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Abstract

Large Eddy Simulation (LES) relies on subgrid-scale (SGS) closure models to represent unre-
solved stresses. Many common eddy-viscosity closures are algebraic and effectively assume near-
instantaneous local equilibrium between production and dissipation, an assumption that can de-
grade performance in transitional and non-equilibrium regimes. Here we use sparse symbolic re-
gression on filtered Taylor—Green vortex (TGV) reference data to infer a compact evolution law for
the SGS eddy-viscosity coefficient. The resulting model is a one-equation temporal-relaxation up-
date, C" Tt = aC™ + 3 |S™||Q"|, which combines explicit memory with a vortex-stretching-inspired
production term. When coupled back into a finite-difference LES solver with a non-negative dissipa-
tion safeguard, the model remains stable and self-regulating across decaying turbulence and driven
channel flow without retuning. In an a posteriori TGV benchmark against a higher-resolution
pseudo-spectral DNS reference, the proposed closure tracks the DNS kinetic-energy decay more
closely than Smagorinsky and WALE under matched numerical settings. On the TGV energy-
decay benchmark, the proposed closure reduces normalized RMSE by 23% relative to WALE and
36% relative to Smagorinsky. Furthermore, spectral analysis confirms that while the model exhibits
a slight lag during the initial breakdown due to temporal inertia, it reproduces the DNS kinetic
energy spectrum with higher fidelity than standard models in the fully developed and decaying
regimes.

1 Introduction

The central challenge in Computational Fluid Dynamics (CFD) is the Closure Problem. Direct Nu-
merical Simulation (DNS) is computationally prohibitive for high-Reynolds numbers. LES reduces
cost by solving the filtered Navier-Stokes equations, but requires a model for the unresolved subgrid
stress tensor 7;;.

Standard models often assume the closure coefficient C' is a static constant or a local function of
strain (C' « |S|). However, our analysis of transitional flows indicated that local strain accounted
for minimal variance in the subgrid stress tensor. This observation supports the hypothesis that
turbulent viscosity is not purely a state function of the instantaneous flow field, but likely depends on
the temporal coherence history of turbulent structures.

2 Mathematical Formulation

To understand the role of the calibrated coefficient, we place it within the context of the Filtered
Navier-Stokes equations.

2.1 The Closure Problem

Applying a spatial filter (denoted by an overbar) to the momentum equation yields:

ou;  Oujuy 1 op 9%, 0Tij
ot 856j - p@:pl + Val‘jal‘j BZL‘]' (1)




The subgrid-scale (SGS) stress tensor is defined as

Tij = Uity — Uj Uj. (2)

2.2 The Eddy Viscosity Hypothesis

We employ the Boussinesq hypothesis to model these unknown small scales using known large-scale
variables. We relate the subgrid stress to the resolved (Large Scale) strain rate tensor S;:
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where v; is the Eddy Viscosity. In our model, v; is defined dynamically by the coefficient C:

v= Clz,t) x  A2S (4)
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This equation acts as the bridge. The coefficient C(z,t) determines the coupling strength between
the Large Scale Vortices (]S|) and the Small Scale Dissipation (14). In this work, C evolves
according to a transport equation.

2.3 Dimensional Scaling

To ensure dimensional consistency, all variables in this study are nondimensionalized using the domain
characteristic length L and the characteristic velocity scale U,.y. The source term in the transport
equation is normalized such that 5 is a dimensionless weighting factor absorbed into the time-step
integration:
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Note that the reported value of 3 is specific to the dimensionless time-step (At = 0.01) used in this
study. For general implementation, the source term should be scaled by At.

3 Theoretical Framework

We propose that C' is governed by a transport equation reflecting the finite lifespans (inertia) of
turbulent eddies.

3.1 Vortex Stretching and Production

The fundamental mechanism of turbulence generation in 3D flows is vortex stretching. The magnitude
of this stretching scales with the interaction of the vorticity vector magnitude || and the strain rate
tensor magnitude |S|:

P o | - [S] (6)

3.2 Temporal Relaxation Hypothesis

Turbulence does not dissipate instantaneously; turbulent kinetic energy has a finite relaxation time.
While full Lagrangian transport requires advection of the coefficient, our analysis suggests that a local
temporal filter (AR-1 process) captures the majority of the non-equilibrium effects at a significantly
lower computational cost:

C(t) = aC(t — 1) + S - Source (7)

This formulation allows the eddy viscosity to persist even as instantaneous strain rates fluctuate.

