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Abstract

We provide a set of sufficient conditions for the optimal value of an infinite horizon
linear programming problem with one-dimensional control variable to be equal to the
optimal value of its implied infinite horizon dual linear programming problem. The
simplicity of this characterization is entirely due to the fact that in each period, there
is only one inequality constraint that the control variable is required to satisfy. We
show this, by introducing a generalized version of the model. In this more general
framework the duality gap problem can be partially resolved via a limiting argument.
However, if the solution values of the dual linear programming problems of the
truncated “fixed end-point linear programming problems” solved by the optimal
solution are bounded above, and a transversality condition is satisfied, then the duality
gap problem can be resolved.
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1. Introduction: At the outset, let us make it clear that we are concerned with infinite
“horizon” linear programming problems or what we later generalize and refer to as

“discrete-time infinite horizon” linear programming problems and not infinite linear

programming problems, the latter embracing a much larger class of problems than
what the former does. Hence, a counter example applicable for infinite linear
programming problems need not be applicable for infinite horizon linear
programming problems or its generalized version.

The study of infinite horizon linear programming problems originates in Hopkins
(1969). The model discussed in Hopkins (1969) allows the chosen variables at any
time period, to be constrained by choices made in all previous time periods. This

model is discussed further in Grinold (1971). Among the earliest work on infinite



horizon linear programming problems that restricts the chosen variable at any time
period by just the chosen variables at the immediately previous period- and no further
back in time- is the work in Evers (1973). The model in Evers (1973) assumes that the
parameters determining the constraints for the choice variables are invariant over time.
Some additional work based on the model developed by Evers (1973) is available in
Grinold (1977). Romeijn, Smith and Bean (1992) along with its sequel- Romeijn and
Smith (1998)- generalize the model in Evers (1973) and allow these parameters to
vary with the time period. All works cited so far have one feature in common, i.e.,
they allow the control variables or chosen alternatives to be points in a finite
dimensional Euclidean space, where the dimension could be greater than one.

There is a considerable body of literature on infinite horizon dynamic optimization
with one dimensional control variable that is discussed in depth in Mitra (2000). The
model discussed in Mitra (2000) allows for non-linear objective functions that are
separable over time periods and constraint sets that allow for non-linearity. This
model, referred to in Mitra (2000) as the reduced form model, has been studied with
linear objective functions in Lahiri (2025a). In Lahiri (2025b), we discuss infinite
horizon dynamic optimization with one dimensional control variables and linear
objective function, where the constraint set in each period is determined by exactly
one linear inequality. The model in Lahiri (2025b) is the framework of analysis that
we start out with in this paper.

The purpose of Lahiri (2025a, 2025b) was to sharpen the results about the reduced
form model in Mitra (2000) in the contexts of the two former papers respectively.
Thus issues concerning Euler equations and transversality conditions are discussed in
Lahiri (2025b) and there is no attempt made in that paper to relate the model to linear
programming.

In Lahiri (2025c¢), there is a model of infinite horizon optimal control with linear
objective functions and with linear equations and linear inequalities constraining the
evolution of a one-dimensional state variable and a one-dimensional control variable.
That paper deals with the problem concerning “duality gap” that Grinold (1971),
Romeijn, Smith and Bean (1992) and Romeijn and Smith (1998) are concerned with.
However, the model discussed in Lahiri (2025c¢) is conceptually different from the
other works we have mentioned so far, since in Lahiri (2025¢) there is a control
variable as well as a state variable, each evolving in its own way and both contribute

to the objective function. There is a way to “mathematically” reconcile the optimal



control model discussed in Lahiri (2025¢) with the framework that Romeijn, Smith
and Bean (1992) and Romeijn and Smith (1998) are concerned with as we shall show

later in this paper. Such a reconciliation would require the non-trivial assumption that

in every time period, the coefficient of the control variable in the equation of motion
of the state variable is “strictly positive”. This could be a way to make the model
discussed in Lahiri (2025¢) a one-dimensional control variable version of the multi-
dimensional control variable model pursued in Romeijn, Smith and Bean (1992) and
Romeijn and Smith (1998). We will refer to this one-dimensional control variable
version of the model in Romeijn, Smith and Bean (1992) and Romeijn and Smith
(1998) as a “Discrete-Time Infinite Horizon Linear Programming Problem”. In such
problems, at each time period, the upper bound function for the set of available values
for the control variable in the next period is a continuous, piece-wise affine and
concave function on the closed interval from which the current value of the control
variable can be conceivably chosen.

Duality gap is about the possibility of the optimal value of an infinite horizon linear
programming problem being different from the optimal value of its infinite horizon
dual linear programming problem. In linear programming, primal and dual linear
programming problems are defined in the context of finite number of unknown
variables. Hence, we refer to the dual linear programming problem in the infinite
horizon context as “implied infinite horizon dual”.

It needs to be noted that the model discussed in Romeijn, Smith and Bean (1992) and
Romeijn and Smith (1998) is more general than the model discussed in Lahiri (2025b)
and hence the one discussed here. The major contribution of Romeijn, Smith and
Bean (1992) that is reproduced in Romeijn and Smith (1998), is a set of sufficient
conditions that includes a transversality condition under which the optimal value of
the infinite horizon linear programming problem is equal to the optimal value of its
implied infinite horizon dual linear programming problem.

In this paper, our first significant result is a set of sufficient conditions that also
includes a transversality condition under which the optimal value of the infinite
horizon linear programming problem is equal to the optimal value of its implied
infinite horizon dual linear programming problem. Our sufficient conditions require
that in every period the linear inequality determining the constraint for the control
variable for the next period is expressed in terms of a “non-constant” function of the

current value of the control variable, the control variable along the optimal trajectory



is always strictly positive beginning with time period one and is strictly less than its
upper-bound in “at least one” time period. In addition, the transversality condition we
invoke is that the product in each period, of the control variable and the dual variable
for the inequality constraining the control variable in that period, converges to zero.
Our sufficient conditions are considerably simpler than the ones required in the earlier
papers mentioned here, for the purpose of obtaining similar conclusions. There does
not seem to be any connection between our simplicity and the fact that unlike the
“predecessor parers”, we focus our attention on one-dimensional control variables. In
fact, our sufficient conditions here are also less restrictive than the sufficient
conditions invoked in Lahiri (2025c¢) to address the duality gap problem.

The requirement that the control variable is always strictly positive beginning with the
first period, leads to a difference equation for the evolution of the dual variable. The
requirement that the control variable is strictly less than its upper-bound in “at least
one” time period implies that the corresponding value of the dual variable is zero.
This leads to a unique optimal solution of the implied infinite horizon dual linear
programming problem. If the objective function is a discounted sum of the
instantaneous values of the control variables and the slopes of the function
determining the upper bounds of the control variable converge to a real number that is
not equal to one, then from the difference equation governing the evolution of the
dual variables it follows that the transversality condition must be satisfied.

In a final section of this paper we show that the major stumbling block towards
defining the implied infinite horizon dual linear programming problem is the
“multiplicity of constraints” in the more general context of a discrete-time infinite
horizon linear programming problem. The possibility of multiple constraints in each
period complicates the resolution of the duality gap problem. However, we are able to
resolve the duality gap problem to some extent, without invoking any additional
assumption on the model or the optimal trajectory, other than the ones that are used in
the definitions for the general framework. This result says that the optimal value of
the dual of the truncated “free end-point” linear programming problem with the initial
value of the control variable in the latter being the same as the initial value of the
control variable in the optimal trajectory (i.e., the kind of linear programming
problems in the “approximation result”) converges to the optimal value of the

discrete-time infinite horizon linear programming problem.



