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Abstract

This study presents a physics-informed framework for discovering elasto-plastic yield
functions directly from full-field displacement measurements and reaction force data, without
relying on stress observations or predefined parametric forms. The yield function is modeled
using a convex neural network explicitly designed to satisfy convexity and positive
homogeneity of degree one, consistent with rate-independent plasticity theory. The network is
embedded within a finite element discretization and trained by minimizing the residuals of the
force balance equations across multiple loading scenarios. An explicit stress integration scheme
is employed to enable gradient-based optimization while preserving physical consistency. The
method is validated on three benchmark yield models—von Mises, Hill 1948, and Y1d2000-
2d—and is shown to accurately reconstruct both isotropic and anisotropic yield surfaces from
a limited set of synthetic tests. To enable deployment in standard implicit solvers, the trained
neural yield function is post-processed by fitting it to a smooth polynomial surrogate, which is
successfully incorporated into return-mapping—based finite element simulations. These results
demonstrate that the proposed approach provides a robust and generalizable pathway for data-

driven identification of elasto-plastic constitutive behavior.
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1. Introduction

Constitutive modeling plays a central role in solid mechanics by enabling predictive
simulations of material behavior under mechanical loading [1-3]. In particular, plasticity
models are essential for describing irreversible deformations under complex, multiaxial
loading conditions. A classical elasto-plastic constitutive framework comprises three
fundamental components: the yield function, which defines the boundary between elastic and
plastic states in stress space; the hardening law, which governs the evolution of the yield surface;
and the flow rule, which determines the direction of plastic strain. Among these, the yield
function plays a pivotal role, as it governs the onset of plastic deformation and controls the
subsequent evolution of plastic flow. Classical models such as the von Mises and Tresca criteria
offer robust and interpretable descriptions for isotropic metals under simple loading conditions
[4-6]. To capture anisotropy in textured materials and sheet metals, more advanced yield
criteria— such as Hill’s quadratic yield model and non-quadratic anisotropic yield functions
developed by Barlat and Yoon—have been developed [7-12]. These models incorporate
additional directional parameters to improve prediction under anisotropic loading. However,
their fixed analytical forms remain limited in flexibility and often fail to capture complex
yielding behavior, particularly in materials exhibiting strong anisotropy under multiaxial stress

states [13,14].

Recent advances in data-driven modeling have introduced alternative approaches for
representing complex plastic behavior [15,16]. Neural networks, in particular, have been
employed to approximate the full elasto-plastic stress—strain response using synthetic or
experimental data, without relying on predefined constitutive forms [17-20]. Feedforward and
recurrent architectures have demonstrated the ability to learn path-dependent and rate-

dependent responses from strain histories [21,22]. Although these models are capable of



capturing complex responses, they are fundamentally black-box in nature and lack
interpretability or correspondence with classical constitutive theory. Specifically, they do not
encode internal constitutive components—such as yield functions, flow rules, or hardening
behavior—in an explicit or physically consistent manner. Consequently, their use in simulation

pipelines is limited, and their generalization across unseen loading paths remains challenging.

To address these limitations, recent studies have explored more interpretable and
physics-informed approaches to constitutive model discovery. Rather than treating the stress—
strain relation as a direct input—output mapping, these methods aim to identify internal
constitutive structures such as yield functions and hardening laws. Symbolic regression
frameworks, for example, derive closed-form expressions by fitting to stress—strain data or
neural outputs, allowing the discovered models to retain physical meaning and analytical
tractability [26-28]. The EUCLID framework (Efficient Unsupervised Constitutive Law
Identification and Discovery) poses the identification problem as sparse regression over a set
of candidate functions, trained to minimize equilibrium residuals using only displacement and
reaction force data [29-31]. While these methods improve interpretability and physical
consistency, most have been confined to isotropic plasticity, for which parametric
representations are relatively simple and well-established on the m-plane. Extending them to
anisotropic materials remains challenging—not only due to the increased complexity of
directional dependence, but also because no universal analytical representation exists for
anisotropic yield functions. Some studies have attempted to directly learn anisotropic yield
surfaces by fitting surrogate models to stress states at yield onset [32,33], but such approaches
typically require multiaxial yield stress data, which are difficult or impractical to obtain in
experiments. As a result, the combination of physics-informed learning and anisotropic yield

identification—without relying on stress observations—remains largely unexplored.



In this work, we propose a physics-informed learning framework that identifies both
anisotropic yield functions solely from full-field displacement measurements and reaction
force data. The yield function is modeled using an input convex neural network [34,35], which
is explicitly constructed to satisfy convexity and positive homogeneity of degree one—two
mathematically and physically motivated properties that are essential for ensuring consistency
with rate-independent plasticity. The network is trained to minimize the residuals of the force
equilibrium equations, which are computed via a finite element discretization of the specimen
domain under multiple loading scenarios. Unlike prior methods, which typically focus on either
isotropic behavior or rely on direct stress observations, the proposed approach enables the
reconstruction of complex anisotropic yield surfaces in a data-efficient manner using only
experimentally accessible quantities. Furthermore, the trained neural yield function is post-
processed into a smooth polynomial surrogate to ensure compatibility with implicit return-
mapping schemes. Validation on three benchmark yield models—von Mises, Hill 1948, and
Y1d2000-2d—demonstrates that the proposed method accurately reconstructs both isotropic
and anisotropic yield surfaces, offering a general and practical framework for data-driven

constitutive modeling, compatible with return-mapping-based finite element implementations.

