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Abstract

We prove the existence of equilibrium of common pay-off matrix games as an

optimal solution of a bi-linear programming problem. If in a strategy profile the

randomization of the column player is completely mixed then the strategy profile is an

equilibrium if and only if it is the saddle-point of the pay-off matrix. We show if the

pay-off matrix is skew symmetric then the randomization of the column player that

minimizes the player’s maximum expected pay-off is a symmetric saddle point of the

pay-off matrix and if this randomization is completely mixed then it is a symmetric

equilibrium of the common pay-off matrix game. For symmetric matrices we provide

a necessary and sufficient condition for the existence of a randomization which is a

symmetric saddle point as well as a symmetric equilibrium of the common pay-off

matrix game. We prove the existence of equilibria for anti-diagonal symmetric

coordination games and in addition provide formulas for calculating several

symmetric equilibria for such games.
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1. Introduction: A considerable amount of game theory in normal form is based on a

single pay-off matrix. Two-person zero sum games (see the first four chapters of

Ferguson (2000)), symmetric bi-matrix games (see Lahiri (2025) for an introductory

survey on bi-matrix games) are well known classes of two-person games based on a

single pay-off matrix. Games in normal form that are determined by a single matrix

(single matrix games), find extensive application in evolutionary game theory which

is surveyed adequately for our purpose in Lahkar (2012).



In this paper we first consider the two player version of common pay-off games

discussed in Takashi (2009), where both players get equal pay-offs at each pair of

pure strategies. We refer to such games as “common pay-off matrix games”. The

origins of such games may be traced back to Marschak (1955), where such decision

making problems are referred to as “team decision problems”. Such games are a type

of “co-ordination” games. There is an easy proof of the existence of equilibrium of

common pay-off matrix games. Solutions of a very simple bi-linear programming

problem are shown to be equilibria of such games. However, not all equilibrium

points need necessarily be recovered as an optimal solution of this bi-linear

programming problem, which we show by using example 1.2 in Sorger (2015).

The matrix of a common pay-off matrix game allows us to define the concept of

“saddle-point of a matrix”, which is better known as “equilibrium of a two-person

zero-sum game” defined by the matrix. If in a strategy profile, the randomization

chosen by the column player is “completely mixed” (i.e., assigns positive probability

to all pure strategies), then the strategy profile is an equilibrium if and only if it is a

saddle-point of the pay-off matrix. We discuss the relationship between equilibrium

of common pay-off games and saddle-point of the pay-off matrix of such games. If

the pay-off matrix of a common pay-off matrix game is symmetric (which implies

that the matrix is square), then a symmetric saddle-point is a symmetric equilibrium.

An example of this is example 1.2 in Sorger (2015) which also shows that the

converse need not be true. For skew-symmetric matrices (which implies that the

matrix is square), the randomization for the column player that minimizes the players

maximum expected pay-off is a symmetric saddle-point. The existence result is a

“well-known” special case of theorem 8 in von Stengel (2023), and our proof (which

is different from the proof of theorem 8 in von Stengel (2023)) is applicable only for

the special case we are concerned with.

Example 1.2 in Sorger (2015) is a special type of square common pay-off matrix

game with a symmetric pay-off matrix. All such games have a symmetric equilibrium

which is concurrently a symmetric saddle-point of the pay-off matrix. We provide a

necessary and sufficient condition that a symmetric pay-off matrix must satisfy, so

that the common pay-off matrix game with it as the pay-off matrix has a symmetric

equilibrium which is concurrently a symmetric saddle-point of the pay-off matrix.



While the proof that we provide for the result is a straight forward application of

Farkas lemma, the result- to the best of our knowledge- is new.

