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Abstract  
In the existing literature, the effect of a crack in a nanobeam is commonly modeled by introducing 

a discontinuity in the slope at the cracked cross-sections, with the magnitude proportional to the 

bending moment transmitted through the section. The proportionality factor (i.e., the crack 

compliance) is typically derived from closed-form solutions based on classical linear elastic 

fracture mechanics, whose validity at micro- and nanoscale dimensions is not well established. At 

such small scales, atomic interactions across crack surfaces become significant and can strongly 

influence the kinematic fields at the cracked cross-section. Consequently, the accuracy of the 

majority of existing models for the mechanical behavior of cracked micro- and nanobeams remains 

unclear. This study examines size effects on the crack compliance of silicon nanobeams by 

integrating molecular dynamics simulations with beam formulations derived from a nonlocal 

theory. Size-dependent bending and free-vibration responses of intact nanobeams are first obtained 

through molecular dynamics simulations, and these results are used to calibrate the nonlocal 

parameters of the continuum models. The calibrated models are then employed to study cracked 

nanobeams. Comparisons between molecular dynamics predictions and theoretical results reveal 

pronounced size effects: classical formulas substantially underestimate crack-induced flexibility 

in nanobeams, while the discrepancy decreases with increasing beam length. For sufficiently long 

nanobeams, crack compliance converges toward classical predictions. These results provide direct 

atomistic evidence that classical kinematic continuity conditions at cracked cross sections are not 

generally valid at small scales and must be reformulated to accurately capture the mechanical 

behavior of nanobeams. 
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1. Introduction 
The growing field of miniaturization has placed micro- and nanoscale systems and devices at the 

forefront of innovation. Micro- and nanostructures, such as miniaturized beams, shells, and plates, 

have attracted significant attention in recent decades due to their critical role in emerging micro- 

and nanoscale technologies [1,2]. These small-scale structures are increasingly employed in the 

micro- and nano-electromechanical systems (MEMS and NEMS) for a wide range of applications 

in aerospace, biomedical, automotive, and civil engineering [3–9]. In MEMS and NEMS, electrical 

components are integrated with miniaturized mechanical elements to perform critical functions, 

including chemical sensing [10], micro-electro-mechanical switching [11–14], resonant oscillation 

and frequency generation [15–18], mass detection [19,20], biosensing [21,22], force measurement 

[23] and light detection [24,25]. However, small-scale structures are susceptible to defects such as 

cracks, which can significantly reduce their stiffness and natural frequencies. 

Structural health monitoring (SHM) is essential for ensuring the safety, reliability, and 

serviceability of structural components. A key aspect of SHM is crack detection, as cracks 

introduce local flexibility, reduce structural stiffness and natural frequencies, and alter both static 

and dynamic behaviors. Therefore, accurately identifying crack location and depth is crucial for 

assessing structural integrity and preventing failures. Numerous damage detection techniques have 

been developed to ensure the safety and integrity of mechanical structures. Among them, vibration-

based methods [26,27], wave propagation methods [28,29], and static deflection-based methods 

[30,31] are commonly used. 

In problems involving mechanical elements such as beams, cracks are often modeled as massless 

elastic springs [32–36]. In this method, the cracked beam is represented as two sub-beams joined 

at the crack location by rotational and translational springs. The compliances of these elastic 

springs are then determined using classical fracture mechanics principles, which rely on local 

elasticity theory. However, these formulas for calculating crack compliances do not account for 

the size effect. While several pioneering theories based on non-classical continuum mechanics 

have been developed to address mechanical problems at small scales, e.g., [37–42], size-

independent formulas are still frequently used to determine crack compliances of these small-scale 
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structures, e.g., [43–49]. This discrepancy raises a critical question: how significant is the size 

effect on crack compliances in nanostructures? 

This study aims to address this question by exploring the size effect on crack compliance in small-

scale beams under static bending and free transverse vibration. For this purpose, the local/nonlocal 

stress-driven gradient elasticity (SDGE) model [50] is employed along with molecular dynamics 

(MD) simulations. The SDGE model is an accurate, well-posed, and computationally efficient 

approach for addressing size effects in miniaturized structures, providing a robust framework for 

capturing size-dependent mechanical behavior [51–54]. Nevertheless, any alternative nonlocal 

beam model may be employed for the purposes of this article, such as those developed in [55–59]. 

Additionally, MD simulations offer a detailed atomistic perspective on the response of 

nanostructures. MD has been widely used to investigate a broad range of problems, including the 

mechanical behavior of nanocrystalline metals, high-entropy alloys and composites [60–65], size-

dependent mechanical responses of silicon nanobeams [66], crack growth under cyclic loading 

[67], and the mechanical properties of carbon nanotubes [68]. 

