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Abstract

This paper develops a comprehensive mathematical framework for modeling the coupled hydroe-

lastic dynamics of sea-ice floes of arbitrary shape and non-uniform thickness under linear ocean

wave forcing. We simultaneously incorporate four dominant rigid-body motions (heave, surge, roll,

pitch) and the complete spectrum of flexural deformation modes within a unified Green function

formulation. The water flow is modeled using potential theory with Laplace’s equation, while

the floe obeys a generalized Kirchhoff-Love plate equation with spatially varying flexural rigidity.

We formulate the coupled fluid-structure interaction problem through kinematic velocity-matching

conditions and dynamic pressure-continuity conditions at the ice-water interface. The elastic eigen-

problem with free-edge boundary conditions yields a complete orthogonal basis of deformation

modes, accounting for added mass effects through modified natural frequencies. By decomposing

the velocity potential into partial potentials associated with incident waves, scattered waves, rigid

motions, and elastic modes, we reduce the problem to a system of Fredholm integral equations of

the second kind for surface density functions on all boundary segments. The solution methodol-

ogy employs single-layer potential representations with fundamental Green functions for Laplace’s

equation. We present explicit formulations for all boundary conditions in compact tensor form,

provide asymptotic analysis for the spectrum of non-uniform thickness floes, and discuss resonance

phenomena arising from the interaction between incident wave frequency and natural vibration

modes.

I. INTRODUCTION

The interaction between ocean waves and sea ice represents a fundamental problem in polar

ocean dynamics, with significant implications for climate modeling, maritime operations, and

understanding the rapidly changing Arctic and Antarctic environments. This report provides

a comprehensive review of the mathematical-physical theoretical framework for modeling

the dynamics of sea-ice floes under linear plane ocean waves, with particular emphasis on

Green function methods. Sea-ice floes in the marginal ice zone exhibit complex hydroelastic

behavior when subjected to ocean wave forcing. The floes simultaneously undergo rigid-body
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motions (heave, surge, sway, roll, pitch, and yaw) and elastic deformations that can lead to

fracture. Understanding these coupled dynamics is essential for predicting wave attenuation

in ice-covered seas, ice breakup patterns, and the evolution of floe size distributions.

This topic attracted much attention in the recent years. In water wave theory the most

studied situation, both by analytical and numerical techniques, is the wave interaction with

a single or with an array of floating of fixed bodies with axial symmetry. In the complex

dynamics of floating systems, the main parameters to take into account are the nature of

the wave field, and the geometry and material properties of the body. Clearly, in order to

obtain a more realistic model one can work in a larger parameter spaces, including currents,

bathymetry, wind interaction, thermodynamics of the sea, wave run-up during unavoidable

over-topping events in rough seas, etc.

The mathematical modeling of sea-ice floe dynamics under ocean wave forcing has evolved

significantly over the past several decades, driven by advances in both computational meth-

ods and analytical techniques for fluid-structure interaction problems. The foundational

work on floating body dynamics in the naval architecture community, particularly the sem-

inal contributions in [1, 2] and [3, 4], established the theoretical framework for analyzing

rigid body motions of axisymmetric structures in waves. These early studies focused pri-

marily on six degrees of freedom for rigid body motion—heave, surge, sway, roll, pitch, and

yaw—treating the floating body as completely rigid and often restricting attention to bodies

with circular horizontal cross-sections.

The extension of these methods to ice floe modeling began with investigations of wave at-

tenuation in ice-covered seas, where researchers recognized that elastic deformation of the

floe could play a crucial role. In [5] the authors studied spectral evolution of waves in

dispersed ice fields, while in [9] the authors provided a comprehensive review of wave-ice

interaction phenomena, highlighting the hydroelastic nature of the problem. The Green

function method emerged as a particularly powerful approach for these problems, as demon-

strated by a series of influential papers [6–8, 10–14]. These works treated circular ice floes

with uniform thickness, solving coupled problems involving rigid body motions and elastic

flexural deformations using potential flow theory for the water and thin plate theory for the

ice.
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The treatment of elastic deformations in ice floes has traditionally employed either the

classical Kirchhoff-Love plate theory or its generalizations. For uniform thickness plates, the

eigenvalue problem associated with free edge boundary conditions admits clean separation of

variables in polar coordinates, yielding orthogonal basis functions characterized by radial and

circumferential mode numbers [15–17]. Several studies have computed natural frequencies

and mode shapes for circular plates, both in vacuum and in contact with fluids [18–28],

providing essential data for understanding added mass effects and fluid-structure coupling.

From a hydrodynamic perspective, the standard approach follows classical potential flow the-

ory with appropriate boundary conditions on the free surface, seabed, and fluid-structure

interface. The linearized Bernoulli equation relates pressure to the velocity potential, while

kinematic boundary conditions ensure velocity continuity at interfaces. For problems in-

volving scattered waves, absorbing boundary conditions at artificial far-field boundaries are

essential; these range from simple Sommerfeld conditions [29–33] to more sophisticated ap-

proaches such as Bayliss-Turkel or Engquist-Majda conditions [29–31], and exact Dirichlet-

to-Neumann boundary conditions [31].

The solution methodology typically employs either boundary integral equations or Green

function representations. The Green function approach, utilizing fundamental solutions of

the Laplace equation [10–14, 34–36], reduces the problem to Fredholm integral equations of

the second kind for surface density functions. This method has proven particularly effec-

tive for computing hydrodynamic forces, added mass coefficients, and damping coefficients

needed to describe the floe’s dynamic response [1–4, 9, 18, 26].

Recent work has begun to address more complex scenarios. Khakimzyanov and Dutykh [37]

explored long wave interactions with partially immersed bodies using multiple approaches in-

cluding fully nonlinear weakly dispersive models and Boussinesq-type equations. Evans [26]

developed theory for wave-power absorption by oscillating bodies, relevant to understanding

energy dissipation mechanisms in ice-wave systems.

Despite these advances, the existing literature exhibits notable limitations. The vast ma-

jority of studies have focused exclusively on either large, thick, rigid floes where elastic

deformations are negligible and only rigid body motions (heave, surge, pitch, roll) are con-

sidered, or on very thin, effectively massless floes where elastic flexural modes dominate

4



but inertial effects are ignored. Furthermore, nearly all analytical treatments have been re-

stricted to axisymmetric geometries with uniform thickness, primarily circular disks. While

some recent work [6–8, 11] has attempted to address arbitrary geometries, these extensions

remain limited and have not fully incorporated the effects of non-uniform thickness dis-

tributions combined with realistic mass properties and simultaneous rigid-elastic coupling.

The present work addresses these gaps by developing a comprehensive model for ice floes

of arbitrary shape and non-uniform thickness, treating both rigid body motions and elastic

deformations on equal footing within a unified Green function framework.

In this paper we analyze the dynamics of interaction between a floe of arbitrary shape (with

low aspect ratio of the horizontal section) and non-uniform thickness, with elastic properties

including flexural deformation, also considering the rigid motions of the floe (heave, surge,

roll, pitch).

