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Abstract
In scenario-based regional risk modeling, the traditional workflow simulates spatially correlated ground

motions, and subsequently samples building damage states from lognormal fragility functions. In this
procedure, the dimensionality grows with the number of assets (N) and quickly becomes computationally
prohibitive for large cities. To overcome this limitation, we introduce a scalable computational framework
that (i) recasts the traditional two-step (ground-motion, then damage) simulation as a single, N-dimensional
Gaussian sampling problem via an exact change of variables, and (ii) identifies low-dimensional latent
variables that make this sampling efficient by employing probabilistic principal component analysis (PPCA).
We validate the proposed approach on San Francisco’s downtown portfolio of 1,000 buildings, benchmarking
against SimCenter R2D’s computational testbed. The modal damage states of > 95% buildings match exactly,
with a mean difference below 0.04 (on a 0–4 ordinal scale representing none to complete damage), confirming
the framework’s accuracy. In tests on downtown San Francisco (15,836 buildings) and the broader Bay Area,
a single latent dimension and 20 dimensions, respectively, reproduce the benchmark loss distributions within
<∼ 2.5%. The achievable dimensionality reduction depends primarily on the portfolio’s spatial extent rather
than building density. As a result, the computational complexity drops by one order in N relative to the
traditional approach – from O(N3) to O(N2) in the pre-processing step and from O(N2M) to O(NM) in the
simulation step, where M is the number of simulations. For 30,000 buildings, the method yields roughly
9× faster pre-processing and 97× faster simulation, with speedups growing linearly with portfolio size,
resulting in 63× faster total computation time for M = 105, compared to the traditional framework. Overall,
the framework substantially lowers the computational barrier for regional seismic risk assessment of dense
urban building portfolios.
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1 INTRODUCTION6

Scenario-based seismic risk analysis (SRA) estimates losses for a building portfolio subjected to a specified earthquake scenario7

(Figure 1). By focusing on a single representative event rather than aggregating outcomes across all possible earthquakes, this8

approach provides an actionable view of risk, supporting risk mitigation decisions on where and how much to invest, which assets9

to prioritize for retrofitting, and how to plan evacuations1,2,3,4,5. The type of loss considered depends on the intended application10

and may include financial losses, casualties and injuries, or infrastructure downtime6,7,8,9,10,11. However, most of these analyses11

rely on computationally intensive frameworks originally developed for individual structures, limiting their scalability to large12

regional portfolios.13

The performance-based earthquake engineering (PBEE) framework12 represents one of the most widely adopted methodologies14

for individual structures. This framework sequentially quantifies loss by first generating ground motion intensities, simulating15
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structural responses, estimating damage states based on those responses, and finally calculating the resulting losses. Regional-16

scale risk analysis fundamentally follows this same logic, albeit by utilizing spatially distributed quantities such as ground17

motion intensity maps, damage maps, and loss maps (Figure 1). At this scale, explicit response analysis is frequently bypassed18

due to its high computational cost; instead, fragility curves are employed to directly evaluate building damage from ground19

shaking intensity. The total regional loss is then determined by aggregating the losses of all constituent buildings.20

While this workflow is conceptually straightforward, its implementation at scale faces computational hurdles. Specifically,21

the generation of the ground shaking intensity maps is recognized as one of the most computationally demanding phase of22

regional SRA (Figure 1 (b) and (c)). Regional shaking is typically modeled using empirical ground-motion models integrated23

within a Gaussian process framework to account for its spatial correlation (Figure 1 (b))13,14,15,16. As a result, this step presents a24

major bottleneck as it necessitates simulating multivariate normally distributed random variables (one per building) through an25

expensive Cholesky decomposition of a large, dense correlation matrix and repeated sampling of within-event residuals17,18.26

Consequently, the computational time scales poorly with the building inventory size N and the number of simulations M: O(N3)27

for the factorization and O(N2M) for the sampling, with O(N2) memory19.28

Once the ground shaking intensity map is established, building damage is modeled using fragility curves, which at a given29

ground shaking intensity defines the probability that a building will exceed a specific damage state; thus, this process is inherently30

stochastic (Figure 1 (d) and (e)). In this stage, because damage must be simulated across all portfolio locations, this phase31

remains high-dimensional, however, generally less computationally burdensome than ground shaking modeling since it is32

typically modeled as independent between buildings. Following the damage assessment, loss metrics—such as repair costs or33

recovery times—are modeled based on the predicted damage states (Figure 1 (f) and (g)). The complexity of the loss model34

significantly influences the overall computational demand of the risk analysis20. The simplest approach utilizes look-up tables or35

deterministic ratios for each damage state21.36

To date, efforts to reduce the computational cost of regional SRA have focused mainly on reducing the number of scenarios—37

through importance sampling22,23,24,25 and optimization-based scenario selection26,27,28,29. In addition, advanced sampling38

methods developed for rare-event simulation30,31,32,33 are available to similarly reduce the number of required simulations.39

Beyond such scenario-reduction methods, the computational cost can be reduced further by combining them with per-simulation40

cost-reduction methods. In particular, when a simple Hazus-like loss model21 and standard ground-motion–damage fragility41

curves are used (Figure 1), ground-shaking simulation becomes the primary bottleneck. Thus, reducing its computation time is42

beneficial, especially for densely packed building portfolios34.43

However, comparatively little effort has been directed toward efficiently simulating the spatially correlated ground-shaking44

maps required in this setting. The most common strategy is to employ coarse “ground-shaking grids” to alleviate this cost,45

assigning each asset the intensity of the nearest grid point or an interpolated value17. Although such techniques substantially46

reduce the overhead of generating correlated ground motions, they can introduce bias by assigning identical intensities to47

distinct sites that, in reality, experience different shaking35,36,34. Other studies have applied principal component analysis (PCA)48

to accelerate the simulation of ground shaking intensities37,38; however, these approaches primarily benefit the modeling of49

multiple intensity measures across different periods and do not fundamentally address spatial scalability. Yang et al.39 accelerated50

spatially correlated ground shaking simulation by combining exact Cholesky decomposition on coarse-grid locations with51

kriging interpolation of the remaining sites, which is efficient for smooth correlation kernels. More recently, sparse Cholesky52

decomposition has been applied to efficiently simulate spatially correlated non-ergodic ground shaking40.53

Generating a spatially correlated ground-shaking map amounts to sampling an N-dimensional Gaussian vector. A broad54

body of dimensionality-reduction and covariance-approximation techniques can be brought to bear on this problem41,42,43,55

and they may help reduce the computational burden of large-scale, per-asset ground-shaking map simulation. In this study,56

however, rather than applying those techniques directly to ground-shaking map simulation, we first recast the traditional two-step57

ground-shaking–damage simulation to a single, unified N-dimensional Gaussian sampling problem, i.e., Gaussianization of the58

ground-motion–damage modeling. This is achieved through a linearizing transformation of the ground-motion–damage coupling,59

using a mathematically exact change-of-variable rather than an approximation. This transformation is novel and has not been60

reported previously. This Gaussianization 1) allows simpler damage sampling in which ground shaking is simulated implicitly61

and 2) transparently shows how the coupled ground-motion and damage parameters affect the final damage field. We then62

integrate probabilistic principal component analysis (PPCA) into this SRA modeling framework to identify low-dimensional63

latent variables and the residual independent component of the Gaussianized formulation, thereby enabling high-performance64

computations for large-scale building portfolios.65
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The proposed framework is mathematically formulated, interpreted using simple examples, and its performance is evaluated66

through a case study of the San Francisco Bay Area—extending from the urban downtown to the entire regional scale—under a67

major earthquake scenario on the San Andreas Fault.68

2 TRADITIONAL REGIONAL SCENARIO-BASED SEISMIC RISK ANALYSIS69

Following the principles of PBEE, the resulting loss distribution is generally mathematically intractable in closed form. Thus,70

Monte Carlo (MC) simulation is utilized to achieve numerical convergence. The required number of MC realizations is71

typically dictated by the specific exceedance probabilities or tail risks of interest. The following sections detail the traditional72

implementation of each phase, including the simulation of ground-shaking (Figure 1(b) and (c)), damage and subsequent loss73

(Figure 1(d)–(g)).74

2.1 Ground Shaking75

Given an earthquake scenario, the ground motion y ∈ R+ at a single site is lognormally distributed. Thus, we can simulate it76

using the logarithmic mean of the ground motion (µ) and samples of between-event and within-event residuals, expressed as a77

linear combination of two standard normal random variables. For a single site:78

ln y = µ + τ ζ + ϕ ξ, (1)