The structure of the paper is as follows. Section 2 introduces the problem and outlines the classical 

evaluation of crack compliance and the SDGE model used to analyze the bending and free 

transverse vibration of nanobeams. Section 3 describes the MD simulations of intact and cracked 

silicon nanobeams. Section 4 presents and discusses the results, including calibration SDGE 

models based on MD data and an investigation of size effects on crack compliance. Section 5 

concludes the paper with a summary of the main findings. 

 

2. Problem definition and assumptions 
To examine the size effect on crack compliance, an Euler-Bernoulli nanobeam with rectangular 

cross-section containing one edge crack is considered. A fixed–guided nanobeam for bending and 

a cantilever nanobeam for free transverse vibration are studied, as illustrated in Fig. 1(a) and Fig. 

1(b), respectively. Each beam has an in-plane thickness of H, an out-of-plane width of W, a length 

of L, and a cross-sectional area of ܣ.  A Cartesian coordinate system ݔ −  is established at the ݕ

mid-thickness of the beam, with the origin at the left end. The crack has a length of ܽଵ and is 

located at the position ݔଵ along the length of the beam. The local bending compliance of the beam 
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is given by 
1C

EI
 , where ܧ is the Young's modulus and ܫ is the second moment of the area, 

defined as 
3

12
WHI  . The mass per unit length is denoted by ܫ଴, and 

2
0

2 12
I HI  . 

 

 

Fig. 1 (a) Fixed–guided cracked nanobeam considered for bending analysis. (b) Cantilever cracked 

nanobeam considered for free vibration analysis. (c) Mode I deformation induced by bending moment, and 

(d) modeling a crack by a rotational elastic spring. 

 

2.1. Classical formulation of crack compliance 

This section summarizes the classical formulation for the crack compliance developed in [69]. To 

investigate the mechanics of beams containing edge cracks, the elastic spring model, illustrated in 

Fig. 1(c) and Fig. 1(d), is commonly employed. In this approach, a cracked slender beam can be 

modeled by considering two beam segments connected through a massless elastic rotational spring 

located at the cracked section, with compliance θC . The impact of the crack on the static and 

dynamic behavior of the structure is accounted for by introducing discontinuity in the cross-section 

rotation 2 1( )     at the crack location. This discontinuity is proportional to the bending 

moment (ܯ) transmitted across the cracked section: 
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θ crackC M   (1) 

 

The crack compliance is derived by equating the mode I strain energy release rate from fracture 

mechanics to that associated with the equivalent rotational spring [69]: 
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  (2) 

 

Where E E   for plane stress, and 21
EE


 


 for plane strain.  

Using Eq.(2), the rotational compliance θC  can be written as [69]: 
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The stress intensity factor IK , which can be found in fracture mechanics handbooks, is given as: 
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Here, 
a
H

   is the normalized crack length, and ( )MF   is a dimensionless correction function 

which captures the crack-geometry effects, given by: 
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Replacing IK  from Eq.(4) into Eq.(3) results in the following expressions for θC : 
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(6) 

 

The foregoing expression for the crack compliance θC  depends on the normalized crack length   

as well as on the material properties and the beam geometry. However, because it contains no 

intrinsic or small-scale parameters, it is unable to capture size effects and therefore is size-

independent. 

 

2.2. The SDGE theory 

To address the bending and free transverse vibration problems of nanobeams, the SDGE theory is 

applied within the framework of Euler-Bernoulli beam theory. The original dynamic integral 

representation of the SDGE model is given by [50]: 
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where ߯ and ܯ represent the elastic curvature and bending moment, respectively. The constitutive 

equation formulated by the SDGE theory includes three nonlocal parameters: material length scale 

parameter (ܮ஼), gradient length scale parameter (ܮ௟), and mixture parameter (ߙ). Additionally, ߶௅಴ 

is a kernel function which depends on the material length scale parameter ܮ஼  and defined as: 
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The free transverse vibration problem of small-scale beams based on the SDGE theory was 

previously solved in [70], with relevant details provided in Appendix A. Incorporating the SDGE 

theory into the Euler–Bernoulli beam framework yields the following governing differential 

equations for each segment of the nanobeam, including a single edge crack: 

 
6 4 4 2

2 2 2 2 2 2 2 2
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dx dx dx dx

             (9) 

 

 

for ݇ = 1 and 2. 

The SDGE model for free transverse vibration of Euler–Bernoulli small-scale beams with a single 

edge crack yields two governing differential equations of total order 12. Solving this system 

requires four constitutive conditions (two boundary and two continuity) in addition to eight 

variationally consistent conditions (four boundary and four continuity). The full set of governing 

equations, boundary and continuity conditions, and the solution procedures for both static and 

dynamic analyses are provided in Appendix A. 

For the vibration problem of a cracked cantilever nanobeam (see Fig. 1(b)), the system of 

governing differential equations, together with the required continuity and boundary conditions, 

results in a homogeneous system of 12 algebraic equations for 12 unknown constants. A non-
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trivial solution exists only when the determinant of the coefficient matrix vanishes, yielding the 

characteristic equation for determining the natural frequencies. The roots of this characteristic 

equation, i.e., the natural frequencies, are then computed numerically using the bisection method. 