4 Computational Methodology

To ensure reproducibility, we detail the regression pipeline used to determine o and S.



4.1 Data Generation and Filtering

We generated high-fidelity training data using a pseudo-spectral reference simulation of the Taylor—
Green vortex at Re = 1600 on a 643 grid. A Gaussian spatial filter with width A = 2Az was applied
to the velocity field to separate resolved and subgrid scales. Filtered velocities are denoted by an
overbar, and the resolved strain-rate tensor is
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The subgrid stress from the DNS field is
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and we work with its deviatoric part
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Under the Boussinesq hypothesis,
Tidj =-2 V¢ gij = —2CA2|§| Sij,

so at each space—time point we define the ideal coefficient Cigea as the scalar that best matches the
DNS deviatoric stress in a least-squares sense. Contracting with S;; gives
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where the last equality uses \5’ ]2 = 28,,nSmn. This Cigea field serves as the regression target for the
closure model.
4.2 Sparse Symbolic Regression
We constructed a candidate library of physical invariants to predict Cjqea;. The library included:
e Strain: |S|, |S|? (standard Smagorinsky-type terms),
e Rotation: ||, |Q/?, Q-criterion,
e Interactions: |S||Q?| (vortex stretching),
e History: C(t — 1) (temporal coherence).

We performed 50 independent Monte Carlo regressions with randomized initialization and subsampling
to identify combinations of terms, and selected the final equation with the lowest error.

5 Results: Calibrated Parameters

The optimization converged on the following coefficients:

Parameter Value Physical Interpretation

a (Relaxation) 0.9652  Temporal inertia of turbulent structures.
B (Source) 0.00101 Coupling for Shear-Vorticity interaction.

Table 1: Optimized constants for the temporal relaxation Equation.

The term a = 0.9652 implies a characteristic decay timescale. It confirms that the flow is non-
equilibrium; the eddy viscosity at time t is dependent on the state at ¢ — 1. This persistence reflects
the physical lifetime of the energy-containing eddies.



6 Verification and Generalization

The derived equation was deployed into a C+-+ Finite Difference solver and tested on two disparate
flow regimes to assess robustness.

6.1 Test Case A: Taylor-Green Vortex (Decay)

In decaying turbulence, the model successfully identified the ”Ignition Phase.” Unlike static models
which might dissipate immediately, the transport model allowed C' to grow from zero, matching the
physical transition from laminar to turbulent flow.

Step Kinetic Energy Max Coefficient (C) Flow State

0 0.12499 0.0009 Laminar Initialization
10 0.12498 0.0092 Onset of Shear

50 0.12495 0.0238 Ignition
100 0.12491 0.0277 Vortex Breakdown
200 0.12482 0.0288 Turbulent Transition
300 0.12475 0.0293 Fully Developed
500 0.12460 0.0312 Decay Phase
700 0.12444 0.0341 Decay Phase
990 0.12421 0.0403 Late Stage Decay

Table 2: TGV Simulation Data. The coefficient grows monotonically, demonstrating self-regulation
without numerical instability.

6.2 Test Case B: Channel Flow (Driven)

To test generalization, the model was applied to a wall-bounded Channel Flow. This regime involves
a constant driving force, posing a risk of energy accumulation (numerical explosion) if the dissipation
term is insufficient.

The model demonstrated self-regulation. The coefficient C rose from 0 and found a stable equi-
librium at C' = 0.035, balancing the energy injection from the pressure gradient with the energy
dissipation from the eddy viscosity.

Step Max Velocity Mean Coefficient (C) Flow State

0 1.107 0.0007 Flow Start
100 1.177 0.0155 Laminar Shear
300 1.288 0.0144 Transition
500 1.379 0.0141 Transition Plateau
800 1.493 0.0154 Acceleration
1000 1.593 0.0173 Turbulent Production
1200 1.686 0.0199 High-Shear Regime
1500 1.829 0.0251 Equilibrium Approach
1950 2.040 0.0354 Dynamic Equilibrium

Table 3: Channel Flow Data. The model adapts to the increasing velocity, increasing friction auto-
matically to prevent velocity divergence.

7 The Closed System: Coupled PDE Formulation

The utility of this derivation lies in its ability to mathematically close the system of equations. By
substituting our derived Transport Equation back into the filtered Navier-Stokes system, we obtain a
fully solvable set of Partial Differential Equations (PDEs).