F I G U R E 1 Schematic diagram of the traditional scenario-based risk modeling framework. (a) Asset distribution map
featuring individual assets (pentagons) and a scenario earthquake rupture of M 7.0 (solid black line). (b) Models for generating
shaking maps: (top) Ground Motion Model (GMM) and (bottom) correlation model. r2s dist: rupture-to-site distance; SI: shaking
intensity; s2s distance: inter-site distance; and Corr.: within-event spatial correlation. (c) A realization of a shaking intensity map,
where increasing color intensity indicates higher ground shaking. (d) Fragility curves representing vulnerability for multiple
damage limit states (Pf ). (e) A realization of a damage map. (f) Implementation of a user-defined loss model. (g) Resultant loss
map illustrating the distribution of consequences. (h) Total loss calculated as the sum of all individual losses.
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where τ and ϕ are between- and within-event standard deviations, respectively; and ζ and ξ are independent standard normal79

random variables, N (0, 1). The terms τζ and ϕξ provide stochastic realizations of the between-event and within-event residuals,80

respectively. The term µ is logarithmic mean ground motion intensity, and τ and ϕ are between-event and within-event standard81

deviations, respectively.82

For a region, we model ground shaking y at multiple sites simultaneously, explicitly incorporating the spatial correlation83

of ground motions. The within-event correlation matrix is typically modeled as a function of inter-site distance, with higher84

correlation assigned to adjacent sites and lower correlation to more distant sites15,14,13. The correlation matrix is C = [ρij] ∈ RN×N ,85

where ρii = 1 because each site has a unique ground-shaking intensity, and ρij = ρji since the correlation between sites i and j86

depends solely on their inter-site distance, which is symmetric. To model the within-event residuals with correlation matrix87

C, we seek any matrix L such that LLT = C. The matrix L is typically obtained via the Cholesky decomposition of C, for88

its simplicity and numerical stability44. Accordingly, L is the lower triangular matrix. Therefore, for N buildings, the ground89

motions y ∈ RN
+ across the sites are given by90

ln y = µ + τ ζ + ϕ ◦ (L ξ), (2)

where µ ∈ RN is the vector of logarithm of median shaking intensities; τ ∈ RN and ϕ ∈ RN are the vectors of between- and91

within-event standard deviations; L ∈ RN×N is the lower-triangular Cholesky factor of the within-event spatial correlation92

matrix C ∈ RN×N ; ζ ∈ R ∼ N (0, 1) is the scalar standard normal random variable; and ξ ∈ RN ∼ N (0, I) is the standard93

normal random vector. The operator ◦ denotes element-wise multiplication. Note that ζ, which generates the between-event94

residual, is a scalar for a given earthquake scenario and affects all sites the same. By contrast, the within-event residuals95

are generated by a correlated N-dimensional random vector and therefore require ξ ∈ RN . The total covariance matrix of96

the ground shaking intensity given earthquake scenario (ln y in Equation 2) is Cov(ln y) = ττ T + FCF, where F = diag(ϕ).97

Also, the total correlation of the ground shaking intensity can be obtained by diagonal normalization of Cov(ln y), which is98

Cln y = diag{Cov(ln y)}−1/2 Cov(ln y) diag{Cov(ln y)}−1/2
99

In most recent ground-motion models, ϕ and τ are site dependent and vary with local soil conditions, particularly when the100

shaking intensity amplification term is nonlinear with respect to ground-shaking intensity45,46,47,48. If nonlinearity is neglected,101

some models can be modeled as magnitude-dependent only. Thus, for a fixed scenario, we could treat these standard deviations102

across sites as constant48. However, for generality, we retain the vector notation. For peak ground acceleration (PGA), τ typical103

ranges from 0.30 to 0.50, and ϕ from 0.50 to 0.75, with both tending to decrease for larger magnitudes; exact ranges depend on104

the model49.105

2.2 Damage States106

We define damage as an ordinal variable with nds states, indexed by k = 0, 1, . . . , nds − 1, where larger k indicates more severe107

damage. A damage state of k = 0 denotes no damage, and k = nds − 1 denotes the most severe state. In typical applications, we108

take nds = 5, corresponding to the following categories: No damage (k = 0), Slight (k = 1), Moderate (k = 2), Extensive (k = 3),109

and Complete (k = 4 = nds − 1)21.110

The damage probabilities are typically modeled via lognormal fragility functions, which describe the likelihood of exceeding a111

given damage threshold as a function of ground-motion intensity. For damage state k, the exceedance probability is expressed as112

P(DS ≥ k | y) = Φ

(
ln y − ln θk

β

)
, (3)

where P(DS ≥ k | y) is the probability that the building experiences a damage state k or greater at shaking intensity y (e.g., PGA113

of 0.3g), ln θk is the logarithm of the shaking intensity with 50% probability that DS ≥ k, β is the logarithmic standard deviation,114

which is often assumed constant across damage states to avoid crossing fragility curves21, and Φ(·) is the CDF of N (0, 1). In115

this study, damage is modeled independently conditioned on the ground shaking intensity, which is a common assumption116

in regional-scale risk models. However, damage states can be correlated when structure–soil–structure interaction (SSSI) is117

significant for adjacent large structures, or when one building collapses onto another50,51. Nonetheless, regional models have not118

been developed yet to account for these effects in large building portfolios.119
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In practice, to simulate damage, we draw u ∼ U(0, 1). If u > P(DS ≥ k | y) or equivalently, u − P(DS ≥ k | y) > 0, then120

DS < k; otherwise, DS ≥ k. In order to derive our approach, we define the limit-state function Gk:121

Gk =

−∞, if k = 0,

u − Φ
(

ln y−ln θk
β

)
, if k = 1, . . . , nds − 1.

(4)

If u > P(DS ≥ k | y), then Gk > 0, implying that the damage state is lower than k (DS < k). Conversely, if u < P(DS ≥ k | y),122

then Gk < 0, implying that the damage state is at least k (DS ≥ k). The simulated damage state is determined by selecting the123

maximum k such that Gk < 0:124

DS = max{k ∈ {0, . . . , nds − 1} | Gk < 0} (5)

That is, DS is the largest k for which Gk < 0. Note that such a k always exist because we set G0 = −∞ (Equation 4), ensuring125

G0 < 0. Thus, the minimum possible value is DS = 0 (No damage). Importantly, as long as the sign of Gk is preserved, the126

simulated damage state does not change. Given DS, the loss associated with DS, l, is computed by multiplying the building’s127

value V (e.g., replacement cost, number of occupants) by the loss ratio function, r(·):128

l = V × r(DS). (6)

Also, the total loss is then obtained by summing over all buildings, lt =
∑N

i=1 li.129

3 RECASTING OF GROUND-MOTION–DAMAGE COUPLING INTO A GAUSSIAN130

SAMPLING PROBLEM131

As discussed earlier, seismic risk is typically computed in two separate stages: ground shaking and damage simulations.132

Integrating these stages is challenging because the damage simulation involves a nonlinear fragility curve relating the Gaussian133

shaking intensity, ln y (Equation 1) to the uniform damage-state random variable, u (Equation 4). In this section, we reformulate134

this traditional two-step procedure into a single Gaussian sampling operation. This is achieved through an exact linearizing135

transformation of ground-motion–damage coupling using a change of variables, without assumptions or approximations such as136

a Taylor Expansion. This transformation is remarkably simple and intuitive. We first derive this Gaussianization formulation for137

a single site, give it an intuitive geometric interpretation, and then extend it to the multi-site case.138

3.1 Single Site Gaussianization139

We begin by transforming u via change-of-variable (or probit transformation, inverse transform sampling method): u = Φ(ε),140

where ε is a standard normal random variable and Φ(·) is the standard normal cumulative distribution function (CDF). Then,141

Equation 4 for k ≥ 1 becomes:142

Gk = Φ(ε) − Φ

(
ln y − ln θk

β

)
(7)

Since Φ(·) is monotonically increasing, it always preserves the order of inputs; thus, Gk has the same sign as the difference of its143

inputs. Thus, we can model damage exactly via the sign of the following variable, gk:144

gk = ε +
1
β

(ln θk − ln y) (8)

This yields the transformed formulation for a single-building damage simulation by substituting Equation 1 for ln y:145

gk = − 1
β

(τζ + ϕξ − βε) +
1
β

(ln θk − µ) (9)

The first term of Equation 9, − 1
β (τζ + ϕξ − βε), is a linear combination of three independent standard normal variables (ε, ζ ,146

and ξ), which still is a normally distributed and its variance is 1 + (τ 2 + ϕ2)/β2 or 1 + σ2/β2, where σ =
√
τ 2 + ϕ2 is the total147
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standard deviation of the ground shaking intensity. The second term, 1
β (ln θk − µ), contains no random variables and thus acts as148

a deterministic bias, i.e., a shift in the mean of the distribution. Therefore, gk is normally distributed as:149

gk ∼ N
(

ln θk − µ

β
, 1 +

σ2

β2

)
(10)

Damage simulation can be performed similarly to the traditional approach (Equation 5), with the substitution of Gk by gk:150

DS = max{k ∈ {0, . . . , nds − 1} | gk < 0} (11)

Recall that in the traditional framework, damage simulation involves a two-step procedure: i) simulating ground motion151