While common pay-off matrix games are a kind of coordination game in which the

objectives of both players are similarly aligned, there are coordination games in which

the objectives of the players may not be similarly aligned. This is best illustrated by a

pay-off matrix for the row player which is anti-diagonal with all entries along the anti-

diagonal being strictly positive but not necessarily equal to each other and the pay-off

matrix for the column player being the transpose of the pay-off matrix for the row

player. We refer to such games as anti-diagonal symmetric coordination games. If the

top right hand corner entry in the pay-off matrix for the row player is greater than all

pay-offs and the bottom right hand corner entry in this matrix is the least among all

positive pay-offs, then while both players have an incentive to coordinate their actions,

the row player would prefer the top right-hand corner entry to all other, where as in

the pay-off matrix of the column player, the column player will prefer the bottom left-

hand corner entry to all other pay-offs. Every entry on the anti-diagonal corresponds

to a (pure strategy) equilibrium, and all such equilibria are necessarily asymmetric if

the size of the pay-off matrices is an even integer. We also provide explicit formulas

for calculating several symmetric equilibria that may assign positive probability to

more than one pure strategy.

2. The Framework: Let A be a real-valued m×n matrix for some positive integers m

and n with m ≥ 2 and n ≥ 2. We assume there are two-players- the row player and the

column player- with the pure strategy set of the row player being the rows of the

matrix A and the pure strategy set of the column player being the columns of the

matrix A.

Let B be a “m×n matrix” which is either A or -A or AT, i.e., Bϵ{A, -A, AT}

Since both A and B are m×n matrices, B = AT if and only if m = n.

We assume that when the row player chooses row iϵ{1, …, m} and the column player

chooses column jϵ{1, …, n}, the pay-off to the row player is aij and the pay-off to the

column player is bij.

(1) If B = A, then the pair (A, B) = (A, A) is said to be a common pay-off matrix

game.

Common pay-off matrix games are a special case of the multi-player common pay-off

games defined in Takashi (2009) and Emmons, Oesterheld, Critch, Conitzer, Russell

(2022) as well as many others cited in these two papers.



(2) B = -A, then (A, B) = (A, -A) is said to be a two-person zero-sum matrix game.

(3) If m = n, Bϵ{A, -A, AT}, then the pair (A, B) will be referred to in this paper as a

square matrix game.

(4) A square matrix game with B = AT is said to be a symmetric bi-matrix game.

(5) If A is an anti-diagonal matrix (i.e., m = n and for all iϵ{1, 2, …, n}, aij = 0 if j ≠ n

- i + 1) and aij > 0 for all iϵ{1, 2, …, n} and j = n - i + 1, then the symmetric bi-matrix

game (A, AT) will be referred to in this paper as an anti-diagonal symmetric

coordination game.

All five types of games are defined on the basis of a single m×n matrix A, and thus

may be referred to as single matrix games.

For iϵ{1,…, m} let Ai denote the ith row of A and for jϵ{1,…, n} let Aj denote the jth

column of A.

Let Δm-1 = {xϵℝ+
�|

�=1

�

�∑ = 1} denote the set of mixed strategies of the row player

and Δn-1 = {yϵℝ+
� |


=1

�
�
∑ = 1}denote the set of mixed strategies of the column player.

A pair (x, y)ϵΔm-1×Δn-1 is said to be a strategy profile.

A strategy profile (x*, y*) is said to be a saddle-point of A if Aiy* ≤ x*TAy* ≤ x*TAj for

all iϵ{1, …, m} and for all jϵ{1, …, n}.

Let B be a “m×n matrix” which is either A or -A or AT.

A strategy profile (x*, y*) is said to be an equilibrium for (A, B) if x*TAy* ≥ Aiy* for

all iϵ{1, …, m} and x*TBy* ≥ x*TBj for all jϵ{1, …, n}.

Clearly a saddle-point of A is an equilibrium for (A, -A) and conversely.

The following are important concepts in the context of this paper.

If A is an n× n square matrix, then x*ϵΔn-1 is said to a symmetric saddle-point of the

square matrix A (of size n) if (x*, x*) is a saddle-point of A.

If A is an n× n square matrix and Bϵ{A, -A, AT}, then x*ϵΔn-1 is said to a symmetric

equilibrium of (A, B) if (x*, x*) is an equilibrium of (A, B).

3. Equilibrium of a Common Pay-off Matrix Game as Optimal Solution of Bi-

linear Programming Problem: We provide in this section an easy proof of the

existence of equilibrium for common pay-off matrix games obtained by solving a bi-

linear programming problem.