For the bending problem of a cracked fixed-guided nanobeam (see Fig. 1(a)), the solution is 

obtained directly from the dynamic formulation by removing all time-dependent terms. The 

formulation is presented in Appendix A. For the bending problem of a fixed–guided nanobeam 

“without” a crack, the governing differential equations, together with the specified boundary and 

continuity conditions, can be solved to yield the following closed-form solution for the bending 

stiffness: 

SDGE
1 2 3
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(10) 

 

This equation is a function of the nanobeam dimensions and includes three nonlocal parameters, 

namely ܮ஼  .ߙ ௟ andܮ ,

 

3. Molecular dynamics simulations 
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The MD simulations are performed using the Large Scale Atomic/Molecular Massively Parallel 

Simulator (LAMMPS) [71] to investigate the mechanical behavior of a series of silicon nanobeams 

with various lengths while maintaining a constant aspect ratio. All nanobeams have a square cross‐

section with ܹ = ܪ =  ranges from 26.07 nm to 182.48 nm. The ܮ where the beam length ,12/ܮ

nanobeams are constructed from single-crystal silicon with a diamond cubic lattice structure and 

a lattice constant of 0.5431 nm. The silicon lattice structure is oriented such that the x-axis 

corresponds to the [1 1 1] crystallographic direction along the beam length, while the y-axis and 

z-axis align with the [1ത  2 1ത] and [1ത  0 1] crystallographic directions, respectively.  

In this study, Stillinger-Weber (SW) potential [72] is employed. The SW potential is particularly 

suitable for covalently bonded materials with diamond cubic structure such as silicon, providing 

both computational efficiency and accuracy for studying the mechanical behavior of small-scale 

silicon structures. It incorporates both two-body and three-body interactions, enabling the capture 

of bond stretching and angular interactions. For silicon, the parameters of the SW potential were 

originally calibrated to reproduce key thermodynamic, structural, and elastic properties, including 

the equilibrium behavior at 0 K and the melting temperature. The specific parameter values used 

in this work are listed in Table 1. 
 

Table 1 

Parameter set of the SW potential for silicon, calibrated to reproduce structural and thermodynamic 

properties [72]. 

 ࢗ ࢖ ࡮ ࡭ ૙ࣂܛܗ܋ ࢽ ࣅ ࢇ (Å) ࣌ (܄܍)  ࢿ

2.1683 2.0951 1.80 21.0 1.20 -1/3 7.049556277 0.6022245584 40 0.0 

 

The A, B, p, and q parameters are used exclusively in the two-body interaction terms. The ߣ and  

cosߠ଴ parameters apply only to the three-body interactions. The a, ߝ and ߪ parameters are shared 

by both the two-body and three-body terms. The ߛ parameter is used only in the three-body 

interaction but is specified for each interacting pair of atom types. All parameters without explicit 

physical dimensions are dimensionless. 

The MD simulations are conducted in a 3D domain with non-periodic boundary conditions in all 

directions, and a time step of 1 fs. After the initial atomic configuration of the nanobeam is created, 

the system energy is minimized using the conjugate gradient algorithm. The nanobeam is then 
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equilibrated for 100 ps at a temperature of 1 K using the canonical NVT ensemble with a Nose–

Hoover thermostat. After equilibration, the nanobeam is prepared for the subsequent mechanical 

simulations, specifically free transverse vibration and bending analyses. 

 

 
Fig. 2 Schematic of silicon nanobeams used in MD simulations. Cantilever beams for free transverse 

vibration: (a) intact and (b) with a crack of length ܽଵ. Fixed–guided beams for bending simulations: (c) 

intact and (d) with a crack of length ܽଵ. All nanobeams have a square cross-section with ܹ = ܪ =  .12/ܮ

 

3.1. MD simulation of free transverse vibration 

The free transverse vibration behavior of the silicon cantilever nanobeams is investigated by first 

establishing a fixed–free configuration. As illustrated in Fig. 2(a), a region with length of 0.02ܮ at 

the left end of the nanobeam (labeled “Fixed”) is fully constrained in all directions throughout the 

simulation, while the remainder of the nanobeam is allowed to deform.  

After energy minimization and thermal equilibration, an excitation is applied to a small region near 

the free end along the ݕ-axis to initiate vibration. Atoms inside this region are displaced at a 

prescribed constant velocity in the transverse (y) direction for a short duration to ensure that the 
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response remains within the elastic regime. This controlled motion generates an initial bent 

configuration and stores elastic energy in the beam, thereby establishing the initial conditions 

required for free vibration. During the excitation phase, atoms in the fixed region remain fully 

constrained, whereas atoms in the middle region are free to move and are maintained at 1 K using 

an NVT ensemble. 

