo = x.
Note 3.1: The exact mathematical interpretation of the expression (formula)

Z:O (t)X[-I- pgt) u is ITim (Z;O (t)X[-I- (0 u;]). Thus, the problem we are

concerned with here is in the domain of asymptotic analysis, which is very different

from infinite dimensional analysis.

An alternative and very useful version of OPT is the following optimization

problem:



Given xe X, Maximize ¥ 1 [p(t)X[+ pg[ D u;_;] subject to the infinite sequence

satisfying the constraints: (X, Uy, Xi+1)€ €2y, t€ N, xo = x.

We will refer to this alternative version of OPT as Alt-OPT.

Let S(x) = {<xdte N%>e F(x)l 3o [0 x4 p2u] 2 32 (9 it p° v for all <(yi,
witeN’>e F(x)},ie,S(x)=  argmax Zt‘—O [pgt)X[+ (0 ug] and §*(x) =
<(xpup)| teNO>eF(x)

(D (t=1)

(o]
argmax Y P XDy U]

<(X,up—1)|teN>eF* (x)

S(x) is the set of solutions starting from x for OPT and §"(x) is the set of solutions

starting from x for Alt-OPT.

For all Te N°, and xe X, let FO(x) = {<(Xq, u) It = T>| (X, ug, Xer1)€ O for all t > T and

XT = X}.

For Te N? and xe X, <(xi, w)lt >T>e F™(x) may be referred to as a trajectory
starting at (from) x at time-period T and to F™(x) as the set of trajectories

starting at (from) x at time-period T.
It is easy to see that for all Te N° and xe X, F™P(x) is non-empty.

Given (x, T)e XxN°, we will denote the following optimization problem by OPT-T:

G

Maximize ZZ o1 vt pg[) v;] subject to <(y, )| t = T>e F(P(x).

For (x, T)e XxN°, SM(x) is the set of solutions starting from x for OPT-T, i.c.,

SD(x) = argmax ZZT ([)Xt-}- (0 uy].
<(xpup)| t=2T>eF D (x)

Clearly, FO(x) = F(x) and $O(x) = §(x) for all xe X.

Given (x, T)e XxN°, an alternative version of the set of trajectories starting at
(from) x at time-period T denoted by FM*(x) = {<(xy, ue1)lt = T+1>I<(xq, ult > T>

eFD(x)}.

Clearly, for all (x, T)e XxN%: <(x;, u)lt >T>e FD(x) if and only if <(x;, uc1)lt >T +
I>e FT(x).



Further, for (x, T)e XxN° and <(x, w)lt >T>e FM(x) satisfying 1Yo [0 x+p5> u/]l

oo —7 oo T
<+00, Zt‘=T+1 [P@Xﬁpgt )ut—l] = th T[pgt)Xﬁpgt) uy - Pg )XT and

[Se] 3 t—
)N g)Xt+pg ])ut_l]l < +00,

An alternative version of OPT-T is the following problem denoted by Alt-OPT-T:

© (5

(=1
t=T+1 [pl

Given (x, T)e XxN°: Maximize ¥ Vit Py V4] subject to

<Wpvie)| t2T+1>e FD*(x).
For (x, T)e XxN°, $T(x) is the set of solutions starting from x for Alt-OPT-T, i.e.,

* (o] —7
ST (x) = argmax PP gt)Xt-l- pgt )ut_ 7l
<(xpu—1)| t=T+H1>eFT*(x)

Thus, $T(x) = {<(X¢, ue)lt = T+1> € FO*(X)l<(x, u)lt = T> eSM(x)}.
Clearly, FO(x) = F(x), $°(x) = §(x), F*(x) = F'(x) and $*(x) = §*(x) for all xe X.

For all Te N° the correspondence h™: X -—XxX defined by h™(x) = {(ur,

x1+1)I<(XpUeq) | t=T+1>eST*(x) is said to be the optimal period-T decision rule.

We now provide one necessary condition and a somewhat stronger sufficient
condition for optimality for an LOC-LC problem in terms of linear programming

problems.

Proposition 3.1: Let <((5,°, ), [A© | BY], (c®,d® e®))l te N> be an LOC-LC

problem and suppose that for some xeX, <(x;, uc1)lte N>e F*(x).

Part 1 (The Fixed End-Point Problem): If <(x;, u.)lte N>e §*(x) then for all Te N
with T > 3, <(x, ux)lt =1, ..., T> solves the following linear programming problem:
Maximize Z[T:_lj gt) Vit pgt_l) Vi_g] + pgT_l) Vr_z, subject to v < AI.([) + Bl(t)yt for every
ielandt=0,1, ..., T-1, yu1 = c© + dVy + eOv  forall t = 0, ..., T-2, xr = ¢TD + dT

Dy +eTDury, yo=x0=x,y¢>0, v >0, forallt=0, 1, ..., T-1.

Part 2 (The Free End-Point Problem): If there exists T € N such that for all Te N

satisfying T > T, <(xi, u)lt = 0, 1, ..., T> solves the following linear programming

problem: Maximize Zzio Y)yﬁp;t) V], subject to v¢ < AI@ + BI-(OYt for every iel and t



=0,1,..., T, yui =cV+ dVy + eWv forall t =0, ..., T-1, yo= X0 = X, y: > 0, v¢ > 0,
forallt=0, 1, ..., T, then <(x,, u)lte N°>e S(x).

Proof: Part 1: Suppose <(x, u1)lte N>e §(x) and towards a contradiction suppose
that for some Te N with T > 3 there exists <(y:, ve.1)lt =1, ..., T> such that

() vi< A + BY, for every il and t =0, 1, ..., T-1,

(i) yu1 = cO + dOy + eOvi forall t =0, ..., T-2, x7 = cTD + dT Dy + eTDury,
(1i1) yo = X0 = X, YT = XT,

(iv)yc>0Oforallt=1,...,T-1,vv>0forallt=0,1, ..., T-1, and

(D (t—1) (T—1)

1 T—1
(v) Z (t)}’t‘l‘P(t )Vt—l] + p§ )VT—I > Z XDy, U+ py upog.

Let <(zi, wy)lte N°> be such that that (z, w) = (y,, v)) forall t =0, 1, ..., T-1, (z;, W) =
(xt, u) for all t > T.

Since yo = X0 = X, yr = X1, vr = ur and xt = ¢ + dTVyr; + eTDur.y, it is easily

verified that <(z;, wy)lte N> € F(x).

[¢] t t— r t— T—1 T
Thus, Y7, Oz P wi ] = /- ()yt+p§ Vv + 08 Pvp+0 g
© 1 T-1 T
DI th"‘Pgt) Ur_q] > Z (t)Xt+P(t )Ut—z] + p§ )uT—J +P§ )xT"'
Zji]q_l th"‘pgt D Ur_q] = Zzl th"‘pgt D Ur_q].

This contradicts, <(xi, u..1)lte N>e §*(x) and proves Part 1.

Part 2: Suppose that there exists T* € N such that for all Te N satisfying T > T, <(x,
w)lt =0, 1, ..., T> solves the linear programming problem: Maximize

ZLO (t)yt+ Vt] subject to v < A() + B()y foreveryielandt=0, 1, ..., T, yi1 =
c® + dVy +eOviforallt=0, ..., T-1,yo=x0=X, y¢>0,v¢>0, forall t=0, 1, ..., T.

Towards a contradiction suppose that <(x:, ur)lte N°>&S(x).

Thus, there exists <(yt, volteN’>e F(x) such that 3}7 Oyt v >

Zjo:() (t)Xt‘l’P;t) uy].