Proposition 1: argmax
(
,�)∈��−1×��−1


��� ≠ �. If (x*, y*) ϵ argmax
(
,�)∈��−1×��−1


��� then (x*, y*)

is an equilibrium for (A, A).



Proof: Let ��∗
∗ = max {aij| (i, j)ϵ{1, …, m}×{1, …, n}} for some (i* , j*)ϵ{1, …,

m}×{1, …, n}.

Let x(0) be the m- dimensional column vector such that for all iϵ{1, …, m}\{i*}, 
�
(0)

=

0 and 

�∗
(0)

= 1.

Let y(0) be the m- dimensional column vector such that for all jϵ{1, …, n}\{j*}, �

(0)

=

0 and �

∗
(0)

= 1.

Thus, (x(0), y(0))ϵΔm-1×Δn-1.

Further, for all (x, y)ϵΔm-1×Δn-1: x*TAy* = ��∗
∗ ≥ Aiy for all iϵ{1, …, m} and x*TAy* =

��∗
∗ ≥ xTAj for all jϵ{1, …, n}.

Thus, (x(0), y(0))ϵ argmax
(
,�)∈��−1×��−1


���, whence argmax
(
,�)∈��−1×��−1


��� ≠ �.

To prove the second part, if (x*, y*)ϵ argmax
(
,�)∈��−1×��−1


���, then x*TAy* ≥ x*TAy for all

yϵΔn-1 and x*TAy* ≥ xTAy* for all xϵΔm-1.

From here it easily follows that (x*, y*) is an equilibrium for (A, A). Q.E.D.

Example 1 (Example 1.2 in Sorger (2015)): Let A =
� 0

0  
be a 2×2 real valued

matrix with a > 0 and b > 0. Note that A = AT. The common-payoff game (A, A) has 3

equilibria, namely ((1, 0), 1, 0)), ((0, 1), (0, 1)) and ((
 

�+ 
,

�

�+ 
),(

 

�+ 
,

�

�+ 
)).

Let αϵ[0, 1] be the probability with which the row player chooses the first row and

βϵ[0, 1] be the probability with which the column player chooses the first column.

Thus (α|1-α)A
!

1 − !
= aαβ + b(1-α)(1-β).

If β =1, then the maximizing value of α is also equal to 1 with ‘a’ being the value of

the objective function.

If β =0, then the maximizing value of α is also equal to 0 with ‘b’ being the value of

the objective function.

The same argument applies if we interchange the roles of α and β.

Now suppose βϵ(0, 1).

Then, aαβ + b(1-α)(1-β) = (aβ - b(1-β))α + b(1-β).

If aβ > b(1-β), then the maximizing value of α is 1 with the value of the objective

function being aβ < a. Thus, βϵ(0, 1) satisfying aβ > b(1-β) cannot be an optimal

solution.



If aβ < b(1-β), then the maximizing value of α is 0 with the value of the objective

function being b(1-β) < b. Thus, βϵ(0, 1) satisfying aβ < b(1-β) cannot be an optimal

solution.

If aβ = b(1-β), i.e., β =
 

�+ 
, then regardless of αϵ[0, 1], the value of the objective

function is
� 

�+ 
= a -

�2

�+ 
< a. Thus, β =

 

�+ 
cannot be an optimal solution.

Thus, βϵ(0, 1) is incompatible with any optimal solution.

By a similar argument it can be shown that αϵ(0, 1) is incompatible with any optimal

solution.

Thus, ((1, 0), 1, 0)) is the unique optimal solution if a > b and ((0, 1), (0, 1)) is the

unique optimal solution if b > a.

If a = b, then both ((1, 0), 1, 0)) and ((0, 1), (0, 1)) are optimal.

However, A has a unique saddle-point and that is the equilibrium ((
 

�+ 
,

�

�+ 
),(

 

�+ 
,

�

�+ 
)). This, as we will see later, is not a coincidence.

4. Two Equivalence Results: The proof of the first two propositions follow almost

immediately from the definitions of equilibrium and saddle point.

Proposition 2: Suppose y*ϵ Δn-1 is completely mixed (i.e., �

∗ > 0 for all jϵ{1, …, n}).

Then, (x*, y*) is an equilibrium for (A, A) if and only if it is a saddle point of A.

