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Abstract. This note presents a simple and practical idea for synthesizing new discrete orthogonal
transform (DOT) algorithms based on the properties of the Kronecker product of a sequence of
orthogonal matrices. Specifically, it exploits the fact that the Kronecker product of orthogonal matrices
is itself orthogonal. The proposed approach utilizes small-sized DOT kernels to construct new
algorithms. By skillfully choosing kernels, one can create new orthogonal bases and simultaneously
construct fast algorithms for discrete transforms in these new bases.
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1. Introduction

Discrete orthogonal transforms (DOTs) are a fundamental mathematical tool used in modern digital
signal processing, image analysis, scientific computing, and data compression. Their central idea is to
represent discrete data in an alternative basis, where essential characteristics and parameters—such as
frequency components, energy distributions, or localized features —become more explicit. This basis
change, based on the theory of orthonormal vector spaces, ensures energy conservation, numerical
stability, and invertibility, making these transforms both theoretically rigorous and practically useful.
The roots of discrete orthogonal transforms date back to the classical work of Jean Baptiste Joseph
Fourier, whose ideas on representing functions using trigonometric series laid the foundation for
spectral analysis [1]. Over time, these concepts have evolved into numerous discrete transforms using
different systems of basis functions, including the discrete Fourier transform (DFT) [2-5], eight types of
discrete cosine and sine transforms (DCTs, DSTs) [4-10 ], the discrete Hartley transform [11], the discrete
Haar transform [5], the Walsh-Hadamard transform [5, 11], the Slant transform [12], and transforms
based on orthogonal polynomials [13]. Various “exotic” transforms with unique properties have also
been developed [14-17]. Each of these has unique structural properties—global versus localized
representation, different boundary conditions, or varying levels of space-frequency resolution—that
make them suitable for specific types of problems. Although discrete orthogonal transforms are
versatile, their direct computation often requires a large number of arithmetic operations, typically
O(N?). This led to the creation of fast algorithms, with the Fast Fourier Transform (FFT) introduced by
Cooley and Tukey being the most well-known example. By reducing the complexity of the DFT to
O(Nlog:N), the FFT sparked a wide range of efficient computational techniques. Similar approaches
have been applied to other transforms, resulting in fast cosine transforms, fast sine transforms, lifting-
based wavelet decompositions, and algorithms that utilize symmetries, sparsity, or factorization of
orthogonal matrices. The advent of these fast algorithms has transformed digital technology, enabling
real-time audio and video processing, accelerating large-scale numerical simulations, and improving
highly efficient compression schemes such as JPEG, JPEG2000, MP3, and modern streaming codecs.
Today, fast orthogonal transforms remain essential, especially in high-dimensional data analysis,
scientific visualization, and machine learning workflows, where both accuracy and speed are crucial.
As aresult, discrete orthogonal transforms and their rapid implementations are fundamental to modern
digital signal processing. Their development continues to be an active research area, driven by the need



for higher-dimensional methods, optimized GPU-based implementations, and adaptive or data-driven
transform designs.

Alongside classical transforms, a particularly active research direction concerns the synthesis of new
orthogonal bases tailored to the statistical or geometric properties of modern data. Classical bases—
Fourier, cosine, or wavelet—though powerful, are not universally suitable for all classes of signals.
Standard bases are often suboptimal for signals exhibiting nonstationarity, local anisotropies, irregular
sampling, or high-dimensional structure. Real-world data often exhibit structural characteristics such
as nonstationarity, sparsity, irregular sampling, anisotropy, or complex geometric features that
traditional transforms do not capture well. Designing new orthogonal systems enables more compact
representation, improved denoising performance, or more effective feature extraction.
Custom-designed orthonormal systems can offer significantly improved sparsity, better representation
of edges or transients, or enhanced robustness to noise. However, the usefulness of such bases depends
critically on the availability of efficient computational methods. Thus, developing fast algorithms for
transforms in these bases is an essential complement to the theoretical design. This includes exploring
matrix factorizations, recursive construction schemes, and structural optimizations that reduce
computational cost while preserving stability. As a result, both the construction of novel orthogonal
bases and the engineering of fast transform algorithms represent a coherent, mutually reinforcing
research effort. This dual process—building new orthogonal bases and engineering fast transforms on
them —ensures that mathematical innovations can be translated into practical tools for signal
processing, scientific computing, and machine learning. Together, they expand the capabilities of
contemporary computational mathematics and digital signal processing, meeting the growing demands
of real-time systems, high-dimensional data analysis, and modern machine-learning applications.
Taking into account the above, this paper presents a simple and realistic idea demonstrating the
possibility of synthesizing new basis function systems and corresponding fast algorithms using small-
sized discrete orthogonal transforms as kernels.

2. Preliminary remarks

In this note, we use the following notations:

Iy is an identity matrix of order N;

A,., Ay, - are npxn; and N;xN; orthogonal matrices represented small-size kernels.