The paper is organized as follows. In section II we introduce the model consisting in a

compact ice floe of arbitrary shape with low aspect ratio for the horizontal section. In

subsection IIA we present the basic hypotheses of the model. The floe region denoted RE is

considered as a linear elastic body, freely floating over a region of water denoted RF . We do

not limit in this model to floes of axial symmetric shapes, yet we do not consider floes with

one size way larger than the others. The model can be used for any circular, or polygonal

shape, or irregular shapes that can still be bounded by two concentric circles of close values

for the radii. Moreover, we consider non-uniform thickness d(r, θ) floes where the thickness

function is not necessary axial symmetric. The boundaries of regions RF , RE are divided in

sub-surfaces SB, SF , Sσ, SI representing the rigid bottom, the free water surface, a vertical

cylindrical surface considered an artificial boundary for the scattered solutions, and the

interface between the floe and water, respectively. The water is considered ideal fluid in

potential flow obeying the Laplace equation for the potential. The degrees of freedom of

the floe are identified and classified in four types of dominant rigid motions (heave, surge,

roll, pitch labeled by k = 1, . . . , 4) and in the flexural normal modes of vibration of the

floe, labeled by a multi-index α = (j,m). For each degree of freedom we introduce the

corresponding flow potential, and their linear combination forms the solution for the water

flow. In addition, we have the incident waves potential ϕ−1 whose characteristics (frequency,

wave number, wave height) are the free parameters of the model.
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In subsection II B we introduce all boundary conditions for this model. Namely, we use

non-penetration free-slip boundary conditions at the water bottom, scattering conditions

for the scattered potential ϕ0 at the interface, kinematic velocity matching conditions at the

interface SI , first-order absorbing boundary conditions at the artificial boundary Sσ, free

water surface Bernoulli conditions, and dynamical boundary conditions between the fluid

pressure and the elastic pressure in the floe at the interface SI .

In section III we discuss the elastic model for the floe using a Kirchhoff-Love, non-uniform

thickness, non-uniform flexural rigidity approach. We obtain the equation for the transverse

deflection w of the interface SI , and for the pressure P . We use free edge boundary condi-

tions, formulate the eigen-problem, and present the spectrum, and the orthogonal basis of

the eigenfunctions, i.e. the normal modes (j,m).

In section IV we describe the coupling conditions for the boundary conditions at the inter-

face SI between the elastic modes and the fluid. We obtain for the flow partial potentials

ϕjm, the pressure P at the interface and the transverse deflection w expansions in series of

normal modes. Using the previously described eigenproblem and both the kinematic and

the dynamic boundary conditions, we eliminate the pressure and deflection from the system

and obtain solutions for the partial potentials. The time dependence is described by normal

frequencies of vibration in vacuum, corrected for the added mass effect of water.

In section V we introduce the boundary conditions associated to the floe rigid motions. We

calculate the normal to the interface SI using differential geometry. We analyze each rigid

motion degree of freedom and obtain exact analytic expressions, in the linear approximation

of small oscillations for all these modes heave, surge, roll, and pitch.

The interactions between water and the dynamics of the rigid modes is developed in sub-

section VE. We use the dynamical boundary conditions for such rigid motions and obtain

expressions for generalized forces (i.e. forces and momenta) in the Bernoulli linear approx-

imation. Using the conventional way for treating the motion of a floating body, by the

added-mass coefficients and damping coefficients, we obtain the corresponding matrices and

gather all these information into and algebraic equation for the amplitudes of the rigid

motions ξk.
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The main result of the paper is presented in section VI where we obtain the general solution

for the potential and the floe dynamics. We re-write all the boundary conditions for all

the sub-surfaces presented above in a compact tensor form, with coefficients classified in

three tables. The Laplace equations can now be solved using variable coefficient Robin

type of boundary conditions for each degree of freedom. Using the single layer potential

representation of solutions, and the Green function method we obtain the solutions for

every partial potential in terms of integral representations, where the density functions

obey Fredholm types of integral equations of the second kind, for all degrees of freedom. In

continuation, from the potential expressions we obtain solutions for the transverse deflection

of the plate and the rigid motions. We discuss time dependence for various incident waves

of excitations and possible resonances.

In Appendix A we present an example of analytic solution for the flexural eigenproblem with

free edge boundary conditions under the assumption of an axis-symmetric top-down conical

shape with a linear expression for the ice thickness, and we develop an asymptotic analysis

to demonstrate calculation of the spectrum.

In Appendix B we present an example of calculation of the natural frequencies of elastic

modes in vacuum with free edges boundary conditions for a disk of uniform thickness.

II. THE MODEL EQUATIONS

A. Basic hypotheses

We study a linear model of interaction between a deformable sea-ice floe and surface water

waves. The water is considered incompressible (homogeneous e.g. salinity), inviscid and the

flow is irrotational with surface tension neglected. The surface waves are asymptotically lin-

ear long-crested (plane) monochromatic waves with small amplitude compared to the water

depth. Tides, currents, convection motion, winds, and Coriolis force contributions are also

neglected for the time and space scales considered. The ice floe RE Fig. 1 is represented by

a quasi-planar body (nonuniform lamina or planoid) laterally bounded by a nearly-circular

contour, having homogeneous distribution of physical parameters inside, non-uniform thick-
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FIG. 1. A quasi-planar ice floe region RE of non-uniform thickness d floating over the water domain

RF which is bounded by the free water surface SF , interface with the floe SI , horizontal water bed

SB at z = h and auxiliary cylindrical surface Sσ.

ness d, obeying linear elastic equations, and having its horizontal extension much larger than

its average thickness. Phase changes at the ice floe surface are also neglected.

In the present literature [1–3, 5–14], the time dependence of all quantities is introduced in

the Fourier representation, and occasionally a certain Fourier component is separated and

used for the asymptotic region of the water waves which interact with the floe. In this case

the velocity potential is thus expressed Φ(r⃗, t) = Re[ϕ(r⃗) exp(−iωt)] with V⃗ = Re[∇Φ(r⃗, t)]

and △ϕ = 0. In this study, based on the linear approximation, we still consider a separation

of variables in the form space-time, but with general time dependence Φ(r⃗, t) = Re[ϕ(r⃗)φ(t)]

with V⃗ = Re[∇Φ(r⃗, t)] and △ϕ = 0.

We consider a Cartesian system of coordinates with the (x, y)−plane parallel to the quiescent

surface, and z−axis downwards, and when is the case we use the polar coordinates denoted

r⃗ = (r, θ, z) unless otherwise specified. The water domain RF is bounded by a piece-wise

smooth surface Σ = SF ∪ SI ∪ SB ∪ Sσ consisting in the free water surface SF where we can

approximate z = 0 for small amplitude waves, the interface between water and the floe SI ,

the horizontal bed SB placed at a depth z = h > 0, and an auxiliary vertical cylindrical
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surface Sσ of radius σ added for computational truncation of a the semi-infinite region of the

ocean, assumed to obey non-reflecting conditions Fig. 1. Once a formal solution is obtained

using the Green function method, the surface Sσ can be expanded to infinity.