In a concluding section we note that if for a discrete-time infinite horizon linear
programming problem, the solution values of the dual linear programming problems
of the truncated “fixed end-point linear programming problems” solved by the
optimal solution are bounded above, then by successive applications of the Bolzano-
Weirstrass’s theorem we can obtain an infinite sequence that solves the “implied”
infinite horizon dual linear programming problem, provided a transversality condition
is satisfied. This would resolve the duality gap problem in the general context. It is
really “a matter of opinion” (like much else in science!) whether this result
contributes substantially to infinite horizon linear programming.

2. The Framework of Analysis: Our framework of analysis presented below is
“almost” identical to the one in Lahiri (2025b).

Let R denote the set of real numbers, R+ the set of non-negative real numbers and R+
the set of strictly positive real numbers. Let N denote the set of natural numbers and
N°=Nu{0}.

Let X = [0, b] € R+ and let beR.+ denote the set of available alternatives. Time is
measured in discrete periods teN’. At each time period ‘t” an alternative is chosen, and
the chosen alternative is denoted by x;€X.

Let <c®lteN®> be a sequence in R and let <a®lteN®> be a sequence in R such that ¢ ¢
[0, b] and ¢ + a®b € [0, b] for all teN°.

Thus, <cVlteN®> is a bounded sequence in R..

Note 2.1: <cVlteN’> is a bounded sequence in R combined with b > 0, -¢® <a®b <b

. . c® c® .
- ¢ for all teN° implies inf{- TItcNO} <a® <sup{1- TItcNO}, where both linf{-

%ItcNO}I < +0o and Isup{1- %ItcN"}I < 400,

Thus, <a®lteN> must also be a bounded sequence.

Since for all xe[0, b], x = 3b + (1-)0 with 3 €[0, 1] it must be the case that ¢+ a®x €
X = [0, b] for all (x, t) eX XN,

For teN?, let Q; = {(x, y)eXXXly <c® + aWx} = {(x, y)I0 <y <c® + a®x, xe[0, b]}.
Is it easy to see that for all teN°, Q is a trapezium with its extreme points being (0, 0),
(0, ¢V), (b, ¢V + a®b), (b, 0).

For teN?, € is the two-period linearly constrained set at (time-period) t.

For (x, t) eXXNC, let Q«(x) = {yl0 <y <c® +a®x} =[0, ¢V + a®x].



Note that for all teN°, € is a non-empty, closed and bounded subset of XXX and for
each (x, t) eXXNO, the set Q(x) is a non-empty, closed and bounded interval in X,
though the interval Q«(x) may be a singleton (i.e., degenerate) as for instance when a®
=0.

For (x, t) eXXNP, the set Q(x) is said to be the transition set from x at (time-period)
t.

For xeX, let F(x) = {<xdteN’>| x¢r1 < ¢ + aVx for all teN?, xo = x}.

We will (whenever necessary) refer to an infinite sequence <xteN’>e F(x) as a
trajectory starting at (from) x.

Let <p®l teN°> be a sequence in R satisfying Y, [p®| < + oo.

Note 2.2: 37 |p®| < + oo implies }‘Lrglo |p®| = 0 and for all sequences <xteN’>, it

[oe]

must be the case that [}, p

Ox) <37, IpOlxi < +e.

We shall refer to the sequence <(p®, ¢V, a®)IteN> as a infinite horizon linear
programming problem with one-dimensional control variable (1-IHLP problem).
Given a 1-THLP problem <(p®, ¢, a®)IteN°> and xeX we shall be concerned with the
following optimization problem denoted by P1(x):

Maximize ¥ | pX9x, subject to <xteN*>eF(x).

If for some ceR. and aeR the 1-IHLP <(p®, c®, a®)IteN’> satisfies ¢V = ¢ and a® = a
for all teN’, then we may refer to the 1-IHLP problem as a quasi time-invariant 1-
IHLP problem.

We will denote a quasi time-invariant 1-THLP problem such as above by (<p®IteN%>,
c, a).

Example 2.1: The discounted 1-IHLP problem: There exists 6e(0, 1) such that for
all teN°, p®© = g,

Note 2.3: If a “discounted 1-IHLP problem”, is at the same time a quasi time-
invariant 1-IHLP such that there exists a real numbers c € [0, b] and a real number a
such that ¢ + ab € [0, b] satisfying ¢ = ¢ and a® = a for all teN", then we have a
model that closely resembles a one-dimensional control variable version of the
infinite horizon linear programming discussed in Grinold (1977). We may refer to

such a problem as a time-invariant 1-IHLP problem and denote it by (5, c, a).



3. Some Preliminary results about trajectories: Given a 1-IHLP problem <(p®, c®,

aO)lteN®> for each xeX, let S(x) = argmax Y PV, S(x) is the set of solutions
<x¢|teNO>EF (x)

for P1(x) starting from x (for the 1-IHLP problem).

The following result is proposition 4 in Lahiri (2025b).

Proposition 3.1: For all xeX, S(X) # ¢.

An immediate consequence of proposition 3.1, is that there exists a function V: X —

R such that for all xeX: V(x) = ZZO PO x, where <x/|teN?>e S(x).

In note 2.3 we have defined a time-invariant 1-IHLP problem, It is well known that

for a time invariant 1-IHLP problem (5, c, a) for all xeX: V(x) =x + 3 [rglaf y ).
JE[0, ¢

a
This equation is known as Bellman’s fundamental equation of dynamic programming
for the 1-IHLP problem.

For more on the fundamental equation of dynamic programming one may refer to
Mitra (2000).

The following proposition provides a “solution procedure” for a large class of 1-IHLP
problems.

Proposition 3.2: Suppose <(p®, ¢V, a®)|teN°> is a 1-IHLP problem satisfying p® >0
for all telN and a® > 0 for all teN°. Let xeX and let <xteN"> be the sequence with xo =
X, and X¢1 = ¢V + a®Vx, for all teN°. Then, <x|teN’>eS(x).

Further, if <y{lteN°>eS(x), then for all Te{teNI p® > 0} it must be the case that yr = xT.
Proof: Clearly <xteN’>eF(x). Let <ylteN’>eF(x). Clearly yie [0, ¢ + a®x] = [0, x1]
and hence y; < x;. Suppose that for some TelN it is the case that yr < xt. Since, a™ > 0,
y1+1 € [0, ¢D + aDyr] € [0, ¢P + aDxr] = [0, X141], i.€., Y141 < XT141. Thus, yr < X1
implies yt+ < Xt for all teN®.

Since yi < X1, it must be the case that y; < x; for all telN.

Thus, 7, pOx = pOx + T2, pOx, >p@x + T2, pWy, since since p® > 0 for all
teN.

However, pOx + ¥, p®Oy, =37  pOy..

Thus, 7, p9x = 37 pWy, and so <xteN’>€S(x).

If <y dteN’>eS(x) then <yteN’>eF(x). Thus, as observed earlier in this proof, yo = Xo

=x and y; < x. for all teN.



Thus, if for some TeN, p™ >0 and yr < xr, then 7, p©x, = Zf__‘ol pOx, + pPxr +

o]

T-1 © T-1
Zt:]q_l p(t)xt > Zt:() p(t)Xt + p(T)yT + Zt‘:T+1 p(t)Xt Z Zz:() p(t)Yt + p(T)yT +

(o]

Y i POy since p© > 0 and x>y for all telN.