Wz(vl) —are NxN block-diagonal matrices describing computations for each iteration of the algorithms;
® is the Kronecker product of two matrices [18];

We will present the description of the developed algorithms in two ways: using matrix-vector
computational procedures and using data flow graphs. In this article, all data flow graphs represent the
flow of data from left to right. Straight lines represent data transfer operations (data transfer paths), and

rectangles represent the multiplication of matrices, denoted by the letters inside the rectangles, with
(N)

input vectors. Circles (see Fig. 4) indicate operations of multiplication by a normalizing constant s, .

3. Strategy for constructing discrete orthogonal transform algorithms

Let us assume that we are dealing with an N-point sequence of input data. We also assume that N is a
product of positive integers: N(i)=N1xN,x...xN; , i=1, ..., K, and N(0)=1. Then the base matrix of the
generalized discrete orthogonal transform can be defined as follows:

Aglvlr Na,..., NK):AN1®“'®ANK (1)

where {A } is a set of orthogonal n; X n; matrices, which are the basic kernels of a specific discrete
transform (for now, it doesn't matter which one). We exploit the fact that the Kronecker product of
orthogonal matrices is also orthogonal.

Let K be the number of factor-matrices Wl(\i,) obtained by factorizing the order NxN original transform
matrix. Then N(K)=N.



The well-known Fundamental Tensor-Product Factorization Theorem (see, for example, [19]) is of the
form Ay, ®...®Ay, = 1%, (Ingi-1) ®A,,,®Iy/n()), and this factorization is true for different permutations of
the factors (Ing_1)®A,, ®Ly/n;))- We will use this decomposition in our further discussions.

Let Xyx1 = [%0,%1,...,xn_1]7 be a vector, discribing input data swquence and Yg\’,\ill N NE) =
Yo, Y1, -+, Yn-1]" be a vector, discribing coefficients of the discrete orthogonat transform.

Then, using the corollary of the Fundamental Tensor-Product Factorization Theorem, we can propose a
generalized matrix-vector procedure for calculating the coefficients of some "generalized" discrete

orthogonal transform that uses the “grafting” of small-sized base kernels A, into a single whole:

N1, N. , N
YA 2 M0 = TIK (Tyr) © AN @Iy X )
or il"l more Compact form:
N1, No,.. 1
YR M M = WP W X, 3)
where WI(\;)ZIN(i—l)@)ANi@IN/N(i)

Thus, expression (3) defines an algorithm for a discrete orthogonal transform synthesized via the
nesting of small-size base kernels A,, . It should be noted that in some cases it is appropriate to represent
the kernels Ay, of discrete orthogonal transforms as the product of a non-orthonormal base matrix Ay,
and a diagonal matrix of normalizing constants diag(Sy ) :

Ay, = diag(S,, 1)AN,, =1, ..., K, 4)
Ny (N) (Ni) . .
where Ay, is the non-orthonormal base matrix and Sy.q= [ 181 s Sy, 1] is a diagonal matrix of

normalizing constants, the values of which depend on the selected base.
Substituting (4) into (1), we obtain the following expression

—=(Ny, Ny, ..., NO)_ ;. . .
Ay Mding(s, ) Ay, ®diag(Sy,,,) A, ®...Odiag(Sy ) Ay, )
Then, using the properties of the Kronecker product [19-21], we can write:
AN N2 MO 1dia0(S  \®diag(S,, )®...0diag(S,, . )X[An. ®Ax,®...OAx, |- (6)
N g Nix1 g Npx1 g Ngx1 N1 N» Nk
This representation allows us to account for partial normalizations of small-dimensional transforms in
the final stage of the algorithm implementation, which, in some cases, reduces its multiplicative

complexity. Thus, we obtain a generalized computational procedure that takes these aspects into
account:

N1, N .
YE\Ill z )=dzag(Sle)foi1 (Ingi-1) AN, BInN() ) XN, (7)
where
diag(Sy,,)=ldiag(Sy, ., )®diag(S,, ,)®...®diag(Sy ,)|=diag(s", s, ..., s{)- )

4. Some examples

Let us examine a few examples below to help you better understand the material. For clarity, let us
assume that N =

1. Let N = 3x4, Therefore K=2, N;=3, N,=4, and N(1)=3 , N(2)=12.

Then

(1)
Wy =Ty @Ay, ®Lyna= Ing @A @y = LOA;®1;3 = Az@I,

(2)
Wy =Ty ®An, ®lyne) = Ing) @A @, = LOA,RL=®A,

Then, the computational procedure for this case is as follows:

34 @)\ D
Y(12xi Wiz Wiz Xna, 9)



Figure 1 illustrates a graph of the discrete orthogonal transform algorithm, as described by expression
(9), utilizing 34- and 4t-order kernels.
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Fig. 1. Data flow graph representing the organization of calculations DOT for N=3x4.

2. Let N =4x3, Therefore K=2, N;=4, N,=3, and N(1)=4 , N(2)=12.
Then

. (1)
Wi =Ina) @A, @Iy na)= Ine @A) = 1A, = AR5,

-~ (2)
Wi '=Ine 1 ®AN, OInne) = Ing @A 8Ly, = L,OA;OLL = 1,04,
The computational procedure for this case is as follows:
43) _ i@
Y(12xi = Wi, Wiz X, (10)

Figure 2 illustrates a graph of the discrete orthogonal transform algorithm, as described by expression
(10), utilizing 34- and 4t-order kernels.
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Fig. 2. Data flow graph representing the organization of calculations DOT for N=4x3.