The remainder of the paper is organized as follows. Section 2 presents the problem
formulation, including constitutive assumptions and available data. Section 3 describes the
proposed learning framework, covering the input convex neural network, finite element
discretization, and training strategy. Section 4 reports numerical results on benchmark yield
models. Section 5 discusses post-processing into a smooth analytic form for simulation use.

Section 6 concludes the paper.



2. Problem statement

The objective of this study is to identify the yield function that governs the elasto-
plastic behavior of a material using a limited set of experimentally accessible measurements.
As illustrated in Fig. 1(a), the available data consist of (i) full-field displacement fields
obtained via digital image correlation (DIC) and (ii) total reaction force curves measured during
mechanical testing. Internal stress measurements are not assumed to be available. The problem
is formulated as an inverse identification task: given time-resolved displacement and force data
under multiple loading conditions, the goal is to infer a yield function that faithfully reproduces

the observed plastic response.

We consider a rate-independent, pressure-insensitive, tension—compression symmetric
plasticity model under small deformation and plane stress conditions. The material is assumed
to exhibit linear elastic behavior prior to yielding, with a known elastic stiffness tensor C,y,
and to follow an associated flow rule with a known isotropic hardening law (e.g., pre-calibrated
from a uniaxial tensile test). The constitutive response is characterized by a scalar-valued yield

function & : R3 - R, which maps the in-plane stress components (0., Oyy,Oxy) 10 an
equivalent stress g4 = d(0). Plastic yielding occurs when the equivalent stress reaches the

hardening-dependent yield stress p(€P), which &P denotes the accumulated equivalent

plastic strain. The plasticity model follows the standard form:
f(0,&%) =a(0) —p(eP) <0 (1a)
subject to the Kuhn—Tucker conditions:
>0, f<0,  &-f=0 (1b)

and the associated flow rule:



(1)

The hardening law p(&P)is assumed to be known a priori, whereas the equivalent stress
function &(o), which defines the shape of the yield surface, is the unknown quantity to be

identified.

To facilitate the identification of the yield function, we generate a diverse set of
mechanical responses by applying four distinct loading conditions to a single specimen
geometry, as shown in Fig. 1(b): uniaxial tension in the x-direction (UTx), uniaxial tension in
the y-direction (UTy), biaxial tension (BT), and simple shear (SS). The specimen includes two
elliptical voids to induce heterogeneous stress distributions across the domain, allowing the
displacement and reaction force data to contain a broad range of internal mechanical states.
This heterogeneity is particularly important in few-shot experimental settings, where
maximizing the information content of each test is critical [36,37]. For each loading scenario,
displacement fields are measured at multiple time steps via digital image correlation (DIC),
and the corresponding reaction forces are recorded as total forces acting on the boundary. These
displacement—force pairs, measured over multiple time steps, inform the identification of the

yield surface.

This problem setting closely follows that introduced in the EUCLID framework [29—
31], which also aims to identify constitutive behavior using full-field displacement and reaction
force data, without relying on internal stress measurements. While EUCLID formulates the
problem as sparse regression over a set of candidate functions—primarily targeting isotropic
models—the present study adopts a physics-informed neural network framework to address the
inverse identification problem, thereby enabling the discovery of a broader class of yield

functions, including anisotropic surfaces.



In constructing the yield function, two theoretical requirements are imposed: (i)
convexity, which ensures stability and uniqueness of the plastic flow direction in accordance
with Drucker’s postulate; and (ii) positive homogeneity of degree one, which guarantees scale
invariance of the associated flow rule. These properties are fundamental to the consistency of

rate-independent plasticity theory and are enforced as constraints within the proposed

identification framework.
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Fig. 1. Schematic of the problem setup and loading conditions. (a) Displacement and
reaction force data are obtained from mechanical tests using digital image correlation (DIC)
and used to identify the yield function. (b) Boundary conditions for the four loading scenarios:

uniaxial tension along the x-direction (UTx), uniaxial tension along the y-direction (UTy),

biaxial tension (BT), and simple shear (SS). All dimensions are in millimeters.



3. Methods

This section outlines the proposed physics-informed learning framework for
identifying the yield function. The methodology comprises three main components: (i)
representing the yield function using an input convex neural network; (i1) computing the
residuals of the force balance equations via finite element discretization; and (iii) training the
network by minimizing a physics-based loss derived from an explicit stress integration scheme
for rate-independent plasticity. Each component is described in detail in the following

subsections.