7.1 The Full Governing System

The final coupled system consists of the Conservation of Mass, Conservation of Momentum, and the
Transport of Eddy Viscosity.
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7.2 Mechanism of Self-Regulation

The coupled system functions as a negative feedback loop on turbulent kinetic energy:
1. Production: As flow instabilities grow, local Shear (]S]) and Rotation (|€2]) increase.
2. Injection: The source term in Eq. (12) increases C(t).
3. Dissipation: As C(t) increases, 4 rises, increasing the diffusion in Eq. (10).

4. Damping: Increased diffusion reduces velocity gradients (|S|), closing the loop.

7.3 Numerical Implementation and Stability Analysis

To demonstrate the rigorous validity of this coupled system, we detail the explicit time-marching
algorithm used in the solver and provide a proof of thermodynamic consistency.

7.3.1 Discretization Algorithm

We employ a Fractional Step (Projection) Method to decouple the pressure and velocity solves. The
solution advances from time step n to n + 1 through the following sequential operations:

Step 1: Transport of Eddy Viscosity First, the subgrid coefficient is updated explicitly using
the flow state from the previous step. This ensures the eddy viscosity is known prior to the momentum
solve.

C™H = aC™ + B (157 - 1) (13)

To ensure strict thermodynamic consistency (non-negative dissipation), the implementation explicitly
clips negative values that may arise from transient numerical undershoot:

Vepf = v + max(0, C" 1) A?|S"| (14)

Step 2: Velocity Prediction (The Momentum Step) We compute an intermediate velocity
field, denoted as u*, by solving the momentum equation without the pressure gradient term. This
field accounts for advection, diffusion (using vers), and external forcing F, but does not yet satisfy
mass conservation:

———— =" VU + V [veg (VU + (Vu)D)] + F (15)

Step 3: Pressure Poisson Solve To enforce the continuity constraint (V - u"*! = 0), we solve a
Poisson equation for the pressure field p"*!. The source term for this equation is the divergence of
the intermediate velocity:

VI = (V- u) (16)
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Step 4: Velocity Correction Finally, the intermediate velocity is projected onto a divergence-free
space by subtracting the pressure gradient, yielding the final velocity for the new time step:

At
un+1 —u* = 7vpn—i—l (17)

7.3.2 Thermodynamic Consistency Proof

A requirement for any physically consistent turbulence model is adherence to the Second Law of
Thermodynamics: in the absence of external forcing, the total kinetic energy of the system must
decay.

Let K be the total kinetic energy integrated over the domain €2:

K:/ lu-udV (18)
Q2

Taking the time derivative of the momentum equation and integrating by parts (assuming periodic
boundary conditions), the contribution of the advection and pressure terms vanishes. The rate of
change of energy is governed solely by the dissipative term:

W Jorm () av (19)

For the system to remain stable (monotonic energy decay), we require the dissipation rate to be
non-negative:

dK

S0 = rtu >0 (20)
Proof of Stability:

1. The molecular viscosity v is strictly positive.

2. The squared velocity gradients (Ou;/0x;)? are non-negative.

3. The numerical implementation (Eq. 14) defines the eddy viscosity as 14 = max(0, C"T1)A2|S"|.

4. Since |S™| > 0 and max(0,z) > 0, the turbulent viscosity 14 is strictly non-negative by construc-
tion.

Consequently, the condition vef; > v > 0 holds globally. While the transport equation naturally
promotes positivity via positive source terms () and proportional decay (« < 1), the explicit clipping
operation provides a mathematical guarantee that the model remains dissipative and thermodynam-
ically consistent even in the presence of numerical errors. This analytic proof is consistent with the
empirical stability observed in the TGV verification data.

8 High-Reynolds Number Stress Test

To rigorously evaluate the numerical stability and physical adaptability of the derived Transport Equa-
tion, we performed a final ”Stress Test” at a Reynolds number significantly exceeding the resolution
capacity of the 642 grid.

8.1 Experimental Setup

In standard LES, if the grid resolution is too coarse for the Reynolds number, the energy cascade ”piles
up” at the smallest resolved scales (the Nyquist limit), leading to aliasing errors and catastrophic
numerical divergence (explosion).

To simulate this regime, we modified the Channel Flow parameters from Section 6.2:

1. Viscosity Reduction: Molecular viscosity v was reduced by a factor of 10 (from 0.001 to
0.0001).



2. Forcing Increase: The driving pressure gradient was increased from 0.5 to 0.8.

These changes drive the Reynolds number toward Re ~ 10°. At this scale, a standard Smagorinsky
model with a fixed constant often fails—either providing insufficient damping (explosion) or excessive
damping (laminarization).

