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Abstract

This paper develops a comprehensive mathematical framework for modeling the coupled hydroe-
lastic dynamics of sea-ice floes of arbitrary shape and non-uniform thickness under linear ocean
wave forcing. We simultaneously incorporate four dominant rigid-body motions (heave, surge, roll,
pitch) and the complete spectrum of flexural deformation modes within a unified Green function
formulation. The water flow is modeled using potential theory with Laplace’s equation, while
the floe obeys a generalized Kirchhoff-Love plate equation with spatially varying flexural rigidity.
We formulate the coupled fluid-structure interaction problem through kinematic velocity-matching
conditions and dynamic pressure-continuity conditions at the ice-water interface. The elastic eigen-
problem with free-edge boundary conditions yields a complete orthogonal basis of deformation
modes, accounting for added mass effects through modified natural frequencies. By decomposing
the velocity potential into partial potentials associated with incident waves, scattered waves, rigid
motions, and elastic modes, we reduce the problem to a system of Fredholm integral equations of
the second kind for surface density functions on all boundary segments. The solution methodol-
ogy employs single-layer potential representations with fundamental Green functions for Laplace’s
equation. We present explicit formulations for all boundary conditions in compact tensor form,
provide asymptotic analysis for the spectrum of non-uniform thickness floes, and discuss resonance
phenomena arising from the interaction between incident wave frequency and natural vibration

modes.

I. INTRODUCTION

The interaction between ocean waves and sea ice represents a fundamental problem in polar
ocean dynamics, with significant implications for climate modeling, maritime operations, and
understanding the rapidly changing Arctic and Antarctic environments. This report provides
a comprehensive review of the mathematical-physical theoretical framework for modeling
the dynamics of sea-ice floes under linear plane ocean waves, with particular emphasis on
Green function methods. Sea-ice floes in the marginal ice zone exhibit complex hydroelastic
behavior when subjected to ocean wave forcing. The floes simultaneously undergo rigid-body
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motions (heave, surge, sway, roll, pitch, and yaw) and elastic deformations that can lead to
fracture. Understanding these coupled dynamics is essential for predicting wave attenuation

in ice-covered seas, ice breakup patterns, and the evolution of floe size distributions.

This topic attracted much attention in the recent years. In water wave theory the most
studied situation, both by analytical and numerical techniques, is the wave interaction with
a single or with an array of floating of fixed bodies with axial symmetry. In the complex
dynamics of floating systems, the main parameters to take into account are the nature of
the wave field, and the geometry and material properties of the body. Clearly, in order to
obtain a more realistic model one can work in a larger parameter spaces, including currents,
bathymetry, wind interaction, thermodynamics of the sea, wave run-up during unavoidable

over-topping events in rough seas, etc.

The mathematical modeling of sea-ice floe dynamics under ocean wave forcing has evolved
significantly over the past several decades, driven by advances in both computational meth-
ods and analytical techniques for fluid-structure interaction problems. The foundational
work on floating body dynamics in the naval architecture community, particularly the sem-
inal contributions in [I, 2] and [3, 4], established the theoretical framework for analyzing
rigid body motions of axisymmetric structures in waves. These early studies focused pri-
marily on six degrees of freedom for rigid body motion—heave, surge, sway, roll, pitch, and
yaw—treating the floating body as completely rigid and often restricting attention to bodies

with circular horizontal cross-sections.

The extension of these methods to ice floe modeling began with investigations of wave at-
tenuation in ice-covered seas, where researchers recognized that elastic deformation of the
floe could play a crucial role. In [5] the authors studied spectral evolution of waves in
dispersed ice fields, while in [9] the authors provided a comprehensive review of wave-ice
interaction phenomena, highlighting the hydroelastic nature of the problem. The Green
function method emerged as a particularly powerful approach for these problems, as demon-
strated by a series of influential papers [6-8] T0-14]. These works treated circular ice floes
with uniform thickness, solving coupled problems involving rigid body motions and elastic
flexural deformations using potential flow theory for the water and thin plate theory for the

ice.



The treatment of elastic deformations in ice floes has traditionally employed either the
classical Kirchhoff-Love plate theory or its generalizations. For uniform thickness plates, the
eigenvalue problem associated with free edge boundary conditions admits clean separation of
variables in polar coordinates, yielding orthogonal basis functions characterized by radial and
circumferential mode numbers [I5HI7]. Several studies have computed natural frequencies
and mode shapes for circular plates, both in vacuum and in contact with fluids [18-2§],

providing essential data for understanding added mass effects and fluid-structure coupling.

From a hydrodynamic perspective, the standard approach follows classical potential flow the-
ory with appropriate boundary conditions on the free surface, seabed, and fluid-structure
interface. The linearized Bernoulli equation relates pressure to the velocity potential, while
kinematic boundary conditions ensure velocity continuity at interfaces. For problems in-
volving scattered waves, absorbing boundary conditions at artificial far-field boundaries are
essential; these range from simple Sommerfeld conditions [29-33] to more sophisticated ap-
proaches such as Bayliss-Turkel or Engquist-Majda conditions [29-31], and exact Dirichlet-

to-Neumann boundary conditions [31].

The solution methodology typically employs either boundary integral equations or Green
function representations. The Green function approach, utilizing fundamental solutions of
the Laplace equation [10-14), [34H36], reduces the problem to Fredholm integral equations of
the second kind for surface density functions. This method has proven particularly effec-
tive for computing hydrodynamic forces, added mass coefficients, and damping coefficients

needed to describe the floe’s dynamic response [1H4) (9, [18], 26].

Recent work has begun to address more complex scenarios. Khakimzyanov and Dutykh [37]
explored long wave interactions with partially immersed bodies using multiple approaches in-
cluding fully nonlinear weakly dispersive models and Boussinesq-type equations. Evans [26]
developed theory for wave-power absorption by oscillating bodies, relevant to understanding

energy dissipation mechanisms in ice-wave systems.

Despite these advances, the existing literature exhibits notable limitations. The vast ma-
jority of studies have focused exclusively on either large, thick, rigid floes where elastic
deformations are negligible and only rigid body motions (heave, surge, pitch, roll) are con-

sidered, or on very thin, effectively massless floes where elastic flexural modes dominate



but inertial effects are ignored. Furthermore, nearly all analytical treatments have been re-
stricted to axisymmetric geometries with uniform thickness, primarily circular disks. While
some recent work [6H8], 1] has attempted to address arbitrary geometries, these extensions
remain limited and have not fully incorporated the effects of non-uniform thickness dis-
tributions combined with realistic mass properties and simultaneous rigid-elastic coupling.
The present work addresses these gaps by developing a comprehensive model for ice floes
of arbitrary shape and non-uniform thickness, treating both rigid body motions and elastic

deformations on equal footing within a unified Green function framework.