Proof: Suppose y*ϵ Δn-1 satisfies �

∗ > 0 for all jϵ{1, …, n}.

Suppose (x*, y*) is an equilibrium for (A, A). Thus, Aiy* ≤ x*TAy* for all iϵ{1, …, m}

and x*TAj ≤ x*TAy* for all jϵ{1, …, n}.

Towards a contradiction suppose that for some jϵ{1, …, n}, x*TAj < x*TAy*. Then

since y*ϵ Δn-1 satisfies �

∗ > 0 for all jϵ{1, …, n}, we get x*TAy* < x*TAy* leading to a

contribution. Thus it must be the case that x*TAj = x*TAy* for all jϵ{1, …, n}.

Thus, (x*, y*) is a saddle point.

Now suppose, (x*, y*) is a saddle-point. Thus, Aiy* ≤ x*TAy* for all iϵ{1, …, m} and

x*TAj ≥ x*TAy* for all jϵ{1, …, n}.

Towards a contradiction suppose that for some jϵ{1, …, n}, x*TAj > x*TAy*. Then

since y*ϵ Δn-1 satisfies �

∗ > 0 for all jϵ{1, …, n}, we get x*TAy* > x*TAy* leading to a

contribution. Thus it must be the case that x*TAj = x*TAy* for all jϵ{1, …, n}.

Thus, (x*, y*) is a equilibrium for (A, A). Q.E.D.



Note 1: In example 1, at the equilibrium ((
 

�+ 
,

�

�+ 
), (

 

�+ 
,

�

�+ 
)) both components of

the column player’s strategy are strictly positive. Hence, by proposition 2, ((
 

�+ 
,

�

�+ 
),

(
 

�+ 
,

�

�+ 
)) should be a saddle point, which it indeed is.

The proof of the next proposition is very similar to the proof of proposition 2.

Proposition 3: Let (x*, y*)ϵΔm-1×Δn-1 be an equilibrium for (A, A) (a saddle-point of

A). Then, (x*, y*) is a saddle-point of A (an equilibrium for (A, A)) if and only if

x*TAj = x*TAy* for all jϵ{1, …, n}.

The following is the existence result for equilibrium of (A, A).

5. Square common pay-off matrix games: If m = n, so that A is a square matrix,

then (A, A) is said to be a square common pay-off matrix game.

Let E(n) denote the n-dimensional column vector all whose coordinates are equal to 1.

Proposition 4: Suppose A is a symmetric matrix of size n, (i.e., A = AT) and x*ϵΔn-1 is

a symmetric saddle-point of A. Then, x* is a symmetric equilibrium of (A, A).

Proof: Suppose, x* is a symmetric saddle-point of A. x* is a symmetric saddle-point

of A if and only if xTAx* ≤ x*TAx* ≤ x*TAx for all xϵΔn-1.

Thus, x*TATx ≤ x*TATx* ≤ xTATx for all xϵΔn-1.

Since A = AT, it follow that x*TAx ≤ x*TAx* ≤ xTAx* for all xϵΔn-1.

This combined with xTAx* ≤ x*TAx* ≤ x*TAx* for all xϵΔn-1 implies xTAx* = x*TAx* =

x*TAx for all xϵΔn-1.

Thus, for all i, jϵ{1, …, n}, Aix* = x*TAx* = x*TAj.

Hence, x* is a symmetric equilibrium of (A, A). Q.E.D.

Note 2: In example 1, ((
 

�+ 
,

�

�+ 
), (

 

�+ 
,

�

�+ 
)) is a symmetric saddle point of A. By

proposition 4, it should be a symmetric equilibrium of (A, A), which it indeed is.

However, ((1, 0), 1, 0)), ((0, 1), (0, 1)) are also symmetric equilibria of the common

pay-off game in example 1, but neither is a saddle-point of the pay-off matrix. This

shows that the converse of proposition 4 is not true.

6. Existence of Symmetric Saddle-Points: Let A be a square matrix of size ‘n’.

If A is skew-symmetric, i.e. A = -AT, then A + AT = 0.