(D

By note 3.1, lim Z,Tzo ([)y[+ Oy = Yo (t)y[+p2 vl>Y 2, [P (0

X+ p; (0 u =

: T (] (0
lim 7, [ xe+p .

Thus, there exists TN, such that for all TelN satisfying T > TY, it must be the case

that ZZ:O gt)y pgt) v > ZZT:() ([)Xt-}- (0 uy.
Let T" = max {T", T°}.

Since <(yi, VolteN’>e F(x), v < AI([) + Bl([)yt forevery ielandt=0, 1, ..., T, yu1 =c®
+d% +eOviforall t=0, ..., T"1,yo=xo =X, 1 > 0, v¢ > 0, forall t = 0, 1, ..., T*".

This contradicts our assumption that <(x;, u)lt =0, 1, ..., T> solves the linear
programming problems in the statement of Part 2 of this proposition and thus proves

Part 2. Q.E.D.

Note 3.2: In one way the sufficient condition is stronger than the necessary condition
because the constraints on the terminal values of the state and control variables in the
linear programming problem in the necessary condition (i.e., in part 1) are “absent”
from the constraints in the linear programming problem in the sufficient condition
(i.e., in part 2). Since, the evolution of the state variable is determined by an equation,
if the terminal period for linear programming problem in part 1, is T, then the value of
the state variable in period T + 1 has to be xt+1 and this also determines the
constraints for the control variable that needs to be chosen in period T+1. Further, the
requirement in part 1 that xr = yr = ¢T'V + dTDyr; + eTDyr, does impose “some
restriction” on the choice of yr.1. None of these restrictions apply for the linear
programming problem in part 2. At the same time, the conditions in part 2 are
required to hold “eventually”, where as the conditions in part 1 hold from time period

3 onwards.

We close this section with an interesting observation.

Proposition 3.2: Suppose <((p1 , pzt)) [A® | B, (c®,d®,e®))l te N®> is an LOC-LC
problem and let xe X. If §(x) # ¢, d¥ = 0 and for some 0eR\{0}, eV = a
2P = -apt™ for all te N°, then S(x) = F(x).



Proof: For all <(x, wite N*>eF(x), Y2 [/ x40 u) = 1% +

0
Zt—l [PY)XF*‘ - I)Ut—z] = pﬁ x +

[e9) 0 _ .
52 1A =pOx+ £2, KOl au ) =pOx + 52, g0, since
pgt D= apg) and x - aug; = ¢V for all te N.

We have assumed that S(x) # ¢. Further, S(x) € F(x).

since, X7 [0 x40 u] = pVx + 12, p2cED for all <(xi, wlte NO>€F(x), it

follows that S(x) = F(x). Q.E.D.

4. Existence of optimal solution, bang-bang sequence of decision rules and a

“robust” approximation result:

As in Mitra (2000), Sorger (2015) and Lahiri (2025a) (among numerous others) we
will, in the rest of this paper be concerned with an optimality criterion that requires

the following “Absolute Convergence” condition.
The LOC-LC problem <((#.?, p?), QI te N> is said to satisfy Absolute

Convergence if for ie {1,2}, 20;0 | pf.t)| < 400,

If <(( pgt), pzt)) Q)| te N> satisfies Absolute Convergence, then we may refer to

(P, K?), QoI te N° as an Absolutely Convergent LOC-LC (AC-LOC-LC)

problem.

Thus, for any AC-LOC-LC problem <((#?, p?), Q) te N%> it must be the case that

forie{1,2}: llmp(t) 0.

1t <((1°, p5°), Q) te N%> is an Absolutely Convergent (1+1)-LOC-LC problem,
then we will refer to it as an AC-(1+1)-LOC-LC problem.

Let <(( pgt), pzt)), Q)| te N> be an AC-LOC-LC problem. Thus, for all sequence <(xi,

uo)lte N> with (x, u)e XxX for all te N, it must be the case that: lim | pgt)XtI =0,
t—>00

lim [2%u] =0, 3219 x] €10, b2, 1771 and 3, 1557 ule [0, b2 1551,
t—>00



Let M = max{b¥ o |21, b3y |50]} < +oo.
Thus, for all sequence <(x, uy)lte N> with (x,, u)e XxX for all te N°, it must be the
case that 1Yo [0 x4 pOu] | <3020 18 x4 pOul <32 1150 x0 1557 1] < 2M.

The following result is an immediate consequence of a corresponding result in a more

general framework (proposition 5.1 in Lahiri (2025c¢)).

Proposition 4.1: Let <((p}°, p?), Qo te N% be an AC-LOC-LC problem. S(V(x) #
¢ for all (x, T)e XxN°. Hence, S(7*(x) # ¢ for all (x, T)e XxN° and the optimal

period-T decision rule h™™ is non-empty valued for all Te N°.
Given an AC-LOC-LC problem <((£?, £%), [A© | BY], (c,d®,e®))| te N>, the

function V:X—R such for xeX, V(x) = ZZO [pgt)yt+ p2 Vt] for <(yi, vi)lte N9>e §(x)
is said to be the optimal value function.

The following definition is based on pages 202—-208 in Kamien and Schwartz (1991).
For TeN°, the array <h®| t > T> of decision rules is said to be a bang-bang sequence

(f)
of decision rules if for all (x, t)eXxNC satisfying t > T and p )+, h®(x) = (max{ B

()
min{AY + BYxliel}, 0}, ¢ + dOx + emax (% min{ A" + BYxlie1}, 0}).
)

An immediate and interesting consequence of proposition 4.1 is the following

corollary.

Corollary 1 of proposition 4.1: Suppose <((p1 . Py ), [A© | BO], (c®,d®,e®))| te NO>
is an AC-LOC-LC problem. If for some Te N it is the case that e® = 0 and pgt);t 0 for

all t > T, then, for all xe X: <(x;, wlt = T>e S”(x) if and only if for all t > T: xu1 = c®

(f)
+dOx, and u, = max {2 g mm{A() + B( )X[|1€I} 0}. Thus, for all t > T and xe X, it

A0
must be that h®(x) = (max { ] mm{A(t) B(t)xlld} 0}, c® + d®x), so that <h®| t >

T> is a bang-bang sequence of decision rules.



Proof: We know from proposition 4.1 that for all xe X, S”(x) # ¢. Recall that for all
(x, t)e XxNO, Ai(t)+Bi(t)X2 0 for all iel, and e® = 0 for all t > T implies, X1 = ¢V +
dVxe [0, b] for all (x, t)e XxN° and ue[0, min{A® + Bxliel}]. The rest follows

from the requirements in the statement of this corollary. Q.E.D.

Note 4.1: For a AC-(1+1)-LOC-LC problem, if <h®| t > T> is a bang-bang sequence

of decision rules, then for all t > T and x€ X, it must be the case that h®)(x) = (max
e

{

p
S [p<“)x[+p§f> u) = i xr+py” (max {_ufm (@®+bOx), 03) +
2

© (0. (D o ® 4O
Y1 L1 XA Py (max { 0] (@"”+b"%x), 0})].
2

Recall the definition of the optimal value function V:X—R immediately after the

statement of proposition 4.1.

Proposition 4.1 implies the following “robust” approximation result.