In this paper we analyze the dynamics of interaction between a floe of arbitrary shape (with
low aspect ratio of the horizontal section) and non-uniform thickness, with elastic properties
including flexural deformation, also considering the rigid motions of the floe (heave, surge,

roll, pitch).

The paper is organized as follows. In section [[I] we introduce the model consisting in a
compact ice floe of arbitrary shape with low aspect ratio for the horizontal section. In
subsection [T A] we present the basic hypotheses of the model. The floe region denoted Rp is
considered as a linear elastic body, freely floating over a region of water denoted Rr. We do
not limit in this model to floes of axial symmetric shapes, yet we do not consider floes with
one size way larger than the others. The model can be used for any circular, or polygonal
shape, or irregular shapes that can still be bounded by two concentric circles of close values
for the radii. Moreover, we consider non-uniform thickness d(r, #) floes where the thickness
function is not necessary axial symmetric. The boundaries of regions Rp, Rp are divided in
sub-surfaces Sg, Sr, Sy, S; representing the rigid bottom, the free water surface, a vertical
cylindrical surface considered an artificial boundary for the scattered solutions, and the
interface between the floe and water, respectively. The water is considered ideal fluid in
potential flow obeying the Laplace equation for the potential. The degrees of freedom of
the floe are identified and classified in four types of dominant rigid motions (heave, surge,
roll, pitch labeled by k& = 1,...,4) and in the flexural normal modes of vibration of the
floe, labeled by a multi-index o« = (j,m). For each degree of freedom we introduce the
corresponding flow potential, and their linear combination forms the solution for the water
flow. In addition, we have the incident waves potential ¢_; whose characteristics (frequency,

wave number, wave height) are the free parameters of the model.



In subsection [[IB| we introduce all boundary conditions for this model. Namely, we use
non-penetration free-slip boundary conditions at the water bottom, scattering conditions
for the scattered potential ¢q at the interface, kinematic velocity matching conditions at the
interface Sy, first-order absorbing boundary conditions at the artificial boundary S,, free
water surface Bernoulli conditions, and dynamical boundary conditions between the fluid

pressure and the elastic pressure in the floe at the interface S;.

In section [[T]] we discuss the elastic model for the floe using a Kirchhoff-Love, non-uniform
thickness, non-uniform flexural rigidity approach. We obtain the equation for the transverse
deflection w of the interface Sy, and for the pressure P. We use free edge boundary condi-
tions, formulate the eigen-problem, and present the spectrum, and the orthogonal basis of

the eigenfunctions, i.e. the normal modes (j, m).

In section [[V] we describe the coupling conditions for the boundary conditions at the inter-
face S; between the elastic modes and the fluid. We obtain for the flow partial potentials
®jm, the pressure P at the interface and the transverse deflection w expansions in series of
normal modes. Using the previously described eigenproblem and both the kinematic and
the dynamic boundary conditions, we eliminate the pressure and deflection from the system
and obtain solutions for the partial potentials. The time dependence is described by normal

frequencies of vibration in vacuum, corrected for the added mass effect of water.

In section [V] we introduce the boundary conditions associated to the floe rigid motions. We
calculate the normal to the interface S; using differential geometry. We analyze each rigid
motion degree of freedom and obtain exact analytic expressions, in the linear approximation

of small oscillations for all these modes heave, surge, roll, and pitch.

The interactions between water and the dynamics of the rigid modes is developed in sub-
section [VEl We use the dynamical boundary conditions for such rigid motions and obtain
expressions for generalized forces (i.e. forces and momenta) in the Bernoulli linear approx-
imation. Using the conventional way for treating the motion of a floating body, by the
added-mass coefficients and damping coefficients, we obtain the corresponding matrices and
gather all these information into and algebraic equation for the amplitudes of the rigid

motions &.



The main result of the paper is presented in section [VI| where we obtain the general solution
for the potential and the floe dynamics. We re-write all the boundary conditions for all
the sub-surfaces presented above in a compact tensor form, with coefficients classified in
three tables. The Laplace equations can now be solved using variable coefficient Robin
type of boundary conditions for each degree of freedom. Using the single layer potential
representation of solutions, and the Green function method we obtain the solutions for
every partial potential in terms of integral representations, where the density functions
obey Fredholm types of integral equations of the second kind, for all degrees of freedom. In
continuation, from the potential expressions we obtain solutions for the transverse deflection
of the plate and the rigid motions. We discuss time dependence for various incident waves

of excitations and possible resonances.

In Appendix A we present an example of analytic solution for the flexural eigenproblem with
free edge boundary conditions under the assumption of an axis-symmetric top-down conical
shape with a linear expression for the ice thickness, and we develop an asymptotic analysis

to demonstrate calculation of the spectrum.

In Appendix B we present an example of calculation of the natural frequencies of elastic

modes in vacuum with free edges boundary conditions for a disk of uniform thickness.

II. THE MODEL EQUATIONS

A. Basic hypotheses

We study a linear model of interaction between a deformable sea-ice floe and surface water
waves. The water is considered incompressible (homogeneous e.g. salinity), inviscid and the
flow is irrotational with surface tension neglected. The surface waves are asymptotically lin-
ear long-crested (plane) monochromatic waves with small amplitude compared to the water
depth. Tides, currents, convection motion, winds, and Coriolis force contributions are also
neglected for the time and space scales considered. The ice floe Rg Fig. [1|is represented by
a quasi-planar body (nonuniform lamina or planoid) laterally bounded by a nearly-circular

contour, having homogeneous distribution of physical parameters inside, non-uniform thick-
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FIG. 1. A quasi-planar ice floe region Rg of non-uniform thickness d floating over the water domain
Rp which is bounded by the free water surface Sg, interface with the floe Sy, horizontal water bed

Sp at z = h and auxiliary cylindrical surface S, .

ness d, obeying linear elastic equations, and having its horizontal extension much larger than

its average thickness. Phase changes at the ice floe surface are also neglected.