8.2 Dynamic Response Analysis

The simulation was run for 3400 time steps. The results (Table 4) demonstrate the model’s capability
to self-regulate in response to the increased chaotic energy.

Step Re Velocity Flow State Mean C Max C

0 53,882 1.71 Initialization 0.002 0.019
500 61,875 1.97 Transition 0.055 0.455
1000 68,601 2.18 Acceleration 0.054 0.733
2000 81,416 2.59 High-Speed 0.063 1.464
3000 91,772 2.92 Extreme Turb. 0.084 2.186
3400 97,435 3.10 Peak Load 0.096 2.471

Table 4: High-Reynolds Stress Test Data. The Reynolds number approaches 100,000. Despite the
coarse grid, the simulation remains stable because the model automatically ramps up the eddy vis-
cosity.

8.3 Mechanism of Stabilization

The data reveals two distinct stabilization mechanisms provided by the Transport Equation:

8.3.1 Global Adaptation (Mean C)

As the Reynolds number increased from = 50,000 to ~ 100, 000, the flow structures became more in-
tense. The source term (3]S/||€2| naturally produced higher values, raising the global average coefficient
from 0.055 to 0.096. This effectively ”thickened” the fluid globally to compensate for the lack of grid
resolution.

8.3.2 Local Intermittency (Max C)

Crucially, while the average viscosity remained low (0.096), the mazimum local viscosity spiked to
extreme values (2.471). This indicates that the model is acting as a Local Emergency Brake. In
specific regions of violent shear and rotation (where numerical explosion is imminent), the source term
|S]|€2| becomes very large, momentarily creating a high-viscosity zone that dissipates the dangerous
energy spike before relaxing back via the memory term a.

8.4 Comparative Adaptivity

The robustness of the derived constants (o = 0.9652, 5 = 0.00101) is highlighted by comparing the two
Channel Flow experiments. The exact same mathematical model adapted to two completely different
physical demands without manual retuning.

Regime Driving Force Molecular v Resulting Mean C
Standard Channel 0.5 0.0010 0.035
High-Re Channel 0.8 0.0001 0.096

Table 5: Adaptivity of the derived law. When molecular viscosity was lowered by a factor of 10, the
temporal relaxation model automatically tripled the turbulent viscosity to maintain stability.



This confirms that the derived equation is not merely an overfitting of the training data, but a
generalized representation of the relationship between resolved flow structure and subgrid dissipation.

Accuracy benchmark vs. DNS (TGV)

Figure 1 compares the kinetic-energy decay of the proposed temporal-relaxation closure against DNS
ground truth and standard baselines. To quantify agreement independent of small offsets in initial
energy, we report errors in the normalized decay curve E(t)/E(0). The reference simulation was
performed pseudo-spectrally on a 1283 grid and verified to be well-resolved via a standard Epaxn
check (kmaxn 2 1.0).

Accuracy Benchmark: Energy Decay vs. Ground Truth
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Figure 1: Taylor-Green vortex (TGV): kinetic-energy decay compared to DNS ground truth. The
proposed temporal-relaxation model tracks DNS more closely than Smagorinsky and WALE over the
full time window, minimizing artificial dissipation during the transitional phase.

Table 6: Energy-decay accuracy vs. DNS. Errors are computed on the normalized decay curve
E(t)/E(0). The proposed model achieves the lowest RMSE, indicating superior tracking of the energy
cascade trajectory.

Model RMSE (E/E;) Final rel. error AFEy

Smagorinsky 9.48 x 1074 —2.02 x 1073 —1.17x 1074
WALE 7.86 x 1074 —1.68 x 1073 —7.40 x 107°
Temporal Relaxation (Ours) 6.06 x 1074 ~1.39 x 1073 -3.80 x 107°

Spectral accuracy benchmark

In addition to bulk energy decay, we evaluate the multiscale energy distribution via the isotropic
kinetic-energy spectrum F(k) (Figure 2).
Table 7 quantifies the spectral fidelity using a log-spectrum RMSE over the DNS-resolved band.
At early times (¢ ~ 0.05), the WALE model performs best, as it utilizes instantaneous velocity
gradients to detect wall-like structures before significant flow history has accumulated. However,
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Figure 2: Evolution of the kinetic-energy spectrum E(k). The temporal relaxation model (Blue)
avoids the excessive high-wavenumber damping seen in Smagorinsky (Red) at late times.

as turbulence develops (¢ > 0.20), the Temporal Relaxation model outperforms both baselines.
This confirms that incorporating Lagrangian history provides a superior representation of the energy
cascade during fully developed turbulence and decay.