Proposition 4.2 (Approximation Result): Suppose <(( p1 , pzt)) [AD | BY],

(c©,d®,e®)) te N°> is an AC-LOC-LC problem and let xe X. Then for all € > 0, there

exists T"(g)eN such that for all TeN satisfying T > T"(¢), the linear programming

(0 N 7ax pgt Dy,_,] subject to vi < A% + Bly, for every iel and

.. T
problem [Maximize ), _,
t=0,1,..., T-1, yu1 =c® + dOy + eWy forall t =0, ..., T-1, yo = X0 = X, y¢ > 0 for all
t=1,...,T,w>0,forall t=0, 1, ..., T-1] has a solution <(x", u” ) t = 1, ..., T>
and ngo)x + ZT ([)x(T)+ pg[ D (T) 1]- V(x)I < €. Hence, pg X+

(T T
lim 37 [P+ pPu] = vx).

T—oo

Proof: Since <((7}°, 1), [A© 1 BY], (c®,d®,e®))| te N®> is an AC-LOC-LC problem,
S (x)# ¢ and for all TeN the linear programming problem [Maximize

ZLl (t)yt+ pgt Dy,_,] subject to vi < At + Bly, for every il and t =0, 1, ..., T-1,
yir1 = ¢V + dVy + Oy forallt=0, ..., T-1,yo=xo=x,y¢>0forall t=1, ..., T, v >

0,forallt=0,1, ..., T-1] has a solution <(x§T (T) Dlt=1, ., T>.



Towards a contradiction suppose there exists € > 0 such that | pgo)x +

25_1 Y)x?)+ p;t ])ugT)l] V(x)| > ¢ infinitely often, i.e., either p1 )x +

S A%+ i Pul ] - &> V(x) infinitely often or V(x) > p¥x +

wr 1 (t) (T)+ pgt Dy (T) _1] + € infinitely often.

Let <(x;, w)lte N%>e §(x) so that <(xi, uc1)lte N>e $*(x). Since <(x, ue)lt =1, ..., T>

satisfies the constraints of the linear programming problem for all TelN, it must be the

case that ZLl [pgt)ng)+ pgt D ET)l Z 1 [pgt)xt+ (= Dut_l] for all TelN.

Since, V(x) = N [P xkp ud = lim 51 [P0 xek 2wl = p0x +

lTim 27;:1 ([)Xt-}- pgt D Us_;+ p2 uT] and since ur €[0, b] for all TeN along with

()

lim np,” =0 implies lim 27;21 %

1 T
Xt+p§[ )Ht—1+p§ )UT] =

lTlm Z [pgt)Xt+ Dy, 4], there exists T%N such that for all TeN with T > T it is

(8 (t=1)

L XDy U] *3 ~> V(x) - p (

(H (t=1)

the case that ZLl 0)x > ZLl VXD U] -—

Thus, ZLl [pgt)ng)+ pgt ])ugT)l] + i > ZLl (t)Xt+pgt D U] + % > V(x)- pgo)x for
all TeN with T > T°.

Thus, 57, [P0+ g uD ] v 6> 37 500+ g Du®] + 2 +E5 V(- p (O

for all TeN with T > T°.

Thus, Ip (O)x + Z gt)ng)+ pgt ])ugT)l] V(x)| > ¢ infinitely often is incompatible

with V(x) > (O)X + Z 1 [pgt) ET)+ (=D (T) 11 + € infinitely often.

Thus, |p (O)x + Z t) ET)+ pgt ])ugT)l] V(x)| > ¢ infinitely often implies that there
exists T'elN such that for all TelN with T > T': pgo)x + Z [pgt) ET)+ p(t D ET)l]
V(X) +&.

Since, <(7°, p50), [A1 BY, (c,d®,e9))l te N°> is an AC-LOC-LC problem, there

exists TN such that for all TeN satisfying T > T?, bZ <P t)| < % forie {1,2}.

Let T =1 + max{T!, T?}, x(T) =cD 4 d(T)x(T)+ e(T)u(T) and <(xET), ug)ll t>T4+2>

eF T+ ),



Thus, <(x, u” | tel>eF*(x).

Further, p"x + >, A%+ oS Pu] = Vx) + £ and bY oy 1771 < % for

i€ {1,2}. Since b > 0, it must be the case that bZt—T+1 |p1t)| < %.

00 T 1 T T 1 T
Now 1520, [A%x 0+ g Pu < 32 101+ 1P ] <
0 —1 [eS] 1
bIE Ly (1A 14 1521 = b 1A 462, 1A P <S4 5=2

T 1 T
Thus, £> 52, [0+ K Pu] > %

o H (T H. (T 0 o H(T =0 (T 0
Thus, ¥, g)x§)+p;)u§ )] p& )x +X g)xt )+pg Dug )1 —pg)
T H. (T t=1), (T H.(T 1), (T
S A%+ )u“]+zﬂ+1[p§)§)+p§ w12 Ve + e+

Y41 [plt) g Pgt D (T) 11>Vx) +e--=V(x) + °> V(x).

This, contradicts the definition of V(x) in the statement of this proposition and proves

the proposition. Q.E.D.

Since for the “free end-point problem”, yr = ¢TD + dTVy1 + ey, for xeX and
Te N with T > 3, the linear programming problem in the statement of proposition 4.2,

is equivalent to the following linear programming maximization problem:

Ay v+ 8 4 e Dp My + pPdT Dy

Maximize Z
subject to vo < Ai(o) + Bi( )x for every iel, v - Bly(< Al for every ielandt=0, 1, ..., T-
1, yi-eOvo=c®+ dOx, yui1 =c® + dVy; + eOy forall t =0, 1, ..., T-1, yo= X0 = X,
>0forallt=1,...,T, v¢=>0,forallt=0,1, ..., T-1.

In this maximization problem, the co-efficient of yr.; in the objective function is

(B P+p1d™D) and the co-efficient of vr is (pS' 2 + eT~Dp{™).

Further, if for Te N with T > 3, <(x§T) (T) Dl t=1, ..., T> solves the linear
programming problem in the statement of proposition 4.2, then it continues to solve
the equivalent problem mentioned above.

The dual of this equivalent linear programming problem is the linear programming

minimization problem [Minimize a D(c(o) +d9%) + Y 1 (Dc(t)+



i|\T 0 0 7-1 i|T T t
o BIP AP +BPx) + Ty BUDAL ubject to &7 - d0a” - 3 gUPBY
> pOforallt=1, ..., T2, &2, - d™a? - ¥ gUDBY > s 4 Dm0, gl Pew

3™ BT > pOforall t=0, ..., T-2, &P e® + 37 AU > 7D 4+ eT-D D),

@D>0forallicland t =0, ..., T-1, & R forall t= 0, ..., T-1].

Important Notation: For TeN and each t =0, ..., T-1, let the array <ﬂ§i|T) liel> be
denoted by 8. Thus for TeN, T>3 and t=0, ..., T-1, B eR™.

An immediate consequence of proposition 4.2, the weak duality theorem and
complementary slackness conditions of linear programming (as in topic 2 of Lahiri

(2020)) is the following corollary.