Thus, 0 = xT(A+ AT)x = xTAx + xTATx = xTAx + xTAx = 2xTAx for all xϵℝn.

Thus, xTAx = 0 for all xϵℝn.

Proposition 5: Suppose A is skew-symmetric, i.e., A = -AT and the pair (x*, u*)ϵΔn-

1×ℝ solves the linear programming problem: Minimize u, subject to Aix - u ≤ 0, i =



1, …, n,
�=1

�

�∑ = 1, xi ≥ 0, i = 1, …, n, uϵℝ. Then, x* is a symmetric saddle point of

A. If x* is completely mixed (i.e., 
�
∗ > 0 for all iϵ{1, …, n}), the x* is a symmetric

equilibrium of (A, A).

Proof: From the assumption it follows that (x*, u*)ϵΔn-1×ℝ solves the linear

programming problem: Maximize - u, subject to Aix - u ≤ 0, i = 1, …, n,
�=1

�

�∑ = 1,

xi ≥ 0, i = 1, …, n, uϵℝ.

Thus, Ax* - u*E(n) ≤ 0 and hence x*TAT - u*E(n)T ≤ 0.

Since A = - AT, it follows that -x*TA - u*E(n)T ≤ 0 and hence x*TA + u*E(n)T ≥ 0.

The dual of the linear programming maximization problem invoked in this proof is:

Minimize v, subject to ξTAj + v ≥ 0, j = 1, …, n, -

=1

�
$
∑ = -1, ξj ≥ 0, j = 1, …, n, vϵℝ.

Hence, the pair (x*, u*) satisfies the constraint of this problem.

Further (x*, u*) solves the linear programming maximization problem.

Thus, u* ≥ - u* and hence u* ≥ 0.

Let (ξ*, v*)ϵΔn-1×ℝ solve the dual minimization problem. Thus, v* = -u*.

Towards a contradiction suppose u* > 0. Then, v* = -u* < 0 so that - v* > 0.

ξ*TAj + v* ≥ 0 for all j = 1, …, n, and v* = -u* < 0 implies ξ*TAj ≥ - v* > 0 for all j =

1, …, n.

Since ξ*ϵΔn-1: ξ*TAj > 0 for all j = 1, …, n implies ξ*TAξ* > 0, contradicting the

consequence of our assumption that A is a skew-symmetric matrix, namely, xTAx = 0

for all xϵℝn.

Thus, it must be the case that u* = 0 = v*.

Thus, Aix* ≤ 0 = x*TAx* and x*TAj ≥ 0 = x*TAx* for all j = 1, …, n.

Thus, x* is a symmetric saddle point of A.

If x* is completely mixed, then it follows from proposition 2, that x* is a symmetric

equilibrium of (A, A). Q.E.D.

Note 4: The above proposition is a special case of a general existence result for bi-

matrix games of the form (A, AT) and in this special case, there is a simple proof

using linear programming that we have provided above.

The kind of square common-payoff matrix game considered in example 1 belongs to a

special class of games of the form (A, A), where Aϵ% = {B| B is a symmetric square

matrix of size n and there does not exist yϵℝn satisfying both yTE(n) = 0 and yTBj > 0

for all jϵ{1, …, n}}.



Proposition 6: Let A be symmetric square matrix of size ‘n’. Then, A has a

symmetric saddle point which is concurrently a symmetric equilibrium point of (A, A)

if and only if Aϵ%.

Proof: Suppose Aϵ% and towards a contradiction suppose there does not exist xϵℝ+
� ,

and non-negative real numbers u, v satisfying Ax + E(n)u - E(n)v = 0, E(n)Tx = 1.

Then, by Farkas lemma, there exists yϵℝn and αϵℝ such that yTAj + α ≥ 0 for all

jϵ{1, …, n}, yTE(n) ≥ 0, - yTE(n) ≥ 0, α < 0.

Thus, yTAj ≥ - α > 0 for all jϵ{1, …, n}, yTE(n) = 0, contradicting Aϵ%.

Thus, there exists x*ϵℝ+
� , and non-negative real numbers u, v satisfying Ax* + E(n)u -

E(n)v = 0, E(n)Tx* = 1.