Table 7: Log-spectrum error vs DNS. Lower values indicate a better match to the ground truth energy
distribution.

Model t~0.06 t=0.20 ¢=~0.50
Smagorinsky 2.818 3.195 6.005
WALE 2.178 3.087 4.792

Temporal Relaxation (Ours)  2.515 2.989 4.470

In addition to kinetic-energy decay, we evaluate the isotropic energy spectrum F(k). Using a log-
spectrum RMSE over the DNS-significant wavenumber band, the temporal-relaxation closure is the
most accurate model at intermediate and late times, and remains competitive with WALE at early
time.

9 Reproducibility: Drop-in Implementation

This section provides a minimal, solver-agnostic implementation of the proposed temporal-relaxation
SGS closure. The model is intended to be a drop-in eddy-viscosity update for LES codes that already
support a variable effective viscosity veg = v + v4.

9.1 Required inputs (per control volume / grid point)

At each time step, the update requires:

e The resolved velocity gradient 0u;/0x;,

The local filter width A (typically tied to grid spacing),

The time step At,

Molecular viscosity v,

e The previous coefficient value C™ (stored as a scalar field).

9.2 Definitions

We define the resolved strain-rate tensor and its magnitude
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and the resolved vorticity magnitude

w=Vxi, |Q=|w = (ww)?. (22)

9.3 Model update and eddy viscosity
The temporal-relaxation model is applied pointwise:
cmtl =a 0™ + 157 |1Q", (23)
followed by an eddy-viscosity evaluation with a non-negative dissipation safeguard:
v = max(0,C" ) A% |57, vl = v 4 ptl (24)

The max(0, -) clipping provides a strict guarantee of non-negative modeled dissipation in the momen-
tum solve.

Time-step scaling note. If 5 was calibrated at a fixed At (as in this study), portability across
time steps may be improved by scaling the production term linearly with At:

CmH = aC™ + By AL |5 |7, (25)

where [y is time-step independent. In practice, this amounts to defining § = fyAt. (For the results
reported here, a and § are used exactly as calibrated.)

9.4 Recommended filter width A

For structured grids, a common choice is A = (Az Ay Az)'/3. For unstructured grids, A may be
taken as the cube root of the cell volume, A = V/3. If an explicit LES filter is already used in the
code, A should match the corresponding filter width.

9.5 Reference implementation (C/C—++)

Listing 1 provides a minimal C/C++ routine that (i) computes |S| and || from the velocity gradient,
(ii) updates C, and (iii) returns veg. The implementation corresponds to Eq. (23) as written (i.e., 8
is used in the same convention as calibrated).

Listing 1: Minimal C/C++ drop-in implementation of the temporal-relaxation SGS closure.

/// Drop-in temporal-relazation SGS closure update.

/// Inputs:

/// gradU[i][5] = d(ubar_i)/dx_j  (resolved velocity gradient)

/// Cn = previous C value

/// alpha, beta = calibrated coefficients

/// Delta = filter width

/// nu = molecular viscosity

/// Outputs:

///  Cnpl = updated C

/// Returns:

///  nu_eff = nu + nu_t (with non-negative dissipation safeguard)

inline double temporalRelaxationClosure(
const double gradU[3][3],
const double Cn,
const double alpha,
const double beta,
const double Delta,
const double nu,
double& Cnpl
)
// Strain-rate tenmsor S_ij = 0.5 (du_i/dz_j + du_j/dz_1)
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double S[3]1[3];
for (int i=0;i<3;i++){
for (int j=0;j<3;j++){
S[i][j] = 0.5x(gradu[i] [j] + gradU[jl[il);
}
}

// 18] = sqrt( 2 * S_ij S_ij )
double S2 = 0.0;
for (int i=0;i<3;i++){

for (int j=0;j<3;j++){

S2 += S[il[j1*S[il[j1;

b
b
const double Smag = std::sqrt(2.0%S52);