(Equation 1), and ii) evaluating Equations 3 to compute Gk. The procedure incorporates three random variables—ζ, ξ, and u152

(Equations 1 and 4). In contrast, the Gaussianized damage simulation using gk based on Equations 10 streamlines the traditional153

two-step modeling process into a single-step formulation. Furthermore, this approach eliminates redundant random variables,154

enabling the damage to be modeled using a single Gaussian random variable.155

Furthermore, the Gaussianization provides a transparent perspective on the coupling between ground-motion models and156

fragility curve parameters, elucidating their joint influence on the resulting risk (Equation 10). For instance, an increase in θk or157

a decrease in µ shifts the distribution toward the positive domain, thereby reducing the probability of damage. An increase in σ158

flattens the distribution, which leads to an increase in risk when ln θk > µ and a decrease when ln θk < µ. Finally, as β increases,159

the distribution converges toward N (0, 1); in this limiting case, P[DS > k] approaches 0.5, and the specific values of µ and θk160

become increasingly irrelevant to the risk assessment. Further details regarding these parametric sensitivities are provided in the161

Section S1 and Figure S1 of Supplementary Material.162

3.2 Geometric Interpretation of the Single-Site Gaussianization163

We demonstrate geometrically how the Gaussianization reduces the traditional framework’s three-dimensional system (ζ, ξ, and164

u) to a single dimension. We begin by analyzing the distribution of Gk (Equation 4) in the traditional framework within the space165

spanned by the ground shaking intensity, ln y, and the uniform damage sample, u. For a given k, we map the regions where Gk is166

negative or positive within the (ln y, u) space (Figure 2(a)). As shown in Figure 2(a), the regions corresponding to Gk > 0 (or167

DS < k) and Gk ≤ 0 (or DS ≥ k) are well separated, with Gk = 0 acting as the boundary (red and blue shaded regions separated168

by a black curve). This boundary naturally traces the normal CDF fragility function, forming a non-linear curve, as the limit169

state Gk = 0 is defined by u = P(DS ≥ k) (Equation 4). Due to this non-linearity, the gradient vector of Gk—the direction of170

maximum change—varies depending on the specific values of ln y and u. This is evident from the varying orientations of the171

contour lines (gray dotted lines in Figure 2(a)).172

In contrast, the transformed formulation employing gk (Equation 9) converts this non-linear boundary into a linear one173

characterized by a unique gradient direction of gk. The limit-state boundary transforms into a straight line in the (ln y, ε) space174

(Figure 2(b); green and purple shaded regions separated by a black line). Thus, to maintain gk = 0, a change in ln y requires a175

constant proportional change in ε. This linearity applies not only to gk = 0 but to any constant value of gk; thus, the contours176

(isolines) of gk are parallel to the limit-state line. Therefore, the variation of gk occurs exclusively in the direction perpendicular177

to these contours, corresponding to a slope of 1/β (Figure 2(b)).178

We extend this concept to three-dimensional space by decomposing ln y into its components, ξ and ζ (Equation 1). In the179

traditional framework, a curved surface (black surface in Figure 2(c)) separates the failure (Gk < 0) and non-failure (Gk ≥ 0)180

regions (red and blue shaded regions). As discussed with Figure 2(a), the curvature of this surface prevents the identification of a181

single, constant direction responsible for the variation in Gk. In contrast, our formulation yields a linear planar boundary in the182

three-dimensional (ξ, ζ, ε) space (Figure 2(d); green and purple shaded regions separated by a plane), analogous to the linear183

boundary in Figure 2(b). Consequently, the variation in gk occurs entirely along the unique direction defined by the normal184

vector of this planar boundary. This normal vector (n) is [ τ /β, ϕ/β, −1 ], derived from Equation 9. This property allows us to185

model gk effectively as a one-dimensional problem along this direction using a single Gaussian random variable, as any vector186

component orthogonal to n does not cause variation in gk (Equation 10).187

We can extend this visualization to include all possible k values, drawing the limit state boundaries for multiple damage state188

categories (Figure 3). Figure 3(a) illustrates these boundaries in the traditional framework using uniform damage samples u,189

while Figure 3(b) shows them in the transformed space with standard normal damage samples ε. In the traditional framework, the190

limit state boundaries appear as non-linear curved surfaces with slopes that vary by location and k. Conversely, our transformed191
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formulation exhibits perfectly linear planar boundaries, defined by the normal vector n (Figure 3(b)). Notably, if the same β is192

used for all k, these linear boundaries are parallel as seen in Figure 3(b). If different β values are used, they do not share n, thus193

the planes are not parallel and may intersect.194

3.3 Multiple-Site Gaussianization195

For a region, the damage function Gaussianization for ith building can be expressed similar to single building case by196

incorporating the standard normal damage variable εi instead of ui (Equation 9), but incorporating the within-event spatial197

correlation of ground shaking (Equation 2):198

gik = − 1
βi

(τiζ + ϕi(Li · ξ)) + εi +
1
βi

(ln θk
i − µi), (12)

where Li is the ith row of L from Equation 2, and ξ ∈ RN ∼ N (0, I). This can be expressed in vector form as:199

gk = Az + bk (13)

F I G U R E 2 Comparison of the damage function behavior in the traditional and transformed space. (a) Variation of Gk in the
traditional (ln y, u) space. (b) Variation of gk in the transformed (ln y, ε) space. Red and green shaded zones indicate regions with
positive values (DS < k), while blue and purple zones indicate negative values (DS ≥ k). The thick black line indicates the limit
state (Gk = 0 or gk = 0), and gray dotted lines represent contours. Darker colors indicate larger absolute values. The black arrow
in (b) denotes the direction of variation for gk. (c) Variation of Gk in the 3D (ξ, ζ, u) space. (d) Variation of gk in the 3D (ξ, ζ, ε)
space. The color code matches (a) and (b): (c) uses red/blue and (d) uses green/purple. The black curved surface in (c) and the
planar surface in (d) represent the limit states.
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where the damage for the i-th building is simulated using the sign of the i-th entry of gk ∈ RN (Equation 11). The components200

are defined as A ∈ RN×(2N+1), bk ∈ RN , and z ∈ R2N+1 ∼ N (0, I):201

A =
[
−Bτ −BFL I

]
, bk = B(lnθk − µ), z =

ζξ
ε

 . (14)

Here, B = diag(1/β1, . . . , 1/βN) and F = diag(ϕ1, . . . ,ϕN). The matrix A contains the uncertainty-related components: the202

ground-motion standard deviations (τ and ϕ), the Cholesky factor L, and the dispersions of the fragility curves β. Similar to203

Equation 9, the vector bk contains the deterministic, mean-shifting components: the median ground shaking of the fragility curve204

θk minus logarithmic median of ground shakings µ, divided by dispersion parameter of fragility curve β.205

Equation 13 defines a transformation of a (2N + 1)-dimensional standard normal vector z into an N-dimensional normally206

distributed vector, gk, with mean bk and covariance matrix AAT:207

gk ∼ N (bk, AAT) , (15)

where the covariance matrix AAT ∈ RN×N is:208

Cov(gk) = AAT = I + (Bτ )(Bτ )T + BFCFB. (16)

This indicates that the damage to N buildings can be modeled using a set of correlated N-dimensional Gaussian random variables,209

where the damage of the ith building corresponds to the ith Gaussian random variable, and the categorical damage states are210

encoded by the signs of these random samples. Negative entries of gk correspond to damage states DS ≥ k, whereas non-negative211

entries correspond to DS < k. Also, note that the damages are simulated using a single realization of gk per MC simulation; that212

is, the zero-mean random samples are generated once for all ks, and mean shifting term (bk) is applied to decide if DS ≥ k or not.213

A key advantage of this formulation is its simplicity. It eliminates the need to evaluate damage-state probabilities from the214

fragility curves as a function of the simulated ground-shaking intensity, since this information is already embedded in the215

mean and covariance structure of gk. In addition, similar to the single-building case, damage modeling of N buildings in the216

traditional framework requires 2N + 1 random variables: N + 1 for ground-motion simulation (Equation 2) and N for damage217

modeling (Equation 5). By contrast, the proposed formulation enables a one-shot procedure using Equation 15 and reduces218

the dimensionality by approximately half for large N (2N + 1 to N). All of this is achieved without introducing additional219

mathematical assumptions.220

F I G U R E 3 Boundaries separating damage state categories (k = 1 to 4) in: (a) the (ξ, ζ, u) space using the traditional
framework, and (b) the transformed (ξ, ζ, ε) space in which the ground-motion–damage coupling is linearized. Darker planes
indicate lower damage state thresholds, while lighter planes indicate higher damage state thresholds. The black arrow indicates
the normal vector (n)–the direction along which gk varies–which is common to all damage states.
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However, this dimensionality reduction does not by itself imply a significant improvement in computational efficiency.221

Although it simplifies the traditional framework, the simulation still requires an N-dimensional correlated Gaussian sampling.222