Once the desired initial deformation is achieved, the prescribed motion is removed, the thermostat 

is turned off, and the system transitions to the NVE ensemble. The beam then vibrates freely under 

the influence of its internal elastic forces. Throughout this stage, the average ݕ-coordinate of atoms 

within the excitation region is recorded at each time step, providing a displacement signal from 

which the natural frequencies are extracted. Additional information, such as stress fields, potential 

energy, and kinetic energy, is also recorded for further evaluation of the vibrational response. Both 

intact and cracked nanobeams are examined. As shown in Fig. 2(b), cracks are introduced by 

deleting a single layer of atoms at the crack location. The free transverse vibration simulations are 

conducted for both intact and cracked beams of various lengths. Very long cracks are avoided to 

ensure that the crack surfaces remain open throughout the vibration process. The extracted natural 

frequencies for intact beams are used to calibrate the SDGE model parameters for silicon, while 

simulations of cracked beams quantify the variation of crack compliance with crack size and beam 

dimensions. 

Fig. 3(a) illustrates how the first natural frequency of a cantilever intact nanobeam of length 104.28 

nm is extracted from the MD simulation results by tracking the average ݕ-coordinate of atoms 

within the excitation region over time t. The recorded vibration response is approximated using a 

sinusoidal function of the form 

 
3( ) sin( ) 10 (Giga rad/s)v t A Bt C B     (11) 

 

where A, B, and C are curve-fitting parameters, and displacement and time have the dimensions of 

Å and ps. The natural frequency of the nanobeam is then determined from the fitted parameter B, 

as 310 B  , expressed in units of gigaradians per second (Giga rad/s). For the present case, the 

displacement profile is well captured by the function  17.66 sin (6.06 × 10ିଷݐ + 4.239). From 

this fitting, the natural frequency of the nanobeam is determined to be ߱ = 6.06 Gig rad/s. 
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Fig. 3 (a) Derivation of the natural frequency of a cantilever nanobeam using MD results; and derivation 

of the bending stiffness of a fixed–guided nanobeam from MD results based on (b) the load–displacement 

curve and (c) the potential-energy–displacement curve. Both nanobeams have a length of ܮ = 104.28 nm 

and an aspect ratio of ܹ = ܪ =  .12/ܮ

 

 

3.2. MD simulation of bending 

Bending simulations are performed on nanobeams with a fixed–guided boundary conditions, 

where the beam is divided into three regions: Fixed, Middle, and Mobile, as shown in Fig. 2(c). 

The lengths of the fixed and mobile regions are each equal to 0.02ܮ.  

Throughout the deformation process, the temperature is maintained at 1 K using the NVT 

ensemble. To simulate bending, atoms in the mobile region are displaced at a constant velocity 
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along the y-axis, while their movement in the other directions is constrained. This configuration 

models the bending of a fixed-guided nanobeam. To ensure a linear elastic response, the maximum 

displacement applied during the bending simulations is limited to 2.0% of the total beam length. 

Following each simulation, the results are processed to determine the bending stiffness of each 

nanobeam. This bending stiffness can be obtained either using the applied force at the guided end 

of the nanobeam or the potential energy of the middle region. In the first method, the bending 

stiffness is calculated as the slope of the load-displacement (ܨ −  .curve, as shown in Fig. 3(b) (ߥ

In the second method, as illustrated in Fig. 3(c), it is derived from the relationship between the 

potential energy (ܷ) of the middle region and the displacement (ߥ) at the guided end, expressed 

as follows: 

 
2

2

d UK
dv

  (12) 

 

Similar to the free transverse vibration simulations, the bending simulations are performed for both 

intact and cracked beams of various lengths. The bending stiffness values obtained from the MD 

simulations of intact nanobeams are used to calibrate the SDGE bending model parameters for 

silicon, while the simulations of cracked beams are employed to examine the size dependence of 

crack compliance. 

 

4. Results and discussions 
This section explores the existence of size effects on crack compliance in both free transverse 

vibration and bending problems of cracked silicon nanobeams at the nanoscale. First both SDGE 

models for bending and free transverse vibration are calibrated using data obtained from MD 

simulations. The calibrated SDGE models are then used to investigate the size dependence of crack 

compliance by comparing their predictions with the MD simulation results.  