Let u* = v - u. Thus, x*ϵΔn-1 and Ax* = u*E(n).

Since AT = A, we get x*TA = x*TAT = u*E(n).

Thus, Aix* = u* = x*TAx* for all iϵ{1, …, n} and x*TAj = u* = x*TAx* for all jϵ{1, …,

n}.

Thus, x* is a symmetric saddle point of A and x* is a symmetric equilibrium point of

(A, A).

Conversely, suppose x* is a symmetric saddle point of A and x* is a symmetric

equilibrium point of (A, A).

Thus, Aix* ≤ x*TAx* = x*TAj for all i, jϵ {1, …, n}. Let u* = x*TAx*. Thus, ATx* =

u*E(n).

Since AT = A, Ax* = u*E(n), i.e., Ax* - u*E(n) = 0.

Thus, [Ax + E(n)u - E(n)v = 0, E(n)Tx = 1, xϵℝ+
� , u and v non-negative real numbers] has

a solution x = x*, u = max{-u*, 0}, v = max {u*, 0}.

Thus, by Farkas lemma there does not exist yϵℝn and αϵℝ satisfying yTAj + α ≥ 0 for

all jϵ{1, …, n}, yTE(n) ≥ 0, - yTE(n) ≥ 0, α < 0.

Towards a contradiction suppose there exists yϵℝn satisfying both yTE(n) = 0 and

yTAj > 0 for all jϵ{1, …, n}.

Since min{yTAj| jϵ{1, …, n} > 0, there exists ε > 0 satsfying min{yTAj| jϵ{1, …, n}-

ε > 0. Let α = - ε < 0.

Thus, yϵℝn, αϵℝ, yTAj + α > 0 for all jϵ{1, …, n}, yTE(n) ≥ 0, - yTE(n) ≥ 0, α < 0

contradicting the non-existence of such a y and α.

Thus, there does not exist yϵℝn satisfying both yTE(n) = 0 and yTAj > 0 for all jϵ{1, …,

n} and hence Aϵ%. Q.E.D.



7. Equilibria of Anti-Diagonal Symmetric Coordination Games: Suppose (A, AT)

is an anti-diagonal symmetric coordination game. Thus, there exists an array of stricly

positive real numbers <αj| j = 1, 2, …, n> such that for all i, jϵ{1, …, n}: aij = αi if i + j

= n + 1 and aij = 0, otherwise.

For iϵ{1, …, n}, let j(i) = n - i + 1. Thus, for all i, jϵ{1, …, n}: aij = αi if j = j(i) and aij

= 0 if j≠ j(i).

Note 5: For all iϵ{1, …, n}, j(j(i)) = i. Further, k = j(i) if and only if i = j(k).

For all xϵΔn-1 and iϵ{1, …, n}, Aix = aij(i)xj(i) = αixj(i), and xT (AT)i = xT(Ai)T = Aix =

aij(i)xj(i) = αixj(i).

For all iϵ{1, …, n}, let E(n,i) be the n-dimensional column vector whose jth coordinate

for jϵ{1, …, n} is equal to 1 if j = i, and is equal to 0 if j ≠ i.

For all iϵ{1, …, n}, AkE(n,i) = αk > 0 if k = j(i) and AkE(n,i) = 0 if k ≠ j(i).

Proposition 7: Suppose (A, AT) is an anti-diagonal symmetric coordination game.

There for all iϵ{1, …, n}, (E(n,i), E(n,j(i))) is an equilibrium for (A, AT).

Proof: Let iϵ{1, …, n}. Thus, E(n,i)TAE(n,j(i)) = AiE(n,j(i)) = αi.

E(n,i)TATE(n,j(i)) = E(n,j(i))TAE(n, i) = E(n,j(i))TAi = αj(i).

For kϵ{1, …, n}\{i}, AkE(n,j(i)) = 0 and hence, AkE(n,j(i)) < E(n,i)TAE(n,j(i)).

For kϵ{1, …, n}\{j(i)}, E(n,i)T(AT)k = E(n,i)T(Ak)T = AkE(n,i) = 0 and hence E(n,i)T(AT)k <

E(n,i)TATE(n,j(i)).