In the present literature [1H3] [5HI4], the time dependence of all quantities is introduced in
the Fourier representation, and occasionally a certain Fourier component is separated and
used for the asymptotic region of the water waves which interact with the floe. In this case
the velocity potential is thus expressed ®(7,t) = Re[¢(7) exp(—iwt)] with V = Re[V®(7, )]
and A¢ = 0. In this study, based on the linear approximation, we still consider a separation
of variables in the form space-time, but with general time dependence ®(7,t) = Re[p(7)¢(t)]
with V = Re[V®(7,t)] and A¢ = 0.

We consider a Cartesian system of coordinates with the (x, y)—plane parallel to the quiescent
surface, and z—axis downwards, and when is the case we use the polar coordinates denoted
7 = (1,0, z) unless otherwise specified. The water domain Rp is bounded by a piece-wise
smooth surface ¥ = Srp U S; U SpU S, consisting in the free water surface Sr where we can
approximate z = 0 for small amplitude waves, the interface between water and the floe Sy,

the horizontal bed S placed at a depth z = h > 0, and an auxiliary vertical cylindrical



surface S, of radius o added for computational truncation of a the semi-infinite region of the
ocean, assumed to obey non-reflecting conditions Fig. [T Once a formal solution is obtained

using the Green function method, the surface S, can be expanded to infinity.

Following [3, [6H8], T2H14! [I8] we consider the potential as a linear combination of independent
partial potentials associated with the following scenarios: incident wave (or asymptotic
potential) ¢_;, scattered waves of the rigid surface ¢g, and waves generated by the floe
degrees of freedom of rigid motions ¢, k = 1,...,4. The most relevant independent degrees
of freedom of rigid motion, when floe is excited with long-crested monochromatic waves
along the = direction, are: heave (translation along z) for k = 1, surge (translation along x)
for k = 2, roll (rotation around z) k = 3, and pitch (rotation around y) for k = 4. To each
such mode we associate an amplitude of motion &, k =1,...,4 and we treat these degrees

of freedom as small linear oscillations.

We add to these rigid motions degrees of freedom new independent degrees of freedom for
the elastic modes of deformation the floe (flexural modes) denoted ¢,, where « is a multi
index determined by the spectrum and orthogonal basis of eigenfunctions of the elastic floe

problem.

Each such partial potential obeys the Laplace equation, and we have:

4
6= &bkt b Ao =0, Ady=0, ¥€ Rp, (1)
k=0 «

where we included in the partial potentials generated by rigid motions degrees of freedom

the amplitude of motions & [IH5] [18].

The incident potential is described in our model by linear long-crested waves, traveling along
the x direction [3]:

_igAcosh[k(z — h)]

IKT 2
2w cosh(kh) < 2)

P11 =

with ¢ gravitational constant, and where parameters k and A = 27 /k are the wave number
and the wavelength, respectively, associated to the Fourier component w of the linear waves,

and they are determined by the linear waves dispersion relation w = y/ gk tanh(kh).
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B. Boundary conditions

To Egs. (1) we associate two type of boundary conditions (BC). The first type, kinematic

BC are given as follows. We use the usual non-flow condition at the bottom surface Sp:

—0. (3)

The scattered waves ¢ are generated by total reflection of the incident potential ¢_; off the

rigid surface Sy considered fixed [IH4]:

<% + a¢‘1> =0, (4)
St

ov ov

where 9/0v is the normal derivative at surface S; of unit normal 7/ in its equilibrium position,

in absence of motions and flexural deformations.

The kinematic boundary conditions at S; are obtained from matching the solid interface
velocity with the fluid velocity, for each mode of motion and deformation, and for each
partial potential, respectively. In the approximation of ideal fluid this boundary condition
requests that the normal component of the fluid velocity relative to the piston must be zero
at the piston surface (no-penetration condition). The tangential component doesn’t appear
in this boundary condition because ideal fluids have no viscosity, so there is no constraint

on tangential motion, and the fluid can freely slip along the surface. We have:
—| =, k=1,...,4and —| =v,,, (5)
I

where 1, U/, are the unit normal vectors to S; while in motion with mode k, or deformed
under the mode «. Here vy, v, are the velocities of the surface S; corresponding to the degree
of freedom k, o, and v, = Uy - Uy, Vpo = Uy - U, If we consider the ice surface S; rough and
we consider water viscosity, there will be tangential shear forces, and the flow will include a
non-potential component. In this case we need to use in addition to the normal boundary
condition Eq. 1} a tangent, no-slip boundary condition (Vk X Ug)s; = (Ug X Ug)s,. Near
the rough surface, viscous effects create a boundary layer where velocity transitions from
the S; velocity to the outer flow. The tangential velocity discontinuity at the Sy surface
generates vorticity, making the flow rotational near the ice interface. In this case we should

use the Helmholtz-Hodge decomposition of the fluid velocity field and consider, besides the
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potential flow, a vortical component for water velocity generated by the shear stress. In
this study, we neglect this rotational component; however, such a component can always be

added to our model.

Finally, at the artificial boundary S, we impose a first-order absorbing boundary condition

- 28) 0o k= 00
(m(bk ar)Sa—Ofork:—O,...,4and <m¢a o )SJ_O, (6)

which approximates the Sommerfeld behavior [8, 11, 32, B3] and it is generally valid if the
radius o of the auxiliary cylindrical surface S, is much greater than the typical wavelength
of the incident water waves, and/or if the potentials are dominated by the radial oscillation
(small angular variation). In principle this condition produces reflections (error depends on
wavelength, angle of incidence, and ), but in the case of not very wide and close to circular
shape ice floes it is sufficient. Higher-order local conditions like Bayliss—Turkel [29], or
Engquist-Majda [30] reduce reflections by including angular derivatives and higher powers
of 1/r, yet again, in our case we do not need this degree of precision, especially since in
practical cases h,o — 0o. Alternatively, we could use a nonlocal Dirichlet-to-Neumann [31]

O = kHG (R0) 2
W(O’,e): Z H—(Trpgbk’me 0, ]{IZO,...,4, (7)

m=—o0
where ngm is the m—mode of the Fourier transform of the potential ¢, with respect to az-
imuth angle . However, the implementation of the condition in Eq. requests truncation

of the involved Fourier series, so for our geometry this condition is not more precise than
Eq. (6).