Its computational burden may be comparable to that of the spatially correlated within-event residual computation—the main223

computational bottleneck of the traditional two-step method. Further investigation is therefore needed to reduce the computational224

burden of this formulation.225

For more detailed and intuitive statistical characteristics of gk, see Section S2 and Figure S2 of the Supplementary Material.226

4 DIMENSIONALITY REDUCTION IN REGIONAL SEISMIC RISK227

We investigate the potential of PPCA for further dimensionality reduction of the Gaussianized formulation (Equations 13 and 15)228

to reduce its computational burden. Given the structure of its covariance Cov(gk) (Equation 16), PPCA is a promising strategy229

because it decomposes the field variance into a strongly correlated low-rank component plus an independent noise floor. Other230

dimensionality reduction methods are available, such as principal component analysis (PCA)52, the Nyström approximation53,54,231

and pivoted Cholesky decomposition55. However, in general, these methods are effective only when the variance is heavily232

concentrated in a low-dimensional subspace spanned by a few low-rank components. If a substantial share of the variance is233

spread independently across all dimensions, these methods must retain many dimensions to accurately model the total variance.234

Beyond dimensionality reduction, other methods also exploit the sparsity of information in the covariance matrix, e.g., sparse-235

precision methods56,43,57, covariance tapering58, and hierarchical matrix methods59. However, these methods have the caveat236

that they do not reduce the fundamental dimensionality of the problem, making it difficult to combine with the efficient sampling237

methods in regional-scale seismic risk analysis60. Furthermore, some of these methods are generally not applicable to the238

structure of Cov(gk) in our problem. For example, sparse approximations such as the Vecchia approximation or covariance239

tapering assume that distant sites become approximately conditionally independent given a few neighbors; however, the second240

term in Equation 16, (Bτ )(Bτ )T, correlates all assets simultaneously. Moreover, for the third term in Equation 16, BFCFB.,241

these methods may be less effective for densely populated building portfolios in a small area, because the model’s correlation242

length is not sufficiently smaller than the spatial extent of the portfolio.243

In this section, we first show how PPCA differs from PCA, a widely used dimensionality reduction method, and explain244

why PPCA is more appropriate (Section 4.1). Then, we further investigate the properties of Cov(gk) by analytically deriving its245

eigenvalues (Section 4.2) and examining the impact of portfolio distribution on them (Section 4.3. Finally, we formulate a PPCA246

gk damage simulation based on these derivations and experiments (Section 4.4).247

4.1 PCA vs. PPCA248

PCA is a widely used dimensionality reduction technique for multivariate Gaussian random variables52,37. The method249

approximates these variables as linear combinations of lower-dimensional principal components by exploiting their underlying250

linear correlations. These dependencies are encoded within the covariance matrix—specifically Cov(gk) in this study—whose251

eigenvalues are real and non-negative due to the matrix’s positive semi-definite property. The eigenvector corresponding to the252

largest eigenvalue of Cov(gk) identifies the primary axis of linear dependency, with the eigenvalue quantifying the variance253

captured along this vector. Subsequent eigenvectors, ordered by their corresponding eigenvalues, identify directions of decreasing254

variance under the constraint of orthogonality to preceding components. Since the sum of the eigenvalues represents the variance255

within the space spanned by the corresponding eigenvectors, the number of components m required to capture a significant256

proportion (e.g., 90%) of the total variance in gk is determined by:257

Fm =
∑m

i=1 λi∑Nb
j=1 λj

× 100, (17)

where Fm is the cumulative variance explained, expressed as a percentage. A reduction in the value of m necessary to reach a258

specific threshold indicates stronger correlations between the gk values across various sites, thereby enhancing the efficiency of259

PCA representation.260

PPCA extends the standard PCA framework42. This approach decomposes the covariance matrix Cov(gk) into a highly261

correlated component and an independent noise component, such that Cov(gk) = Cov(gk)(cor) + Cov(gk)(ind). Standard PCA is262

then applied to the correlated portion, g(cor)
k , to obtain the dimensionality reduced approximation of g̃(cor)

k . Consequently, gk263
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is represented by the low-dimensional g̃(cor)
k and the full-dimensional g(ind)

k . Since standard PCA is still applied to g̃(cor)
k , the264

efficiency of PPCA heavily lies in how to decompose it among infinite possible combinations to maximize the linear correlations265

of variables in Cov(gk)(cor). The more concentrated g(cor)
k ’s variance is in a lower-dimensional subspace, the more efficient PPCA266

becomes.267

Cov(gk) is well suited to PPCA since its structure already admits a natural decomposition of this form. The second term in268

Equation 16, (Bτ )(Bτ )T, represents a rank-1, globally and fully correlated field, which can be embedded in Cov(gk)(cor). Also,269

the first term , I, exhibits isotropic independent noise, which can be cleanly separated into Cov(gk)(ind) . In addition, the third term,270

BFCFB, whose correlation structure arises from within-event correlation, has a nugget effect, where the correlation between271

nearby sites does not converge to 1, which can be included in Cov(gk)(ind). On the other hand, because of the independent272

components spread across all dimensions in the structure of Cov(gk) – which PCA cannot capture using a low-dimensional273

subspace – standard PCA is likely to be inefficient. For a more detailed comparison between standard PCA and PPCA using274

illustrative examples, see Section S3 and Figures S3 and S4 of the Supplementary Material. In the following sections (Sections275

4.2 and 4.3), we further investigate this property of Cov(gk) for the formulation of PPCA-based simulation.276

4.2 Analytical Derivation of Eigenvalues of Cov(gk)277

To determine the optimal decomposition of the covariance matrix Cov(gk) for PPCA, we examine its eigenvalue properties. We278

focus primarily on the lower-order eigenvalues of Cov(gk), which are instrumental in identifying independent noise components279

and isolating the highly correlated structure. We first present an analytical derivation of the lower bound eigenvalues for Cov(gk)280

using an idealized spatial distribution that represents a limiting case in regional risk analysis. Subsequently, we investigate more281

realistic scenarios through illustrative examples across various spatial configurations. These cases serve to validate the analytical282

derivation and demonstrate how the eigenvalues evolve in response to diverse building distributions.283

The theoretical analysis focuses on a limiting geometric configuration designed to facilitate a formal derivation: t building284

clusters separated by large spatial distances, with each cluster containing densely packed buildings. A building cluster represents285

a group of buildings in close spatial proximity. Each cluster i (i = 1, 2, . . . , t) contains ni buildings, satisfying
∑t

i=1 ni = N. The286

correlation between buildings belonging to distinct clusters is assumed to be zero. Within each cluster, all the inter-building287

within-event ground shaking correlation is assumed to be a constant ρmax < 1. This value represents the maximum achievable288

inter-site correlation, accounting for the nugget effect14.289

Under these idealized conditions, the lower bound eigenvalues of Cov(gk) are derived as 1 + mini

(
ϕ2

i
β2

i

)
(1− ρmax) (see Section290

S4 of Supplementary Material). In the specific case where the within-event standard deviations (ϕ) and fragility curve dispersion291

parameter (β) are constant across all sites, there are exactly (N − t) minimum eigenvalues equal to:292

λmin = 1 +
ϕ2

β2 (1 − ρmax). (18)

Therefore, there are t eigenvalues that strictly exceed this minimum value, where t is the assumed number of building clusters.293

4.3 Impact of Building Distribution on the Eigenvalues of Cov(gk)294

Building upon this analytical derivation, we investigate how the eigenvalues evolve under more realistic spatial configurations.295

More realistic scenarios are constructed by relaxing the idealized constraints in two primary ways. First, the inter-cluster296

correlation constraint is loosened; by adjusting the spatial separation between building clusters, we generate geometries297

with various inter-cluster correlations. (Figure 4 (a)). These configurations are categorized as close, intermediate, or distant,298

corresponding to within-event ground shaking intensity correlations between cluster centers of 0.8, 0.38, and 0, respectively.299

Second, the intra-cluster correlation constraint is relaxed; by increasing the spatial extent of a cluster, the within-event correlations300

between buildings inside that cluster may fall below ρmax (Figure 4 (b)). These cases are categorized by building density as301

high, moderate, or low, corresponding to average within-event correlations between buildings within the cluster of 0.8, 0.23, and302

0.002, respectively. Together, these modifications represent a broad spectrum of spatial distributions encountered in practice. We303

demonstrate these effects using a system of 15 buildings organized into three clusters (t = 3), subjected to varying inter-cluster304

distances and within-cluster densities.305
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Figure 4 (c) shows the eigenvalue spectrum change when the inter-cluster distance is changed. First, the minimum eigenvalues306

of 1.29, which precisely match with the theoretical prediction of Equation 18, remain invariant with respect to the change307

in inter-cluster distances. Furthermore, the number of eigenvalues exceeding this minimum is exactly t = 3, the number of308

building clusters. The primary variation occurs in the relative magnitudes; as inter-cluster distances decrease, the second and309

third eigenvalues converge toward the theoretically derived minimum value. This behavior is consistent with the physical310

interpretation that as clusters move closer, they begin to behave as a single aggregate cluster rather than three distinct entities,311

effectively reducing the number of eigenvalues greater than the theoretically derived minimum toward one.312