Following [3, 6–8, 12–14, 18] we consider the potential as a linear combination of independent

partial potentials associated with the following scenarios: incident wave (or asymptotic

potential) ϕ−1, scattered waves of the rigid surface ϕ0, and waves generated by the floe

degrees of freedom of rigid motions ϕk, k = 1, . . . , 4. The most relevant independent degrees

of freedom of rigid motion, when floe is excited with long-crested monochromatic waves

along the x direction, are: heave (translation along z) for k = 1, surge (translation along x)

for k = 2, roll (rotation around x) k = 3, and pitch (rotation around y) for k = 4. To each

such mode we associate an amplitude of motion ξk, k = 1, . . . , 4 and we treat these degrees

of freedom as small linear oscillations.

We add to these rigid motions degrees of freedom new independent degrees of freedom for

the elastic modes of deformation the floe (flexural modes) denoted ϕα, where α is a multi

index determined by the spectrum and orthogonal basis of eigenfunctions of the elastic floe

problem.

Each such partial potential obeys the Laplace equation, and we have:

ϕ =
4∑

k=0

ξkϕk +
∑
α

ϕα, △ϕk = 0, △ϕα = 0, r⃗ ∈ RF , (1)

where we included in the partial potentials generated by rigid motions degrees of freedom

the amplitude of motions ξk [1–5, 18].

The incident potential is described in our model by linear long-crested waves, traveling along

the x direction [3]:

ϕ−1 = −igA
2ω

cosh[κ(z − h)]

cosh(κh)
eiκx, (2)

with g gravitational constant, and where parameters κ and λ = 2π/κ are the wave number

and the wavelength, respectively, associated to the Fourier component ω of the linear waves,

and they are determined by the linear waves dispersion relation ω =
√
gκ tanh(κh).
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B. Boundary conditions

To Eqs. (1) we associate two type of boundary conditions (BC). The first type, kinematic

BC are given as follows. We use the usual non-flow condition at the bottom surface SB:

∂ϕk

∂z

∣∣∣∣
SB

= 0, k = 0, . . . , 4 and
∂ϕα

∂z

∣∣∣∣
SB

= 0. (3)

The scattered waves ϕ0 are generated by total reflection of the incident potential ϕ−1 off the

rigid surface SI considered fixed [1–4]:(
∂ϕ0

∂ν
+
∂ϕ−1

∂ν

)
SI

= 0, (4)

where ∂/∂ν is the normal derivative at surface SI of unit normal ν⃗ in its equilibrium position,

in absence of motions and flexural deformations.

The kinematic boundary conditions at SI are obtained from matching the solid interface

velocity with the fluid velocity, for each mode of motion and deformation, and for each

partial potential, respectively. In the approximation of ideal fluid this boundary condition

requests that the normal component of the fluid velocity relative to the piston must be zero

at the piston surface (no-penetration condition). The tangential component doesn’t appear

in this boundary condition because ideal fluids have no viscosity, so there is no constraint

on tangential motion, and the fluid can freely slip along the surface. We have:

∂ϕk

∂νk

∣∣∣∣
SI

= vνk, k = 1, . . . , 4 and
∂ϕα

∂να

∣∣∣∣
SI

= vνα, (5)

where ν⃗k, ν⃗α are the unit normal vectors to SI while in motion with mode k, or deformed

under the mode α. Here vk, vα are the velocities of the surface SI corresponding to the degree

of freedom k, α, and vνk = v⃗k · ν⃗k, vνα = v⃗α · ν⃗α. If we consider the ice surface SI rough and

we consider water viscosity, there will be tangential shear forces, and the flow will include a

non-potential component. In this case we need to use in addition to the normal boundary

condition Eq. (5) a tangent, no-slip boundary condition (V⃗k × ν⃗k)SI
= (v⃗k × ν⃗k)SI

. Near

the rough surface, viscous effects create a boundary layer where velocity transitions from

the SI velocity to the outer flow. The tangential velocity discontinuity at the SI surface

generates vorticity, making the flow rotational near the ice interface. In this case we should

use the Helmholtz-Hodge decomposition of the fluid velocity field and consider, besides the

10



potential flow, a vortical component for water velocity generated by the shear stress. In

this study, we neglect this rotational component; however, such a component can always be

added to our model.

Finally, at the artificial boundary Sσ we impose a first-order absorbing boundary condition(
iκϕk −

∂ϕk

∂r

)
Sσ

= 0 for k = 0, . . . , 4 and

(
iκϕα − ∂ϕα

∂r

)
Sσ

= 0, (6)

which approximates the Sommerfeld behavior [8, 11, 32, 33] and it is generally valid if the

radius σ of the auxiliary cylindrical surface Sσ is much greater than the typical wavelength

of the incident water waves, and/or if the potentials are dominated by the radial oscillation

(small angular variation). In principle this condition produces reflections (error depends on

wavelength, angle of incidence, and σ), but in the case of not very wide and close to circular

shape ice floes it is sufficient. Higher-order local conditions like Bayliss–Turkel [29], or

Engquist–Majda [30] reduce reflections by including angular derivatives and higher powers

of 1/r, yet again, in our case we do not need this degree of precision, especially since in

practical cases h, σ → ∞. Alternatively, we could use a nonlocal Dirichlet-to-Neumann [31]

∂ϕk

∂r
(σ, θ) =

∞∑
m=−∞

κH
(1)′
m (κσ)

H
(1)
m

ϕ̂k,me
imθ, k = 0, . . . , 4, (7)

where ϕ̂k,m is the m−mode of the Fourier transform of the potential ϕk with respect to az-

imuth angle θ. However, the implementation of the condition in Eq. (7) requests truncation

of the involved Fourier series, so for our geometry this condition is not more precise than

Eq. (6).

In the following, we implement the dynamical BC. For the free water surface we use the

linearized Bernoulli equation coupled with the linearized kinematic free surface condition

[1, 2, 18, 45]:(
g
∂ϕk

∂z
+
∂2ϕk

∂t2

)
SF

= 0 where k = 0, . . . , 4 and

(
g
∂ϕα

∂z
+
∂2ϕα

∂t2

)
SF

= 0. (8)

The most complex dynamical BC occurs at the interface SI because of the coupling between

the motions and deformation modes of the elastic body and the hydrodynamic pressure

underneath. Following [6–8, 11, 13, 14, 26, 45] we have for each flexural mode α = (j,m),

again from the linearized Bernoulli equation

Pk

∣∣∣∣
SI

= −ρ∂ϕk

∂t

∣∣∣∣
SI

, k = 1, . . . , 4 and Pα

∣∣∣∣
SI

=

(
−ρ∂ϕα

∂t
− ρgwα

)
SI

, (9)
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where ρ is the density of water, and wα is the local vertical floe displacement associated to

the flexural mode α, to be defined rigorously in the next section.

III. THE ELASTIC MODEL FOR THE FLOE

In order to evaluate the pressure response of the elastic floe we use the Föppl-von Kármán

elastic plate model for non-uniform thickness [15, 25, 38, 46], yet with uniform distribution

of the other mechanical and elastic parameters. We describe the floe interface with water

SI with a function r = R(θ, z, t), and the thickness of the floe a function d(r, θ). In our

model, since we consider the floe as a quasi-planar elastic body, we need to elaborate on the

transverse (vertical) displacement w(r, θ, t) of the interface SI . From the point of view of

the interaction with water, we take into account the arbitrary geometry of the interface SI

through r = R(θ, z, t), but in the study of the elastic deformation of the floe we consider

only its transverse displacement as the only independent variable.