In the following, we implement the dynamical BC. For the free water surface we use the
linearized Bernoulli equation coupled with the linearized kinematic free surface condition
[T, 2, (18, 45]:

Obp . %oy,
il =0 wh =0,....,4 s + 5
(g ;" + 2 . 0 where £k =0,...,4and (g " 2

The most complex dynamical BC occurs at the interface S; because of the coupling between

. 20) L
Sp

the motions and deformation modes of the elastic body and the hydrodynamic pressure

underneath. Following [6H8] (111, 13], 14} 26}, [45] we have for each flexural mode o = (j, m),

_ (9% _ ) 9

again from the linearized Bernoulli equation

961

P =-
5 ot

k=1,...,4 and P,

)
St
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where p is the density of water, and w,, is the local vertical floe displacement associated to

the flexural mode «, to be defined rigorously in the next section.

III. THE ELASTIC MODEL FOR THE FLOE

In order to evaluate the pressure response of the elastic floe we use the Foppl-von Karman
elastic plate model for non-uniform thickness [15, 25, 38|, 46], yet with uniform distribution
of the other mechanical and elastic parameters. We describe the floe interface with water
St with a function r = R(0, z,t), and the thickness of the floe a function d(r,6). In our
model, since we consider the floe as a quasi-planar elastic body, we need to elaborate on the
transverse (vertical) displacement w(r, 6,t) of the interface S;. From the point of view of
the interaction with water, we take into account the arbitrary geometry of the interface Sy
through r = R(0, z,t), but in the study of the elastic deformation of the floe we consider

only its transverse displacement as the only independent variable.

For the elastic bending part of the model, the most general governing equation for the

transverse displacement w(r, 0, t), has the form [I5HI7, 3]

82
V- [DV(Aw)] - VD - V(Aw) + peda—;" — P, on Sy. (10)
where D is the non-uniform flexural rigidity
Ed3(r,0)
D = —1 7 11
(r.9) 12(1 — 12)’ (11)

and P(r,0,t) is the pressure of the water on the interface S;. Here p., E, v, are the floe
density, Young’s modulus, and Poisson’s ration for the floe, respectively, and have uniform
values through its volume Rg. The first term in the left term represents the biharmonic
operator with variable coefficients from the Kirchhoff-LLove model, and the second term

represents curvature coupling terms [15] 25, [38].

For floes of lateral size in the range from tens to hundreds of meters, thickness in the range
Im < d < 3m and typical ocean long-crested waves with wavelength in the range of tens of
meters, we have a very small gradual thickness variation € = (dyar — dmin)/dmean < 1072,

meaning that the thickness changes in average around 1% per 5— 10m radially. Ocean waves
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with wavelengths comparable to or larger than the floe dimension (typical for long-crested
waves) also produce smooth, large-scale deflection patterns. The bending wavelength is
much larger than the thickness variation scale. In addition we consider a small deflection
regime in the range w ~ O(0.1 — 1)m giving w/d ~ 0.1 — 1, which is a small deflection
regime. Consequently, since the geometric nonlinearity remains relatively weak, you can
safely neglect curvature coupling terms VD - V(Aw) in a first-order linear analysis. In the
following, we use the generalized Kirchhoff-Love model for non-uniform thickness [25 38|
40, 146]
0w

V - [DV(Aw)] + pedﬁ =P, on S]. (12)

In the generalized Kirchhoff-Love model the boundary conditions on the free edge of the
elastic floe [6H8] 1T, 15], 25], 28] 38, 140, [46] are given by annihilating the bending moment in
the normal direction, at the edge r = R(6,0,1):

0w
Ml, =-D |:W + VQAW] = 0, (13)
and also by annihilation of the effective shear (Kirchhoff effective shear) at the edge:
0 0 O*w
V=~ (DBw) - 2| DL = w) | = 0.0, (14

where v and s represent the normal and tangent directions to S;, respectively, and P, is the

applied normal pressure distribution.

In the present model, we neglect in Eq. the contribution of the normal pressure P,
applied by water on the edges of the floe, that is, for a narrow region of S; given by
r = R(0,z,t) with 0 < 2 < w. The reason is straightforward: the boundary conditions Egs.
, are used to complete a certain eigen-problem in order to build an orthogonal basis
for the modal expansion of the transverse displacement w(r,#,t). So the normal pressure
on the floe edge has contribution only for the normal modes of vibration of the flow, that is
for the degrees of freedom ¢; coupled with the floe vibrations. Nevertheless, for relatively
large and thick floes the contribution of the normal modes of vibration at the edge is pretty
negligible compared to the contribution of the solid movements of the flow (surge, heave,
pitch) on the edge. Consequently we can use the boundary condition of annihilation of the
effective shear Eq. as a homogeneous boundary condition at the edge:
0 0 0w ] B

V, = ——(DAw) — — {D(l - Ve)m

ov 0s (15)
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Eqgs. , form highly coupled system where the non-uniform thickness h(r, ) creates
a strong coupling between radial and azimuthal modes through the gradient terms of D. In
the case of uniform thickness, Eqs. , ) reduce to the Kirchhoff-Love displacement
equation for uniform thick plates [7, 8, [111 40l 4677 |.

Eq. coupled with appropriate homogeneous boundary conditions Egs. , and
considering the variable coefficients d, D to be smooth enough functions, provide a 2-dim
self-adjoint elliptic eigenvalue problem [I5] [38], that shares key properties with any Sturm-
Liouville Problem, like real eigenvalues Aj,,,, orthogonal eigenfunctions wj,,, completeness of
eigenfunctions, and variational characterization (Rayleigh quotient) [25] 40, 4T], [44], in the

form

Llwjm] =V - [DV(Lwjm)] = Ajmped Wjm, (16)

where L is a self-adjoint, biharmonic, variable-coefficient fourth-order operator. The eigen-

functions wj,, are orthogonal with respect to the weighted inner product

2m R(6,0,0)
/ / wjm(r, H)U_]j/m/ (7‘, e)ped(’l"7 0) dr df = 0’
0 0

for (j,m) # (j',m’). The difficulty involved by this general treatment of the floe is that,
compare to previous literature case studies [IH3, BHI4], one cannot separate variables into
R(r)©(#) anymore. This means that there is no more a clean decomposition into radial and
angular modes, and the (7, m) numbers lose their simple interpretation of radial and circum-
ferential mode numbers. The separation of variables and restoration of modes meaning can
still work in the non-uniform thickness case only if the floe has circular symmetry, that is if

the thickness function is described by d = d(r).