Figure 4 (d) illustrates the change in the eigenvalue spectrum as the building density within each cluster varies. These results313

demonstrate that within-cluster building density influences the minimum eigenvalues of the covariance matrix. The high-density314

case shown in Figure 4(b) exhibits distinctive three (t) non-minimum eigenvalues and 12 (= N − t) minimum eigenvalues.315

However, as the spatial extent of each cluster increases—thereby reducing within-event correlations below ρmax—the eigenvalues316

no longer maintain this constant minimum value. This transition results in a gradual decay as observed in the “moderate” case. It317

decreases the first three eigenvalues, while the trailing eigenvalues increase. We also found that the minimum eigenvalue in this318

case closely approximates the value predicted by Equation 18 when ρmax is replaced by the observed maximum correlation ρ̂max319

for the specific building geometry: λmin ≈ 1 + ϕ2

β2 (1 − ρ̂max).320

When the cluster size increases to the point that intra-cluster correlations approach zero (the “low density” case in Figure321

4(b) and (d)), the spectrum reveals 14 nearly homogeneous minimum eigenvalues, with only a single eigenvalue exceeding this322

threshold. This behavior mirrors the “Close cluster” case shown in Figures 4(a) and (c), which also functions as a single cluster.323

In this state, the system effectively behaves as a single large cluster characterized by negligible spatial correlation across all324

buildings. Consequently, the number of building clusters t within our Gaussianized formulation is defined in a relative sense,325

rather than by absolute physical distances. The primary distinction lies in the converged eigenvalue levels and the relative326

magnitude between the dominant and secondary eigenvalues. The converged eigenvalue in this case also follows Equation 18327

with ρ̂max = 0.328

Across all examined cases, it is evident that a substantial number of principal components are required to explain a significant329

fraction of the total variance in gk. In the scenarios presented in Figure 4 (a), all three configurations require 12 out of 15330

components to capture 90% of the variance (Figure 4 (e)). Similarly, in Figure 4 (b), all three cases require 13 out of 15331

components to reach the same 90% threshold (Figure 4 (f)). Consequently, standard PCA yields a dimensionality reduction of332

only 13% to 20%, consistent with previous findings. However, having established the convergence behavior of these eigenvalues333

and close correlation between the first few dominant eigenvalue to the number of building clusters t, we can now leverage these334

insights to formulate a PPCA framework for the Gaussianized damage function gk. This approach allows us to circumvent the335

computationally expensive full eigendecomposition of Cov(gk).336

4.4 Decomposition of Cov(gk) for PPCA337

We adopt PPCA because the structure of Cov(gk) is appropriate for PPCA. This strategy reformulates the generative model of gk338

by extracting the highly correlated component and isolating the independent component. This separation allows us to apply339

dimensionality reduction to the correlated component efficiently and facilitates fast simulation of the independent component.340

4.4.1 Decomposition of gk341

Instead of Equation 13, which simulates gk using N × (2N + 1) matrix-vector multiplication, Az, we rewrite the generative model342

of gk as:343

gk = Wx + cz + bk, (19)

where W ∈ RN×N , c is a scalar constant, and x, z ∈ RN are independent standard normal random vectors. To ensure this344

formulation reproduces the statistics of the original model (Equation 13), the covariance of the right-hand side of Equation 19345

must match Cov(gk) (Equation 16). This condition requires (see Section S5 of the Supplementary Material for derivation):346

W = UΣ (20)

where Σ = (Λ− c2I)1/2. Here, Λ ∈ RN×N is a diagonal matrix containing the eigenvalues of Cov(gk) ordered in descending347

magnitude, I ∈ RN×N is the identity matrix, and U ∈ RN×N = [u1, u2, · · · , uN] is the matrix of eigenvectors corresponding348
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to Λ (= diag([
√

s1,
√

s2, · · · ,
√

sN])), where si = λi − c2. The λi are the eigenvalues of Cov(gk) and ui are the corresponding349

eigenvectors.350

4.4.2 Selection of Σ and c351

While infinite pairs of W and c can satisfy Equation 19, our goal is to minimize computational cost of gk while maintaining its352

accuracy. The primary burden is the calculation of the first term ω = Wx, which scales with O(N2), while the remaining terms353

(cz and bk) scale with O(N). Therefore, we aim to select an optimal constant c and corresponding Σ that allows reducing the354

effective number of columns of matrix W from N to a smaller dimension.355

To do that, we desire the covariance of ω to have many zero eigenvalues and only a few dominant ones to effectively reduce356

dimensionality. The covariance of ω is given by:357

Cov(ω) = WWT = UΣ2UT, (21)

F I G U R E 4 Eigenvalue analysis of building configurations across varying spatial distributions. (a) Configurations with
varying inter-cluster distances, categorized as Close (dark red), Intermediate (red), and Distant (light red) clusters, corresponding
to within-event ground shaking intensity correlations between cluster centers of 0.8, 0.38, and 0, respectively. (b) Configurations
with varying cluster sizes, categorized as High (dark blue), Moderate (blue), and Low (light blue) density, corresponding to
average within-event correlations between buildings within the cluster of 0.8, 0.23, and 0.002, respectively. (c) and (d): the
eigenvalues for the configurations in (a) and (b), respectively; the theoretically driven lower bound is indicated by the gray dotted
horizontal lines. (e) and (f): the cumulative variance contribution (Fm) for the configurations in (a) and (b), respectively, with the
dashed black line denoting the 90% threshold.
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where UT is the transpose of U. Note that the constant c is selected as the square root of the lower bound eigenvalue of Cov(gk)358

(Equation 18 , with ρmax replaced by the observed maximum correlation coefficient ρ̂max). This choice ensures that si values for359

i > t remain close to zero (See Section S6 of the Supplementary Material for derivation):360

c∗ =

√
1 + (1 − ρ̂max)

ϕ2

β2 . (22)

We substitute this value into Equation 20. Then, we also define the corresponding operator W∗ as UΣ∗, where Σ∗ = (Λ−c∗2I)1/2
361

and s∗i = λi − (c∗)2. The Equation 19 can then be re-written as gk = W∗x + c∗z + bk.362

The total variance of gk explained by the first m largest principal components of Cov(ω∗) is defined as:363

Fm =
Nc∗ +

∑m
i=1 λi

Nc∗ +
∑Nb

j=1 λj
× 100, (23)

where Nc∗ represents the variance contribution from the independent noise component. Because Nc∗ acts as a non-zero constant364

contributor to the total variance regardless of the chosen m, and since the high correlation within ω∗ allows for a minimal m365

to explain the majority of the variance in gk, this formulation is expected to reach the variance contribution threshold more366

efficiently than standard PCA.367

Figure 5 illustrates the impact of applying the optimal c∗ to the eigenvalues of Cov(ω)(i.e., Cov(ω∗)) for the building368

configurations previously analyzed in Figure 4, along with the resulting cumulative variance contribution to gk (Equation 23).369

Figure 5(a) displays the eigenvalue spectra of Cov(ω∗) for the building configurations shown in Figure 4(a). In contrast to the370

original covariance Cov(gk), Cov(ω∗) possesses zero eigenvalues, as seen by comparing Figure 5(a) to Figure 4(c). Furthermore,371

the number of non-zero eigenvalues is identical to the number of building clusters, which is t = 3 in this case. If the density372

of buildings within each cluster decreases (e.g., the moderate density case in Figure 4(b) and Figure 5(b)), several trailing373

components remain non-zero, although they converge toward zero. In cases where the building density within a cluster is low374

(Figure 5(b)), the spectra contain many zeros with only one non-zero eigenvalue because the framework treats them as a single375

cluster with no ground-shaking correlation.376

The cumulative variance contribution shown in Figures 5(c) and (d) reaches the threshold far more rapidly than the case where377

independent noise components are not extracted from Cov(gk). In all instances, the variance contribution exceeds 90% within378

only three principal components, whereas 12 or 13 components were previously required (Figures 4(e) and (f)). Interestingly,379

the least favorable scenario for this PPCA framework occurs when the building distribution is neither highly dense nor highly380

sparse. A "moderate density" distribution results in the slowest convergence of the total variance contribution (intermediate381

blue curve of Figure 5(d)). This indicates that the framework is highly efficient for dense metropolitan areas. For cases with382

moderate ground-motion correlations, the approach remains efficient, though the efficiency gains are less pronounced than383

in dense urban settings. For independently located buildings, the framework is also efficient as the system can be modeled384

with a single principal component. However, the ground-shaking and damage modeling for independent buildings is already385

computationally manageable, as the complexity scales with O(N) when correlations are neglected.386