However, ¥, Oy + pPyr + 22, pVye = 22, pOy and hence $7 ) p®x; >
20;0 p(t)}’t-

This, contradicts our assumption that <y dteN°>eS(x) and proves the proposition.
Q.E.D.

4. Optimality and associated linear programming problems: In this section we
replicate for our current context the main result in section 3 of Lahiri (2025¢) the
latter being a discussion on infinite horizon linear optimal control problems with

linear constraints.

Note 4.1: The exact mathematical interpretation of the expression (formula)

Z:O pOx, is lTim (ZLO p®x, ). Thus, the problem we are concerned with here is in

the domain of asymptotic analysis, which is very different from infinite dimensional
analysis.

An alternative version of P1(x) is the following optimization problem:

Maximize Z:l p®x, subject to the infinite sequence <xte N°> satisfying the
constraints: (X, Xu1)€ Q, te N, xo = x.

We now provide one necessary condition and a somewhat stronger sufficient
condition for optimality for the 1-IHLP problem in terms of linear programming
problems.

Proposition 4.1: Let <(p©, ¢, a®)IteN’> be a 1-IHLP problem and suppose that for
some xeX, <xte N’>e F(x).

Part 1: If <xte N°>e S(x) then for all Te N with T>2, <xdt=0, 1, ..., T> solves the
following linear programming problem: Maximize Ztho p®y,, subject to yu1 < cO +
aV%forallt=0,1,...,T-1,y¢>0forallt=1, ..., T-1, yo = Xo = x and yr = XT.

Part 2: If there exists T € N such that for all Te N satisfying T > T",<xdt =0, 1, ...,
T> solves the linear programming problem: Maximize ), Z_T:O p®y,, subject to yu1 < c®
+aWy forallt=0,1,...,T-1,y¢>0forallt=1, ..., T-1, and yo = Xo = X, then

<xlte N’>e S(x).

Proof: The proof is similar to the proof of proposition 3.1 in Lahiri (2025c). Q.E.D.



We now provide an approximation result that follows from proposition 3.1, note 4.1
and part 1 of proposition 4.1.
Proposition 4.2 (Approximation Result): Given the 1-IHLP problem <(p®, c®,

a®)IteN®> and xe X, there exists T*(€)elN such that for all TeN with T > T"(¢g), the
linear programming problem [Maximize Zzio p®y,, subject to yu1 < c© + aOy, for all
t=0,1,...,T-1,y;>0forall t=1, ..., T-1, and yo = xo = x] has a solution <x.”| t = 0,
I, .. T>and IR, pOxg”- V(I < . Hence, Jim ©. 7 p®Ox;” = V(x).

Proof: Since Zczio | 79| < + o0 and F(x) # ¢, for all TeN the linear programming
problem [Maximize ZLO p®y,, subject to yu1 < c® +aVy forallt=0, 1, ..., T-1, y: >
Oforallt=1, ..., T-1, and yo = X0 = x] has a solution <X§7)I t=0,1,..., T>.

Towards a contradiction suppose there exists € > 0 such that I3} ;0 p(t)X(tn— Vx)l>¢
infinitely often.

Then, it must be the case that either ZZ:O p(t)X([n > V(x) + ¢ infinitely often or

ZtT:O p(t)XEY) < V(x) - ¢ infinitely often.

Let <xdte N>e §(x). Since <x/t = 0, 1, ..., T> satisfies the constraints of the linear

programming problem, for all TelN it must be the case that Z;O p(t)X(tD >y LO p®Ox,
for all TeN.

Since, V(x) = ¥, pOx, = lTl_Eglo ZLO p®x,, there exists T%N such that for all TeN
with T > T it is the case that ¥ p®x, + Z>V(x) > 7, pOx, - -

Thus, £, p®x;” + == 37 pOx, +=> V(x) for all Tell with T >T°.

Thus, Z;O p(t)Xgn +e> Z;O p(t)XgD + ZE > V(x) for all TeN with T > T°.

Thus, 13 [T=0 p(t)Xgn— V(x)| > ¢ infinitely often is incompatible with V(x) >

ZLO p<t>x§7’ + ¢ infinitely often.

Thus, ) rT:o p<t>x§7’- V(x)l > ¢ infinitely often implies that there exists T' = T'(g)eN
such that ZLO p(t)xin > V(x) + ¢ for all T €lN satisfying T > T

Since, ZC:;O | 79| < + oo, there exists T2 = T(e)eN such that for all TeN satisfying T >

T2 by 2, 1P0] <5



37 PO > V(x) + & forall T el satistying T > T! implies ¥, " pOx” > V(x) + ¢
for all TeN satisfying T > max{T', T?} infinitely often.

Let TeN be such that T > max{T!, T?}.

Thus, ¥, pOx” > V(x) + &.

Let X(Ti_)t =T+ 4 a(T“‘l)X(Tgt_ , for all teN.

Thus, <x-” teNO>€F(x).

pOR 1< T2 0 POx ] <bEY

Now ¥ =T+1 I

O] £
=T+1 141 Pl <7

Thus, - DN p(t)X(tY) > - 5.
©xD = ORI

r 3¢
+8_Z=V(X)+T>V(X)'

Thus, ), (t)Xm >VE)+e+ Y © Xgn > V(x)

XZoP r—o p =T+1P 141 P
This, contradicts the definition of V(x) and proves the proposition. Q.E.D.
5. Duality Theory for 1-IHLP problem and ‘‘necessary” conditions for optimality:
Given the 1-IHLP <(p®,c®,a®)| te N°> suppose that for all teN?, c®, c® + a®b > 0, so
that for all (x, )eXx N9 c® + a®x > 0. This is equivalent to the assumption that for

all (x, t)eXxXNC, {0} is a proper subset of Q(x).

Given xe X, let <xte N°> €F(x).

For Te N with T > 3 consider the linear programming problem in part 1 of proposition
4.1.

Maximize Z;O p®y,, subject to yu1 < c® + aWy forallt=0, 1, ..., T-1, y. >0 for all t
=1,...,T-1,yo=xo=%x,y.>0forallt=0, 1, ..., T-1, & yr = XT.

Since ZLO pOy, =pOx + Zthl p®y, along with yo = Xo = x and yr = xr, the linear
programming problem in part 1 of proposition 4.1 reduces to the following.

Maximize ZtT:_II p®y,, subject to y1 < c@ + a©®x, yu1 - aVy<cOforall t=1, ..., T-2,
AT Dy <cTDoxr, y¢>0forallt=1, ..., T-1.

The dual of this linear programming problem is the following linear programming
problem.

Minimize a; 7)(C(o) +a%x) + ZT 2 (T) cO4 o (c(T D - x1), subject to a (‘)a’m>

pOforallt=1,.., T-1,a”>0forall t=0, ..., T-1.

Hence we have the following proposition.



Proposition 5.1: Suppose <(p®,c®,a®)lte N°> is a 1-THLP satisfying c® and c® +

a®b > 0 for all teN°. Suppose that for some xe€X, <xdte N’>e §(x). Then, for all Te N
with T > 3, there exists <&, | ;' >0 forall t =0, 1, ..., T-1> such that:

(A) <(x:(T)I O(: (T)Z O forallt=0, 1, ..., T-1> solves the linear programming problem
Minimize @§”(c© +a®x) + ¥-2 ¢+ P, (c™ - x), subject to &’} - a¥a;" >
pYforallt=1, ..., T-1, at(T)z Oforallt=0,..., T-1.