An example of asymptotic calculation of this eigen-problem, for axis-symmetric floe, is pre-
sented in Appendix A. In the general thickness case the self-adjointness and orthogonality
properties persist, but the practical utility of modal decomposition into radial and circum-
ferential modes is lost. Most importantly, we still have a complete orthogonal basis, even if

the modes are fully 2-dim.
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IV. COUPLING THE BOUNDARY CONDITIONS FOR THE ELASTIC DEFOR-
MATION MODES ON THE INTERFACE 5;

In this section we discuss the partial potential induced by the elastic deformation of the floe.
We follow the same mathematical procedure and steps as in [6H8], [T0HI4], but for our general
case. For all the functions defined on the surface S; we use the 2-dimensional (r,6) modal
expansion resulting from the eigen-problem Egs. , , for the elastic deformation of
the floe, because these modes form a complete orthogonal basis as described in the previous
section. In the following, we solve the system formed by all boundary conditions at the
interface Sy, namely Egs. , @, . We assume the following modal expansions for the

partial potentials and pressure on S7, and for the transverse displacement

¢flezural|5’1 = Z ¢a = Z wjm(ry e)ajm<t)7
« 7,m

P|51 = Zﬂjm(rv e)pjm(t)7

w =" Wi (r,0)bjm(?), (17)

where wj,, are the orthogonal basis of eigenfunctions from Eq. . We implement the
modal series from Egs. in the boundary conditions Eqs. , @, and obtain, for each

7, m respectively:

Ojm

Ui = Wi, (18)

3ujm J J J
P(Wjm @ + gWjmbjm) = —IjmDjm, (19)
LIwjm)bjm + pedwjmbiy, = jmpjm. (20)

We combine these equations to eliminate P,w and obtain one equation in terms of ¢ only,
which will also provide the characteristic equation for the time dependence. We plug Eq.

in the time differentiated Eq. and obtain

1 8w m 1
P(%‘m%m + ga—J%‘m) = —ILnpjm (21)
ij

Next, Eq. and time derivative of Eq. we can eliminate II;,

_p<¢jmajm +g . ajm) =L |:8ij Ajm + Pe 9 v, .- (22)
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This equation can be factored under the hypothesis a;’m = —Tfmajm for constant 7j,,, result-

ing in solutions for the time dependent part

ajm(t) = a3, and by, (t) = b9, 7", (23)

Using again Eq. and the eigen-problem Eq. we can re-write Eq. in the form

—p(—Tij%‘ma?m + gayf agm) = :I:zrjm)\jmpedwjmb?m - pedem 8; a?m. (24)
Jjm jm
or simply
b?m g )\jm pe pe
77Z}jm — :]:ZaT 7_— + dT__ + dem_ wjm. (25)
jm \Tjm jm P P

This expression confirms that the partial potential functions on the interface S; are propor-
tional to the eigenfunctions of the well posed flexural problem. For floes of uniform thickness
(d =constant) the partial potentials are proportional to the flexural eigenfunctions. From
Eqgs. , we have the value of the contribution to the potential of flexural deformations

in the interface Sy

A im Fe e i
(bfle:pural'S] =+i Z bjom (i + d]—p_ + dem%) wjmei”fmt. (26)
7,m

Tjm Tim P
Concerning the frequencies 7;,, we can make the assumption that they are given by the
modified natural frequency modes which take into account the added mass effect from the
fluid. This is actually a fundamental aspect of the modal decomposition approach for fluid-
structure interaction problems. Each partial mode 1), oscillates harmonically at the corre-
sponding modified natural frequency. The corrections for the added mass effect of water for

the elastic floe are given by [19-21]

2

[
2 Jjm
ij - 14+ Madd,jm (27>
Mfloe

where wj,, are the natural frequencies of mode (j,m) in vacuum, see Appendix B. The

coefficients myqq,jm can be calculated using the usual formula [19-24]
Madd,jm = p/ Yjm (1, )W)y, (r,0) dA
St

where we substitute for ¢, (r, ) the expression from Eq. (25)), resulting in an implicit
algebraic equation for 7;,. Next, the partial potentials on S; for each normal mode are
calculated using Eq. , and then the pressure on the interface S; can be obtained from
any of the last two equations in Eq. .
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V. BOUNDARY CONDITIONS ASSOCIATED TO RIGID MOTIONS

For the modes corresponding to the rigid motions of the floe &, kK = 1,...,4 we need to
evaluate the kinematic boundary conditions at the interface S; assumed rigid and in motion
Eq. , and the dynamic boundary conditions Eq. @D We parametrize the interface S;
in cylindrical coordinates 7s, = (r,0,d(r,0)) where d is the non-uniform thickness function.
The outer unit normal 7/ to this surface and its projections on the z— and z—axes are given

by differential geometry

—

dy - -
_drex - 7669 + €z

Ry
Il

@+ %41

—d, cos 6 1
_— VZ:—7
2, dp ’ 2, 4
2+ % +1 a2+ %241

where d, = 0d/0r,dy = 0d/060 and {é,,é} are the radial and azimuthal unit vectors.

(28)

Vyp =

In the following we use the approach introduced in [3], where the normal velocities of S;
from Eq. are obtained from geometric transformations, corresponding for each rigid

motion labeled by k =1,...,4, as we introduced them in the beginning of subsection [T B]

A. Heave mode kinematic boundary conditions, £ =1

We assume an oscillating horizontal motion of the floe in the x—direction, with amplitude
& (which for the moment is a free parameter) and frequency w. For the mode k = 1 the

boundary condition Eq. becomes

I¢

o0, = 1,6, - Vi = iwe™! (29)

St
or explicitly

= jwe™! (30)
St

—d, cos 6 ( O¢1  sinf Opy )
cos 6 —

/d2—|—@+1 or r  Or
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B. Surge mode kinematic boundary conditions, k = 2

For the surge motion we also assume an oscillating vertical motion of the floe in the

z—direction, with amplitude & and frequency w. For the mode k = 2 the boundary condition

Eq. becomes
0o

al. = v.€, - Voo = iwe™" (31)

St

or explicitly

1 Ia

Jaz+ 44192

C. Roll mode kinematic boundary conditions, k = 3

= jwe™! (32)

St

For the roll motion we assume small oscillating rotational motion of the floe around the
r—direction, with angular amplitude & and frequency w, where we assume small lin-
ear oscillations approximations. The small small linear oscillation approximation involves
sinés ~ &3,cos&3 ~ 1. The difference between this mode and translational modes is that
each point and the unit normal 7 on the interface S; changes its position and orientation,
respectively, according to the rotation transformation. The parameterization of the interface

St changes accordingly

!

in 6
mo=(0,2) = (\/TQ cos? 0 + (rsinf + 2&3)?, arctan rsinfd + 263

rcosf

,—1ré3sinf + z> . (33)

Ny

The unit normal at the new points on the interface is also rotated into 7, (7 ) given by
(Vgy Uy, V2) = Uy = (v, vy + &1y, —Esny + 1)

being evaluated at rotated points 7 . The direction of rotation of the points ', which is
the tangent direction to rotation, is given in Cartesian coordinates by 7_23 = (0,&3,1). The

normal velocity of the points of Sy in this rotation is given by

Vs = iwés(Te, - ﬁg/)\/rQ sin? @ + d2(r, 6).