It should be noted that the Young’s modulus of [1 1 1]-oriented bulk silicon is taken as ܧ =

142.85 GPa, as predicted by SW potential [73]. Additionally, the density of silicon is ߩ =

2329 kg
mଷൗ . 
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4.1. Calibration of SDGE models 

Since the SDGE model contains three nonlocal parameters, it is necessary to determine their values 

for silicon with a [111] crystal orientation. The calibration is performed using MD simulation data 

for both bending and free transverse vibration of intact nanobeams with varying lengths and a fixed 

aspect ratio of ܹ = ܪ =  .12/ܮ

MD simulation results for the first natural frequencies (߱୑ୈ) of intact cantilever silicon 

nanobeams, along with the corresponding predictions from the classical size-independent 

continuum model (߱୐୭ୡ) and their ratios, are summarized in Table 2. Similarly, Table 3 presents 

the MD-derived bending stiffness values (ܭ୑ୈ) for intact fixed-guided silicon nanobeams, 

together with the corresponding classical continuum predictions (ܭ୐୭ୡ), and their ratios. 

In addition, Fig. 4(a) and Fig. 4(b) illustrate the frequency ratios (ఠ౉ీ
ఠై౥ౙ

) for cantilever nanobeams 

and bending stiffness ratios (௄౉ీ
௄ై౥ౙ

)  for fixed-guided nanobeams versus beam length. The curves 

clearly reveal pronounced size effects as both ratios are significantly less than one for short beams. 

For example, the frequency ratio is 0.844 and the bending stiffness ratio is 0.742 for the nanobeam 

with length of 26.07 nm. As the beam length increases, these size effects diminish, and the ratios 

approach unity. For the nanobeam with length of 182.48 nm, the frequency and bending stiffness 

ratios reach 0.981 and 0.997, respectively. These results indicate that size effects become 

negligible at lengths of this order, and the classical continuum models provide sufficiently accurate 

predictions. 

 

Table 2 

MD simulation results for the first natural frequencies (߱୑ୈ) of intact cantilever nanobeams with 

varying lengths, along with the corresponding predictions from the classical size-independent 

continuum model (߱୐୭ୡ), and their ratios. The intact nanobeams have a square cross-section with 

dimensions ܹ = ܪ =  .12/ܮ
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 ۲ۻ࣓ (Giga rad/s) ܋ܗۺ࣓ (Giga rad/s) ۲ۻ࣓ (nm) ࡸ
܋ܗۺ࣓

 

26.07 21.24 25.17 0.844 

52.14 11.62 12.58 0.924 

78.21 7.88 8.39 0.939 

104.28 6.06 6.29 0.963 

130.34 4.84 5.03 0.962 

156.41 4.09 4.19 0.976 

182.48 3.52 3.59 0.981 

 

Table 3 

MD simulation results for the bending stiffness (ܭ୑ୈ) of intact fixed-guided nanobeams with 

varying lengths, along with the corresponding predictions from the classical size-independent 

continuum model (ܭ୐୭ୡ), and their ratio. The intact nanobeams have a square cross-section with 

dimensions ܹ = ܪ =  .12/ܮ

 ۲ۻࡷ (N/m) ܋ܗۺࡷ (N/m) ۲ۻࡷ (nm) ࡸ
܋ܗۺࡷ

 

26.07 0.1305 0.1760 0.742 

52.14 0.3102 0.3520 0.881 

78.21 0.4779 0.5280 0.905 

104.28 0.6752 0.7040 0.959 

130.34 0.8374 0.8800 0.952 

156.41 1.0270 1.0560 0.973 

182.48 1.2282 1.2320 0.997 
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Fig. 4 (a) Frequency ratios (ఠ౉ీ
ఠై౥ౙ

) for silicon cantilever nanobeams versus length, and (b) bending stiffness 

ratios (௄౉ీ
௄ై౥ౙ

) for silicon fixed-guided nanobeams versus length; and calibration of the SDGE models using 

MD results for (c) free transverse vibration of silicon cantilever nanobeams, and (d) bending of silicon 

fixed-guided nanobeams. All nanobeams have a square cross-section with ܹ = ܪ =   .12/ܮ

 

The parameters of the SDGE models are determined using a nonlinear least-squares regression 

procedure [74]. The MD results for bending stiffness and natural frequencies are assumed to satisfy  

 

MD SDGE( ) ( ; , , )i i C l iL L L L e    (13) 
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where ie  is the residual at each data point, defined as the difference between the SDGE model 

predictions and the corresponding MD results. Here,    for the vibration problem and K   

for the bending problem.  

The parameter calibration problem is formulated as the minimization of a least-squares objective 

function ( , , )C lS L L as follows: 

 

 22
MD SDGE, , , , 1 1

min ( , , ) min ( ) ( )
C l C l

N N

C l i i iL L L L i i
S L L e L L

 


 

      (14) 

 

Because the SDGE predictions for bending stiffness and natural frequencies depend nonlinearly 

on the SDGE model parameters, the minimization problem is solved using an iterative procedure. 

At each iteration, the behavior of the nonlinear model in the vicinity of the current parameter 

estimates is used to guide the parameter update so as to reduce the least-squares objective function. 

The iterative process is repeated until successive iterations produce negligible changes in the 

parameter estimates and the least-squares objective function. 