(B) ZtT:_lj pOx, = a’;(n(c(m +a©Ox) + Z;:Z a:(T)c(t)+ cr*T(_?(c(T‘” - XT).

(C) lim [a:;m(c(o) +a®)x + Zth_lz a, M e® + a*;_?(c(T_l) — x7) ] exists and is equal
to Y, pOx,.

Proof: From the discussion in this section preceding the statement of this proposition,
we know if <xdte N> § (x), then that for all Te N with T > 3, <xdt =0, ..., T> solves:
Maximize ). Z_T:_lz p®Oy,, subject to y1 < c©@ + a©®x, yu1 - a0y <cOforall t=1, ..., T-2,
AT Dy <cTD_xr, y¢>0forallt=1, ..., T-1.

By the strong duality theorem of linear programming (see topic 2 of Lahiri (2020)) we
know that <xdt =0, ..., T> solves the above problem if and only if its dual has a
solution, in which case the optimal value of the maximization problem and the

optimal value of its dual are equal. The dual of the linear programming maximization

problem is the following linear programming problem:

Minimize @§”(c© +a®x) + ¥ 2 @.” O+ &P, (c™) - x), subject to &’} - a0ai">
pYforallt=1, ..., T-1, aﬁ”z Oforallt=0, ..., T-1.

For Te N with T > 3, let <a:(T)I a:(T)Z Oforallt=0,1, ..., T-1> be such a solution.
Thus, for TeN with T>3, ¥,/ pOx, = 2, P (c® + a®x) + ) a, Pe®+ @i (D
- XT).

Since, %l_rir)lO Z[T;fp(t)xt exists and is equal to Zzl p®x,, it must be the case that

lim [az(n(c(o) +a@)x + ¥/} oM e® + a*T(_?(c(T_l) — x7) ] exists and is equal to

T-00
Y2, pYx. QED.

An immediate corollary of proposition 5.1 is the following result.

Corollary of Proposition 5.1: Suppose <(p©,c®,a®)| te N°> is a 1-THLP satisfying ¢
and ¢® + a®b > 0 for all teN°. Suppose that for some xeX, <xdte N’>e §(x). Then, for

all Te N with T > 3, there exists <o, | & >0 forall t =0, 1, ..., T-1> such that:



(1) @ ? - a0, P> p® and (a7 - a0 P- pO)x = 0 forall t=1, ..., T-1;
@) (x1 - ¢ - %), V= 0, (xee1 - aO% - V) =0 forall t=1, ..., T-2, (-a™V xr.q -

*(T
cTD 4 xT)aT(_i =0.

Proof: By proposition 5.1 we know that for all Te N with T > 3, there exists <a:(T)I

a:(T)Z Oforallt=0,1, ..., T-1> such that:
(A) <(x:(T)I O(:(T)Z O forallt=0, 1, ..., T-1> solves the linear programming problem
Minimize a(()y)(c(") +a0x) + ZtT:_IZ at(T)c(t)+ a(TY_)l(C(T‘l) - X7), subject to ag_y)l - a<t>a§7)z

pOforallt=1,.., T-1,aP>0forall t=0, ..., T-1.

From the complementary slackness condition (see topic 2 of Lahiri (2020)) we know
that since <xte N’>e S(x) € F(x), <o, "l a,V> 0 for all t = 0, 1, ..., T-1> along with
<xdt =0, ..., T> satisfy (1) and (2). Q.E.D.

6. Interiority condition and infinite horizon dual linear programming problem:
In this section we consider 1-IHLP problems for which, in addition to the conditions
assumed in section 5 (i.e., ¢® > 0 and ¢ + a®b > 0 for all teN"), it is the case that for
teN, a® # 0.

For our main result in this section we assume that along the optimal trajectory the
control variable is always strictly positive, as for instance is the case with the solution
in the statement of proposition 3.2. We also assume that in some time period t"eN, the
chosen value of the control variable is less than the upper bound for the possible set of
values for the control variable in period t*. We refer to this condition on the optimal
trajectory as “interiority condition”.

Proposition 6.1: Suppose <(p®,c®,a®))| te N°> is a 1-THLP satisfying c®, c® + a®b >
0, for all teN° and a® # 0 for all telN. Suppose that for some xeX, <xdte N’>e §(x),
satisfies the following “interiority condition”: For all telN, x; > 0 and there exists
t"elN such that x,+ < ¢ ™D 4+ Dy,

Then, there exists a sequence <ala; > 0, teN’> satisfying @;_; =0 and a,_; - aVa; =
p® for all te N such that:

() <ailt=0,1,2, ..., T-1> solves the following linear programming problem for all
TeN, T > max{3,t}:

Minimize a(()y)(c(") +a0x) + ZtT:_lZ a([” ¥+ a(TY_)l(C(T‘l) - X7), subject to ag_y)l - a<t>a§7)z

pOforallt=1,...,T-1, d’>0forall t=0, ..., T-1.



(2) Forall TeN, T > max{3, t'}, 2 pOx, = aj(c© + aO%) + ¥ @t O+ @y (c™
Dox) = ah(c@ +a®%) + N dp Y - @y xr.
Proof: Suppose <xte N’>e §(x).

Then from proposition 5.1 we know that for all Te N with T > 3, there exists <0(: M)

a >0 forall t=0, 1, ..., T-1> such that: <, 1 o V>0 forall t= 0, 1, ..., T-1>
solves the linear programming problem:

Minimize @§”(c© +a®x) + 312 aVc®+ i, (™ - x1), subject to &’} - a¥a;">
pOforallt=1, .., T-1,a>0forall t=0, ..., T-I.

From the corollary of proposition 5.1 we know that this <O(:(T)| a:(T)Z 0 forall t=0,
1, ..., T-1> satisfies the following:

(D a’;ﬁ? - a(‘)a?mz p® and (ajﬁ? - a(‘)a?m— pDxc=0forallt=1,...,T-1;

(2) (x1-c© - a(o)x)az(T): 0, (xi+1 - aVx; - c(‘))a:(T) =0forallt=1, ..., T-2, (-aTVx7 -

™D + xo ) = 0.

By the “interiority condition”, for all teN, x> 0 and hence from (i) we get a’;f? -

a(‘)ajm: pPforallt=1, ..., T-1.

By the “interiority condition” once again x,+ < ¢ =1 + a® ~Dx,._; and hence for
TeN with T > max{3, t'}, & = 0.

Thus, for all Te N with T > max{3, t'}, <a, "1, >0 forall t=0, ..., T-1> satisfies:
ajﬁ? - a(”ajm: pYforallt=1, ..., T-1 and a:*(z)l =0.

Thus, for all Te N with T > max({3, t'}, <a,"1a,'” > 0 for all t = 0, ..., T-1> must be
the unique solution of the difference equation o1 - a0, = p, a:(_y)l =0.

Let <d;la; > 0, teN®> be the unique solution of this system of difference equation
satisfying the condition a;+_¢ = 0.

Since the optimal value of the primal must be equal to the optimal value of its dual, it

must be the case that for all Te N with T > max{3, t*'}, <d}la; >0,t=0,1, ..., T-1>

solves
Minimize a(()y)(c(") +a0x) + ZtT:_lZ a([” c+ a(TY_)l(C(T‘l) - X7), subject to ag_y)l - a<t>a§7)z

pOforallt=1,.., T-1, "> 0forall t=0, ..., T-1.