Corollary of Proposition 4.2: Let <((7\°, p5?), [A® | BO], (¢, d©, e®))l te N> be
an AC-LOC-LC problem and suppose that for some xeX, <xte N°>e §(x). Then for

all TelN with T > 3, there exists a finite array <(o;, 2, Bi)eRX RTIt=0,1,2, ..., T-

1> satisfying the following conditions:
(G-1) The array <(O(:(T), B:(T))ERX R}t =0,1,2, ..., T-1> solve:
Minimize o (c® + dOx) + 3" at” @+ 3, B30 (A7 +BVx) +
»iym B AY subject to &) - d0a” - ¥ UV BY > pOforall t= 1, ..., T-2,
QKT7_)2 ; d(T-l)aU_) ) Zrzllg(llT)B(f) (T) T)d(T y, e(t) + Z ﬁ(lIT) > p t)for all t
=0,...,T-2, &P 0+ ¥ U > 7D + e(T—1>p§T), BT >0 for all iel and t =
0,....T-1, aﬁ”eR forallt=0, ..., T-1
(G-2) 4 (0 +d9%) + 2 @ P s 3 gD AP+ BVx) +
-1 T T T T— T
Zz:l Z,—llgt(ll )A(t) Z [pgf)xg )+pgl' ¥)] ( )] + (p( ¥)] + o(T— l)p( ))u
pgT) dT™Dxo ;.
(G3) V0 - p7x = lim [ag (@ + dO%) + T+
), 40 0 -1 T) At
21—1ﬁ0(l| )(A( )_I_B( )X) + 21—1 21_1 ﬁtm )A()]

Note 4.1: G-3, follows from the fact that for all TeN with T > 3,

T 0 (T T-1 T 0 (T 7-1 T
Zz—l (f) ( )+pgt )ug )1] :Zz=1 [pgt)xg )+pgt )u( )] + (p( ) + e(T— 1)p( ))u



+ pgT)d(T‘l)xT-l + pgT)c(T‘l), so that since ¢T' €[0, b] and lim pgT) 0 implies

Jim p(T)c(T D =0, it follows that V(x) - p{"x = lim >, 0 x4 e ])uET)l

hm[z (x(T)_I_ (t—1) (T) ) + (p(T 1) + (- 1)p(T))uT 1+p( )d(T Dxr.n)].

T—oo

Note 4.2: What the corollary of proposition 4.2 says is that, the optimal value of the
dual of the truncated “free end-point” linear programming problem with the initial
value of the state variable in the latter being the same as the initial value of the state
variable in the optimal trajectory (i.e., dual of the the linear programming problems in
the “approximation result” proposition 4.2), converges to the optimal value of the AC-

LOC-LC problem.

5. Duality Theory for AC-LOC-LC problems and “necessary’’ conditions for
optimality:

Let <((7{°, 7). [A® | BO], (c©,d,e®))l te N> be an AC-LOC-LC problem. For

some xe X, let <(x;, u)lte N> eF(x).

For Te N with T > 3 consider the linear programming problem in part 1 of proposition

3.1.

Maximize pgT_l) Vil + 30 1—1 (0 Vet p;[ D Ve1], subject to vo < ASO) + BEO)X for
every iel, v - B( )y < A() forevery ieland t=1, ..., T-1, y1 - €Pvo = c© + dOx, yu1 -

dVy - eOyi=cOforallt=1, ..., T-2, -dTDyr - eTDypy = -xr + ¢V, y >0, for all t

=1,...,T-1,v >0, forallt=0, 1, ..., T-1.

The dual of this linear programming maximization problem is the following linear

programming minimization problem.

Minimize a'm(c(o) +dOx) + Z[T;lz agn W+ af(? CcTD-xn)+ X2, ﬁ(im (AE.O)+B§0)X)

+ Zt_l 21_1 ,BEHT)A.([), subject to ag_nl - d(‘)a([n m (LlT)B(t) > plt)for allt=1, ...,

T-1, -2t e + > pOforall t=0, ..., T-1, (llT)ZOfor allicland t=0, ...,
1 t

T-1, af([y)eR forall t=0, ..., T-1.

A first result which is very general is the following.



Proposition 5.1: Suppose <((7°, p5°), [A® | BY], (cV,dV,e®))l te N®> be an AC-
LOC-LC problem. For xeX, let <(x;, u)lte N°> eS(x).

Then, for all TeN with T >3, forallt=0, 1, ..., T- 1 there exists an array <(a:(T),

Bi™)eRx R™Mt=0,1,2, ..., T> that along with <(x., u.)lt = 1, ..., T> satisfy the

following properties:

(1) The array <((x:(T), B, Myerx Rt =0,1,2, ..., T> solves the following linear
programming problem:

Minimize o (c® + d9x) + %72 alPcO+ oaf2, ™D - x0) + 17 65 AV +Bx)
+ytym BUIPAY subject to ) - 40" - ¥ BUVBY > pPforall =1, ..., T-
1,-aPe® + 3™ B > pPforallt=0, ..., T-1, B > 0 forall il and t =0, ..., T-

1, aPer forall t=0, ..., T-1.

(2) aB(T) (€@ + dOx) + Z[T;lz a:(T)c(t) + a;(_Ti(c(T‘” -XD) + X, BS(”T) (A$0)+Bf.0)x) +
-1 «(T) (¢ -1 1 —1 71
S En B AY = o Py R A x e A ] = D [Pk P ] -

0
P0%

3) }im [a:)m(c(o) + dOx) + ZtT;lz a:(T)c(t) + a;(_Ti (¢ —xp) +
> B A+BYx) + Iy B AL ] exists and is equal to

5.7 (9, (T) (0) *(T)
X+ ] T-1

Pyus - pyx=V(X) - p&o)x if and only if %ima —1xr=0.

. T (
Hm Yo 71

Proof: (1) and (2) follow from the weak duality theorem and complementary

slackness conditions of linear programming (see topic 2 in Lahiri (2020)).

Since, <(7°, p52), [A© | BO], (c©, d©, e®))I te N> is an AC-LOC-LC problem, by

proposition 4.2, }im 27;:0 gt) ng )+ pgt)ugT)] exists and is equal to V(x).

Thus from (2) it follows that lim [ay (<@ + d@x) + 37 &P+
* - *(I|T 0 0 — *(i|T .
GO )+ 50, B DA+ B0 + I, 57 AP exiss ng

*(I|T 0 0 -1 *(I|T t . T T T
SR B AP+ + SRR B AT = lim B (5 + ") -

PVx=V(x) - pOx.



lim[ (7)((:(0) + d(O)X) + ZT 2 (7)6()+ a(n(C(T D _y o+
21_1 ﬂO(LlT)(A(O) B(O)X) + Zz_lzzl_lﬁt(llT)A(g] — hm [a(D(C(O) + d(O)X) +

» a0y gD UO L FO%) + w7 v 4D AP 1 if and only if

hma(q

T—oo

xT—O.

This proves (3). Q.E.D.

Note 5.1: If for <(xi, uy)lte N°> eS(x) and for all TeN with T > 3 there exists an array

<(a:(T), B:(T))ERX Rt =0,1, 2, ..., T> satisfying conditions (1) and (2) of

proposition 5.1 then we refer to the condition }im aT(?xT = 0 as “weak transversality

condition”.

Note 5.2: What proposition 5.1 claims is that the optimal value of the dual of the
truncated “free end-point” linear programming problem with the initial value of the
state variable in the latter being the same as the initial value of the state variable in the
optimal trajectory (i.e., the linear programming problems in the “approximation
result” proposition 4.2), converges to the optimal value of the AC-LOC-LC problem
beginning from period 1 if and only if weak transversality condition is satisfied.

6. Interiority condition and infinite horizon dual linear programming problem

for AC-(1+1)-LOC-LC problems:

In this section we assume for the AC-(1+1)-LOC-LC problem <((p1 . Dy )) (a®, bW),
(c?,d®,e®))| te N°> that the consequences of optimality are only applicable to those
optimal trajectories for which both the state and control variable are always positive
and the control variable satisfies its inequality constraints with strict inequality in at
least one time period. We refer to this condition as “interiority condition”. In such a

situation we get a very strong necessary condition for optimality.