The accuracy of fit is quantified using the coefficient of determination 2R , defined as: 

 

2 1 E

T

SSR
SS

   (15) 

 

where ESS  is the residual sum of squares and TSS is the total sum of squares, given by: 

 
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MD MD
1

( ) ( )
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i

N
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i

SS L L

SS L





  

    




 (16) 
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Here, MD  denotes the average of the MD results for bending stiffness or natural frequencies.  

A comparison between MD results and the calibrated SDGE model predictions are illustrated in 

Fig. 4(c) and Fig. 4(d) respectively. The resulting calibrated nonlocal parameter values are 

summarized in Table 4. 

 

Table 4 

Calibrated nonlocal parameters of the SDGE bending and vibration models based on MD 

simulation data. 

Problem ࡯ࡸ (nm) ࢒ࡸ ࢻ (nm) R2 

Vibration 8.57 0.90 22.09 0.9998 

Bending 20.83 0.90 17.52 0.9994 

 

4.2. Size dependence of crack compliance 

Using the calibrated nonlocal parameters, the SDGE vibration model is applied to examine the 

influence of size effects on crack compliance in free transverse vibration of cantilever nanobeams 

containing an edge crack. The natural frequencies of cracked nanobeams with varying lengths and 

a fixed aspect ratio of ܹ = ܪ =  are computed using the calibrated SDGE model and 12/ܮ

compared with the corresponding MD simulation results to assess whether the crack compliance 

exhibits size dependency. 

It is important to note that, at the cracked cross-section, the crack compliance of each rotational 

spring ܥ஘ is evaluated using the closed-form expressions provided in Eq. (6). This expression, 

which is based on classical fracture mechanics within the framework of local elasticity, does not 

include any size effects. Thus, any deviation between the results of MD simulations and the 

calibrated SDGE vibration model for cracked nanobeams reflects the size effect on the crack 

compliance that is not captured by the classical expression in Eq. (6). 

For the MD simulations of cracked nanobeams, the same overall configuration used for the intact 

beams is used. Silicon cantilever nanobeams with a single edge crack located at ݔଵ =  are ܮ 0.2

considered, with crack lengths of ܽଵ = and ܽଵ ܪ 0.25 =  .ܪ 0.5
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Fig. 5(a) illustrates the ratios of the MD-predicted natural frequencies to the SDGE predictions for 

cracked nanobeams. For shorter beams and crack length of ܽଵ =  the MD-predicted ,ܪ 0.5

frequencies are significantly lower than the SDGE results, consistent with the size-dependent 

softening behavior previously observed in intact beams. In this case, however, the discrepancy 

arises from a pronounced size effect in the crack compliance. For example, the ratio is 0.795 for a 

nanocantilever of length 26.07 nm. As the nanobeam length increases, the size effect on crack 

compliance diminishes, and the MD results converge toward the calibrated SDGE predictions, 

with the ratio reaching 0.964 for a length of 182.28 nm. 

For nanobeams containing a crack of length ܽଵ =  the size effect on crack compliance is ,ܪ 0.25

less pronounced than that for ܽଵ =  nevertheless, the same trend is observed. The ratio ;ܪ 0.5

increases from 0.918 for a nanocantilever of length 26.07 nm to 0.980 for a nanobeam of length 

182.28 nm. 

These observations demonstrate that crack compliance in nanobeams is size-dependent and cannot 

be accurately captured using classical formulas derived from local fracture mechanics, Eq. (6). 

The MD simulations reveal that cracks introduce greater flexibility at small scales than predicted 

by size-independent models. As the nanobeam length grows, these effects become less dominant, 

and the classical expression becomes effectively valid in the limit of large lengths. 
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Fig. 5 (a) Ratios of natural frequencies from MD simulations (߱୑ୈ) to those predicted by the calibrated 

SDGE model (߱ୗୈୋ୉) versus silicon cantilever length. (b) Ratios of bending stiffness from MD simulations 

 versus fixed–guided nanobeam length. (c) Ratio of crack (ୗୈୋ୉ܭ) to calibrated SDGE predictions (୑ୈܭ)

compliances from MD simulations (ܥ஘,୑ୈ) to the predictions of size-independent model [69] (ܥ஘,୐୭ୡ) 

versus fixed–guided nanobeam length. All nanobeams have a square cross-section with dimensions ܹ =

ܪ = ଵݔ and contain a single edge crack at ,12/ܮ = with crack length of ܽଵ ܮ0.2 =  .ܪand 0.5 ܪ0.25

 

In addition, the calibrated SDGE bending model is employed to predict the bending stiffness of 

fixed–guided cracked nanobeams with varying lengths, and the results are compared with MD 

simulations to assess the size dependence of crack compliance. 

Fixed–guided silicon nanobeams containing a single edge crack located at ݔଵ =  are analyzed ܮ 0.2

for two crack lengths, ܽଵ = and ܽଵ ܪ 0.25 =  The comparative results of MD simulations .ܪ 0.5
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and the calibrated SDGE bending model for cracked silicon nanobeams are presented in Fig. 5(b). 