The result is that for mode k = 3 the boundary condition Eq. becomes

—| =U; Vo3 =iw(Ty, - 173l)\/7’2 sin? 0 + d2(r, 0)e™". (34)
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D. Pitch mode kinematic boundary conditions, k =4

For the pitch motion we also assume an oscillating rotational motion of the floe around the
y—direction, with angular amplitude &4 and frequency w. We assume small linear oscillations
so we can approximate sin &y ~ &, cos&, ~ 1. For this mode we also consider that the point
and the unit normal © on the interface S; changes their position and orientation according to
the rotation transformation. The parametrization of the interface S in the fixed system of
reference in quiescent water changes into a new equation 7 = 7@(54)77 when the floe rotates,

according to the rule for small angle approximation

rsinf

m, —7’53 cosf + Z) . (35)

7= (0,7) = (\/(T cos ) + 2£,)% + r2sin? 6, arctan

)

The unit normal at the new points on the interface is also rotated into 7, (') given by
(qu Vy, Vz) — 774 - (V;r + Vz§47 Vy, _547/&: + Vz)

being evaluated at rotated points 7 . The direction of rotation of the points 7, which is
the tangent direction to rotation, is given in Cartesian coordinates by 7_24 = (—£4,0,1). The

normal velocity of the points of Sy in this rotation is given by

’

)

Uys = ws€u(Te, - Uy

where s is the radius of rotation of any S; point 7 into # for the pitch mode is s =
/12 + d?(r,0).

The result is that for mode k& = 4 the boundary condition Eq. becomes

E. Dynamical boundary conditions for rigid motions

We introduce the concept of generalized force acting on the floe [3] defined either by a
force acting on a specific direction, or a momentum with respect to a specific axis and the
center of mass. To calculate the wave generalized forces upon the flow for the rigid motions

degrees of freedom, we use Eq. @ for k = 1,...,4 and integrate the pressure over the
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interface. Similar to the previous section we consider all rigid degrees of freedom described
by oscillations of frequency w. We have

i = iwpe™" [ ¢yv; dS, (37)

St

where k£ = 1,...,4 describes the type of degree of freedom of rigid motions. The label
7 =1,...,4 describes the type of generalized force as follows: for j = 1 we have the vertical
z—component of the force; for 7 = 2 we have the horizontal x—component of the force; for
j = 3 we have the momentum around the x—axis, and for j = 4 we have the momentum
about the y—axis. According to [3, 4], 18] the generalized force components Fj; are associated
with the corresponding partial potentials and are conveniently described in the conventional
way by the added-mass coefficients Aj;, and damping coefficients B;, both real coefficients,
such that

Re(Fy) 5 _Im(Fyu) 9

2 .
Fjp = w* Ajr, — iwBjj, or Ajj, = 2 -
The equations of motion for a freely floating body of quasi-planar shape, laterally bounded
by a nearly-circular contour, having homogeneous distribution of physical parameters inside,

and non-uniform thickness, oscillating with four degrees of freedom may be written as [I-

4,19, 26, 27]

[~w? (M + Agj) + iwBy; + Cijle; = B, (39)

4
=1

J

where My,; are the mass matrix components, Ci; are the hydrostatic stiffness coefficients,
and F; ,Ee) are the components of the exciting generalized force associated with the incident
and scattered partial potentials ¢_; + ¢¢, basically representing the wave generalized force
for a fixed floe [3]. These matrices are well-known in literature [I], 2, 4], 9, 18| 26} 27], and

are defined below. The mass matrix has two terms:
i dd
M = ;Zg + /\/l?k

representing the rigid body mass and the added mass contributions. The rigid body mass

matrix has the form

(M) = (40)




where m is the floe mass, zg is the vertical distance from origin (water surface) to the center
of gravity of the floe, 144 is roll moment of inertia about x—axis through the center of gravity,
I55 is the pitch moment of inertia about y—axis through the center of gravity, and I5 is the

product of inertia [L1§].

The added mass matrix has the general rigorous form
Mty = [[ o as (41)
St
These coefficients have complicated expressions, and in general they can be calculated only
numerically. If floe has a shape closed to an axisymmetric shape, we can use for the added

mass terms the approximation of an axisymmetric body. In this case the off-diagonal terms

are neglected.

The hydrostatic stiffness matrix has the form [3] [1§]

0 0 0 0 |
0 pgAy PgALTF —pgAvyr
Crj = , (42)
0 pgAwrr pgAwrE + pgVzpGMr —pgAuTRYF
0 —pgAwyr —pgAwTryYF pgAwYF + pgV2pG My,

where A, is the waterplane area at equilibrium, V' is the displaced volume, (z,yr) are the
coordinates of waterplane area centroid, and zp is the vertical distance from origin to center

of buoyancy. The other two parameters are called the metacentric heights [I8] and are given

by
1
GMT:—// Awy2 dS—ZB+ZG
Vs,

for the transverse metacentric height, and

1
GML_—// wa2dS—ZB+ZG
V)]s,

for the longitudinal metacentric height, where 24 is the vertical distance from origin to

center of gravity.

Finally for this section, the non-homogeneous term F; ,Ee) in the linear system Eq. 1) which
represents the exciting generalized forces associated to the incident and scattered partial

potentials can be obtained from the Haskind relations [3|, 18]. Instead of calculating this
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term using the general form Eq. for ¢_1 + ¢9 we can approximate this term with the

particular expression for axisymmetric bodies [3]

H?Bw 2kh
e — K P9 kEW 14
k \/ R * sinh(2xh)

in which Ky = K3 = K; = 1, Ky = 1/2 height, H is the crest-to-crest exciting waves height,

and k is the wave number associated to long-crested linear waves of frequency w at depth h.

With all coefficients calculated as above, and using the linear approximation for the expres-
sions of the rotated tangent and normal unit vectors T}S, f&, ﬁgl, 17:1, we can solve the linear
system Eq. and obtain the values for the amplitudes of the rigid motions & for some

given, imposed exciting waves frequency w.