3.1 Convex neural network

To model the yield function (o), we adopt a neural network architecture that satisfies
two essential structural properties: (i) convexity with respect to the in-plane stress o =
(Oxx) 0yy,0xy) , and (ii) positive homogeneity of degree one. These properties can be

mathematically stated as:
(i) 6(8o1+ (1 —0)a,) <05(61) + (1 —6)d(o,) for VO € [0,1] (2a)
(ii) 6(Ao) = 26(0) for VA >0 (2b)

To enforce convexity, we employ an input convex neural network [34,35], hereafter referred to
as a convex neural network. In this architecture, convexity is guaranteed by constraining
specific weight matrices to be element-wise non-negative. To ensure positive homogeneity, all
bias terms are removed, and the ReLU activation function s(x) = max(0, x), which is itself
positively homogeneous of degree one. This architectural design guarantees that the resulting
function is convex and 1-homogeneous by construction. The detailed architecture of the convex

neural network is illustrated in Fig. 2. The network is composed of multiple hidden layers, each



receiving both the raw stress input and the previous layer’s output. The forward pass is defined

as:
15t layer:  zy = s(Wy0), (3a)

i"layer:  z; =s(W”¥o +Wfz,), 1<i<N (3b)

where z; denotes the activation vector of the i-th hidden layer. The matrix W, and Wi(a) is
an unconstrained weight matrix applied directly to the stress input o, while W;" is
constrained to be element-wise non-negative to ensure convexity. To impose this non-
negativity constraint in a differentiable manner, we define each element of W;" through a

smooth reparameterization:

glx) =x2+y2—-y%4 y>0 (4)

so that W;'= g(W/™), where W/®" denotes the unconstrained parameter matrix. In this

work, we set ¥ = 0.1 to balance numerical stability and smoothness during training.

The equivalent stress is approximated by the symmetrized output of the convex neural

network:
Oeq = 0(0) = NN(6) = NN"(6) + NN (—0) (5)
where NN"®¥ (o) denotes the output of the original convex neural network prior to

symmetrization. This construction ensures tension—compression symmetry, which is a common

assumption in pressure-insensitive plasticity models.

It is worth noting that the use of ReLU activation results in a C°-continuous yield

function, which lacks the smoothness required for implicit stress integration schemes and



therefore motivates the adoption of an explicit stress integration approach during training, as

described in Section 3.3.

Fig. 2. Architecture of the convex neural network used to model the yield function.

3.2 Finite element discretization

To compute the strain field from the displacement field and to formulate the governing
equations in a numerically tractable form, we adopt a finite element discretization of the
computational domain. Our formulation and notation closely follow those introduced in
EUCLID [29-31], upon which our implementation is based. The domain Q is discretized into
finite elements, and the displacement field u(x,t) is interpolated using shape functions N (x).

The corresponding strain field is computed via the strain—displacement relation:

£(x,t) = B(x)up(t) (6)

where B(x) is the strain—displacement matrix derived from the spatial derivatives of the

shape functions, and uy, is the vector of nodal displacements at time t. Given the availability



of full-field displacement data at multiple time steps, the strain field can be evaluated for each

step, and the strain increment Ag is computed as the difference between successive steps.
To formulate the equilibrium condition, we begin with the weak form of the
momentum balance equation under the assumption of negligible body forces:

fcr:Sst—f t-dudS=0 (7)
Q 20,

Discretizing Eq. (7) using the finite element method leads to the following algebraic form of
the force balance:

Fint — fBTa dv, Fext — f NdeS, Fint — Fext — (8)
Q 0Qy

In incremental form, evaluated between time steps t,_; and t,, the equilibrium equation
becomes:

AF™t = f BTAodV,  AF®* = f NTAtdS,  AF™ — AFe*t = (9)
Q 00

In our problem setting, the total reaction force is available only at a subset of boundary nodes
where external loads are applied, referred to as the fixed set, while the remaining boundary
nodes constitute the free set. To account for this distinction, the internal and external nodal
force vectors are partitioned such that force values are retained individually for nodes in the
free set, whereas the fixed set is reduced to global force components by summing the nodal

contributions in each coordinate direction:

int

) AF 0
AFlnt — f.ree , AFext — [ ] 10
IAF;';; AFfix 4o



The external force on the free set vanishes due to the absence of prescribed tractions or body

forces. The external force on the fixed set, AF ;f;, is computed as the difference in measured

reaction forces between time steps. The corresponding internal force AFY is obtained by

aggregating internal nodal forces over the fixed set. As a result, both quantities represent global
force components and can be directly compared. Based on this partitioning, the incremental

residual of the force balance at time step t,, is defined as:
int |2 int ext||?
R(ty) = ||AFHL || + ||AF%E — AFSE| (11)

This residual quantifies the deviation from mechanical equilibrium at step t,, and serves as
the principal physics loss term in the training framework introduced in Section 3.3. A detailed

derivation of this formulation is provided in EUCLID [29-31].