Hence, for all Te N with T > max{3, t"} it must be the case that Z,T:_ll pOx, = aj(c© +
a®x) + ZT 2 0O+ a1 (™D - x1) = dy(c© + a©x) + Z Lot - @y i xr. QE.D.
Note 6.1: We know from proposition 6.1 that a@;-_; = 0 and for all teN, a;_; - aVa} =

p. We have assumed for proposition 6.1 that a® # 0 for all teN. Thus, a;«_; = 0 and

a; = af‘l(t)p for all teN. If the 1-IHLP problem is a discounted 1-IHLP problem with

p® = ' for all teN and 3€(0, 1), then &' = @_;- a® @ for all telN.

Thus, if <a®l teN°> converges to acR with a # 1, then it must be the case that }1_{1210 oy
=0.

For xeX, consider the alternative version of P1(x) defined in section 4:

Maximize ¥, p®y,, subject to y1 < c¢® + a®x, yu1 - aVy < ¢V, yi >0 for all telN.
This is the maximization problem that we are really concerned with.

Its “implied dual linear programming (IDLP) problem” is the following:
Minimize ao(c® +a®x) + X7 a,c®, subject to a,_; - a%a, > p®, for all teN and o >
0, teN©°,

Theorem 6.1: Suppose <(p®,c®,a®))l te N> is a 1-THLP satisfying c®, c® + a®b > 0,
for all teN® and a® # O for all teN. Suppose that for some xeX, <x(te N>e §(x),
satisfies the following “interiority condition”: For all teN, x, > 0 and there exists
t"eN such that x,+ < ¢t ™D + Dy,

Then, there exists a sequence <&la; > 0, teN®> satisfying @;+_; =0 and a;_ - aVa; =
p" for all te N such that:

() <ailt=0,1,2, ..., T-1> solves the following linear programming problem for all
Te N with T > max{3, t'}:

Minimize agn(c(‘” +a0x)+ 37 &P 4 a(T (c™Y - x7), subject to a a<‘)am>
pYforallt=1, ..., T-1, amz Oforallt=0,..., T-1.

(2) For all Te N with T > max{3, t'}, Z LpOx, = a(c©® + a®x) + ZT 2 oWy

A 1(cTY - x1) = & (c@ + a®x) + ZT Laic - af xr.

3) X, pOx,=(c© +a%)ap + X7, & <Y if and only if lim @7, xy = 0.

Proof: (1) and (2) follow from proposition 6.1. Hence we need to prove (3).



From (2) of proposition 6.1 we know that for all Te N with T > max{3, t"} it must be

the case that Y, p®@x, = aj(c® + aOx) + X 7 @ ¢+ a1 (™) - x1) = dh(c@ +

-
a%%) + ¥ a ¢V - dpyxr.

Thus, for all Te N with T > max {3, t*} it must be the case that Z (t)x[ + Qp_qXT=
a(c® +a0x) + 31 .

Since, <xdte N> §(x), Jim 2 1 p®yx, exists and Jim Z lpOx,=Y% pOx,.

If lim @y_1xr =0, then lim % 1 p®x, + dpyx1] exists and lim (X% lp®x, +
dryx1] = Jim 3,7 pOx, + lim @ yxp = lim 31,77 pOx,

lim (X7 p®x, + a1 x1] exists implies aj(c® +a®x) + Jim Y1) ;Y exists and
hence ¥/ pOx,+ ap yxr = ah(c@ +a®x) + X d;? for all T > max(3, t')
implies lim [Ztr:_ll pOx, + a5 x1] = @(c© + a®x) + lim ZtT:_ll a, .

Thus, }1_{2102 Lp®x, = af(c® + a©x) + hm Z a,c?.

Since }1_{210 Zth_ll a;c@=%7  d;c@itfollows that ¥, p©@x,= ap(c® +a®x) +

PN ACH

Conversely, if %7, pWx, = (c© +a®x)ap + X7, d; ¥ =¥ 7 a;cY, then

X PO+ dpyxr = (¢ +a®@x)dh + X, @ ¥ for all Te N with T > max(3, '},
%i_r)gztrz_ll pOx, =37, p®x,and Jim Yol @@ =37 dc® together imply

}1_r>£1O ar_1x7 =0. QE.D.

Note 6.2: Since for all TeN, ar.1 is the dual variable corresponding to xr, %1_1)’{)10 Qp_1XT

=0 is a version of the well-known “transversality condition” of optimal control
theory. Part (3) of theorem 6.1 says that under the assumptions common to both
proposition 6.1 and theorem 6.1, the optimal value of the IDLP problem is equal to

the optimal value of the alternative version of P1(x) defined in section 4 “if and only if”
the transversality condition (in the way defined here) is satisfied by the solutions of
the two infinite horizon linear programming problems.

Note 6.3: If as in note 6.1, the 1-IHLP problem is a discounted 1-IHLP problem with
p® = &' for all teN and 8¢(0, 1), and <a®l teN’> converges to acR with a # 1, then it

must be the case that }im agp = 0. Thus }im at_,xr = 0. Hence the transversality
—00 —



condition is satisfied for a discounted 1-IHLP problem satisfying the additional
convergence criterion for <a®| teN°>,

Note 6.4: The satisfaction of the “interiority condition” by <xdte N’>e S(x) implies a
structural restriction on the 1-THLP <(p®,c®,a®))l te N°>. First note that since the
condition requires Xx; > O for all telN, for selN, there exists € > 0 sufficiently small such
that 0 < X, - € < c®V + atDxg. If a® <0, then X1 < ¢® + a®xs < c® + a®(x; - €).
Thus, <yidte N> with y, = x, for all teN°\{s}, ys = x; - & satisfies <ydte N> € F(x).
Since <xilte N°>€ §(x), it must be the case that Y., p®x,> 37 pOy, =37 pOx,-
ep®, ie., ep® > 0. Since & > 0, ep > 0 implies p > 0. Thus, for all seN, a® <0
implies p®) > 0. Further, the “interiority condition” requires 0 < x+ < ¢~ +

a® ~Dx,_;. Thus, for & > 0 sufficiently small, 0 < xp + e < ¢ ™D 4+ a@ Dy, If
a) >0, then for & > 0, x4 1 < ) +a®)(x++ £) and thus <ydte N> with y, = x, for
all teNO\{t"}, y,» = x++ € satisfies <ylte N°> € F(x). Since <x/te N’>e §(x), it must
be the case that Yo, pOx, > Y7 pOy, =37 pOx,+ep®), ie., ep®) <0. Since
£> 0, ep®) <0 implies p*? < 0. Thus, a®? >0 implies p¢?) <0.

7. Discrete-Time Infinite Horizon Linear Programming Problem (with One-
Dimensional Control Variable): With a little bit of algebra along with a non-trivial
assumption applied to the model of linear optimal control with linear constraints in
Lahiri (2025¢), we can obtain a generalization of a 1-IHLP problem. The additional
assumption required is that in every period the coefficient of the control variable in
the equation determining the evolution of the control variable is strictly positive.
Suppose that for all teN°, there is a positive integer my, such that A®, C© are m;

dimensional real-valued column vectors whose i entry for iel(t) = {1, ..., m(t) }are
Ai(t) and Ci(t) respectively and satisfy the following condition: For all xeX

0eNarp (LyeRyly — A% < cPphex.

Thus, for all xeX and i€l(t) it must be the case that {yeR,ly - Ai(t)x < Ci(t)} is a non-
empty closed interval in X whose left-hand end point is 0.