Proposition 6.1: Let <((p}°, 7). (a®, b®), (c¥,dV,eV))l te N°> be an AC-(1+1)-
LOC-LC problem. Suppose that for some xeX and <(x,, uy)lte N%>e §(x), <(x;,

uo)lte NO> satisfies the following “interiority condition”: For all teN°, u,> 0, for all
teN, x; > 0 and there exists t"eN° such that u,- < a®? + b x,- and ()% 0. Then,

there exists a sequences <(of, Bi)eRXR.IteN®> such that:



()

(™) d_y - (dV + eObV) s + (P50 - p{%) = 0 for all t €N and @ = ;’(’3*) :

(ii™) Bi = die + pi’.
Further:

(iii"™) For all Te N, T > max{3, t'+1}, <(of, BH)eRXR4 t=0, 1, ..., T-1> solves the

following linear programming problem:

Minimize afgn(c(o) +dOx) + Z[T;lz a&n O+ a(;_)l(c(T'l) - XT) + ﬁgn (a© + bOx) +

Zth_ll Ena(t), subject to agz)l - d(‘)a([y) - ﬁgnb(‘) ngt)for allt=1, ..., T-1, —a'gne(‘) +

B > pPforall t=0,...,T-1, 7 >0foralliand t =0, ..., T-1, &t "eR for all t =
0,..., T-1.

(iv*™) For all TeN, T > 3, p;T_l)u 1+ ZtT:_ll gt)xt+pgt_1)ut_1] = aj(c@ + dOx) +

-2 * _ * -1 px
Yot drcP+ ap (cTY - x1) + Bo(a® +bOx) + ¥ ) Bra®.

Proof: From the discussion following note 5.1 (of this paper), we know that if <(xi,
w)lte NO>e S(x), then that for all Te N with T > max {3, t"+1}, <(x;, u)lt =0, ..., T>

solves:

1) 1r.(9 (1)

Maximize pgr— Vi1 + ZrT=_1 1 VetDy V1], subject to vo < a® + bOx, v - bOy,
<a® fort=1, ..., T-1, yi - e€Ovo = c© + dOX, yi1 -dVy( - eOvi=cO forall t=1, ...,
T-2, -d™Dyq - eT Dy = -xr + ¢V, y >0, forall t=1, ..., T-1, v, > 0, for all t = 0,

1,...,T-1.

By the strong duality theorem of linear programming we know that <(x¢, u)lt =0, ...,
T> solves the above problem if and only if its dual has a solution, in which case the
optimal value of the maximization problem and the optimal value of its dual are equal.

The dual of the linear programming maximization problem is the following linear

programming problem:
Minimize @§”(c© +d®x) + ¥ =2 PO+ &P, ™V - xp) + 57 (@© + bOx) +
31N a®  subject to &t - d0as” - BPb0 > pOforall t=1, ..., T-1, - e +

B > pPforall t=0, ..., T-1, B” >0 foralliand t =0, ..., T-1, &’ "R for all t =
0,...T-1.



From the strong duality theorem and the complementary slackness condition we know

that since <(x;, u)lte N’>e §(x) € F(x), <(xi, w)lt =0, ..., T> solves the maximization

problem if and only if there exists <(t agn,ﬁgn)eRdet =0, ..., T-1> and which along

with <(xi, u)l t=0, 1, ..., T-1> satisfy the following:

(1) x¢=>0,u>0forallt=0,1, ..., T-1, xo=x.

(i1) X1 = ¢® + dO%, + eOuforall t=0, 1, ..., T-1.

(iii) uo < a® + b©x and (uo - a® - b@x)BL" = 0.

(iv) u - bO% < a® and (u; - a®- bOx)B =0 forall t=1, ..., T-1.

(v) agz)l -dod? - pPpo > p%and (agz)l - dod? - pPpo. P)x =0, for all t =
1., T-1.

vi) -aPe® + B > p0 and (-ate® + B - Oy =0 forall t=0, 1, ..., T-1.
By the “interiority condition”, for all teN®, u;> 0 and for all teN, x; > 0.

Thus, from (v) and (vi) we get af‘z)l - d“)aﬁtn - ﬁgnb“)— pgt) =0, forallt=1, ..., T-1

and -at”e® + B0 - {0 =0, forall t=0, 1, ..., T-1.
From the second set of equations we get ﬁﬁ” = af(tne(‘) + pgt)for allt=0,1, ..., T-1.

Substituting for ,857), t=1, ..., T-1 in the first set of equations we get agz)l - d(‘)af([n -

(P + piypo- pi9 =0, forallt=1, ..., T-1.

Further, u; < a®? + b®)x, (iii) and (iv) we get ﬁgn =0, so that agz)e(t*) + pgt*) =0.

. _ &)
Since e # 0, we get aﬁp =2

e(t*) .

Thus, for all T > max {3, " + 1}, <a”1t=0, 1, ..., T-1> satisfies the system of first

order difference equations a1 - (d© + eVb®)ay + (pgt)b(‘) - pgt)) =0 along with the
_ 9

additional condition @ = —%5-.
e

Let <a;l d; € R, teN°> be the unique solution of this system of first order difference

equations satisfying the additional constraint.



For each teN?, let B = a;e® + pgt).
Thus, <d;l @; € R, teN’> satisfies (i) and <}l @} € R, teN°> satisfies (i)

Thus, forall T >max {3,t"+ 1},<a;lt=1, ..., T-1>and <B;I t =1, ..., T-1> along
with <(xi, u)l t=0, 1, ..., T-1> satisfy (i), (i1), (iii), (iv), (v) and (vi).

By the strong duality theorem and complementary slackness conditions, for all T >

max {3,t'+1},<ajlt=1, ..., T-1>and <B;l t =1, ..., T-1> solve:

Minimize af(()y)(c(") +d%%) + ZtT:_lZ 2P 4 a(TY_)l(c(T‘l) - XT) + '387)(&(0) +bOx) +
31N a®, subject to at” - 0" - BPb0 = pOforall t=1, ..., T-1, - e +

B > pforall t=0, ..., T-1, B” >0 foralliand t =0, ..., T-1, & ”€R for all t =
0,...,T-1.

Further, For all TeN, T > 3, pgT_l)uT_l + ZtT:_ll gt)xt+pgt_1)ut_1] = ap(c? + dOx) +

-2 : -1
Yot @i+ ap  (cTY - x7) + Bo@® +bOx) + X, Bra®.

Thus, (iii"*) and (iv"™) are satisfied by <a;l t=1, ..., T-1>and <B;l t=1, ..., T-1>.
Q.E.D.

Note 6.1: }im pgT_l)uT_1 =0, since }im pgT_l) =0 and ur- € [0, b] for all TelN.
: -1 = —1 . — 1
Thus, }lj’{}o 5 )uT—l + Ztrzll Y)xﬁpgt )ut—l] ) = }g{}o Ztrzll Y)xﬁpét )ut—l] =

0o —1
thl Y)xﬁpgt )ut—l]-

In the context of the AC-(1+1)-LOC-LC problem <((£?, p?), (a®, b®), (c®,d®,e®))|
te N>, for xeX, consider the following infinite horizon linear programming problem

“implied” by Alt- OPT (as defined in section 3).

Maximize Y7, Y) v+ p;[_l) V,_1], subject to vo < a® + bOx, v, - bOy, < a® for teN,
yi - €Ovy=c@ + dOx, yu1 -dVy; - e®vi= ¢! for all teN, y > 0, for all teN, v > 0, for all
teNO.

Its “implied dual linear programming (IDLP) problem” is the following:

Minimize ao(c® + dOx) + ¥, P+ Bo@a® + b@x) + X7, B.a®, subject to a1 -

AV, - Bb® > pfor all te, -ar,e® + B> p for all t € N°, B> 0 and a€R for all teNC,



An immediate consequence of proposition 6.1 is the following theorem.