For the elastic bending part of the model, the most general governing equation for the

transverse displacement w(r, θ, t), has the form [15–17, 38]

∇ · [D∇(△w)]−∇D · ∇(△w) + ρed
∂2w

∂t2
= P, on SI . (10)

where D is the non-uniform flexural rigidity

D(r, θ) =
Ed3(r, θ)

12(1− ν2e )
, (11)

and P (r, θ, t) is the pressure of the water on the interface SI . Here ρe, E, νe are the floe

density, Young’s modulus, and Poisson’s ration for the floe, respectively, and have uniform

values through its volume RE. The first term in the left term represents the biharmonic

operator with variable coefficients from the Kirchhoff-Love model, and the second term

represents curvature coupling terms [15, 25, 38].

For floes of lateral size in the range from tens to hundreds of meters, thickness in the range

1m < d < 3m and typical ocean long-crested waves with wavelength in the range of tens of

meters, we have a very small gradual thickness variation ϵ = (dmax − dmin)/dmean < 10−2,

meaning that the thickness changes in average around 1% per 5−10m radially. Ocean waves
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with wavelengths comparable to or larger than the floe dimension (typical for long-crested

waves) also produce smooth, large-scale deflection patterns. The bending wavelength is

much larger than the thickness variation scale. In addition we consider a small deflection

regime in the range w ∼ O(0.1 − 1)m giving w/d ∼ 0.1 − 1, which is a small deflection

regime. Consequently, since the geometric nonlinearity remains relatively weak, you can

safely neglect curvature coupling terms ∇D · ∇(△w) in a first-order linear analysis. In the

following, we use the generalized Kirchhoff-Love model for non-uniform thickness [25, 38,

40, 46]

∇ · [D∇(△w)] + ρed
∂2w

∂t2
= P, on SI . (12)

In the generalized Kirchhoff-Love model the boundary conditions on the free edge of the

elastic floe [6–8, 11, 15, 25, 28, 38, 40, 46] are given by annihilating the bending moment in

the normal direction, at the edge r = R(θ, 0, t):

Mν = −D
[
∂2w

∂ν2
+ νe△w

]
= 0, (13)

and also by annihilation of the effective shear (Kirchhoff effective shear) at the edge:

Vν = − ∂

∂ν
(D△w)− ∂

∂s

[
D(1− νe)

∂2w

∂ν∂s

]
= Pν(θ, t), (14)

where ν and s represent the normal and tangent directions to SI , respectively, and Pν is the

applied normal pressure distribution.

In the present model, we neglect in Eq. (14) the contribution of the normal pressure Pν

applied by water on the edges of the floe, that is, for a narrow region of SI given by

r = R(θ, z, t) with 0 < z < w. The reason is straightforward: the boundary conditions Eqs.

(13, 14) are used to complete a certain eigen-problem in order to build an orthogonal basis

for the modal expansion of the transverse displacement w(r, θ, t). So the normal pressure

on the floe edge has contribution only for the normal modes of vibration of the flow, that is

for the degrees of freedom ϕj coupled with the floe vibrations. Nevertheless, for relatively

large and thick floes the contribution of the normal modes of vibration at the edge is pretty

negligible compared to the contribution of the solid movements of the flow (surge, heave,

pitch) on the edge. Consequently we can use the boundary condition of annihilation of the

effective shear Eq. (14) as a homogeneous boundary condition at the edge:

Vν = − ∂

∂ν
(D△w)− ∂

∂s

[
D(1− νe)

∂2w

∂ν∂s

]
= 0. (15)
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Eqs. (12, 13, 15) form highly coupled system where the non-uniform thickness h(r, θ) creates

a strong coupling between radial and azimuthal modes through the gradient terms of D. In

the case of uniform thickness, Eqs. (10, 12]) reduce to the Kirchhoff-Love displacement

equation for uniform thick plates [7, 8, 11, 40, 46? ].

Eq. (12) coupled with appropriate homogeneous boundary conditions Eqs. (13, 15), and

considering the variable coefficients d,D to be smooth enough functions, provide a 2-dim

self-adjoint elliptic eigenvalue problem [15, 38], that shares key properties with any Sturm-

Liouville Problem, like real eigenvalues λjm, orthogonal eigenfunctions wjm, completeness of

eigenfunctions, and variational characterization (Rayleigh quotient) [25, 40, 41, 44], in the

form

L[wjm] = ∇ · [D∇(△wjm)] = λjmρed wjm, (16)

where L is a self-adjoint, biharmonic, variable-coefficient fourth-order operator. The eigen-

functions wjm are orthogonal with respect to the weighted inner product

∫ 2π

0

∫ R(θ,0,0)

0

wjm(r, θ)wj′m′(r, θ)ρed(r, θ) dr dθ = 0,

for (j,m) ̸= (j′,m′). The difficulty involved by this general treatment of the floe is that,

compare to previous literature case studies [1–3, 5–14], one cannot separate variables into

R(r)Θ(θ) anymore. This means that there is no more a clean decomposition into radial and

angular modes, and the (j,m) numbers lose their simple interpretation of radial and circum-

ferential mode numbers. The separation of variables and restoration of modes meaning can

still work in the non-uniform thickness case only if the floe has circular symmetry, that is if

the thickness function is described by d = d(r).

An example of asymptotic calculation of this eigen-problem, for axis-symmetric floe, is pre-

sented in Appendix A. In the general thickness case the self-adjointness and orthogonality

properties persist, but the practical utility of modal decomposition into radial and circum-

ferential modes is lost. Most importantly, we still have a complete orthogonal basis, even if

the modes are fully 2-dim.
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IV. COUPLING THE BOUNDARY CONDITIONS FOR THE ELASTIC DEFOR-

MATION MODES ON THE INTERFACE SI

In this section we discuss the partial potential induced by the elastic deformation of the floe.

We follow the same mathematical procedure and steps as in [6–8, 10–14], but for our general

case. For all the functions defined on the surface SI we use the 2-dimensional (r, θ) modal

expansion resulting from the eigen-problem Eqs. (13, 15, 16) for the elastic deformation of

the floe, because these modes form a complete orthogonal basis as described in the previous

section. In the following, we solve the system formed by all boundary conditions at the

interface SI , namely Eqs. (5, 9, 12). We assume the following modal expansions for the

partial potentials and pressure on SI , and for the transverse displacement

ϕflexural|SI
=

∑
α

ϕα =
∑
j,m

ψjm(r, θ)ajm(t),

P |SI
=

∑
j,m

Πjm(r, θ)pjm(t),

w =
∑
j,m

wjm(r, θ)bjm(t), (17)

where wjm are the orthogonal basis of eigenfunctions from Eq. (16). We implement the

modal series from Eqs. (17) in the boundary conditions Eqs. (5, 9, 12) and obtain, for each

j,m respectively:
∂ψjm

∂νjm
ajm = wjmb

′
jm, (18)

ρ(ψjma
′
jm + gwjmbjm) = −Πjmpjm, (19)

L[wjm]bjm + ρedwjmb
′′
jm = Πjmpjm. (20)

We combine these equations to eliminate P,w and obtain one equation in terms of ϕ only,

which will also provide the characteristic equation for the time dependence. We plug Eq.