// Vorticity omega = curl u

// omega_z = d w/dy - d v/dz

// omega_y = d u/dz - d w/dz

// omega_z = d v/dz - d u/dy

const double omega_x = gradU[2][1] - gradU[1][2];

const double omega_y = gradU[0][2] - gradU[2][0];

const double omega_z = gradU[1][0] - gradU[0][1];

const double Omag = std::sqrt(omega_x*omega_x + omega_y*omega_y + omega_z*omega_z) ;

// Update C
Cnpl = alpha*Cn + beta*(Smag*Omag) ;

// Eddy viscosity with positivity safeguard
const double Cpos = (Cnpl > 0.0) 7 Cnpl : 0.0;
const double nu_t = Cpos * (Delta*Delta) * Smag;

return nu + nu_t;

9.6 Integration points in common LES code structures

The closure is compatible with many LES implementations that compute an eddy viscosity field each
step.

Finite volume / finite difference (generic).
1. Compute Va" from the resolved field.

2. For each cell/node, update C"*! using Eq. (23).

+ n+1

3. Compute v/ and v/4! using Eq. (24).

4. Use u:g 1in the viscous term of the momentum step.

OpenFOAM-style eddy viscosity hook (pseudocode). In codes that expose a turbulent vis-
cosity field nut (or equivalent), the model can be implemented as:

forAll(cells, celll)

{
gradU = fvc::grad(U) [cellI];
nuEff [celll] = temporalRelaxationClosure(gradU, C[cellI], alpha, beta,
Deltal[cellIl, nu, Cnewl[cellI]);
nut [cellI] = max(0, Cnew[cellI]) * sqr(DeltalcellI]) * Smag[celll];
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}
C = Cnew;

The precise variable names differ across solvers; the only requirement is access to grad (U) and a place
to store C.

9.7 Reproduction checklist

To reproduce the benchmark comparisons in this work:
e Use the reported («, 3) values and the same definition of |S| and |€].
e Ensure A is consistent with the LES filter width used in post-processing of the training data.
o Verify that the same time step and nondimensionalization conventions are used (or apply Eq. (25)).

e Compare against standard baselines (e.g., Smagorinsky, WALE) using identical grid, time step,
and forcing.

10 Conclusion

This study presents a data-driven derivation of a turbulence closure model designed to address the
known limitations of static algebraic closures in Large Eddy Simulation. By leveraging Sparse Symbolic
Regression and Monte Carlo validation against high-fidelity DNS data, we have identified a robust
candidate for the governing dynamics of the subgrid eddy viscosity coefficient.

10.1 Limitations of Static Assumptions

Our analysis highlights a significant deficiency in standard eddy-viscosity closures (e.g., Smagorin-
sky/WALE) when applied to transitional or non-equilibrium flows. We observed that the instantaneous
local strain rate accounts for negligible variance (R? = 0) in the computed ideal subgrid coefficient
Cideal 01 the TGV-derived dataset. This suggests that the assumption of local equilibrium—where
production equals dissipation instantaneously—is invalid for the spatiotemporal scales resolved in this
study.

10.2 The Temporal Relaxation Hypothesis

The high accuracy (R? ~ 0.95) of our derived transport equation supports the hypothesis that subgrid
viscosity possesses significant temporal inertia. The discovery of a strong auto-regressive coeflicient
(v = 0.9652) indicates that turbulent structures persist over characteristic timescales that exceed the
local deformation timescale. Consequently, a transport equation is necessary to capture the history
effects inherent in the energy cascade.

10.3 Physical Consistency and Robustness

Perhaps the most significant finding is the identification of the source term 5(|S]|€2]). The sparse-
regression search over candidate invariants consistently favored ||S|| ||€2|| as the dominant source term.
This provides independent, data-driven corroboration of the vortex stretching mechanism as the pri-
mary driver of the energy cascade.

The derived coefficients (o = 0.9652, 5 = 0.00101) demonstrated remarkable robustness. When
deployed in a C++ finite difference solver, the model successfully stabilized two fundamentally different
flow regimes—decaying isotropic turbulence and driven wall-bounded channel flow—without the need
for manual retuning. This suggests that the derived relationship captures a fundamental, rather than
situational, characteristic of turbulent energy transfer.
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10.4 Future Outlook

While these results are promising, they represent a specific range of Reynolds numbers and grid
resolutions. While not a formal proof of optimality, the proposed closure is empirically self-consistent:
it is learned from DNS-derived targets and remains stable and predictive when coupled back into the
Navier—Stokes solver across multiple regimes.
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