Theorem 6.1: Let <((2.”, £5%), (a®, b®), (c®,dV,e))| te N> be an AC-(1+1)-LOC-
LC problem. Suppose that for some xeX and <(xi, u)lte N’>e §(x), <(x, u)lte N°>

satisfies the following “interiority condition”: For all teN°, u;> 0, for all telN, x> 0
and there exists t'eN° such that u,- < a®? + b®)x,« and )% 0. Then, there exists a

sequence <(af, Bi)eR X R, | a; € R, teN®> such that:

ey © 1 aOROYA* 4 (PORO - o0y = . =)
(") ap_z- (dYV + eV a; + (p, bV - pi7) =0 for all t eN and a;- =

e(t*) .
o o3k * * (t)
(i) B; = ae” + p;.
Further:

(iii*") For all Te N, T > max{3, t'+1}, <(of, BH)eR X R, 1t =0, 1, ..., T-1> solves the
following linear programming problem:

Minimize af(()y)(c(") +dOx) + ZtT:_lZ &P O+ a(TY_)l(C(T‘l) - XT) + ,387)(3(0) +bOx) +
> BPa®, subject to & - d0al” - P60 > fOforall t=1, ..., T-1, -a5 e® +
B > pPforall t=0, ..., T-1, 3" >0 foralliand t =0, ..., T-1, &t PeR for all t =
0, ..., T-1.

(iv"™) Forall TeN, T=3, " Duzy + X 6% 40 P 4] = ap(c® + dOx) +

Z[T___lz @, cV+ ay (™D - x7) + B5(@® + bOx) + Ztr:_f Bra®.
(V") <(ag, BHeR X R, IteN° solves the “implied infinite horizon dual linear
programming problem”: Minimize ao(c© + d©¥x) + 37, a,c®+ Bo(a® + bOx) +
Y B.a®, subject to a,_; - dVa, - pb® > pgt) for all teN, -a,e® + B> pgt)for allte

N, B> 0 and a,€R for all teN°

& hence V(x) - p{¥x = P Ot o Pu,_] = ay(c® + dOx) + Y7 e+ Bya®
+bOx) + Y7 Bra®if and only if
<(ag, BHeR x R, IteN®> along with <(xi, u)lte NO> satisfy the “weak transversality

condition” lim a7xr =0.
T—oo

Proof: The first four claims comprise proposition 6.1. Hence, let us prove (v'™).



We know from (iii"*") and (iv"™) that for all TeN, T >3, <(d}, B7)eR X R It=0, ..., T-
1> solves the linear programming minimization problem in (iii"*) and pgT_l)uT_l +
Zth_ll Y)xﬁpgt_l)ut_l] = ay(c©® +dx) + ZZ_T:_lz @, cO+ @ (™D - x7) + (@@ +

bOx) + N1, Bra®.

Since, V() - p”x = S, A%t Vweea] = Jim p" P

-1+t

S B0 x 4 B P, 4], it must be the case that lim [ap(c©@ + d@x) +

ZtT;lz oc® + ot (™D — xp) + @@ + bOx) + ZtT;ll Bra®] exists and
lim [a5(c®@ + dOx) + Y Zaic® + ajp_y (T = xp) + B @@ +

b®@x) + ¥ Bra®1=v(x) - p”x.

Further, since for all TeN, T > 3, <(d, fi)eR X R, It =0, ..., T-1> solves the linear
programming minimization problem in (iii**), it follows that <(aj, B;)lteN®> solves the

implied infinite horizon dual linear programming problem. Q.E.D.

7. Bounded dual variables and implied infinite horizon dual linear programming

problem for AC-LOC-LC problem:

Consider the AC-LOC-LC problem <(({°, p?), [A© I B®], (c®, d©, e®))l te NO>.
For xeX, consider the following infinite horizon linear programming problem
“implied” by Alt- OPT (as defined in section 3).

(D (=1)

Maximize Z;ozl Vet ps V1], subject to vo < AEO) + BE-O)X for every iel, v - BI@yt

< AI@ for every iel and t €N, yi - ePvo = ¢© + dOx, yu1 -dOy, - eOvi= c¢® for all t €N,
yi >0 for all t eN, v¢> 0 for all t eNC.

This is the maximization problem that we are really concerned with.

Its “implied infinite horizon dual linear programming (IDLP) problem” is the
following:

Minimize ao(c© + d©x) + Y2 a,c®+ Y7 P AP +Bx) + x2 " Y4
subject to a,_1 - dVa, - X7, BEDB} > pgt)for all telN, -a,e® + 37 BED > pgt)for allte

NO, B > 0 for all iel and telN?, ar,eR for all telNC.



Part 1 of proposition 3.1 states: If <(xi, uy)lte N®>e S(x) then for all Te N with T >

3.<(Xt, uen)lt =1, ..., T> solves the following linear programming problem: Maximize
ZtT:_II 0 Vit pg[ D Vi_q] + pgT_l) Vr_z, subject to vo < Ai(o) + Bi(o)x for every iel, vi -

Bl(t)yts AI@ foreveryielandt=1, ..., T-1, y1 - €Pvo = c© + dOx, yu1 - dVy; - Vv =
cWforallt=1, ..., T-2, - dTVyr; - eT Dy =cTD - xr,yy>0forallt=1, ..., T-1, v,

>0, forallt=0,1, ..., T-1.

By the weak duality theorem and complementary slackness conditions of linear
programming (see topic 2 of Lahiri (2020)), we know that for Te N with T > 3, <(x,,
ucn)lt =1, ..., T> solves the linear programming problem above if and only if there

exists an array <(a:(T), B: (T))ERX RTt=0,1, 2, ..., T-1> that along with <(X, uci)lt =

1, ..., T> satisfy the following conditions:

(1) x1 - €Oy = c@ 4+ dOx, x; > 0.

(2) Xes1 - dOx¢ - eOuy =cOforallt=1, ..., T-2,xc>0forallt=1, ..., T-2.
(3) - dTVxr - eT Dy =T - xr, x11 > 0.

4) - dTVxry - eTDury =TV - xp

5)uo <A® + BOx, (uo- AY - BWx)B; M= 0, for every iel, uo > 0.

6) uc- BOx < AP, (u,- BYx- AP)BIUD = 0, for every iel, >0 and t=1, ..., T-1.

(7) a,[ | d(t)a,(n Z 1ﬁ*(l|T)B(t) >p11')’ (a,[ 1 d(t)a(Y) Z 1ﬁ*(L|T)B(t) p(t))xt:()

forallt=1,...,T-1, &,” >0forall t=0, 1, ..., T-1, B, > 0 for all i€l, t= 0, 1,
T-1.

@)™ BN g Mew> o (xm gD g Mew . pOyy =0 forall t=0, 1, ...,
T-1.

These “eight” conditions are equivalent to the statement: <a;(T)e Rlt=0, ..., T-1> and
<p : (i|T)€R+Ii€I, t=0, ..., T-1> solve the dual of the linear programming maximization

problem mentioned above, i.e., <a;(T)€ Rlit=0, ..., T-1>and <ﬁ:(i|T)€R+Ii€I, t=0, ...,

T-1> solve the following linear programming minimization problem:



Minimize a5 (c® + d9x) + %7 &t ¢+ &5 (™ - x1) + I, B5 (AL + BVx)
+ytym gD AY subject to &7 - d0al” -y pUVBY > fOforallt=1, ...,
T-1,-a8"e + 37 B0 > piforallit=0, ..., T-1, 817 > 0 for all iel and t = 0, ...,
T-1, "R forall t=0, ..., T-1.