(18) in the time differentiated Eq. (19) and obtain

ρ

(
ψjma

′′

jm + g
∂ψjm

∂νjm
ajm

)
= −Πjmp

′

jm, (21)

Next, Eq. (21) and time derivative of Eq. (20) we can eliminate Πjm

−ρ
(
ψjma

′′

jm + g
∂ψjm

∂νjm
ajm

)
= L

[
∂ψjm

∂νjm

]
ajm + ρed

∂2

∂t2
∂ψjm

∂νjm
ajm. (22)
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This equation can be factored under the hypothesis a
′′
jm = −τ 2jmajm for constant τjm, result-

ing in solutions for the time dependent part

ajm(t) = a0jme
±iτjmt and bjm(t) = b0jme

±iτjmt. (23)

Using again Eq. (18) and the eigen-problem Eq. (16) we can re-write Eq. (22) in the form

−ρ
(
−τ 2jmψjma

0
jm + g

∂ψjm

∂νjm
a0jm

)
= ±iτjmλjmρedwjmb

0
jm − ρedτ

2
jm

∂ψjm

∂νjm
a0jm. (24)

or simply

ψjm = ±i
b0jm
a0jm

(
g

τjm
+ d

λjm
τjm

ρe
ρ

+ dτjm
ρe
ρ

)
wjm. (25)

This expression confirms that the partial potential functions on the interface SI are propor-

tional to the eigenfunctions of the well posed flexural problem. For floes of uniform thickness

(d =constant) the partial potentials are proportional to the flexural eigenfunctions. From

Eqs. (17, 25) we have the value of the contribution to the potential of flexural deformations

in the interface SI

ϕflexural|SI
= ±i

∑
j,m

b0jm

(
g

τjm
+ d

λjm
τjm

ρe
ρ

+ dτjm
ρe
ρ

)
wjme

±iτjmt. (26)

Concerning the frequencies τjm we can make the assumption that they are given by the

modified natural frequency modes which take into account the added mass effect from the

fluid. This is actually a fundamental aspect of the modal decomposition approach for fluid-

structure interaction problems. Each partial mode ψjm oscillates harmonically at the corre-

sponding modified natural frequency. The corrections for the added mass effect of water for

the elastic floe are given by [19–21]

τ 2jm =
ω2
jm

1 +
madd,jm

mfloe

(27)

where ωjm are the natural frequencies of mode (j,m) in vacuum, see Appendix B. The

coefficients madd,jm can be calculated using the usual formula [19–24]

madd,jm = ρ

∫∫
SI

ψjm(r, θ)wjm(r, θ) dA

where we substitute for ψjm(r, θ) the expression from Eq. (25), resulting in an implicit

algebraic equation for τjm. Next, the partial potentials on SI for each normal mode are

calculated using Eq. (25), and then the pressure on the interface SI can be obtained from

any of the last two equations in Eq. (19).
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V. BOUNDARY CONDITIONS ASSOCIATED TO RIGID MOTIONS

For the modes corresponding to the rigid motions of the floe ξkϕk, k = 1, . . . , 4 we need to

evaluate the kinematic boundary conditions at the interface SI assumed rigid and in motion

Eq. (5), and the dynamic boundary conditions Eq. (9). We parametrize the interface SI

in cylindrical coordinates r⃗SI
= (r, θ, d(r, θ)) where d is the non-uniform thickness function.

The outer unit normal ν⃗ to this surface and its projections on the x− and z−axes are given

by differential geometry

ν⃗ =
−dre⃗x − dθ

r
e⃗θ + e⃗z√

d2r +
d2θ
r2

+ 1

νx =
−dr cos θ√
d2r +

d2θ
r2

+ 1

, νz =
1√

d2r +
d2θ
r
+ 1

, (28)

where dr = ∂d/∂r, dθ = ∂d/∂θ and {e⃗r, e⃗θ} are the radial and azimuthal unit vectors.

In the following we use the approach introduced in [3], where the normal velocities of SI

from Eq. (5) are obtained from geometric transformations, corresponding for each rigid

motion labeled by k = 1, . . . , 4, as we introduced them in the beginning of subsection II B.

A. Heave mode kinematic boundary conditions, k = 1

We assume an oscillating horizontal motion of the floe in the x−direction, with amplitude

ξ1 (which for the moment is a free parameter) and frequency ω. For the mode k = 1 the

boundary condition Eq. (5) becomes

∂ϕ1

∂νx

∣∣∣∣
SI

= νxe⃗x · ∇ϕ1 = iωeiωt (29)

or explicitly

−dr cos θ√
d2r +

d2θ
r2

+ 1

(
cos θ

∂ϕ1

∂r
− sin θ

r

∂ϕ1

∂r

)∣∣∣∣
SI

= iωeiωt (30)
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B. Surge mode kinematic boundary conditions, k = 2

For the surge motion we also assume an oscillating vertical motion of the floe in the

z−direction, with amplitude ξ2 and frequency ω. For the mode k = 2 the boundary condition

Eq. (5) becomes
∂ϕ2

∂ν2

∣∣∣∣
SI

= νz e⃗z · ∇ϕ2 = iωeiωt (31)

or explicitly
1√

d2r +
d2θ
r
+ 1

∂ϕ2

∂z

∣∣∣∣
SI

= iωeiωt (32)

C. Roll mode kinematic boundary conditions, k = 3

For the roll motion we assume small oscillating rotational motion of the floe around the

x−direction, with angular amplitude ξ3 and frequency ω, where we assume small lin-

ear oscillations approximations. The small small linear oscillation approximation involves

sin ξ3 ≃ ξ3, cos ξ3 ≃ 1. The difference between this mode and translational modes is that

each point and the unit normal ν⃗ on the interface SI changes its position and orientation,

respectively, according to the rotation transformation. The parameterization of the interface

SI changes accordingly

r⃗
′
= (r′, θ′, z′) =

(√
r2 cos2 θ + (r sin θ + zξ3)2, arctan

r sin θ + zξ3
r cos θ

,−rξ3 sin θ + z

)
. (33)

The unit normal at the new points on the interface is also rotated into ν⃗
′

3 (r⃗
′
) given by

(νx, νy, νz) → ν⃗
′

3 = (νx, νy + ξ3νz,−ξ3ny + νz)

being evaluated at rotated points r⃗
′
. The direction of rotation of the points r⃗

′
, which is

the tangent direction to rotation, is given in Cartesian coordinates by T⃗ξ3 = (0, ξ3, 1). The

normal velocity of the points of SI in this rotation is given by

vν3 = iωξ3(T⃗ξ3 · ν⃗
′

3 )
√
r2 sin2 θ + d2(r, θ).