3.3 Physics-informed learning

To identify the yield function modelled by the convex neural network, we employ a
physics-informed training framework based on minimizing the residual of the finite element
equilibrium equations introduced in Section 3.2. At each time step t,, the strain increment
Ag(t,) is directly obtained from the full-field displacement data, whereas the corresponding

stress increment Ao (t,,) is not observed and therefore needs to be inferred.

To this end, we adopt an explicit stress integration scheme based on the forward Euler
method. This approach updates the stress using the known strain increment and relies on the
yield function (o) and its gradient, both provided by the convex neural network. The explicit
scheme is particularly appropriate in this setting, as the ReLU-activated neural network yields

only C°-continuity and does not provide the smoothness required for computing consistent



tangent operators in implicit methods such as the backward Euler scheme. By avoiding second-
order derivatives and iterative procedures, the explicit formulation remains compatible with

gradient-based optimization and facilitates stable training.
The stress update begins with the elastic trial step:
0" = o(t,_1) + Cop: Ag(2) (12)

Plastic yielding is evaluated by comparing the trial equivalent stress G(¢*") to the current

yield threshold p(e’p (tn—l)) using a binary indicator function H:

= tT =p
H = { 1; 0'(0' ) > p(E (tn—l)) (13)
0, otherwise

Based on this indicator, the equivalent plastic strain increment and consistent tangent modulus

are given by:

a0

ASP = i %:Cel:As 14
=M 9w o )
déP " do "¢ da
do do
o o (Caigg) B (Caigg) (15)
v =Ca Mg, 55 9g
dé? " do " "¢ do

However, the binary indicator function H is inherently discontinuous, which is incompatible
with gradient-based optimization. To resolve this, we introduce a differentiable approximation

using a sigmoid function:
fl = Sigmoid (ﬁ «(NN(o*) ~ p(e’p(tn_l)))) (16)

where [ controls the sharpness of the transition. As f — oo, the smoothed indicator

H converges to the original step function H, as illustrated in Fig. 3. By incorporating the



smoothed indicator and using the neural approximation G(a) =~ NN(o) from Eq. (5), the

equivalent plastic strain increment becomes:

AP — 7 aév—a_N:(,'el:Az-: 17
&= dp  ONN . NN a7
dé? 7 do et do

and the corresponding elasto-plastic tangent modulus is given by:

(€57 ) © (Car 55 )

CeP=C€l_H d_p+6NNC 6NN (18)
dé? © do et do
The stress increment is then computed via:
Ao = C,,: Ae (19)

All quantities required for the stress update—including the neural yield function, its gradient
with respect to stress, the hardening law, and its derivative—are computed using the stress and
equivalent plastic strain evaluated at the previous time step t,_;. Once the stress field is
updated, internal forces are assembled through the finite element formulation, and the force

residual R(t,,), as defined in Eq. (11), is computed accordingly.

To construct the overall loss function, residuals are accumulated over all time steps

and all loading conditions (UTx, UTy, BT, SS). The total physics loss is defined as:

N

Losis = Y. R®(E,) (20)
ke{UTx,UTy,BT,SS} n=1

where N; is the number of time steps used for each loading condition k. This loss is

minimized using gradient-based optimization to update the parameters of the convex neural



network. A summary of the complete training pipeline including stress integration, residual

computation, and parameter update is provided in Table 1.
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Fig. 3. Sigmoid approximation of the plasticity indicator for different S.

Table. 1. Physics informed learning framework

Algorithm 1 Training algorithm

1. Given displacement fields and reaction forces for UTx, UTy, BT, SS
2. Interpolate displacement field and discretize domain by mesh
3. Compute strain increment A€ of each time steps using shape function
4. Compute external force increment vector AFfi’,‘f of each time steps using reaction forces
5. Initialize loss Lypysics = 0
6. Evaluate Lypysics
For loading case in {UTx, UTy, BT, SS}
Initialize € = 0,0 = 0,
For t in range(total time steps)

Compute trial stress 6" = @ + C,;: Ag
Compute indicator A = Sigmoid (B * (NN(e™) — p(Ep)))

ic st ¢ i ) G )
Compute elastoplastic stiffness tensor Cep, = Ce; — H—;"5an_—ann—
azP" as el ag
Compute stress increment AG = Cep: Ag
ONN
WICElZAE
dp _ONN_. OJNN

Compute equivalent plastic strain increment A&P =
ﬁ+—:C el —
& do do

Compute nodal internal force increment vector AF™ = [ BT Ao dxdy
Update Loss Lpnysics  Lpnysics + [|AFL || + || AR — aFg|”
Update stress 0 < 0 + Ao
Update equivalent plastic strain &P « &P + A&P

7. Backpropagation and update convex neural network NN parameters

8. Repeat 6 & 7 until loss converge




4. Results

This section presents the results of the proposed physics-informed learning framework
applied to benchmark problems with known yield functions. All training and evaluation are
conducted on synthetic data generated from finite element simulations, where ground-truth
yield functions are prescribed. All simulations and training are performed under consistent

hyperparameter and implementation settings, as summarized below.