*(T+5)

However, the eight conditions above are also satisfied by the arrays <a, € RIt=

0, ..., T-1>, <G liel t=0, ..., T-1> for all selV.

*(T+s)

Thus, for all seN®, <&, Ve Rt =0, ..., T-1>, <B; Vi, t= 0, ..., T-1> solve the

minimization problem.
Hence, for all seN®, 377 [p0x 40 Pu, 1 +05 Pur = a9 (c© + dOx) +
2[7;12 >;(T"LS)C()_'_ (T+5)(C(T D_x ) + Zl 1'80(L|T+5)(A(0) B(O)X) +

-1 *(i|T+s) ,(t
Z[—l Zl 1ﬁ @l S)A( )
Thus, we arrive at the following theorem.

Theorem 7.1: Let <((°, p5°), [A'1 BY, (¢',d\e!))l te N> be a AC-LOC-LC problem
and suppose that for some xeX, <(xq, u)lte N%>e §(x). Then for all Te N with T >3,

there exists an array <(0(:(T), B: (T))ER X R It=0, ..., T-1>such that:

(A) For all Te N with T >3 and selNC, (" 2, B )R x R™ along with <xt =

1, ..., T-1> satisfy the following conditions:

(1) x1 - eQup =c@ + dO%, x; > 0.

(2) X+ - dOx - eOu =cOforallt=1, ..., T-2,xc>0forallt=1, ..., T-2.
(3) - dTVxrg - eTDury =TV - x7, X121 > 0.

4) - d™Vxrg - eT Dy = cTD - xp

%) u<)<A() B(O)X (uo - A(o) 3(0) )[S’O(”T) 0, for every i€l, ug > 0.

(6) u; - Bl(t)xtﬁ Al.(t), (ug B( Xt - A(t))ﬂ*(lm 0, for every iel, uu>0and t=1, ..., T-1.



@) @D - qog D - gn® DO 5 0 (D _gog (D ym® gDp® 0,
Oforallt=1,...,T-1, ¢ " >0forall t=0, 1, ..., T-1, B,/ > 0 for all iel and t = 0,
1, ... T-1.

®) ZmO g7 g Mo > f0 (5O gIT0 Mo 0y =0 forall t=0, 1, ...,
T-1.
(B) (A) is equivalent to the following statement: For all Te N with T >3 and seN’,

<(o, (D , Bt (T)) R X RPIt =0, ..., T-1> solves the linear programming problem:

Minimize @}”(c© +d®x) + ¥ 2 &l @4 &P, ™ - xr) + ¥, B4 + BVx)
+xtym BUPAY subject to @7 - a0al” -y BEVBY > pPOforall =1, ..,
T-1,-a8"e + 37 B0 > piforalit=0, ..., T-1, 17 > 0 for all il and t = 0, ...,
T-1, PR forall t=0, ..., T-1.

Further, 3, Ox S Pup ) +07 Pug ;= a (T+S)(C(O)+d(O)X) +

*(T T T 0 0
25—12 t( +5)C() a,( +5)(C(T 1) _ XT)+ZI 1'80(” +S)(A( ) +B( )X)+

-1 T+ t
Z[—l Zl 1ﬁt(l| S)A()

(C) If the set of real numbers { (o, B;)eRx R7It =0, ..., T-1 for TeN, T > 3} is
bounded then there exist an array <(o, B;)eR X R [teN°> such that for all Te N with

T >3, <(o, Br)ER X RT It =0, 1, ..., T-1> solves the linear programming problem in

(B).

Further:

<a;eRIteN®> along with <(x, uy)lte N°> satisfy the “weak transversality condition”
}im arxr =0, if and only if

() <(o, Br)eR X ]R{T(t) lteN°> solve the “implied infinite horizon dual linear
programming problem”: Minimize (¢ + d¥x) + ¥, a, P+ ¥" B g) (AEO) +
BOx)+ 32 v B4 subject to a,_; - A%, - ¥, BOBY > p{for all telV, -
ae® + 37 Y > pOfor all tel°, B > 0 for all el and teN° 0, a,eR for all tel®

&



(i) Vo) - pOx = 32 [0+ 05 Pup ] = ay(c© + dOx) + X2, @ P+
* 0 0 *
21 1ﬂ (L)(A( ) + B( )X) +Zt—121 1ﬂ (l)A(t)

Proof: (A) and (B) follow from the discussion preceding the statement of this

theorem. Hence, let us prove (C).
Suppose the set {(a:(T), B: (T))ERX R} It=0, ..., T-1 for TeN, T > 3}is bounded.

Thus for each teN?, <( a:(T), ,BZ(T))I TeN, T > max{3, t+1}> is a bounded sequence in

R x RT.

Let t = 0 and consider the sequence <( agm, [S’S(T))I TelN, T > 3>. Since it is a bounded

infinite sequence in R X R, by the Bolzano-Weirstass’s theorem, there exists a

© ©
*(RY () ,3 *(R (n)))|

convergent sub-sequence <( ao eN, RO (n) > 3> converging

(dp, Bp)eR X RY.

. *(R(©) *(R() L. . .
Consider < (al(R @), ,81(R ™))ineN, R©(n) > 3 > which is a bounded infinite

sequence in R X R,

By the Bolzano-Weirstass’s theorem, this sequence has a convergent sub-sequence

® *(R(D
<@, g ey, RO (n) > 3> converging (&, B;)eR x R

(R *(R(D .
Further, <( aO(R @), ,6'0(R ™ineN, R (n) > 3> is a sub-sequence of
«(RO «(RO
<( aO(R @), ﬁO(R ™)ineN, RO (n) > 3> that converges to (), B;)eR x RT. Hence,

«(RD «RD
<(aO(R @), ﬁO(R (n)))lneN, RM (n) > 3> converges to (dj, B5).

«(RD *«(RM .. c e
Consider <( arz(R @) ,6'2(R (n)))lncN, RM(n) > 3> which is a bounded infinite
sequence in R X R,
By the Bolzano-Weirstass’s theorem, this sequence has convergent sub-sequence
@ «(R® . -
<(a Z(R ) B (R (n)))lneN, R® (n) > 3> converging to (a}, f3)eR x R™.
@ «(R® )
Further, <(a, F(REm) By EZM))neN, RA(n) > 3> is a sub-sequence of

* (0) * ( ) * (2) " (2)
<(CY0(R ™), ,30(R ™) neN, RO (n) > 3> and <(a1(R ) ﬁl(R ™)) neN, R® (n) >



«R® «(R® .
3> is a sub-sequences of <( al(R (n)), B 1(R (n)))lneN, R(l)(n) > 3>. Hence, the first
sub-sequence converges to (@, By) and the second sub-sequence converges to (@, 7).
Suppose that for teN, witht>2 and s =0, 1, 2, ..., t, there are bounded sub-sequences
© «(R®
<&, grEEM e, RO(n) > t+1> in R x RT such that

«(R® «(R®
<« o) By neN, RO (n) > t+1> converges to (o, B2)eR X R™.

® *(R® .
Consider the sub-sequence <(«, H(_Ii ) ﬁH(_Rl (n)))lneN, R®(n) > t+1>in R x R7.