Since the diagonal entries of Σ∗ become zero for all indices greater than t, we can effectively truncate W∗ without loss of387

information. The reduced matrix W∗
t is defined as:388

W∗
t = UtΣt, (24)

where W∗
t (∈ RN×t) is [u1, u2, · · · , ut] and Σt(∈ Rt×t) is diag([

√
s∗1 ,

√
s∗2 , · · · ,

√
s∗t ]). Using this reduced representation,389

Equation 19 is approximated as:390

gk ≈ W∗
t xt + c∗z + bk, (25)

where xt ∈ Rt and z ∈ RN are independent standard normal random vectors. Equation 25 constitutes our proposed computational391

framework for regional damage modeling. It integrates the Gaussianized damage formulation and the dimensionality reduction392

using PPCA, reducing the computational complexity of the matrix-vector product from O(N2) to O(tN)—a significant efficiency393

gain when t ≪ N.394
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5 PROPOSED COMPUTATIONAL FRAMEWORK395

A schematic comparison of our proposed framework in comparison with the traditional framework is presented in Figure 6. The396

procedures are decomposed into two: 1) pre-processing step and 2) simulation step. Pre-processing is executed once for a given397

portfolio and does not repeat over MC realizations. In contrast, the simulation step includes operations repeated for each MC398

realization (M times).399

In the pre-processing step, for both traditional and proposed frameworks, we need to specify the parameters of the buildings’400

fragility curves (βk and θk), the ground motion between- and within-event standard deviation models (τ and ϕ), and the401

within-event ground shaking correlation matrix C. Afterward, in the traditional framework, one must perform the Cholesky402

decomposition of C to create L, which is used to simulate the spatially correlated ground shaking. However, in the proposed403

framework, first we construct the covariance matrix gk, or AAT, using Equation 16. Note that the Cholesky decomposition is not404

required in our framework. Then, W∗
t and c∗ are computed using Equations 22 and 24.405

In the simulation step, in both frameworks, mean ground shaking intensities (µ) at the buildings are calculated using empirical406

ground motion models for the earthquake scenario. This step is performed once for a scenario-based risk model. For an event-407

based model (random rupture magnitude and location), this process is repeated inside the MC loop (red dotted box in Figure408

6). Next, in the traditional framework, the calculated µ is combined with the standard deviation models and L to simulate the409

random ground shaking vector (ln y). In the proposed framework, however, µ is not used at this stage. Instead, the matrix W∗
t410

and c∗ are used to calculate the zero-mean component of gk (denoted as γ in Figure 6), which is the part of Equation 25 before411

adding the mean bk. For the damage simulation, the traditional framework requires N uniform samples (u) per MC realization412

and the calculation of the standard normal CDF (Φ(·)). The proposed framework, at this point, adds the mean-shifting term bk413

(which depends on µ) to γ to get the final gk. Both frameworks require a repetitive loop over the number of categorical damage414

states (nds). Given Gk or gk, the damage state is determined using Equation 5 or 11, and the corresponding loss is also calculated415

using Equation 6.416

Table 1 summarizes the computational complexities of both the traditional and proposed frameworks for regional scenario-417

based seismic risk models. In the traditional framework, the pre-processing bottleneck lies in the Cholesky decomposition of418

F I G U R E 5 Eigenvalue analysis of Cov(ω∗) for the spatial configurations depicted in Figure 4(a) and (b): (a) Eigenvalue
spectra corresponding to the cases in Figure 4(a); (b) Eigenvalue spectra corresponding to the cases in Figure 4(b); (c) and (d)
Cumulative variance explained (Fm) as a function of the number of retained principal components. The horizontal dashed line
denotes the 90% threshold.
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C to construct the lower triangular matrix L, which entails a computational complexity of O(N3). Conversely, the proposed419

framework bypasses the Cholesky decomposition during pre-processing. Instead, it requires the construction of W∗
t via the420

eigen-decomposition of Cov(gk). While a full decomposition scales as O(N3), computing only the top t eigenpairs reduces421

the complexity to O(N2t), which is effectively O(N2) when t ≪ N. Regarding the simulation step, the primary computational422

bottleneck in the traditional framework is ground-motion generation, which scales with O(N2M) for large values of N and M. In423

contrast, the dominant procedure in the proposed framework is the simulation of gk, which scales with O(tNM), or effectively424

O(NM) when t ≪ N. Overall, the proposed framework reduces the computational complexity by one order of magnitude: from425

O(N3) to effectively O(N2) in the pre-processing stage, and from O(N2M) to effectively O(NM) in the simulation stage.426

For a detailed implementation of the algorithm and an illustrative case study, see Section S7, Figure S5 and Table S1 of the427

Supplementary Material. A more comprehensive discussion of the computational complexity is also provided in Section S8 of428

the Supplementary Material. In the subsequent sections, we provide a numerical demonstration of the proposed framework for a429

building portfolio in the San Francisco Bay Area.430

431

F I G U R E 6 Schematic diagram comparing the traditional and the proposed frameworks for regional-scale seismic risk
analysis. The steps for both traditional and proposed frameworks are white boxes; unique processes in the traditional framework
are filled with light gray, while unique steps in the proposed framework are filled with light orange. The loops are presented as
dotted line boxes. The red dotted loop over the M box corresponds to event-based (random rupture magnitude and location) risk
modeling, while the black loop corresponds to scenario-based (specified rupture magnitude and location) risk modeling.
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T A B L E 1 Computational complexity of our proposed framework in comparison with the traditional method for regional
scenario-based seismic risk model. N denotes the number of buildings, and M denotes the number of MC simulations

Traditional Proposed

Pre-processing Pre-processing
Calc. C O(N2) Calc. C O(N2)
Calc. L O(N3) Construct Cov(gk) O(N2)

Construct W∗
t O(tN2)

Simulation Simulation
Calc. µ O(N) Calc. µ O(N)
Sampling ζ, ξ, u O(NM) Sampling x, z O((N + t)M)
GM simulation (Equation 2) O(N2M) gk simulation O(tNM)
DS simulation (Equation 4) O(NM)

6 TESTBEDS: FROM SAN FRANCISCO DOWNTOWN TO BAY AREA432

We conduct empirical analyses on our proposed framework using San Francisco (SF) Downtown and Bay Area building433

portfolios. In Example 1, we demonstrate the accuracy of the framework using 1,000 buildings in SF downtown. In Example 2,434

we examine t, the building cluster parameter, to keep high accuracy for different region extents and building portfolio sizes,435

using cases for SF downtown and the whole Bay Area comprising 15,836 buildings (Figure 8). In Example 3, we study our436

framework’s computational efficiency in the northern SF peninsula region (Figure 10(a)).437

The earthquake rupture scenario for all the examples is a magnitude 7.2 event along the northern segment of the vertically438

dipping San Andreas Fault (Figure 8 (b)). The rupture is assumed to span 50 km in length and 10 km in width, extending from439

the west coast of San Francisco to the southern Peninsula. The mean, between-event, and within-event standard deviations are440

computed using the ground-motion model developed for shallow crustal earthquakes in California61. The within-event spatial441

correlation is computed using the model developed based on extensive crustal earthquake records15. The building inventory was442

obtained from the SimCenter Earthquake Testbed62, and the structural-type–dependent fragility functions were sourced from443

Hazus 6.121. These are lognormal fragility functions comprising four limit states and five damage states (No Damage, Slight,444

Moderate, Extensive, and Complete) that take Peak ground acceleration (PGA) as input.445

6.1 Example 1: Accuracy for San Francisco Downtown446

We compared the results of our framework against a benchmark generated using the R2D software63,64. The benchmark utilizes447

the building portfolio from R2D Example 1 – Basic HAZUS, which performs analysis via HAZUS loss assessment (the448

traditional framework). From the dataset containing 15,836 buildings in downtown San Francisco, a subset of 1,000 buildings was449

selected to avoid excessive computational overhead when running the R2D software on a desktop-level machine (Figure 7(a)).450

This subset captures the full spectrum of characteristics found in the original dataset, including spatial locations, design levels,451

and structural types. The selected portfolio consists of 544 Pre-Code, 35 Low-Code, 322 Moderate-Code, and 99 High-Code452

buildings. In terms of structure, the set includes 267 wood-frame, 217 steel, 321 concrete, 194 masonry, and one unreinforced453

masonry building. Damage for each building was simulated over 10,000 MC realizations to ensure accuracy.454

We executed both the traditional and the proposed approaches, demonstrating that t = 1 is sufficient to identify the damage-455

state distribution with high accuracy. Figure 7(b) illustrates a representative damage-state histogram for Building X (identified in456