For teNY, the real valued function on [0, b] defined by xI—»min{Ci(t) + Ai(t)xl iel(t)} is a
continuous, piece-wise affine and concave function. The assumption for all xeX,
0eNerey {yeRyly — Ai(t)x < Ci(t) })= X implies that the graph of this function is

contained in XXX,



For what follows we assume:

max (¥ 1A N0} < +o0, max (X C{7[Itel'} < +o0 and max {3,y D} It}

13,63 | 13,6 |
< 400,

The above assumption allows us to choose b > 0 (sufficiently large) so that the
requirement {yeR,ly - Ai(t)x < Ci(t)} is a closed interval in X whose left-hand end
point is 0, is satisfied.

For telN?, let Q = {(x, y)eXxXly - A”x < Cfor all i€l(t)} and for (x, t) e Xx N, let
Qu(x) = {yeXI(x, y)eQ}.

For xeX, let F(x) = {<xdteN>| xi41 € Qu(x,) for all teN?, xo = x}

As before, let <p®l teN®> be a sequence in R satisfying 3,/ [p®| < + oo.

We shall refer to the sequence <(p®, AV, C)|teN> as a discrete-time infinite
horizon linear programming (DT-IHLP) problem.

Thus, a DT-IHLP problem <(p®, A®, C)IteN°> with I(t) = (1} for all teN®is a 1-
[HLP problem.

Given a DT-IHLP problem <(p®, A®, C)|teN"> and xeX, we shall be concerned with
the following optimization problem denoted by G-P1(x):

Maximize ¥, pX9x;, subject to <xteN*>€eF(x).

Let S(x)= argmax Yo pOx,

<x;|teNO>€F(x)
An alternative version of G-P1(x) is the following:
Maximize ¥, P9, subject to <xdteN®> eF(x).
If for xeX, <xdteN®>eS(x), xi €{0, min{C" P+ A" Px.1} for all telV satisfying pO% 0,
then we may, in keeping with the terminology in optimal control theory (as for

instance in pages 202-208 in Kamien and Schwartz (1991)), refer to such a trajectory
as a bang-bang solution starting at x.

For instance, if Ai(t) > 0 for all iel(t) and teN° and p® > O for all teN, then S(x) =
{<xteN°>} such that x, = min{C" "+ A" Vx.1} for all telN.

On the other hand, if p®¥ < 0 for all teN, then S(x) = {<xdteN">} such that x, = 0 for all
teN.

Both are “extreme” examples of a bang-bang solution starting at x.

The following is an example that incorporates “periodicity” in the pattern (or behavior)

of bang-bang solution.



Example 7.1: Let <(p©, AY, CY)|teN°> be a DT-IHLP such that for all teN, I(t-1) =
{1} and:

(1) If tis odd, then CIV >0, A1 >0, ¢t + Al™Pb<b and p® > 0.

(2) If t is even, then Cgt_l) =0, Agt_l)z 0.

From (1) it follows that if t is an odd natural number then Cgt_l) <b, so that Cgt_l) +
Agt_l)ch for all xeX.

From (2) it follows that for all xeX and <x(teN’>eF(x), x; = 0 for all t eN if t is even.
Hence, for all xeX and <xteN®> eF(x), ¥ POx; = pOx +3 , p* Vx5 .

Thus, for all xeX, if <x|teN°> €§(x), x1 = C§0)+ Ago)x > 0, since C§0) >0 and A§0) > 0.
For t eN, X241 = CSZO+ Ath)th = Cth) > 0, since x2¢ = 0.

Thus, <xteN®> eS(x) if and only if xo = X, x; = Cgt_1)+ Agt_l)xt-l if t is an odd natural
number and x, = 0 if t is an even natural number.

The possibility of “bang-bang solution” illustrates the wide scope of DT-IHLP
problems (in fact, in the context of our examples above 1-IHLP problems).

As in section 3 we have the following result.

Proposition 7.1: For all xeX, S(x) # ¢.

An immediate consequence of proposition 7.1, is that there exists a function V: X —
R such that for all xeX: V(x) = X7 ) p{9x,, where <x,|teN">e S(x).

As in section 4, the following result can be obtained from corresponding results in
Lahiri (2025c).

Proposition 7.2: Let <(p©, AV, CY)|teN’> be a DT-IHLP problem and suppose that
for some xeX, <xdte NO>e F(x).

Part 1: If <xJte N>e S(x) then for all Te N with T >2, <x/t =0, 1, ..., T> solves the
following linear programming problem: Maximize ZLO p®y,, subject to yu ‘Ai(t)Yt <
cPfor all iel(t) and t=0, 1, ..., T-1, ye > 0 forall t=1, ..., T-1, yo = xo = x and yr =
XT.

Part 2: If there exists T* € N such that for all Te N satisfying T > T",<xdt =0, 1, ...,
T> solves the linear programming problem: Maximize ZLO p®y,, subject to yu1 -
APy < cOfor all iel(t) and t =0, 1, ..., T-1,ye= 0 forall t= 1, ..., T-1, and yo = xo =

X, then <x{te N%>e §(x).



The approximation result in section 4 continues to hold for a DT-IHLP problem and
hence we have the following.
Proposition 7.3: Given the DT-IHLP problem <(p®, A®, CY)|teN’> and xe X, there

exists T*(¢)elN such that for all TeN with T > T"(¢), the linear programming problem
[Maximize 3" p@y,, subject to yu1 -Ay < CPfor all iel(t) and t = 0, 1, ..., T-1, y,
>0forallt=1, ..., T-1, and yo = Xo = x] has a solution <X§7)| t=0,1,..., T>and
x” pOL - V)l <.

For xe X, let <x{te N°> ¢F (x).

For Te N with T > 3 the linear programming problem in part 1 of proposition 7.2 is

equivalent to the following linear programming problem:
Maximize ZZT:_lj p®y,, subject to y; < Ci(o)+ Ai(o)x for all i€l(0), yu1 'Ai(t)Yt < Ci(t)for all

id(®andt=1, ..., T-2, -A" Pyr; <" V- xr for all iel(T-1), yi> 0 forall t= 1, ...,
T-1.

The dual of this linear programming problem is the following linear programming
minimization problem.

Minimize

(T,0) ,~(0) (0 T—2 (T.6) ~(
ebPi G+ AT AT DB G

=D o (T-D ; (Tt—1) (T,0) 5 (£)
Lierr-1 Pi (G — Xr) subject to X, B; LB A2 p® for

allt=1, ..., T-1, " > 0 for all iel(t) and t = 0, 1, ..., T-1.

Thus, even if we assume that x, > 0 for all teN°, the system of difference equations
that emerged almost immediately from the application of duality theorem and
complementary slackness conditions in the proof of proposition 6.1, fail to do so once
we move into the more general framework of DT-IHLP problems.

However, we can obtain a somewhat weaker version of theorem 6.1 in this
considerably more general context and with less restrictive conditions on both the
problem as well as the optimal solution, if we pursue the line of reasoning for the

approximation result (proposition 7.3 in this section).

Note that for Te N with T > 3, the linear programming problem [Maximize 21T=1 pOy,,
subject to y1 < CV+ AP for all iel(0), yu1 -Ay < CPfor all iel(t) and t = 1, ..., T-1,
yi>0forall t=1, ..., T] is the sequence of “free end-point” linear programming

programming problems that was used for the approximation result (i.e. proposition 7.3

above).