The result is that for mode k = 3 the boundary condition Eq. (5) becomes

∂ϕ3

∂ν3

∣∣∣∣
SI

= ν⃗
′

3 · ∇ϕ3 = iω(T⃗ξ3 · ν⃗
′

3 )
√
r2 sin2 θ + d2(r, θ)eiωt. (34)
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D. Pitch mode kinematic boundary conditions, k = 4

For the pitch motion we also assume an oscillating rotational motion of the floe around the

y−direction, with angular amplitude ξ4 and frequency ω. We assume small linear oscillations

so we can approximate sin ξ4 ≃ ξ4, cos ξ4 ≃ 1. For this mode we also consider that the point

and the unit normal ν⃗ on the interface SI changes their position and orientation according to

the rotation transformation. The parametrization of the interface SI in the fixed system of

reference in quiescent water changes into a new equation r⃗
′
= R̂(ξ4)r⃗ when the floe rotates,

according to the rule for small angle approximation

r⃗
′
= (r′, θ′, z′) =

(√
(r cos θ + zξ4)2 + r2 sin2 θ, arctan

r sin θ

r cos θ + zξ4
,−rξ3 cos θ + z

)
. (35)

The unit normal at the new points on the interface is also rotated into ν⃗
′

4 (r⃗
′
) given by

(νx, νy, νz) → ν⃗
′

4 = (νx + νzξ4, νy,−ξ4νx + νz)

being evaluated at rotated points r⃗
′
. The direction of rotation of the points r⃗

′
, which is

the tangent direction to rotation, is given in Cartesian coordinates by T⃗ξ4 = (−ξ4, 0, 1). The

normal velocity of the points of SI in this rotation is given by

vν4 = iωsξ4(T⃗ξ4 · ν⃗
′

4 )

where s is the radius of rotation of any SI point r⃗ into r⃗
′
for the pitch mode is s =√

r2 + d2(r, θ).

The result is that for mode k = 4 the boundary condition Eq. (5) becomes

∂ϕ4

∂ν4

∣∣∣∣
SI

= ν⃗
′

4 · ∇ϕ4 = iωs(T⃗ξ4 · ν⃗
′

4 )e
iωt. (36)

E. Dynamical boundary conditions for rigid motions

We introduce the concept of generalized force acting on the floe [3] defined either by a

force acting on a specific direction, or a momentum with respect to a specific axis and the

center of mass. To calculate the wave generalized forces upon the flow for the rigid motions

degrees of freedom, we use Eq. (9) for k = 1, . . . , 4 and integrate the pressure over the
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interface. Similar to the previous section we consider all rigid degrees of freedom described

by oscillations of frequency ω. We have

Fjk = iωρeiωt
∫
SI

ϕkνj dS, (37)

where k = 1, . . . , 4 describes the type of degree of freedom of rigid motions. The label

j = 1, . . . , 4 describes the type of generalized force as follows: for j = 1 we have the vertical

z−component of the force; for j = 2 we have the horizontal x−component of the force; for

j = 3 we have the momentum around the x−axis, and for j = 4 we have the momentum

about the y−axis. According to [3, 4, 18] the generalized force components Fjk are associated

with the corresponding partial potentials and are conveniently described in the conventional

way by the added-mass coefficients Ajk, and damping coefficients Bjk, both real coefficients,

such that

Fjk = ω2Ajk − iωBjk or Ajk =
Re(Fjk)

ω2
, Bjk = −Im(Fjk)

ω
. (38)

The equations of motion for a freely floating body of quasi-planar shape, laterally bounded

by a nearly-circular contour, having homogeneous distribution of physical parameters inside,

and non-uniform thickness, oscillating with four degrees of freedom may be written as [1–

4, 9, 26, 27]
4∑

j=1

[−ω2(Mkj +Akj) + iωBkj + Ckj]ξj = F
(e)
k , (39)

where Mkj are the mass matrix components, Ckj are the hydrostatic stiffness coefficients,

and F
(e)
k are the components of the exciting generalized force associated with the incident

and scattered partial potentials ϕ−1 + ϕ0, basically representing the wave generalized force

for a fixed floe [3]. These matrices are well-known in literature [1, 2, 4, 9, 18, 26, 27], and

are defined below. The mass matrix has two terms:

Mjk = Mrig
jk +Madd

jk

representing the rigid body mass and the added mass contributions. The rigid body mass

matrix has the form

(Mrig
jk ) =


m 0 0 0

0 m 0 mzG

0 0 I44 −I45
0 mzG −I45 I55

 (40)
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where m is the floe mass, zG is the vertical distance from origin (water surface) to the center

of gravity of the floe, I44 is roll moment of inertia about x−axis through the center of gravity,

I55 is the pitch moment of inertia about y−axis through the center of gravity, and I45 is the

product of inertia [18].

The added mass matrix has the general rigorous form

(Madd
jk ) = ρ

∫∫
SI

ϕjνk dS. (41)

These coefficients have complicated expressions, and in general they can be calculated only

numerically. If floe has a shape closed to an axisymmetric shape, we can use for the added

mass terms the approximation of an axisymmetric body. In this case the off-diagonal terms

are neglected.

The hydrostatic stiffness matrix has the form [3, 18]

Ckj =


0 0 0 0

0 ρgAw ρgAwxF −ρgAwyF

0 ρgAwxF ρgAwx
2
F + ρgV zBGMT −ρgAwxFyF

0 −ρgAwyF −ρgAwxFyF ρgAwy
2
F + ρgV zBGML

 (42)

where Aw is the waterplane area at equilibrium, V is the displaced volume, (xF , yF ) are the

coordinates of waterplane area centroid, and zB is the vertical distance from origin to center

of buoyancy. The other two parameters are called the metacentric heights [18] and are given

by

GMT =
1

V

∫∫
SI

Awy
2 dS − zB + zG

for the transverse metacentric height, and

GML =
1

V

∫∫
SI

Awx
2 dS − zB + zG

for the longitudinal metacentric height, where zG is the vertical distance from origin to

center of gravity.

Finally for this section, the non-homogeneous term F
(e)
k in the linear system Eq. (39) which

represents the exciting generalized forces associated to the incident and scattered partial

potentials can be obtained from the Haskind relations [3, 18]. Instead of calculating this
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term using the general form Eq. (37) for ϕ−1 + ϕ0 we can approximate this term with the

particular expression for axisymmetric bodies [3]

F
(e)
k =

√
Kk

ρgH2Bkkω

κ2

[
1 +

2κh

sinh(2κh)

]
in which K1 = K3 = K4 = 1, K2 = 1/2,height, H is the crest-to-crest exciting waves height,

and κ is the wave number associated to long-crested linear waves of frequency ω at depth h.

With all coefficients calculated as above, and using the linear approximation for the expres-

sions of the rotated tangent and normal unit vectors T⃗ξ3 , T⃗ξ4 , ν⃗
′

3 , ν⃗
′
4, we can solve the linear

system Eq. (39) and obtain the values for the amplitudes of the rigid motions ξk for some

given, imposed exciting waves frequency ω.

VI. THE GENERAL SOLUTION FOR THE POTENTIAL AND THE FLOE DY-

NAMICS

In order to calculate the total potential in this problem we use the formal Green integral

formula for the solution of Laplace’s equation in the region RF with a Robin boundary

condition on the closed surface Σ [30, 31, 34–36, 40, 41, 44]. The total potential Eq. (1) has

the form

ϕ =
4∑

k=0

ξkϕk +
∑
α

ϕα,

where the parameters ξk are calculated in section VE as solutions of the system Eq. (39).