Figure 7(a)). While the R2D simulation identifies the modal damage as “Extensive” and the proposed method yields “Complete,”457

the overall distribution are nearly equal. The modal damage states for all 1,000 buildings were compared with the R2D simulation458

results in Figure 7(c) and (e). The two methods show strong agreement across whole buildings: 952 buildings match exactly,459

while the remaining 48 buildings exhibit a difference of only one damage-state level. For the buildings exhibiting a one-level460

difference, their distributions still closely resemble each other, as shown in Figure 7(b). The difference in the mean damage state461

across all 1,000 buildings—which reflects the overall damage distribution more accurately than the mode—ranges from -0.036462

to 0.039 (Figure 7(d)). This further confirms that the proposed framework closely approximates the traditional distribution and463

the discrepancies between the two methods may predominantly originate from the inherent stochasticity of MC simulations464

rather than inaccuracies in our framework.465
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6.2 Example 2: Loss Estimation by Spatial Extent466

The proposed framework is applied to loss estimation for two building portfolios with distinct spatial extents to investigate how467

the building cluster parameter, t, scales with geographic spread: 1) San Francisco Downtown, comprising 15,836 buildings468

(representing a dense urban area); and 2) the entire Bay Area, comprising 15,836 buildings randomly sampled from a total469

inventory of approximately 1.3 million structures (representing a metropolitan-scale simulation; Figure 8). By limiting the470

sample size, the computation of an accurate benchmark loss curve via the traditional framework—utilizing 15,836 distinct471

building-specific ground motions—remains feasible on a standard workstation without compromising accuracy, e.g. though472

coarse grid34,17,65.473

The loss curves for the SF Downtown and Bay Area cases are presented in Figures 9(a) and (b), respectively. For both cases,474

the traditional and proposed framework curves are generated using 100,000 MC realizations. This sample size results in a475

coefficient of variation (COV) for the MC loss estimation of approximately 1%. Consequently, if the loss curve produced by the476

proposed framework remains within ∼ 2.5% error margin—corresponding to an approximate 99% confidence interval—the477

framework is considered to represent the benchmark accurately, as the deviation falls within the range of MC estimation error.478

The error is calculated as et(p) = lt(p)−l(p)
l(p) × 100, where l(p) and lt(p) are the losses corresponding to exceedance probability p479

from the traditional and proposed frameworks, respectively.480

In the San Francisco Downtown case (Figure 9(a)), the proposed framework yields a close approximation of the benchmark481

when t = 1. Within the exceedance probability range down to 10−3, the error fluctuates between -0.0% and 1.4% (blue solid482

F I G U R E 7 (a) Spatial distribution of the building portfolio for Example 1. (b) Comparative damage-state histogram for
Building X from panel (a), illustrating a case with a one-step discrepancy in the modal damage state between the two methods.
Histogram of (c) modal and (d) mean damage state differences between the R2D baseline and the proposed framework. (e)
Comparison of modal damage states simulated using the R2D software (traditional) and the proposed framework (t = 1) based
on 10,000 MC simulations.
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curve, Figure 9(c)). Notably, increasing t beyond 1 does not yield a significant improvement in model fit, as evidenced by the483

blue solid and dashed curves in Figure 9(c).484

Conversely, the Bay Area case exhibits larger discrepancies at t = 1, with errors ranging from 2.3% to 9.9% (lightest red485

dotted curve of Figure 9 (d)). The error decreases as t increases; specifically, at t = 20, the error falls within the target 2.5%486

threshold in general, ranging from 1.2% to 2.9% (red solid curve). Further increases in t lead to asymptotic convergence toward487

zero, for example for t = 200, the error ranges from 0.1% to 1.5%. However, as t increases, the rate of improvement diminishes488

(Figure 9(d)).489

While numerical simulations demonstrate that the proposed framework significantly reduces dimensionality, selecting an490

optimal value of t is key. We found that the optimal t is invariant regardless of the total building count, provided the spatial extent491

of the portfolio remains consistent (Section S9 of the Supplementary Material). Thus, we suggest determining t from small,492

randomly selected subset of buildings that spans the entire region. This is computationally inexpensive due to the small N: 1)493

Conduct a traditional regional risk analysis using a small, randomly selected subset of buildings that spans the entire region,494

in order to obtain the benchmark loss curve for the subset. In our experiments, a subset of 100 buildings works well for both495

larger (the entire SF Bay Area) and smaller (downtown SF) metropolitan areas. However, note that this number may be the496

minimum requirement for the entire Bay Area, whereas the minimum requirement for the downtown SF case is much smaller.497

Figure S6 in Section S9 of the Supplementary Material shows how consistent the variance contribution of t is across subsets of498

various sizes. For applying the method to the user’s region of interest, we recommend a subset size of 100 for regions smaller499

than the entire Bay Area. If the user’s region is larger than the extent of the entire Bay Area, users can produce a plot similar to500

Figure S6(c) with a gradually increasing t, until the variance-contribution curve converges; 2) Perform the risk analysis with the501

proposed framework on the same subset for various values of t; 3) Determine the optimal t by choosing the smallest t that shows502

sufficiently good agreement with the benchmark loss curve from step 1; 4) Apply the determined t to the full-scale analysis of503

the entire building portfolio.504

Alternatively, users may select the value of t for which the variance contribution (Equation 23) exceeds a chosen threshold505

(e.g., 95%). However, for loss calculation, it is not known a priori what level of variance contribution is sufficient, although506

a larger t from the bigger threshold —and hence a higher variance contribution— improves accuracy. Therefore, for optimal507

selection of t, we recommend the subset method; that said, if the t required to reach a sufficiently large threshold (e.g., 95%) is508

not excessively large, this threshold-based criterion can also be used as a simpler alternative.509

In addition, we observed that the eigenvectors of Cov(ω∗) emerge as spatial harmonics (Figure S7). As the eigenvalues510

decrease, the spatial frequency of these modes increases, with the order of their magnitudes being directly related to the spatial511

extent of the building distribution, higher order in the direction. The dominant component corresponds to the direction along512

F I G U R E 8 Spatial distribution of building portfolios for Example 2: (a) Downtown San Francisco and (b) the broader Bay
Area. An assumed M 7.2 rupture is indicated by a thick solid black line, and SF downtown area in panel (a) is denoted by a
small black square. The combined yellow, orange, and blue (or red) markers represent the full portfolio of 15,836 buildings; the
orange markers denote a selected subset of 1,000 buildings; and the yellow markers specifically highlight a further subset of 100
selected buildings.
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which the building distribution is most elongated. Furthermore, the product of each eigenvalue and its corresponding eigenvector513

illustrates how the magnitude of each eigenvector component diminishes as one moves toward the minor components. For a514

more detailed analysis of these spatial modes, please refer to Section S10 of the Supplementary Material.515

6.3 Example 3: Gains in Computational Efficiency516

To demonstrate the computational efficiency of the proposed framework, we consider the Northern San Francisco Peninsula,517

which contains more buildings than the downtown area (Figure 10(a)). The first baseline is the traditional two-step approach, in518

which a ground-shaking map is generated and damage is then modeled from fragility curves. To this baseline, we also applied519

two computational techniques that reduce the cost of within-event residual simulation—the main bottleneck of the traditional520

framework: PCA, a widely used dimensionality-reduction method; and PPCA, the same method proposed in this study for gk521

(see Section S11 of the Supplementary Material for the detailed formulation). In total, the comparison comprises four cases: (1)522

the traditional two-step approach (Trad); and the same approach with within-event residual simulation accelerated by (2) PCA523

(Trad GM-PCA), (3) PPCA (Trad GM-PPCA), and (4) the proposed method (Proposed).524

We measured runtime as a function of N, from 2,000 to 30,000, and of M, at 103, 104, and 105—which yield a coefficient of525

variation of the MC estimates of 10% down to failure probability levels of ∼10−1, 10−2, and 10−3, respectively. We report the526

pre-processing and simulation runtimes separately, as well as the total computation time (= pre-processing + simulation), because527

the simulation scales with both the number of buildings (N) and the number of MC realizations (M), whereas pre-processing528

scales only with N (Table 1). The total computation time therefore approaches the pre-processing runtime as M becomes small529

F I G U R E 9 (a) Exceedance probability of total loss for the SF Downtown portfolio; the black dashed line represents the
traditional framework benchmark, while the blue solid line represents the proposed framework with t = 1. (b) Equivalent plot for
the Bay Area; the benchmark (black dashed) is compared against the proposed framework with t = 20 (red solid line) and t = 1
(red dotted line). (c) Relative error of the proposed framework across various exceedance probabilities for SF Downtown (t = 1
and t = 5, indicated by blue solid and dashed lines, respectively) and (d) the Bay Area (t = 1 and 5 indicated by red dotted lines,
t = 20 by red solid line, and t = 200 by red dashed line).
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and N becomes large, and approaches the simulation runtime as M becomes large and N becomes small. For Trad GM-PCA,530

Trad GM-PPCA, and Proposed, runtimes were compared using the value of t at which the top-t eigenpairs capture 95% of the531

total variance (Equations 17 and 23). One could instead select t to best match the true loss, but the true loss is unknown in an532

actual simulation, so such a criterion is impractical. For the same reason, and to ensure a fair comparison, we did not use the533

small-subset method to select t in the proposed framework, relying solely on the variance-contribution criterion.534