The comparison involves calculating the ratios of bending stiffness values obtained from MD 

simulations (ܭ୑ୈ) to those predicted by the calibrated SDGE model (ܭୗୈୋ୉).  

As shown in Fig. 5(b), a significant discrepancy is observed between the MD-derived bending 

stiffness values (ܭ୑ୈ) and those predicted by the calibrated SDGE model (ܭ୑ୈ) for the 

nanobeams with a crack length ܽଵ =  particularly for shorter nanobeams. For example, for ,ܪ 0.5

a nanobeam with ܮ = 26.07 nm, the ratio ௄౉ీ
௄౏ీృు

 is 0.756, indicating a pronounced size effect 

associated with crack compliance. Consistent with the trends observed in the vibration analysis, 

this discrepancy decreases as the nanobeam length increases, and the ratio ܭMD 
SDGEܭ

 gradually 

approaches unity, demonstrating that the size effect on crack compliance diminishes for longer 

beams. 

For nanobeams containing a shorter crack of ܽଵ =  the size effect is less pronounced. In ,ܪ 0.25

this case, the ratio ܭMD 
SDGEܭ

 is 0.938 for ܮ = 26.07 nm, reflecting reduced size sensitivity due to the 

smaller crack length. Nevertheless, the same trend is observed, with the ratio approaching unity as 

the nanobeam length increases, indicating the gradual disappearance of size effects on crack 

compliance. 

Since a size-independent formula is used to calculate crack compliance (ܥ஘) within the SDGE 

model framework, the discrepancy between the MD simulation results and those obtained from 

the calibrated SDGE bending model is attributed to the presence of size effect in crack compliance. 

Notably, as the nanobeam length increases, the size effect progressively disappears and the 

bending stiffness values converge to those of the corresponding size-independent local model. 

Moreover, the MD simulation results are used to determine the crack compliance values (ܥ஘,୑ୈ),  

which are compared with those obtained from the size-independent formulation (ܥ஘,୐୭ୡ) given in 

Eq.(6). This is achieved by substituting the bending stiffness values derived from MD simulations  

into the SDGE model and calculating the corresponding crack compliance that results in this 

bending stiffness. Similar to the trend observed in the curve of bending stiffness ratios, Fig. 5(c) 

clearly shows that the size effect on crack compliance is significantly more pronounced in shorter 

nanobeams. For example, for the nanobeam with ܮ = 26.07 nm and a crack of length ܽଵ =  ,ܪ 0.5
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the ratio ஼ಐ,౉ీ
஼ಐ,ై౥ౙ

 is 8.404. This size effect diminishes as the crack length decreases; for the same 

nanobeam with ܽଵ =  .the ratio is reduced to 2.916 ,ܪ 0.25

Furthermore, as the nanobeam length increases, the crack compliance values obtained from MD 

simulations for both crack lengths gradually converge toward those predicted by the size-

independent formulation in Eq.(6), indicating the progressive disappearance of size effects in 

longer nanobeams. 

The bending analysis further confirms that crack compliance is size-dependent which not captured 

by classical local models. At small scales, MD simulations reveal greater flexibility than predicted 

by size-independent models. With increasing beam length, the influence of these nanoscale effects 

on crack compliance diminishes, and the classical formulation becomes progressively more 

accurate. 

 

5. Conclusions 
This study examined the influence of size effects on crack compliance in cracked silicon 

nanobeams by integrating MD simulations with nonlocal elasticity theory. Both bending and free 

transverse vibration analyses were conducted on nanobeams containing single edge crack. The 

nonlocal parameters for static and dynamic responses were determined based on MD results for 

intact nanobeams. These calibrated models were then applied to evaluate the crack compliance of 

nanobeams across a wide range of lengths. 

The results demonstrated a pronounced size effect on crack compliance, especially in short 

nanobeams. MD simulations revealed that classical size-independent formulas significantly 

underestimate the crack-induced flexibility at the nanoscale. As the nanobeam length increases, 

the discrepancy between MD predictions and classical models diminishes, and crack compliance 

converges toward values consistent with large-scale continuum theory. 

Overall, the findings show that classical crack compliance models are inadequate for nanoscale 

applications. Accurate and reliable crack detection in nanostructures requires models that 

explicitly incorporate size-dependent effects at cracked cross-sections. Such enhanced models are 

essential for advancing the structural health monitoring and design of nanoscale devices, including 

MEMS and NEMS. 



23 
 

 

Funding 
The financial support provided by the National Science Centre (NCN) in Poland through the grant 

agreement No: UMO-2022/47/D/ST8/01348, is gratefully acknowledged.  