The boundary condition is defined over the closed surface Σ = SF ∪SI ∪SB ∪Sσ in the form(
Uαβϕα + Zαβ

∂ϕα

∂ναβ

)
Sβ

= Λαβ (43)

where the indices run as follows: α = k or (j,m) and β = 1, . . . , 4 labels the 4 surfaces

forming Σ, or in other words Sβ ∈ {SF , SI , SB, Sσ}. The coefficient functions Uαβ, Zαβ,Λαβ

have their expressions determined in the previous sections, respectively. From the bound-

ary conditions expressed in the general form Eqs. (3-6, 8, 9), and the specific evaluated

relationships in Eqs. (26, 29-32, 34, 36) we obtain the following global structure for the

functional coefficients U,Z,Λ in the boundary condition Eq. (43): The complete solution

for the Laplace equation for the potential, with time-dependent Robin boundary conditions
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Uαβ

β↓ α = 0 α = k α = (j,m)

SF −ω2 −ω2 −τ2jm

SI 0 0 1

SB 0 0 0

Sσ −iκ −iκ −iκ

TABLE I. Table of values for the functional coefficient Uαβ. Here k = 1, . . . , 4, ω =
√
gκ tanh(κh),

and the normal frequency coefficients τjm are given in Eq. (27).

Zαβ

β↓ α = 0 α = k α = (j,m)

SF g g g

SI −∂ϕ−1

∂ν 1 0

SB 1 1 1

Sσ 1 1 1

TABLE II. Table of values for the functional coefficient Zαβ. Here k = 1, . . . , 4, ω =
√
gκ tanh(κh),

and derivative to ν is derivative to the normal of SI in equilibrium, Eq. (28).

Λαβ

β↓ α = 0 α = k α = (j,m)

SF 0 0 0

SI 0 gk Right hand side Eq. (26)

SB 0 0 0

Sσ 0 0 0

TABLE III. Table of values for the functional coefficient Λαβ. Here k = 1, . . . , 4, and coefficients

gk are given by the right hand side of Eqs. (29, 31, 34, 36), for k = 1, . . . , 4, respectively.

given in Eq. (43) and tables (I, II, III) is finally obtained using the single layer potential

approach [30, 31, 34–36, 40, 41, 44]. We prefer this method to other approaches (Green

function method, boundary element method, or double layer potential) because the mixed
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boundary conditions have constant coefficients, see tables (I-III), except the potential for

k = 0, which will be treated in a separate way. We use the Green’s representation formula

and the fundamental solution of the Laplace problem

G(r⃗, r⃗
′
) =

1

4π||r⃗ − r⃗ ′ ||
. (44)

The solution to our problem becomes

ϕ(r⃗, t) = ϕ0 +
4∑

k=1

ξkϕk +
∑
j,m

ϕjm (45)

with partial potential solution for each degree of freedom except α = 0 given by an integral

representation over the whole surface Σ of the water

ϕα(r⃗, t) =
4∑

β=1

∫∫
Sβ

µαβ(r⃗
′
, t)G(r⃗, r⃗

′
) dS, α ̸= 0, β = 1, . . . , 4, (46)

where the multi-index α = (j,m) running over the spectrum of the eigenproblem Eqs. (16,

26) and β labels integration over all four sub-surfaces of the closed boundary Σ.

The source density function µαβ is obtained by solving a Fredholm integral equation of the

second kind for each type of degree of freedom α ̸= 0 and for each sub-surface β

−1

2
µαβ(r⃗, t) +

4∑
β′=1

∫∫
Sβ′

[
Uαβ′

Zαβ′
G(r⃗, r⃗

′
) +

∂G

∂ν
′

β′
(r⃗, r⃗

′
)

]
µαβ′(r⃗

′
, t)dS =

Λαβ

Zαβ

, (47)

where, in the same way as above, the multi-index α = (j,m) running over the spectrum

of the eigenproblem Eqs. (16, 26) and β labels integration over all four sub-surfaces of the

closed boundary Σ.

For the scattered potential ϕ0 we follow a similar approach, except in this case we have

homogeneous Robin boundary condition with spatially varying coefficient. Indeed, from

table III we noticed that λ0,β = 0 for all surfaces β. For this reason we can re-write the

boundary condition Eq. (43) in the form(
U0β

Z0β

ϕ0 +
∂ϕ0

∂ν0β

)
Sβ

= 0. (48)

The scattered potential solution is given by the integral representation over the whole surface

Σ of the water

ϕ0(r⃗, t) =
4∑

β=1

∫∫
Sβ

µ0β(r⃗
′
, t)G(r⃗, r⃗

′
) dS, β = 1, . . . , 4 (49)
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The source density function µ0β is obtained by solving a homogeneous Fredholm integral

equation of the second kind for each type of sub-surface β

−1

2
µ0β(r⃗, t) +

4∑
β′=1

∫∫
Sβ′

[
U0β′

Z0β′
G(r⃗, r⃗

′
) +

∂G

∂ν
′

β′
(r⃗, r⃗

′
)

]
µ0β′(r⃗

′
, t)dS = 0, (50)

where, similar to the above solutions, the multi-index α = (j,m) running over the spectrum

of the eigenproblem Eqs. (16, 26) and β labels integration over all four sub-surfaces of the

closed boundary Σ.

In conclusion, the complete solution for the flow potential around the floe Eq. (45), consid-

ering all boundary conditions and all degrees of freedom, is obtained by solving the two sets

of Fredholm integral equations of the second kind Eqs. (46, 47) and Eqs. (49, 50) where the

Green function is given in Eq. (44) and the coefficients U,Z,Λ from the Fredholm integrals

are given in tables (I-III). This solution includes in a linear combination the incident wave,

the scattered waves resulting from the floe considered at rest, the feedback contribution from

the rigid motions of the floe, and the feedback contribution from all elastic normal modes

excited in the floe.

The rigid motions of the floe (surge, heave, roll and pitch) are described by small oscillations

of amplitudes ξk, k = 1, . . . , 4 at any arbitrary frequency ω, which are obtained by solving

Eqs. (39) in section VE. The modifications of the floe shape because of its flexural oscilla-

tions are given by the series for w(r, θ, t) in Eqs. (17), where the time dependent coefficients

bjm(t) are given in Eqs. (23) and Eqs. (27) from section IV, and the eigenfunctions are

given by solving the problem in Eqs. (16, 26). The complete dynamics of the elastic floe

is obtained by adding the contribution from the rigid motion and the contributions of all

elastic normal modes.

The time evolution of the system is managed as follows. The rigid motions of the floe and

the partial potentials associated with the feedback from these motions, ϕk are described

by oscillations with an arbitrary frequency ω. This frequency is arbitrary and considered

the parameter of the problem. It is related to the wave number κ and represents the

characteristic of the incident water wave of potential ϕ−1. The scattered potential ϕ0 has

the same periodic behavior described by ω. The other partial potentials representing the

feedback from elastic modes of the floe are represented by series of the basis of orthogonal
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normal modes with frequencies τjm. When the incident wave of frequency ω interacts with

the floe elastic surface, we can project the time dependence of each normal mode e±iτjmt on

this incoming frequency as a regular complex Fourier series. The response of each boundary

mode ψjm(r, θ)ajm(t) of SI to the ω excitation will be weighted by a Fourier coefficient

sin

[
2π

(
τjm
ω

− 1

)]
2π

(
τjm
ω

− 1

) .