VI. THE GENERAL SOLUTION FOR THE POTENTIAL AND THE FLOE DY-
NAMICS

In order to calculate the total potential in this problem we use the formal Green integral
formula for the solution of Laplace’s equation in the region Rr with a Robin boundary
condition on the closed surface ¥ [30] [31), [34H36), [40L [41}, [44]. The total potential Eq. has

the form

4
6= &Gbr+ Y ba
k=0 «@

where the parameters & are calculated in section as solutions of the system Eq. .
The boundary condition is defined over the closed surface ¥ = SpUS;USgUS, in the form

DPq
(Uaﬁ¢a + Zaﬁi) = Aoz,b’ (43)
ayaﬁ Slg
where the indices run as follows: a = k or (j,m) and § = 1,...,4 labels the 4 surfaces

forming ¥, or in other words Sz € {SF, S1, S, Sy }. The coefficient functions Uyg, Zas, Aag
have their expressions determined in the previous sections, respectively. From the bound-

ary conditions expressed in the general form Eqs. (3H6| , @, and the specific evaluated

relationships in Eqs. (26} 29132 we obtain the following global structure for the
functional coefficients U, Z, A in the boundary condition Eq. : The complete solution

for the Laplace equation for the potential, with time-dependent Robin boundary conditions
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By |a=0ja=kla=(j,m)
Sp| —w? | —w? —T]-Qm
Sr| 0O 0 1

Sg| 0 0 0

Sy | —ik | —ik —iK

TABLE I. Table of values for the functional coefficient U,g. Here k = 1,...,4, w = \/gk tanh(kh),

and the normal frequency coefficients 7;,, are given in Eq. .

Zap
Byla=0|a=kla=/(j,m)
Skl g g g
Sr|-2%=t] 1 0
Spl 1 1 1
Syl 1 1 1

TABLE II. Table of values for the functional coefficient Z,5. Here k = 1,...,4, w = \/gk tanh(xh),

and derivative to v is derivative to the normal of S in equilibrium, Eq. (28).

Aog
By la=0{a=k a = (j,m)
Srp| 0 0 0
Sr| 0 gr |Right hand side Eq. (26
Sp| 0 0 0
Se| O 0 0

TABLE III. Table of values for the functional coefficient A,3. Here k = 1,...,4, and coefficients

g are given by the right hand side of Eqgs. , for k=1,...,4, respectively.

given in Eq. and tables , is finally obtained using the single layer potential
approach [30, B, 34H36], 40, 41, [44]. We prefer this method to other approaches (Green

function method, boundary element method, or double layer potential) because the mixed
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boundary conditions have constant coefficients, see tables (IHIII), except the potential for
k = 0, which will be treated in a separate way. We use the Green’s representation formula

and the fundamental solution of the Laplace problem

/ 1
Grr )= ————. 44
The solution to our problem becomes
4
=¢o+ Y Gok+ Y bjm (45)
k=1 jm

with partial potential solution for each degree of freedom except o = 0 given by an integral

representation over the whole surface ¥ of the water

Z// fap(F DG 7P) dS, a#0, f=1,...,4, (46)
Sg

where the multi-index o = (j, m) running over the spectrum of the eigenproblem Eqs. ,
26 and S labels integration over all four sub-surfaces of the closed boundary 3.

The source density function p,p is obtained by solving a Fredholm integral equation of the

second kind for each type of degree of freedom « # 0 and for each sub-surface [

aﬁ/ —» e aG - — -/ Aa,@
gt + > [ [ (77 ) b =P ) o (7 1)dS = 22, (47)
Z . o, Zos

B'=1 04/8/

where, in the same way as above, the multi-index o = (j,m) running over the spectrum
of the eigenproblem Egs. , and [ labels integration over all four sub-surfaces of the
closed boundary .

For the scattered potential ¢y we follow a similar approach, except in this case we have
homogeneous Robin boundary condition with spatially varying coefficient. Indeed, from
table @ we noticed that Ao = 0 for all surfaces 8. For this reason we can re-write the

boundary condition Eq. in the form

Uos 0oy )
o + = 0. 48
(ZOB % Mg /) s, )

The scattered potential solution is given by the integral representation over the whole surface

Y of the water
Z// pos(F OGP 7 ) dS, B=1,...,4 (49)
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The source density function ps is obtained by solving a homogeneous Fredholm integral

equation of the second kind for each type of sub-surface 8

Uo/j/ I 8G o oS! 7 o
—-Moﬁ 7 1) +Z//S [ZOB, P gy O os (0 =0, (a0

where, similar to the above solutions, the multi-index o« = (j, m) running over the spectrum
of the eigenproblem Eqgs. , and f labels integration over all four sub-surfaces of the
closed boundary 3.

In conclusion, the complete solution for the flow potential around the floe Eq. , consid-
ering all boundary conditions and all degrees of freedom, is obtained by solving the two sets
of Fredholm integral equations of the second kind Egs. , and Egs. , where the
Green function is given in Eq. and the coefficients U, Z, A from the Fredholm integrals
are given in tables . This solution includes in a linear combination the incident wave,
the scattered waves resulting from the floe considered at rest, the feedback contribution from
the rigid motions of the floe, and the feedback contribution from all elastic normal modes

excited in the floe.

The rigid motions of the floe (surge, heave, roll and pitch) are described by small oscillations
of amplitudes &, £ = 1,...,4 at any arbitrary frequency w, which are obtained by solving
Eqgs. in section The modifications of the floe shape because of its flexural oscilla-
tions are given by the series for w(r, 0,t) in Egs. , where the time dependent coefficients
bjm(t) are given in Egs. and Eqgs. from section , and the eigenfunctions are
given by solving the problem in Egs. . The complete dynamics of the elastic floe
is obtained by adding the contribution from the rigid motion and the contributions of all

elastic normal modes.