Proposition 7.3 says that for all Te N, this linear programming has a solution <X([7)| t=
0,1,...,T>and %im ZzT=1 p(t)Xgn =V(x) - pOx.
The dual of this linear programming problem is the linear programming problem

o T,0) ,~(0 0 T-1 T,6) - (t .
[Minimize Ziel(o) ﬁg )(Ci( ) 4 Ai( )x) + X (Ziel(t) ,6'5 )Ci( )) subject to

(T,t—1) (T,6) 5 (O (r,7-1)
Liere-1 Pi e Bi AT 2 p® forallt=1,..., T-1, Yieie-1) Pi >p?,

B >0 for all iel(t) and t = 0, 1, ..., T-1].
Theorem 7.1: Let <(p®, A®, C)|teN°> be a DT-IHLP problem and suppose that for
some xeX, <xdte N°>e §(x). Then for all TeN with T >3, foreacht=0, 1, 2, ..., T-1,

and for each iel(t) there exists :(T’t) > 0 satisfying the following conditions:
(G-1) The array <,6':(T't)lid(t), t=0, ..., T-1> solves:

o T,0) (0 0 T-1 Tt) ~(t .
Minimize Ziel(o) ,6'5 )(Ci( ) 4 Ai( )x) + X (Ziel(t) ﬁg )Ci( )) subject to

(T,t-1) (T,t) A (©) (T,T-1)
Ziel(t—l) B - Ziel(t) Bi ATz p® forallt=1, ..., T-1, Ziel(t—l) Bi >p'",

B >0 for all iel(t) and t =0, 1, ..., T-1.
«(T,0) , ~(0 0 - «(T, _

(G-3) V) - pOx = X2 pOxe = lim [ B0 810 (C7 + APx) +

T—c0
S B B
Note 7.1: What theorem 7.1 says is, without any additional assumption (such as for
all (x, t)eXxXNC, {0} is a proper subset of Q(x) as required in sections 5 and 6, or
“interiority condition” as in section 6), the optimal value of the dual of the truncated
“free end-point” linear programming problem with the initial value of the control
variable in the latter being the same as the initial value of the control variable in the
optimal trajectory(i.e., dual of the the linear programming problems in the
“approximation result” proposition 7.3), converges to the optimal value of the DT-
[HLP problem.
8. Conclusion: Part 1 of proposition 7.2 imlies the following statement: If

<x(te N%>e §(x) then for all Te N with T>3, <xdt=1, ..., T-1> solves the following
linear programming problem: Maximize ZIT:_lz p®y,, subject to y; < Ci(0)+ Ai(o)x for all

i€1(0), yui -y, < COfor all iel(t) and t = 1, ..., T-2, -A" Py, <c" D xr for all
iel(T-1), y= 0 forallt=1, ..., T-1.



By the complementary slackness conditions of linear programming we know that for

TeN with T >3, <x{t =1, ..., T-1> solves the linear programming problem above if
and only if there exists <,8;.k(T’t)Ii€I(t), t=0, ..., T-1> that along with <xdt =1, ..., T-

1> satisfy the following conditions:

*(T,0)
i

(1) x1 <€+ A%, xi >0 and (x1 - CP- APx)8; " = 0 for all iel(0)

*(Tt)
i

(2) Xi+1 -Ai(t)Xt < Ci(t), (Xer1 'Ai(t)xt _ Cl(t))ﬁ
2.

=0 for all iel(t) and X1 >0, t=1, ..., T-

*(T,T—1)
i

*(Tt—1) *(Tt) A (O t *(Tt—1) *(Tt) 5 (O
) Xiere-1) B LB A Zp()’(ziel(t—l)'gi LB A -

p®)x=0forallt=1, .., T-1, 8" >0forall iel(tyand t =0, 1, ..., T-1.

3)-A" P <P xrand (AT Pxrs -4 x0)B = 0 for all ieI(T-1)

.. . *(T,t),.
These four conditions are equivalent to the statement <f3 L.( ’t)lld(t), t=0, ..., T-1>

solves the dual of the linear programming problem mentioned above, i.e.,

Minimize ¥, ;) B (€1 + AL”X) + T2 (Biero B C7 )+

S B P(C Y = xq) subject to Ty B Bigro Br AL = p® forall t
=1,...,T-1, P > 0 for all iel(t) and t = 0, 1, ..., T-1.

However, the four conditions in this note are also satisfied by <ﬁ;(T+S't)Ii€I(t), t=

0, ..., T-1> for all seN.

Thus, for all seN, <,8:(T+S’t)lid(t), t=0, ..., T-1> solves the minimization problem.

-1 (T+5,0) , (0 0 T—2 (T+5,0) A (t
Hence, 3, pOx, =Ziel(0)ﬁi( $ )(Ci( )+ Ai( )X) + g (Zia(t)ﬁi( 3 )Ci())+

*

ZieI(T—l) Bi
Thus, we arrive at the following theorem.

Theorem 8.1: Let <(p©, A®, CY)|teN’> be a DT-IHLP problem and suppose that for

(T+S,T—1)(Ci(T_1) — xr7) for all seN.

some xeX, <xdte N’>>e §(x). Then for all Te N with T > 3, there exists an array
<ﬁ:(T't)IieI(t), t=0, ..., T-1> such that:
(A) For all Te N with T >3 and seN°, <B;" **liel(t), t = 0, ..., T-1> along with <xilt

=1, ..., T-1> satisfy the following conditions:

(1) x1 <€+ AP, x>0 and (xi - €O~ AP xBTS = 0 for all iel(0)
*(T+s,t)
i

(2) Xer1 -Ai(t)xt < Ci(t), (X1 'Ai(t)Xt ~ Ci(t))ﬁ
T-2.

=0 for all iel(t) and X1 >0, t=1, ...,



3)-AT Dy, <o xrand AT P xr - €TV xBTS 2 0 for all iel(T-1)

1

*(T+s,t—1) *(T+s,t) 5 (V) *(T+s,t—1)
4 Ziel(t—l) '81‘ - Ziel(t) ﬁi Ai = p(t)’ (Ziel(t—l) '81‘ -

*

Ziel(t) ﬂi
1,...,T-1.

DA _pOyx =0 forall t=1, ..., T-1, B;7™ > 0 for all iel(t) and t = 0,

(B) (A) is equivalent to the following statement: For all Te N with T >3 and seN’,
<B; T*5DjieI(t), t = 0, ..., T-1> solves the linear programming problem:

Co . 0 0 0 T-2
Minimize z:iEI(O) '81( )(Ci( '+ Ai( )X) + 2o (Ziel(t) ﬁgt)ci(t) )+

(1) ((T-D) - (t-1) O A®
Sier-nBi (G = xp) subjectto ¥y B - Bigye Bi A 2P forall t

=1,...,T-1, P > 0 for all iel(t) and t = 0, 1, ..., T-1.

#(T+s,0) (0 0 T2 *(T+s,) (
Further, }; TOE® + A% + et (Ziel(t)'gi( e+

i€l(0) B
SeranBi Y = 5 =2 PO,

(C) If the set of non-negative numbers {ﬁ:(T't) liel(t), t=0, ..., T-1 for TeN, T > 3} is
bounded above then there exists an array of non-negative real numbers <f3 :(t)liel(t),
telN®> such that for all Te N with T > 3, <B; Pliel(t), t= 0, 1, ..., T-1> solve the linear
programming problem in (B).