The analysis was performed in Python 3.11 using NumPy vectorization and Numba66,67, and all simulations were executed on535

an Intel Core i7-13700 (2.1 GHz) with 64 GB of RAM, without parallelization.536

Figure 10 shows the computation time as a function of N at M = 105. The proposed method achieved the lowest pre-processing537

and simulation runtimes for every N, and therefore the lowest total runtime as well. Relative to Trad, at N = 2,000 the pre-538

processing and simulation runtimes of the proposed framework are 3.2 and 13.9× faster, respectively, giving a 4.5, 10.6, and539

13.3× faster total computation time at M = 103, 104, and 105, respectively. This gap widens at larger N: at N = 30,000, the540

pre-processing and simulation runtimes are 9.2 and 97.3× faster, giving a 10.7, 21.1, and 62.7× faster total computation time541

at M = 103, 104, and 105, respectively. This speed-up—and its widening with more buildings—arises from the order-reduced542

computational complexity in N: O(N3) to O(N2) in the pre-processing step, and O(N2M) to O(NM) in the simulation step (solid543

black and dark-red curves in Figure 10(c) and (d); Table 1).544

For Trad GM-PCA, the pre-processing is even more expensive than Trad, while the gain in simulation is very small (dashed545

light-blue curve in Figure 10(c) and (d)). This is because the number of principal components required to reach 95% of the546

total variance is large—roughly 80% of the number of buildings—and this fraction does not change with N (Table S2). The547

pre-processing complexity of O(tN2) therefore becomes effectively O(N3), the same as Trad; and Trad GM-PCA’s pre-processing548

is in fact more expensive, because the eigendecomposition carries a larger constant than the Cholesky factorization (Figure 10(c)).549

On the simulation side, O(tNM) likewise becomes effectively O(N2M), so PCA yields only a slight gain over Trad (Figure 10(d))550

from the smaller number of columns in the matrix multiplication (∼0.8N). This gain is negligible compared with the increase in551

pre-processing, yielding the largest total computational cost (Figure 10(b)).552

Trad GM-PPCA, in contrast, successfully reduces the computation time relative to Trad (dotted dark-blue curve in Figure 10(b)–553

(d)). At N = 2,000, both the pre-processing and simulation runtimes are ∼2.7× faster than Trad, giving a ∼2.7× faster total554

computation time at any M. At N = 30,000, the pre-processing and simulation runtimes are 6.9 and 19× faster than Trad,555

respectively, giving a 7.6, 11.4, and 17× faster total computation time at M = 103, 104, and 105, respectively. Under Trad556

GM-PPCA, the number of principal components (t) required for within-event residual simulation is a constant 27 across a wide557

range of N—the same behavior as the proposed framework, and in sharp contrast to GM-PCA (Table S2). This value (t = 27)558

also well captures the within-event residual correlation structure (Figure S8(a)). Trad GM-PPCA thus effectively shares the559

computational complexity of the proposed framework: O(N2) for pre-processing and O(NM) for simulation (Table S3).560

GM-PPCA is thus an attractive option for users who wish to retain the traditional framework and existing software. To561

maximize efficiency, however, the proposed framework remains preferable, because the number of components it requires (5)562

is about five times smaller than that of GM-PPCA (27) (Table S2). Relative to Trad GM-PPCA, for any N the pre-processing563

runtime of the proposed method is 1.3× faster and the simulation runtime is 5.1× faster, giving a 1.4, 1.8, and 3.6× faster564

total computation time at M = 103, 104, and 105, respectively. The simulation time scales exactly with the ratio of principal565

components (27/5), whereas the pre-processing time blurs this effect, because it also includes construction of the correlation566

matrix.567

The difference in t between Trad GM-PPCA and the proposed framework can be explained as follows. The larger (but still568

small) t = 27 is needed for an accurate within-event residual simulation, which in turn yields accurate damage modeling;569

however, it is unnecessarily large for that purpose. The proposed framework instead targets the variance of the final damage570

variable gk, which blends the within-event residual (with β normalization) with the between-event term and the identity matrix571

(Equation 16). This blending renders the effective within-event field only as accurate as damage modeling requires—rather than572

unnecessarily accurate—yielding a more efficient simulation.573

Finally, we found that sparse-approximation methods for within-event residual simulation are inappropriate for the574

ground-shaking modeling of extremely dense urban building portfolios. As a representative example, we tested the Vecchia575

approximation43,57, which Zhao et al.40 employed, from the same family of methods, for non-ergodic ground-motion modeling.576

It assumes conditional independence in the spatial field given the K nearest neighbors of each site, with a computational com-577

plexity of O(NK3) for pre-processing and O(NK M) for sampling. We found, however, that such methods are not efficient for578

this very dense urban region: accurately reproducing the within-event residual requires K ≈ 30% of N (Figure S8(b)), and this579

fraction does not decrease with N. The complexity therefore converges effectively to O(N4) for pre-processing and O(N2M) for580
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sampling. This is intuitive: for a fixed spatial extent, adding more sites places more buildings within the correlation length of581

each site, so more conditioning neighbors are needed for accurate simulation.582

7 SUMMARY583

We developed a scalable computational framework for regional scenario-based seismic risk modeling, built on an exact linearizing584

transformation of ground-motion–damage coupling, together with dimensionality reduction via PPCA. First, we demonstrate585

that canonical coupling between ground motions and lognormal fragility functions can be linearized exactly through a change of586

variables. This transformation reveals that the traditional two-step process to simulate ground-motion–fragility coupling of N587

assets can be simplified into a one-shot sampling of an N-dimensional correlated Gaussian vector.588

Then, we reconstructed this Gaussianized formulation using PPCA-based dimensionality reduction. This is efficient given589

the structure of the covariance matrix of this formulation, because the isotropic, independent noise component can be cleanly590

extracted, leaving the highly correlated portion to be approximated efficiently with standard PCA. We identified the magnitude of591

the noise component by analytically deriving a lower bound on the eigenvalues of the covariance matrix. Additionally, through592

numerical experiments, we found that the number of eigenvalues greater than this lower bound corresponds to the number593

of spatial building clusters (t) in the portfolio, with this same number of principal components being retained for the highly594

correlated portion.595

F I G U R E 10 (a) The San Francisco Northern Peninsula building portfolio (N = 30,000) used to measure the computation
time of the proposed framework. (b) Total runtime as a function of the number of buildings N for M = 105: proposed framework
(Proposed; dark-red solid line with squares), Traditional (Trad; black solid line with circles), Traditional with PCA on the
ground-shaking map (Trad GM-PCA; light-blue dashed line with triangles), and Traditional with PPCA on the ground-shaking
map (Trad GM-PPCA; dark-blue dashed line with inverted triangles). (c) Pre-processing time and (d) simulation time as a
function of the number of buildings N, for M = 105. For each N, the sum of (c) and (d) gives the total time shown in (b).
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Verification using the R2D example—an established software for regional seismic risk modeling—demonstrates that the596

resulting damage-state distributions are nearly identical to those obtained from the traditional framework. The mean damage597

state differs by at most ∼ 0.04. We also found that for the San Francisco downtown portfolio containing 15,836 buildings, a598

value of t = 1 suffices for accurate modeling. In contrast, for the entire Bay Area with the same number of buildings, t = 20 is599

required, yielding a loss estimation error within approximately 2.5% of the benchmark. Importantly, in this realistic portfolio,600

the building cluster parameter t depends primarily on the spatial extent of the portfolio rather than the building density. This601

suggests that the building cluster parameter t can be determined through computationally efficient small-sample simulations,602

e.g., using 100 subsamples for a full inventory of 15,836 buildings. Additionally, we found that the eigenvectors exhibit spatially603

varying 2-d sinusoidal harmonics, where the order of these harmonics is closely related to the spatial elongation of the portfolio.604

The computational gain of the proposed framework was also theoretically and experimentally verified. The proposed605

framework reduces the computational complexity of risk modeling from cubic complexity (e.g., O(N3) or O(N2M)) effectively606

to quadratic complexity (O(N2) or O(NM)), where M represents the number of MC simulations. For a 30,000-building portfolio607

of the San Francisco Northern Peninsula, this translates to 9× faster pre-processing and 97× faster simulation. This advantage is608

expected to grow with the portfolio size N. Alternatively, applying PPCA to the within-event residual simulation of ground-609

shaking intensity within the traditional framework also improved computation time (6.9× faster pre-processing and 19× faster610

simulation); this lets users adopt PPCA within existing code and workflows, although its simulation runtime remains about611

fivefold slower than that of the proposed framework.612

Overall, the proposed framework enables large-scale regional seismic risk analysis that remains computationally tractable613

without compromising accuracy. It substantially reduces computation time while mitigating the uncertainties associated with614

ground-shaking gridding and exposure resolution in the analysis. This improvement is particularly significant for metropolitan615

areas characterized by densely distributed building portfolios.616
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