Thus, (E(n,i), E(n,j(i))) is an equilibrium for (A, AT). Q. E. D.

In addition to the ones mentioned in proposition 7, there are symmetric equilibria for

anti-diagonal coordination games such that ith coordinate of the randomization is

positive if and only if its (n-i+1)th coordinate is positive.

Let S be a non-empty subset of {1, 2, …, n} satisfying the property: iϵS if and only if

j(i)ϵS. For all iϵS, let !�
& =

'∈&\{
(�)}
+'∏ and let x(S)ϵΔn-1 be such that 
�

(&)
=

!�
&


∈&!

&∑

for

iϵS and 
�
(&)

= 0 for iϵ{1, …, n}\S, .

Proposition 8: Suppose (A, AT) is an anti-diagonal symmetric coordination game and

let S be a non-empty subset of {1, 2, …, n} satisfying the property: iϵS if and only if

j(i)ϵS. Then, x(S) is a symmetric equilibrium of (A, AT).

Proof: For iϵS, Aix(S) = αixj(i) = αi

!
(�)
&


∈&!

&∑

= αi
'∈&\{�}+'∏


∈&!

&∑

, since j(j(i)) = i.

Thus, Aix(S) = '∈& +'∏


∈&
!

&∑

for all iϵS.



For iϵ{1, …, n}\S, Aix(S) = αixj(i) = 0, since iϵ{1, …, n}\S implies j(i)ϵ{1, …, n}\S and

thus xj(i) = 0.

Thus, x(S)TAx(S) = '∈&+'∏


∈&!

&∑

= Aix(S) for all iϵS and x(S)TAx(S) > Aix(S) = 0 for all i∉S.

For iϵS, x(S)T(AT)i = x(S)T(Ai)T = Aix(S) = '∈&+'∏


∈&!

&∑
.

For iϵ{1, …, n}\S, x(S)T(AT)i = x(S)T(Ai)T = Aix(S) = αixj(i) = 0.

Thus, x(S)T(AT)i = '∈&+'∏


∈&
!

&∑

= x(S)TATx(S) for all iϵS and x(S)T(AT)i = 0 < x(S)TATx(S) for all

iϵ{1, …, n}\S.

Thus, x(S) is a symmetric equilibrium for (A, AT). Q. E. D.

Example 2: Let A =
0 �

 0
be a 2×2 real valued matrix with a > 0 and b > 0. Thus,

AT =
0  

� 0
. Let x* be the 2-dimensional column vector (

 

� +  
,

�

� +  
). It is easily easily

verified that x* is a symmetric equilibrium of (A, AT), with x*TAx* =
� 

� +  
. Since Ax* =

�2

�+ 

 2

�+ 

if a ≠ b, either
�2

�+ 
>

� 

� +  
or

 2

�+ 
>

� 

� +  
and hence if a ≠ b, then x* is not a saddle-

point of A.

References

1. Emmons, S., Oesterheld, C., Critch, A, Conitzer, V and Russell, S. (2022)): For

Learning in Symmetric Teams, Local Optima and Global Nash Equilibria.

Proceedings of the International Conference on Machine Learning (ICML), Baltimore,

Maryland, USA. PMLR 162.

2. Ferguson, T. S. (2000): Game Theory: Part II (Class notes for Math 167, Fall 2000).

3. Lahiri, S. (2025): A Terse Primer on Equilibrium of Bi-matrix Games. DOI:

https://doi.org/10.6084/m9.figshare.29375843

4. Lahkar, R. (2012): Evolutionary Game Theory: An Exposition. Indian Growth and

Development Review, Volume 5, pages 202-213.

5. Marschak, J. (1955): Elements for a theory of teams. Management Science, Volume

1, pages 127-137.

6. Sorger, G. (2015): Dynamic Economic Analysis: Deterministic Models in Discrete

Time. Cambridge University Press, UK.



7. Takashi, U. (2009): Bayesian potentials and information structure: Team decision

problems revisited. Internal Journal of Economic Theory, Volume 5, Number 3,

pages 271-291.

8. von Stengel, B. (2023): Zero-Sum Games and Linear Programming Duality.

https://doi.org/10.48550/arXiv.2205.11196