These coefficients describe the attenuation of normal modes far from the exciting frequency,

as well as the resonance situations. It results that all partial potentials representing flexural

modes ϕα = ϕjm, and the floe elastic deformation w will have the series terms weighted

correspondingly, and acquire the same oscillating behavior with the frequency ω as the

other quantities in the model. Finally, all arbitrary constants in the partial potentials and

floe elastic deformation function a0jm, b
0
jm are obtained by matching the initial condition of

the system. This is possible because of the orthogonality of the basis of normal modes.

VII. CONCLUSIONS

We have developed a comprehensive mathematical model for the dynamics of floating elas-

tic ice floes under ocean wave excitation that advances beyond the limitations of existing

theories. The principal contributions of this work are threefold: (i) simultaneous treatment

of both rigid-body motions and elastic flexural deformations with full inertial effects, (ii)

extension to arbitrary floe geometries with non-uniform thickness distributions, and (iii) a

unified Green function framework that reduces the coupled hydroelastic problem to tractable

Fredholm integral equations.

The model treats the floe as a quasi-planar elastic body satisfying a generalized Kirchhoff-

Love equation with spatially varying flexural rigidityD(r, θ), freely floating over an ideal fluid

domain governed by Laplace’s equation for the velocity potential. By introducing partial

potentials for the incident wave, scattered wave, four rigid-body modes (heave, surge, roll,

pitch), and the complete spectrum of elastic deformation modes, we decompose the complex

fluid-structure interaction into manageable components. The elastic eigenproblem with free-

edge boundary conditions provides a complete orthogonal basis of flexural modes, though the
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non-uniform thickness prevents clean separation into radial and circumferential components

except for axisymmetric cases.

The coupling between fluid and structure is captured through kinematic boundary conditions

that match normal velocities at the interface and dynamic conditions relating hydrodynamic

pressure to elastic response. For rigid motions, we derive explicit expressions using differen-

tial geometry to account for the changing orientation of interface normals during oscillations.

The elastic modes are characterized by modified natural frequencies that incorporate added

mass effects from the surrounding water, expressed through implicit algebraic equations

relating the in-vacuum frequencies to fluid-coupled response.

The solution methodology employs single-layer potential representations with the fundamen-

tal Green function, reducing all boundary value problems to systems of Fredholm integral

equations of the second kind. We systematically organize all boundary conditions on the free

surface, interface, seabed, and artificial far-field boundary into compact tensor form with

coefficient matrices presented in three tables. This formulation provides a rigorous mathe-

matical foundation for numerical implementation while maintaining analytical transparency.

The model enables investigation of resonance phenomena when incident wave frequencies

approach natural vibration modes, wave attenuation through scattering and elastic dissipa-

tion, and the relative importance of rigid versus elastic response across different frequency

regimes. Extension to include viscous effects through Helmholtz-Hodge decomposition, time-

dependent thickness variations from melting, and three-dimensional geometries with signif-

icant vertical extent represents promising directions for future research. The framework

established here provides essential theoretical groundwork for understanding ice-wave inter-

actions in the marginal ice zone, with direct applications to climate modeling, ice breakup

prediction, and wave propagation in polar seas.
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VIII. APPENDIX A

In order to provide an example of analytic solution for the eigenproblem Eq. (16) with

free edge boundary conditions Eqs. (13, 15) we assume an axis-symmetric top-down conical

shape with radius R0 for the floe with ice thickness d(r, θ) = d1r + d2 and the condition of

slow slope of the cone d2 ≫ d1r. In this case we can develop an asymptotic analysis with

expansion parameter ϵ = d1R0/d2 in the dimensionless variable ζ = r/R0. We re-write the

flexural rigidity Eq. (11) in the form D(r, θ) = D0d
3 and it results

D(r) = D0d
3
2(1 + 3ϵζ + 3ϵ2ζ2 + ϵ3ζ3)

We also expand the eigenfunction and eigenvalue

w = w0 + ϵw1 + ϵ2w2 + . . . , λ = λ0 + ϵλ1 + ϵ2λ2 + . . .

In the leading order O(1) the equation becomes a biharmonic eigenvalue problem

△2w0 = k40w0,

where k40 = λ0ρe/(D0d
2
2). Using regularity at origin and free edge boundary conditions at

r = R0 we have the leading term for the eigenfunction expressed as an expansion in Fourier

modes j

wj
0(r, θ) = (AjJj(k0r) + CjIj(k0r))e

ijθ.

The amplitudes Aj, Cj and the spectrum of eigenvalues labeled by αj,m can be obtained from

the characteristic equations

Cj

Aj

=
Jj(α)

Ij(α)
, J ′

j(α)Ij(α)− Jj(α)I
′
j(α) = 0

28



where α = k0R0. In the leading order the degenerated spectrum is

λ
(j,m)
0 =

D0d
2
2

ρeR4
0

α4
j,m,

where αj,m are the solutions of the second characteristic equations above. The equation for

the first order correction O(ϵ) is

△2w1 − k40w1 = k40w0

(
λ1
λ0

− 2ζ

)
This non-homogeneous biharmonic equation can be solved using the Fredholm alternative

condition of solvability. The first order correction in the eigenvalues is

λ
(j,m)
1 = 2λ

(j,m)
0

∫ R0

0
r2R2

j,m(r) dr

R0

∫ R0

0
rR2

j,m(r) dr

IX. APPENDIX B

The natural frequencies of the elastic mode (j,m) in vacuum, ωjm, occurring in Eqs. (23)

and Eqs. (27) from section IV, can be obtained from solving the eigenproblem in Eqs.

(16, 26). For a general shape this frequencies can be obtained only numerically because

the free edges boundary conditions Mν = 0, Vν = 0 from Eqs. (13, 15) consist in a highly

coupled system, where the thickness variation d(r, θ) creates strong coupling between radial

and azimuthal modes through the gradient terms of D, Eq. (11). Such a procedure can

be accomplished in an easier way by using a perturbation approach over normal modes for

an disk of radius R0 and uniform thickness d0=constant [15–17, 19–25, 38]. Such uniform

thickness generate of characteristic equation for the frequencies in the form[
J ′′
j (λ) +

νe
λ
J ′
j(λ) +

νej
2

λ2
Jj(λ)

] [
I ′′′j (λ) +

1− j2

λ
I ′′j (λ)−

1 + j2(1− νe)

λ2
I ′j(λ)

]

−
[
I ′′j (λ) +

νe
λ
I ′j(λ) +

νej
2

λ2
Ij(λ)

] [
J ′′′
j (λ) +

1− j2

λ
J ′′
j (λ)−

1 + j2(1− νe)

λ2
J ′
j(λ)

]
= 0,

where Ij, Jj are the corresponding Bessel functions, j is the principal (radial) mode number

(j = 0, 1, . . . ) and the solutions for λ from the above equation generate the frequencies ωjm

with multiplicity m = 0, 1, . . .

ωjm = λ2jm
1

R0

√
Ed20

12ρe(1− ν2)
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