(D) If in addition to the assumptions in (C), we assume that <ﬁ;‘®|id(t), teN®> along

*

(T-Dy _
iel(T-1) B )=0,

with <xte N%> satisfy the “transversality condition” }im xr(X
—00

then <f3 :(t)liel(t), teN®> solves the “implied infinite horizon dual linear

programming problem”: Minimize Y., ) ,81(0) (Ci(o) + Ai(o)x) +

S )~ : (-1 (GINO) ®
Yim1 (Liery B G ) subject to Xy 1y B - Digy Bi A 2 p® for all telN, B;

> 0 for all iel(t) and teN°.

Further, V(x) - pOx = X7, POxc = B0 B

0 () ~(1)
thl(ziel(t)'gi G

Proof: (A) and (B) follow from the discussion preceding the statement of this

OO 4 AVx) 4

theorem.

Let us prove (C).
Suppose {<,8:(T't)lid(t), t=0, ..., T-1 for TeN, T > 3} is bounded above. For each t =

0, ..., T-1 for TeN, T > 3, let the array <f;" " liel(t)> be denoted by £*T9). Thus for



TeN,T>3and t=0, ..., T-1, B*TDeR'® and for each teN°, <g*TD| TeN, T >

max {3, t+1}> is a bounded sequence in ]Ri(t).

Let t = 0 and consider the sequence <B*('®| TeN, T > 3>. Since it is a bounded
infinite sequence in ]R:_(O)by the Bolzano-Weirstass’s theorem, there exists a
convergent subsequence <B*(®” ™| neN, R%n) > 3> converging B @eR'®.
Consider <f*®”®.D| neN, R%(n) > 3> which is a bounded infinite sequence in ]R{:_(l).
By the Bolzano-Weirstass’s theorem, this sequence has a convergent subsequence

<B* BV neN, Ri(n) > 3> converging B*DeR'™.

Further, <,8*(R(1)(")'0)I neN, R!(n) > 3> is a subsequence of <,8*(R(0)(”)'0)I nelN, R%(n) >
3> that converges to B*@eR\?. Hence, <@ ™0)| nel, Rl(n) > 3> converges to
’3*(0).

Consider <B*®®.2| neN, R'(n) > 3> which is a bounded infinite sequence in ]R{i(z).
By the Bolzano-Weirstass’s theorem, this sequence has convergent subsequence
<B*RO™D)| nelN, R(n) > 3> converging to 8 *(Z)ER:_(D.

Further, <,6'*(R(2)(")'0)I neN, R%(n) > 3> is a subsequence of <3 R (m),0)) nelN, R!(n) >
3> and <ﬁ*(R(2)(")'1)I nelN, R2(n) > 3> is a subsequences of <,8*(R(1)(")'1)I neN, R'(n).
Hence, the first subsequence converges to £*(%) and the second subsequence

converges to S,

Suppose that for telN, with t > 2, there are bounded subsequences <ﬁ*(R(t)(")'S)I nelN,
R(n)>t+1>in R, s=0, 1,2, .... t, such that <B*®Y M| TeN, R(n) > t + 1>
converges to ﬁ*(s)c ]R:_(s), s=0,1,2,...,t.

Consider the subsequence <f*®“MHDITeN, R(n) > t + 1> in ]R:_(Hl). Since it is a
bounded sequence, by the Bolzano-Weirstass’s theorem it has a convergent
subsequence <f* R VMDD nelN R¥I(n) >t + 2> in ]Ri(tﬂ) converging to e
R\

Since fors=0, 1,2, ... t, <ﬁ*(R(t+1) ():3)] TeN, R*!(n) >t + 2> is a subsequnce of
<B*ROM| neN, RY(n) > t + 1>, it follows that <B*®“ VW) TeN, Ri(n) > ¢ + 2>

converges to ().



Hence, by a standard induction argument it follows that for all teN’ and s =0, 1, 2, ...,
t, there exists a subsequence <f *ROC9)| neN> of <B*T9)| TeN> such that

<B* RO neN> converges to f5©e ]R{:_(S).

Note that for all TeN with T >3, 7T~ gets defined by the subsequence
<B*®RITDET=D] neN, RTD(n) > T> of the sequence <f* T~ 1+~ DineN>,

*(R(

1)
We know that, for all TeN with T > 3 and nel, <g; MWD iel(t), t = 0, ..., T-1>

satisfying R™(n) > T for all nelN solves the linear programming problem: Minimize
)~ 0 T-2 ® O (T-1) ,~(T-1)
ZieioyBi (G + AT+ Xt (g B G+ Ligr—y B (€ — Xr)
: -1
subject to Ziel(t—l) ,E'l(t ). ZieI(t)ﬁEt)Ai(t) >p® forallt=1, ..., T-1, ﬁgt) > ( for all
iel(t)andt=0, 1, ..., T-1.
_ *(RT-Dm),0 0 0

Further, 7' p®x, = Yier0) B ( @O c® 4 Ay +

T2 RI=D @) (0) “RETD@T-1) ((T=1) _ oy e oi nel
Zt=1 (Ziel(t) ﬁi i )+ ZiEI(T—l) ﬁi ( i XT) or all nelN.
Since forall t=0, 1,2, ..., T-1, lim B*®“"V®M0 = *® it follows that <B; | iel(t), t

n—oo

=0, ..., T-1> satisfies all the constraints of the linear programming minimization

problem in (B) and Z Tp®x, = Zicio) Bi +® (C(O) Ai(o)x) +

ZL—lZ (Zia(t) ﬁ:(t)ci(t) )+ ZiEI(T_l)ﬁ:(T—l)(Ci(T—l) — xp).

Thus, for all TeN with T > 3, <8, liel(t), t = 0, ..., T-1> solves the linear
programming problem in (B). This proves (C).

To prove (D), first note that since for all TeN, T > 3, <8Pl iel(t), t = 0, ..., T-1>
satisfies all the constraints of the linear programming minimization problem in (B), it
must be the case that for all TeN with T>3, ¥ " 'pOx, =¥ _ 1) B Owc® + AVx)
+ 20 T B0+ By B (€ = xa), and <] Vliel(), ter’>
satisfies all the constraints of the implied infinite horizon dual linear programming

problem.

We know that lim 2 pOx = 3% pOx, = V(x) - pOx.

. #(0) , (0 0 T—2 x
Thus, }1_1}11 [2; 61(0)'8 ( )(C( '+ A( )X) + Zt 1 (Zzel(t)ﬁ (t)c(t) )+

Lier-1) ﬁ*(T 1)(C(T D_ — Xr) ] exists and is equal to 377 | pOx, = V(x) - p©x.



*

0) ,~(0) ) T-2 *(t) ~(D)
ieI(O)IBi (Ci + Ai X) + Zt=1 (ZieI(t)IBi Ci )+

However, lim [}
T—oo

*

Lierr-1) Pi
-1 () (O (T-1)
iy (Ziel(t) B CG7) = XT(ZiEI(T—l) B )]

Thus, if }im xr(Y

T-1 T-1 . *(0 0 0
TIET = 31 =1im [y 7€ + A% +

*

T—1 -
i€l(T-1) :Bi( )) =0, then V) -pOPx=Y_, pOx, =

*

' 0) (0 0 T—1 «(t) A(t
}52[21'61(0)51'( '@+ AP0 + 3 (Ziez(t)ﬁi()ci())]-

Further, since for all TeN with T > 3, <ﬁ;(t)liel(t), t=0, ..., T-1> solves the linear

*

(T-1) _
i€l(T-1) B; )=0,

programming problem in (B), under the assumption %im xr( X

<p :(t)lid(t), teN> solves the infinite horizon linear programming minimization
problem in (D). Q.E.D.
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