Since it is a bounded sequence, by the Bolzano-Weirstass’s theorem it has a

w(R(EFD) «(R(E+1) ]
convergent sub-sequence <(& tJ(rRl ™) ,[i'terl ™)) IneN, R&D(n) > t+2> in R X R™,
converging to (&1, Bi+1)eR X R

«(R+D «(R(t+D) .
Since fors =0, 1,2, ..., t, < aS(R R IBS(R " (n)))mEN, R(t+1)(n) > t+2> is a sub-

«(RO® «(R® ,
sequence of <(aS(R t (n)), B S(R (n)))lneN, R®(n) > t+1>, it follows that

(R (R
(@® 0D RN, RO (n) > t+25 converges to (&, BY).

Hence, by a standard induction argument it follows that for all teN° and s =0, 1, 2, ...,
® ®
t, there exists a sub-sequence <(a AR ﬁ *® (n)))lneN R®(n) > t+1>in R x R”

® +*(R®
such that <(a; ARG ,BS(R (")))I eN, R®(n) > t+1> converges to (;, B1)eR X R,

Note that for all TeN with T > 3, (az_1, f7—1) gets defined by the limit of the sub-
(T-1) «(RT-D
sequence <( aT(R ) By (R (n)))l eN, RT=D(n) > T> of the sub-sequence

+(R(T—2) «(R(T—2)
<(aT(—R1 (n))'ﬁT(—Rl (n)))h’lEN, R(T—Z) (Il) >T-1>.

«(R(T—1) «(R(T—1)
We know that, for all Tel with T>3, <(a; " ™, g: & "y =0, T-1>
satisfying R™P(n) > T for all neN solves the linear programming problem:
Minimize afm(c(o) +dOx) + Z[i_z armc([)+ (c(T D= xr) + X0 1ﬁ(l|T)(A§O) + B(O)X)
Z Zl 1ﬁ§l|T)A(t) subject to a;_ 7) d“) Zl 1ﬁt(l|T)B(t) >p(t)f0r allt=1,
T-1,-a8"e + 37 U0 > poforalit=0, ..., T-1, 17 > 0 for all il and t = 0, ...,

T-1, PR forall t=0, ..., T-1.



Further, for all TeN with T > 3 and nelN, Z (t)xt+ pgt Dy —1] + pgT_l)u 1=

*p(T—1) = *p(T—1) *p(T—1)
2" e+ d%) + 22 a TP dOp @O (D x4

«(i|RT-D 0 0 +(iIRT-D
s iRV 4O 4 g0y g Ttgm g RT) 4@

(RT—1) (RT—1) )
Since forall t=0, 1,2, ..., T-1, lim (@ 7D B0y gz, By, it follows
that <(dj, f7)l t =0, ..., T-1> satisfies all the constraints of the linear programming

minimization problem in (B) and Z (t) pgt J)u[_ 4] +pgT_1)u rg= ay(c@ +

T * * * 0 0 - *
dO%) + 22 @O+ a1 (™D - xp) + X Bo(AY + BOx) + 3y BrA®.

Thus, for all TeN with T > 3, <(&;, f7)l t=0, ..., T-1> solves the linear programming
problem in (B).

To complete the proof of (C), first note that since for all TeN, T > 3, <(dj, fi)l t =
0, ..., T-1> satisfies all the constraints of the linear programming minimization

problem in (B), it must be the case that for all TeN with T > 3,
> Ot S w407 Uz = a(c© + dOx) + Y2 @@+ ap (¢ - x1)

+ 2RO B A" + BOx) + 2 2 Al

and <(o, Bi)eR x ]RT“) lteN> satisfies all the constraints of the implied infinite

horizon dual linear programming problem.

(t=1) (T-1)

We know that hm Z ([) ;U +p; op

(t=1)

Ur_ =Y [P XDy U]

=V(x) - p¥x.

Thus, lim [ay(c@ + d®x) + TIF a;e@+ @y (™D = xp) + I, By (A7 +
B(O) A(t) di 1 (@) (t-1 =V _
FUX) + Z Zl 1 BiA; ] exists and is equal to Zt_l[p X+ p; ut_J] =V(x)

0
p{x.
However, lim [ap(c@ + dOx) + X2 e+ a1 (cT™D — xp) +

* 0 0 = * . *
T B (AL + B + RIS BiA 1= lim [ay(c® + dOx) +

0 0 % *
> @+ T2 By (A + BOx) + 3Ty BiAY — o ixql.



Thus, V(9 - p{¥x = Jim [g(c®@ + dOx) + £} @@+ T, 5 (A0 +
B"x) + X B, BiA” lifand onlyif lim @ yxr =0.

Further, since for all TeN with T > 3, <(af, Bi)I t =0, ..., T-1> solves the linear
programming problem in (B), <(&, B;)IteN®> solves the infinite horizon linear

programming minimization problem in (D) if and only if }im ar*T_le =0. Q.E.D.

8. Conclusion:

While concluding this paper, the first point that needs to be noted is that in the models
discussed in Hopkins (1969), Grinold (1971), Evers (1973), Grinold (1977), Romeijn,
Smith and Bean (1992), Romeijn and Smith (1998), the state and control variables
may be multi-dimensional, while we work with one-dimensional control variables and
one-dimensional state variables. Unlike these models, we explicitly distinguish
between state variable and control variable, with both contributing to the objective
function. Further, the dynamics of our state variable is governed by a first order linear
difference equation which depends on the values of both the state variable and the
control variable in the previous period, while our control variable at each time period
is chosen from an interval whose left-hand end point is zero and the right-hand end
point is determined by a continuous, piece-wise affine and concave function of the
value of the state variable in that period. Thus, while our framework of analysis is less
general than those mentioned above as far as dimensions of the variables are
concerned, it allows for considerably greater clarity as far as modeling the underlying

dynamics of the infinite horizon linear programming problem.

The model in Grinold (1971), allows the choice set for the variables at any point in
time, to depend on chosen values of the variables in all previous periods. In the other
models the choice set for the variables at any point in time depends on chosen values
of the variables in the immediately previous period and no further back. Further the
parameters defining the constraints in the model due to Evers (1973), are invariant
over time. The model we work with here, allows the parameters defining the

constraints to vary with the time period.

Another point that we wish to note is about finite horizon approximations of the

infinite horizon optimization problem that we are concerned with. A notable



precedent in this respect is the infinite horizon linear programming model in Grinold

(1977), which in our context would resemble something like the following:

Given a non-zero real numbers p, q a real number d€ (0, 1) and xe X: Maximize
® 8(px, + qu,) subject to u; - X, <0, Xir1 = ¢ + dOx, + e®u, for all teN°, x = x,
t=00 (P q ]

x> 0 for all teN, u, > 0 for all teN°.

In our framework of analysis a suitable finite horizon approximation for Te N with T

sufficiently large may be formulated as follows:

Given xe X, and ¢ = Yo p® ie {1, 2}, Maximize Zf___l Y)Xt+ pgt) u) +

i i > 0
qu)XT-l- qgt) ur subject to uy < Al(t) + BI(OX[, iel,t=0,1,..., T, xq1 =c' + dxe + e'u, t =

0,...T-1,xo=x,uc<b,u>0forall te{0, 1, ..., T}, x¢ >0 for all te{1, ..., T}.

The implicit assumption in such an approximation is that after a sufficiently long
period of time, the state and control variables may be assumed to remain constant,
without causing much disparity between the infinite horizon model and its finite
horizon approximation. For such an interpretation to be “perfectly consistent” with
our AC-LOC-LC problem, we need to impose the additional constraints ur < A+

Bixr, i€l te N, t > T+1, xr = ¢! + d'xr + e'ur, te N, t > T.

Gunter and Bender (1980) discuss at length other approaches to the “finite

approximation” problem.
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