The computational domain is discretized using 8,876 linear triangular elements. The
yield function is represented by an input convex neural network comprising three hidden layers,
each with 64 neurons and ReLU activation functions. The network is trained for 1,000 epochs
using the Adam optimizer with a learning rate of 1073, To enable a smooth transition from
elastic to plastic behavior, the sharpness parameter § in the sigmoid-based plasticity indicator
H is progressively increased during training: 8 = 2 for epochs 0-200, 8 = 4 for epochs 200—
400, B = 6 for epochs 400—-600, B = 8 for epochs 600-800, and = 10 for the final 200 epochs.

This staged schedule facilitates convergence by gradually approximating the ideal step function

behavior of the plasticity indicator.

4.1 Data generation

To evaluate the proposed framework, synthetic data are generated using finite element
simulations with predefined ground-truth yield models. Three benchmark yield functions are
considered: the isotropic von Mises model, Hill’s 1948 anisotropic quadratic model (Hill1948),
and the anisotropic non-quadratic Y1d2000-2d model. The analytical forms and corresponding
parameters of these models are provided in Appendix A, and their normalized yield surfaces

are illustrated in Fig. 4. These benchmarks span a range of complexity, enabling a systematic



assessment of the framework’s ability to recover both isotropic and anisotropic yield behavior

without assuming any particular parametric structure.

All simulations are performed under plane stress conditions using the commercial
finite element package Abaqus, with a user-defined material subroutine (UMAT). The
computational domain, discretized into 8,876 linear triangular elements, includes two elliptical
voids to induce heterogeneous stress distributions. Four distinct loading conditions are applied
to the same specimen geometry: uniaxial tension in the x-direction (UTx), uniaxial tension in
the y-direction (UTy), biaxial tension (BT), and simple shear (SS). For the anisotropic models
(Hill1948 and Y1d2000-2d), the x- and y-directions are aligned with the rolling direction (RD)
and the transverse direction (TD), respectively, following standard conventions in sheet metal

forming.

Each loading case is simulated for 500 time steps using an implicit return mapping
scheme based on the backward Euler method. Displacement fields and total reaction forces are
extracted every 5 time steps, resulting in 100 data snapshots per loading condition. This
subsampling strategy reflects the practical limitations of DIC-based experimental acquisition
and helps reduce computational overhead. To emulate measurement noise, zero-mean Gaussian
noise with spatiotemporal correlation is added to the displacement field. Correlation lengths
are set to 5 mm in space and 5 steps in time. The noise is normalized on a per-frame basis and
scaled to magnitudes of 0.1um, 0.2um, or 0.3um. The 0.1um level approximates the resolution
achievable by modern high-resolution DIC systems [38,39]. Further details on noise generation

are provided in Appendix B.

All simulations employ the same isotropic elastic properties, with a Young’s modulus

of E = 69GPa and a Poisson’s ratio of v = 0.3, and use the same isotropic hardening law:

p(£P) = 417.501(0.00457 + £P)0-22194 (21)



with an initial yield stress of gy = 126.27MPa. These parameters are held fixed across all

simulations to isolate the effect of the yield surface shape on identification performance.

Von Mises Hill 1948 Y1d2000-2d
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Fig. 4. Yield surfaces of benchmark models. (a) von Mises (b) Hill1948 (c) Y1d2000-2d

4.2 Isotropic benchmark: von Mises

The proposed framework is first evaluated on the isotropic von Mises yield function,
which serves as a canonical benchmark in computational plasticity. Fig. 5(a) shows the
evolution of the physics loss over 1,000 training epochs under noise-free displacement data.
The loss is reported separately for each loading case (UTx, UTy, BT, SS), as well as the total
loss. As training progresses, the loss decreases consistently, with marked reductions coinciding
with each scheduled update of the sigmoid sharpness parameter . After [ reaches its final

value of 10 at epoch 800, the loss plateaus, indicating convergence.

The yield surface inferred from the trained convex neural network is presented in

Fig. 5(b) and compared against the analytical von Mises solution. The contours correspond to



the level set (o) = oy, extracted from the three-dimensional yield function and visualized as
iso-shear lines in the (0, 0y, ) plane. The identified yield surface exhibits close agreement
with the expected elliptical shape, confirming that the model captures the isotropic nature of

the target function. A slight discrepancy is observed near the line oy, = —0,,,, within the plane
0xy = 0, which motivates further analysis of the stress states induced in the specimen under

each loading condition.

Fig. 6 shows the spatial distribution of stress states encountered during yielding, as
obtained from the ground-truth simulations. For each loading scenario, stress tensors at all
integration points that experienced plastic yielding are collected and normalized to lie on the
surface (o) = oy. The aggregated distribution reveals sparse coverage near Oy, = —0yy,
particularly in the o, = 0 plane. This insufficient coverage likely contributes to the localized

discrepancy observed in Fig. 5(b), highlighting the importance of applying diverse loading

paths to achieve uniform coverage of the stress space.