The time evolution of the system is managed as follows. The rigid motions of the floe and
the partial potentials associated with the feedback from these motions, ¢, are described
by oscillations with an arbitrary frequency w. This frequency is arbitrary and considered
the parameter of the problem. It is related to the wave number s and represents the
characteristic of the incident water wave of potential ¢_;. The scattered potential ¢y has
the same periodic behavior described by w. The other partial potentials representing the

feedback from elastic modes of the floe are represented by series of the basis of orthogonal
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normal modes with frequencies 7j,,. When the incident wave of frequency w interacts with
the floe elastic surface, we can project the time dependence of each normal mode e*im! on
this incoming frequency as a regular complex Fourier series. The response of each boundary

mode (1, 0)a;m(t) of St to the w excitation will be weighted by a Fourier coefficient

ofi(z-)]
5]

These coefficients describe the attenuation of normal modes far from the exciting frequency,

as well as the resonance situations. It results that all partial potentials representing flexural
modes ¢, = @jn, and the floe elastic deformation w will have the series terms weighted
correspondingly, and acquire the same oscillating behavior with the frequency w as the
other quantities in the model. Finally, all arbitrary constants in the partial potentials and
floe elastic deformation function agm, b?m are obtained by matching the initial condition of

the system. This is possible because of the orthogonality of the basis of normal modes.

VII. CONCLUSIONS

We have developed a comprehensive mathematical model for the dynamics of floating elas-
tic ice floes under ocean wave excitation that advances beyond the limitations of existing
theories. The principal contributions of this work are threefold: (i) simultaneous treatment
of both rigid-body motions and elastic flexural deformations with full inertial effects, (ii)
extension to arbitrary floe geometries with non-uniform thickness distributions, and (iii) a
unified Green function framework that reduces the coupled hydroelastic problem to tractable

Fredholm integral equations.

The model treats the floe as a quasi-planar elastic body satisfying a generalized Kirchhoff-
Love equation with spatially varying flexural rigidity D(r, 6), freely floating over an ideal fluid
domain governed by Laplace’s equation for the velocity potential. By introducing partial
potentials for the incident wave, scattered wave, four rigid-body modes (heave, surge, roll,
pitch), and the complete spectrum of elastic deformation modes, we decompose the complex
fluid-structure interaction into manageable components. The elastic eigenproblem with free-

edge boundary conditions provides a complete orthogonal basis of flexural modes, though the
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non-uniform thickness prevents clean separation into radial and circumferential components

except for axisymmetric cases.

The coupling between fluid and structure is captured through kinematic boundary conditions
that match normal velocities at the interface and dynamic conditions relating hydrodynamic
pressure to elastic response. For rigid motions, we derive explicit expressions using differen-
tial geometry to account for the changing orientation of interface normals during oscillations.
The elastic modes are characterized by modified natural frequencies that incorporate added
mass effects from the surrounding water, expressed through implicit algebraic equations

relating the in-vacuum frequencies to fluid-coupled response.

The solution methodology employs single-layer potential representations with the fundamen-
tal Green function, reducing all boundary value problems to systems of Fredholm integral
equations of the second kind. We systematically organize all boundary conditions on the free
surface, interface, seabed, and artificial far-field boundary into compact tensor form with
coefficient matrices presented in three tables. This formulation provides a rigorous mathe-

matical foundation for numerical implementation while maintaining analytical transparency.

The model enables investigation of resonance phenomena when incident wave frequencies
approach natural vibration modes, wave attenuation through scattering and elastic dissipa-
tion, and the relative importance of rigid versus elastic response across different frequency
regimes. Extension to include viscous effects through Helmholtz-Hodge decomposition, time-
dependent thickness variations from melting, and three-dimensional geometries with signif-
icant vertical extent represents promising directions for future research. The framework
established here provides essential theoretical groundwork for understanding ice-wave inter-
actions in the marginal ice zone, with direct applications to climate modeling, ice breakup

prediction, and wave propagation in polar seas.
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VIII. APPENDIX A

In order to provide an example of analytic solution for the eigenproblem Eq. with
free edge boundary conditions Eqs. , we assume an axis-symmetric top-down conical
shape with radius Ry for the floe with ice thickness d(r,8) = dir + ds and the condition of
slow slope of the cone dy > dyr. In this case we can develop an asymptotic analysis with
expansion parameter € = dy Ry/ds in the dimensionless variable ¢ = r/Ry,. We re-write the

flexural rigidity Eq. in the form D(r,0) = Dyd® and it results
D(r) = Dods(1 + 3¢ + 32C* + €¢?)
We also expand the eigenfunction and eigenvalue
w=wy+ ew; + Ewy+ ..., A=+ e\ + X+ ...
In the leading order O(1) the equation becomes a biharmonic eigenvalue problem
Nwy = k:éwo,

where ki = M\ope/(Dod3). Using regularity at origin and free edge boundary conditions at
r = Ry we have the leading term for the eigenfunction expressed as an expansion in Fourier

modes j

wg(r, 9) = (Aij(k’()’f’) + Cj[j(ko?"))eiﬁ.

The amplitudes A;, C; and the spectrum of eigenvalues labeled by «;,, can be obtained from

the characteristic equations



where o = kg Ry. In the leading order the degenerated spectrum is

; Dyd;
\Gm) 204
‘ pRg

where «; ,,, are the solutions of the second characteristic equations above. The equation for
the first order correction O(e) is
2 4 4 A1
A w1 — k:owl = k?ow() -— — 2g
Ao
This non-homogeneous biharmonic equation can be solved using the Fredholm alternative

condition of solvability. The first order correction in the eigenvalues is

Ro 2 2
/\gj}m) _ 2)\(()j,m) fO ‘r Rj,m(r) dr

Ry ORO rR3, . (r) dr

IX. APPENDIX B

The natural frequencies of the elastic mode (j,m) in vacuum, w;,,, occurring in Eqs. (23)
and Egs. from section , can be obtained from solving the eigenproblem in Eqgs.
, . For a general shape this frequencies can be obtained only numerically because
the free edges boundary conditions M, = 0,V,, = 0 from Egs. , consist in a highly
coupled system, where the thickness variation d(r, #) creates strong coupling between radial
and azimuthal modes through the gradient terms of D, Eq. . Such a procedure can
be accomplished in an easier way by using a perturbation approach over normal modes for
an disk of radius Ry and uniform thickness do=constant [I5H17, 19-25, B8]. Such uniform

thickness generate of characteristic equation for the frequencies in the form

[J;.'(A) PO+ Jj()\)] [J;."(A) Pl - W []’.()\)1
- {[j’.’()\) + %Ig(x) + ”Ag 1j<A)} {JJ’-”(A) i ;j TI(N) — T+yd —ve) S - VG)JJ’-()\)] ~0,

where [;, J; are the corresponding Bessel functions, j is the principal (radial) mode number
(7 =0,1,...) and the solutions for A from the above equation generate the frequencies w;,

with multiplicity m = 0,1, ...

e Ed2
= Sim R\ 12p.(1 = 12)
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