 

Acknowledgment 
The authors gratefully acknowledge Polish high-performance computing infrastructure PLGrid 

(HPC Centers: WCSS, ACK Cyfronet AGH) for providing computer facilities and support within 

computational grant no. PLG/2025/018166.  

 

Declaration of interests  
The authors declare that they have no known competing financial interests or personal 

relationships that could have appeared to influence the work reported in this paper. 

 
Appendix A 

The integral representation of the constitutive law in Eq.(7) is mathematically equivalent to the 

following differential equation for sub-beam ݇ [75]: 

 
2 2

2 2 2
2 2( )k k

k C k C l
d d ML C M C L L
dx dx


      (A.1) 

 

for ݇ = 1 and 2. 

The transformation of the integral form of the constitutive law in Eq.(7) into the differential form 

in Eq.(A.1) yields the following constitutive boundary and continuity conditions [75]: 

 

 
3 2

2 2 21 1 1
13 2

( , ) ( , ) ( , )( , ) ( ) 0 at 0C C C C l
d x t d x t dM x tL L C L M x t C L L x

dx dx dx
 

        (A.2) 

 (A.3) 
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According to the Euler-Bernoulli beam theory, the relationship between transverse displacement 

,ݔ)ݒ ,ݔ)ߠ cross-section rotation ,(ݐ ,ݔ)߯ and the elastic curvature of the beam (ݐ  :are as follows (ݐ

 

 

( , )( , ) k
k

v x tx t
x







 (A.6) 
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( , )( , ) k
k

x tx t
x








 (A.7) 

 

Accordingly: 

 
2

2

( , )( , ) k
k

v x tx t
x





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 (A.8) 

 

for ݇ = 1 and 2. 

The dynamic equilibrium equations for the free transverse vibration of sub-beam k based on the 

Euler-Bernoulli beam model are: 

 

0
( , ) ( , )k

k
Q x t I v x t

x


 


  (A.9) 

 

2
( , ) ( , ) ( , )k

k k
M x t Q x t I x t

x



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
  (A.10) 

 

Where ܳ  and ܯ are shear force and bending moment, respectively. In addition, kv  and k  represent 

the second derivative of kv  and k  with respect to time. 

Substituting Eq.(A.10) into Eq. (A.9) gives: 

 

2 2

2 02 2

( , ) ( , ) ( , ) 0k k
k

M x t v x tI I v x t
x x

 
  

 
   (A.11) 

 

By incorporating Eq.(A.1) into the Euler–Bernoulli beam theory and using Eq.(A.11), the 

governing differential equation for the dynamic behavior of the nanobeam is obtained as follows: 
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for ݇ = 1 and 2. 

Additionally, the equations for the bending moment (M) and shear force (Q) are derived as follows: 
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 (A.13) 

 

To solve the governing differential equations in (A.12) for the free transverse vibration of an Euler-

Bernoulli nanobeam, the displacement function is separated into a harmonic time-dependent 

component and a spatial function. Assuming a harmonic response, the displacements can be 

expressed as: 
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where ߱ is the frequency. 

Substituting Eq.(A.14) into the governing differential equation (A.12), results in the following spatial 

form of governing equation: 
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for ݇ = 1 and 2. 

Solving the governing differential equation (A.15) for free transverse vibrations of a cantilever 

nanobeam requires 12 boundary and continuity conditions. Among these, two are the constitutive 
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boundary conditions given in equations (A.2) and (A.3), and two are the constitutive continuity 

conditions specified in equations (A.4) and (A.5). 

In addition, four variationally consistent continuity conditions at each cracked cross-section are 

given by: 

 

1 2

1 2 1

1 2

2 1
1

at
M M
Q Q x x
V V
dV dV C M
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 (A.16) 

 

Finally, four variationally consistent boundary conditions for a cantilever beam are expressed as 
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 (A.17) 

 

Further details on the numerical solution procedure for analyzing the free transverse vibration of 

small-scale beams using the SDGE model can be found in [70]. 

For the bending problem, the solution is obtained directly from the dynamic formulation by 

removing all time-dependent terms. Applying this reduction to Eq. (A.12) yields the governing 

differential equation for the static bending response of the nanobeam, expressed as: 

 
6 4

2
6 4 0k k

C
d v d vL
dx dx

   (A.18) 

 

for ݇ = 1 and 2. Similar to the free transverse vibration problem, solving the differential equation 

(A.18) governing the bending behavior of the nanobeam requires 12 boundary and continuity 

conditions. Among these conditions, two are the constitutive boundary conditions given in Eqs. 
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(A.2) and (A.3), and two are the continuity conditions expressed in equations (A.4) and (A.5). In 

addition, four variationally consistent continuity conditions at each cracked cross-section are 

provided in Eq. (A.16). 

However, because the bending analysis considers a fixed–guided nanobeam, the corresponding 

variationally consistent boundary conditions are given below: 
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It should be noted that the bending stiffness of the fixed–guided nanobeam is defined as: 
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