To evaluate robustness under measurement uncertainty, Fig. 7 presents results obtained
by applying increasing levels of synthetic Gaussian noise to the displacement field: 0.1pm,
0.2um, and 0.3um. Fig. 7(a) shows that higher noise levels result in slower convergence and
increased final physics loss. As shown in Fig. 7(b), the yield surface remains accurately
identified at 0.1pm—consistent with the resolution of modern DIC systems—but begins to
degrade at 0.2pm and is no longer reliably recovered at 0.3um. These results indicate that the
proposed method remains effective under realistic noise levels, while exhibiting sensitivity to

excessive noise.

Finally, Fig. 8 validates the identified yield function by comparing the predicted and
ground truth field quantities at the final loading increment for the UTx case under noise-free

conditions. The predicted equivalent stress o, and equivalent plastic strain P are not



obtained through independent evaluation after training, but are computed incrementally during
training as part of the stress update required for evaluating the physics loss. Specifically, the
stress field is updated at each time step using the explicit integration scheme, and the equivalent
plastic strain is accumulated via the internal variable tracked during training. The predicted
fields at the final step (f =10) are thus the result of this time-marching process. When compared
to the ground-truth solution, the predicted fields show excellent agreement, with discrepancies
confined to regions of intense plastic deformation. This confirms that the identified yield
surface not only recovers the macroscopic yield geometry, but also enables physically

consistent reconstruction of internal field quantities across the domain.
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Fig.7. Training results for the von Mises benchmark under varying noise levels. (a)
Physics loss over epochs at noise levels of 0.1um, 0.2um, and 0.3pum. (b) Comparison of the

inferred yield surfaces and the von Mises solution on the (0yy, 0y, ) plane
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Fig. 8. Comparison of predicted and ground-truth equivalent stress and strain fields for

the von Mises benchmark. Equivalent stress og,, (top) and equivalent plastic strain

&P(bottom) under UTx loading at the final step. Left: ground truth; middle: model prediction;

right: absolute error.

4.3 Anisotropic benchmark: Hill1948

The proposed framework is further evaluated using the anisotropic Hill 1948 yield
criterion. Fig. 9 shows the reconstructed yield surfaces obtained from displacement data at
different noise levels: noise-free, 0.1um, 0.2pum, and 0.3um. The contours represent iso-shear
lines corresponding to the level set (o) = oy, projected onto the (0yy,dy,) plane. Under
noise-free and 0.1um conditions, the inferred yield surfaces closely match the ground truth
solution. As the noise increases, the inferred surfaces become progressively distorted, with
significant deviations observed at 0.3um. These trends are consistent with the noise sensitivity

observed in the von Mises benchmark.



To further examine the model’s ability to reproduce directional anisotropy, Fig. 10
compares the orientation-dependent normalized yield stress gg/0rp and the corresponding r-
value derived from the trained yield function. The predicted yield stress profile agrees well
with the analytical Hill 1948 model, accurately reflecting the directional variation. The
predicted r-value, however, exhibits minor fluctuations superimposed on the correct overall
trend. These inconsistencies are attributed to the C°-continuity of the convex neural network.
Since the r-value is computed from directional derivatives of the yield surface, the absence of
gradient smoothness results in chattering behavior. This illustrates a fundamental trade-off in
the network design: while convexity and positive homogeneity are strictly enforced by

construction, differentiability is not guaranteed.

Fig. 11 compares the predicted field distributions of equivalent stress and equivalent
plastic strain with those obtained from the ground-truth yield function under the UTx loading
condition. The reconstructed fields closely match the ground-truth solution, with discrepancies
confined to localized regions of plastic deformation. These results demonstrate that the
identified anisotropic yield function enables stable and physically consistent stress integration

across the domain, even in the presence of directional yielding.
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Fig. 9. Comparison of inferred and analytical yield surfaces for the Hill 1948 benchmark

under varying noise levels. Results are shown for noise levels of Oum, 0.1um, 0.2um, and

0.3um.
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Fig. 10. Comparison of r-value and normalized yield stress ratio for the Hill 1948

benchmark.
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Fig. 11. Comparison of predicted and ground-truth equivalent stress and strain fields for

the Hill 1948 benchmark. Equivalent stress o, (top) and equivalent plastic strain

&P (bottom) under UTx loading at the final step. Left: ground truth; middle: model prediction;

right: absolute error.

4.4 Anisotropic benchmark: Y1d2000-2d

The final benchmark evaluates the framework on the Y1d2000-2d yield function, a
non-quadratic anisotropic criterion widely used in sheet metal forming. Fig. 12 shows the
reconstructed yield surfaces at different noise levels. The predictions align well with the
ground-truth geometry under noise-free and 0.1pm conditions, while noticeable distortion
emerges at 0.3um. These results confirm that the method remains robust even for highly

nonlinear, non-polynomial yield surfaces.

Fig. 13 presents the normalized yield stress and r-value profiles extracted from the
trained model. The predicted stress profile closely matches the analytical solution, accurately

reproducing the directional anisotropy of the Y1d2000-2d criterion. Minor deviations in the 1-



value are again observed, consistent with the limited smoothness of the convex neural network.