3. Let N =2x3x2. Therefore K=3, N;=2, N,=3, N3=2 and N(1)=2, N(2)=6, N(3)=12.

Then

W1$]1)=IN(1—1)®AN1®IN/N(1)= INo @A BNy = LL®A; By, = AR,
WIEIZ)=IN(271)®AN2®IN/N(2) = IN(1)®A3®112/6 = IZ®A3®IZ ;

WiP=In 1) @An, ®lune) = Ing @ A28, = [®A,®L = I®A,,

The computational procedure for this case is as follows:

(4‘3) _ e (3) e (2) e (1)
Y12x1 _W12 W12 W12 Xlef

(11)

Figure 3 shows a graph of the discrete orthogonal transform algorithm described by expression (11),

based on 24- and 3th-order kernels.
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Fig. 3. Data flow graph representing the organization of calculations DOT for N=2x3x2.
4. Now let N=2x2x3. Therefore K=3, N;=2, N,=2, N;=3 and N(1)=2, N(2)=4, N(3)=12.
AN1=diag (SNl)ANl P AN2=di11g(SN2)AN2, AN3=diﬂg(sN3)AN3.

The computational procedure for this case is as follows:

(2,2,3)
Yi24

where

diag (Sy,,) = diag (Sy,)®diag (Sy,)®diag (SN3)=[
— (1
W1(2)=IN(1—1)®AN1®IN/N(1)= Ino @Ay nay = LI®A,®Ly), = AR,
W1(§)=IN(2—1)®AN2®IN/N(2) = IN(1)®A2®112/4 = 12®A2®I3 ,

W =Ine 1 @A, @y, = Ing @A @l = L,OA;®L=,®A;,

*—o yll

v Ow Ow
Wi Wip Wiy X,

N)
Sy s51 e

(N)

-7 SN

Besides

(12)

Figure 4 shows a graph of the discrete orthogonal transform algorithm described by expression (12),

based on 214, and 3th-order kernels.
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Fig. 4. Data flow graph representing the organization of calculations DOT for N=2x2x3.

5. What's next?

Now we can choose the concrete type of orthogonal transformation and "insert" the basis
matrices of this transformation into the rectangles shown in the figures, which until now have
represented "black boxes" of given sizes. Now these small-sized transforms will become the
building blocks for the implementation of a new transformation. We will not go into the details
of applying specific systems of basis functions here, but will simply outline the idea. This
approach allows us to synthesize new discrete orthogonal transforms using small-size
transforms (nested kernels) of traditional discrete orthogonal transforms as building blocks.
Such kernels can include small-size kernels of discrete Hartley transforms; small-size kernels
of trigonometric transforms of all 16 types, as well as their integer modifications; kernels of the
slant transform; Haar transform; orthogonal polynomials of Legendre, Krawtchouk,
Tchebichef, Racah, Hahn, etc. The list of kernel types that can serve as a basis for synthesizing
new systems of basis functions and algorithms for their implementation can be extended. New
transforms utilizing various kinds of DOT kernels can be tailored to the structure of specific
data, and their efficient algorithms make them practically applicable. The new basis can be
tuned to particular signal parameters, saving computing resources and memory and improving
the quality of digital signal representation and processing.

And one more thing: a common drawback of transforms in traditional orthogonal bases is that
the arithmetic complexity of the computational algorithm increases with the transform size.
Another advantage of the proposed approach is that it enables the synthesis of algorithms for
new large-scale discrete transforms that take into account and preserve the local properties of
the embedded small-scale transforms (kernels), while simultaneously producing efficient
algorithms for large-scale transforms. It is also worth noting that the algorithms implemented
using the approach under consideration are iterative. If, at each iteration, we use sets of kernels
representing not one but different types of discrete orthogonal transforms, we can synthesize
"hybrid" discrete orthogonal transforms.



Conclusion

In general, the problem is clear: for a compact and efficient representation of signals that takes into
account their structure, more and more orthogonal bases are needed, and fast algorithms make this
practical and feasible in real time. The proposed approach makes this possible. It should be understood,
however, that synthesizing a new orthogonal base is not enough. Its properties must be investigated
and its validity demonstrated. We have already demonstrated its successful application in the
development of fast algorithms for the pseudo-fractional Fourier and Hadamard transforms [22-23]. In
conclusion, we would like to note that many remarkable, more or less universal methods for
synthesizing new basis systems exist. However, the purpose of this article is not to provide an overview,
a detailed analysis, or to identify the advantages, disadvantages, and limitations of these approaches.
The purpose of this note is to clarify the idea underlying the approach described here, which allows for
a relatively simple combination of the solution to the problem of synthesizing new basis systems and
the construction of algorithms for fast data transformations within these systems. We plan to further
develop this approach.
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