Fig. 14 shows the equivalent stress and equivalent plastic strain fields under the UTx loading

condition. The predicted distributions agree well with those generated from the ground-truth

yield function, with discrepancies confined to localized plastic regions. These results confirm

that the identified yield function supports stable stress integration even for highly anisotropic,

non-quadratic surfaces.
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Fig. 12. Comparison of inferred and analytical yield surfaces for the Y1d2000-2d

benchmark under varying noise levels. Results are shown for noise levels of Oum, 0.1pum,

0.2pum, and 0.3pm.
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5. Validation

While the trained convex neural network provides a robust and interpretable
approximation of the yield surface, its C°-continuity and lack of a closed-form expression limit
its direct applicability in standard implicit plasticity algorithms, such as the backward Euler
return-mapping scheme, which typically require yield functions with at least C!-smoothness
to ensure well-defined derivatives and stable convergence. To address this limitation and enable
compatibility with conventional finite element implementations, the neural yield function is
post-processed by fitting it to a smooth analytic surrogate. This procedure is demonstrated

using the Y1d2000-2d model as a representative case.

We adopt a C!-continuous polynomial yield function [40-42] composed of positively
homogeneous terms of degrees 2, 4, 6, and 8, defined as:

1/m

(o) = Z z cl.(}z)a,éx J{ya,’fy (22)

me{2,4,6,8} \i+j+k=m

(m)

where ¢;j; are the trainable coefficients associated with each homogeneous term of degree

m. It should be noted that the polynomial representation in Eq. (22) does not guarantee
convexity by construction. In contrast to the convex neural network, in which convexity is
strictly enforced through the network architecture, the polynomial yield function is obtained
through a post-processing fitting procedure and therefore does not possess a strict convexity
guarantee. Nevertheless, because the fitting is carried out with respect to a yield surface that is
convex by design and the approximation error is maintained at a sufficiently low level, the
fitted polynomial is found to closely approximate a convex yield surface. The fitting is
performed by minimizing the mean squared error between the polynomial model and the neural

network output over 100,000 stress samples uniformly distributed along the level set (o) =



oy. This dense sampling ensures that the fitted polynomial preserves the geometric features of
the yield surface discovered by the network. Fig. 15(a) shows the convergence of the fitting
loss, and Fig. 15(b) confirms that the fitted polynomial closely replicates both the neural

prediction and the analytical Y1d2000-2d surface.

To assess whether the fitted model preserves the physical accuracy of the original yield
function, it is incorporated into an implicit return-mapping finite element simulation and
evaluated under the UTx loading condition. The resulting distributions of stress and equivalent
plastic strain are shown in Fig. 16 and compared with those obtained using the ground-truth
Y1d2000-2d model. The predicted fields exhibit strong agreement, with deviations confined to
localized plastic zones. These results confirm that the fitted polynomial surrogate accurately
reproduces the behavior of the ground-truth model and is suitable for simulation contexts

requiring closed-form smoothness.

It is important to note that the adopted polynomial form represents one possible post-
processing strategy rather than a uniquely optimal solution. Depending on the application,
alternative analytic surrogates—such as those derived via symbolic regression—may also be
appropriate. While convex neural networks offer strong expressiveness and structural
guarantees by construction, their lack of gradient continuity limits their direct use in implicit
schemes. The two-stage approach proposed here—data-driven discovery via convex neural
networks followed by analytic fitting—offers a practical and flexible pathway for integrating

learned yield surfaces into standard computational plasticity frameworks.

While it is theoretically possible to directly train a polynomial yield function without
relying on neural networks, enforcing convexity in polynomial form is nontrivial and typically
requires complex mathematical constraints that are difficult to incorporate into a stable

optimization process. Moreover, high-degree polynomials often introduce training instability



due to steep gradients and multiple local minima associated with redundant roots. Based on our
experience, such models frequently failed to converge and were unable to consistently recover
valid convex yield surfaces. In contrast, the convex neural network ensures convexity by
architectural design and enables stable and flexible approximation of the yield function. A
smooth polynomial surrogate is then fitted to the neural output, providing an analytic

representation compatible with standard finite element implementations.
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Fig. 15. Polynomial fitting of the inferred yield function for the Y1d2000-2d benchmark.
(a) Convergence of the mean squared error loss over 20,000 fitting epochs. (b) Comparison of

the analytical Y1d2000-2d surface, convex neural network output, and fitted polynomial on the

(Oxx» 0yy) plane
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Fig. 16. Comparison of simulation results using the ground-truth and fitted polynomial
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ground truth; middle: fitted polynomial result; bottom: absolute error. The fitted model
accurately reproduces the original yield behavior, with discrepancies limited to localized plastic

Zzones.



6. Conclusions

This study presented a physics-informed framework for identifying elasto-plastic yield
functions directly from full-field displacement fields and reaction force curves, without
requiring internal stress measurements or predefined parametric assumptions. The yield
function was modeled using a convex neural network architecture that guarantees convexity
and positive 1-homogeneity by design. Embedded within a finite element formulation, the
network was trained by minimizing the residuals of force equilibrium across multiple loading
conditions. An explicit stress integration scheme was employed to ensure compatibility with
rate-independent plasticity theory while enabling gradient-based optimization. The proposed
approach successfully recovered both isotropic and anisotropic yield surfaces under plane

stress, demonstrating its capacity to capture complex material behavior from limited data.

The framework was validated on benchmark models including von Mises, Hill1948,
and Y1d2000-2d, and was shown to reconstruct the underlying yield surfaces with high fidelity,
even in the presence of measurement noise levels representative of modern DIC systems. The
trained models reproduced key directional indicators such as the normalized yield stress and
captured the overall trend of the r-value without prior knowledge of anisotropy. Moreover, the
predicted field quantities—equivalent stress and plastic strain—were in close agreement with
those obtained from the ground-truth models, confirming the mechanical consistency of the

identified yield functions.

To enable deployment in standard implicit return-mapping solvers, the neural yield
surface was post-processed by fitting it to a smooth polynomial surrogate. The resulting
analytic representation was successfully incorporated into a finite element simulation,
reproducing the target response with high accuracy. While the chosen polynomial form is not

unique, the two-stage strategy—data-driven discovery via convex neural networks followed by



analytic fitting—offers a general and effective approach for integrating learned constitutive

behavior into simulation-ready plasticity models.
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Appendix A. Benchmark yield functions

- von Mises isotropic model

o(o) = \/a,?x + 0}y — 0410y, + 303,

- Hill 1948 anisotropic quadratic model

1
o(0) = \/5((6 + H)oZ + (F + H)a}, — 2H0,,0y, + 2No3,)

Table A1l. Anisotropic coefficients of Hill 1948 (AA6022-T4E32)

F G H N

1.3251 1.0730 0.8799 2.2014

- Y1d2000-2d anisotropic non-quadratic model

6(0) = (IX] — X31% + [2X7 + X7'|* + |X7' + 2X5|9)V/e

where X{, X; are the principal values (eigenvalues) of the first linearly transformed stress
tensor X', and X', X5 are the principal values of the second transformed tensor X''. The

tensors X' and X'’ are defined as:

! ! ! 174 12} n
Xxx 110xx + leayy Xxx 110xx + leayy
I _ ! — |71 ’ "o_ ml _ |y "
X = ny - LZlaxx +L220yy ) X' = ny - 210xx + 220yy
! ! n 124
Xy 330xy Xy 330xy

The linear transformation coefficients Lj; and L;; are defined in terms of material anisotropy

coefficients a; through ag, as follows:



L1 = 2a4/3, LY, = (Bas — 2a3 — 2a¢ + 24)/9
12 =—/3 LY, = (4ag — 4a, — 4as + a3)/9

Ly = —ay/3, L3y = (4az — 4as — 4a, + a6)/9
22 = 203/3, 22 = (Bay — 2a¢ — 2a3 + 2a7) /9
L3z = ay, L33 = ag

Table A2. Anisotropic coefficients of Y1d2000-2d (Ferritic Stainless-Steel type 409)

oy a, o3 oy og Og oy og a

0.9835 1.1182 0.7435 0.8517 0.8879 0.6511 0.9790 1.0810 6

Appendix B. Spatiotemporally correlated Gaussian noise

To simulate realistic measurement uncertainty in the displacement field, we introduce
additive Gaussian noise with spatial and temporal correlation. The noise is generated through
a three-step procedure: (i) sampling uncorrelated Gaussian noise, (ii) temporal smoothing along

the time axis, and (iii) spatial smoothing across nodes based on Euclidean distance.

Let 7(x,t) denote the initial uncorrelated noise sampled from N(0,1) at spatial
node x and time step t. Temporal smoothing is first applied using a one-dimensional Gaussian

kernel with standard deviation o3 = 5 time steps (i.e., 5% of the total 100-step sequence):
A = D Guime(t = T me = 5) 71X, ) (B.1)
T

Next, spatial smoothing is performed independently for each time step. Given nodal

coordinates {x;}/~,, the spatially correlated noise is computed as:
m
0 = ) wy @0 (8.2)
j=1

where the weights w;; are defined by a Gaussian kernel with spatial standard deviation



Ospace = Smm:

(e
i
exp (_ 2 * Us?pace )
Wij =

= — >
Zk exp (_ ”xl xk” >

2
2 % Ospace

(B.3)

The smoothed noise is then normalized at each time step and displacement component to have

zero mean and unit standard deviation:

n(x,t) —u
Nnorm (x’ t) = O_—t (B- 4)
t

and scaled by a prescribed noise magnitude oy yise (in wm units):
Nfinal (X, t) = Onoise * Mnorm (X, t) (B.5)
The final noisy displacement field is constructed as:
Unoisy(X, 1) = Uctean(X, 1) + Npinar (%, t) (B.6)

Three noise levels are considered—oy,ise € {0.1um, 0.2um, 0.3um}—to assess the robustness

of the proposed framework under conditions representative of modern high-resolution DIC

measurements.
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