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Supplementary Material: Scalable Scenario-based Regional
Earthquake Risk Assessment via Gaussianized

Ground-motion—-damage Modeling and PPCA

SoungEil Houng and Luis Ceferino

S1 Sensitivity of damage probability to ground-shaking and fragility

parameters

We demonstrate how the linearized formulation provides a simpler and more direct perspective of seismic
risk, while maintaining PBEE rigor. First, we examine how the mean shaking intensity u influences the
resulting damage. For a fixed structural vulnerability In ), (vertical gray dotted line in Figure (a)), let us
first assume that p < Inf. This scenario corresponds to either a strong structure or weak mean shaking
intensity (light or dark red curves in Figure [S1fa)). From Figure [SIa), we infer that the probability of
failure is less than 0.5, as the majority of the shaking intensity probability mass lies to the left of In 6y, in
the region where the failure probability is low. This is reflected in Figure b), showing P(DS > k) as a
function of p and o: regardless of o, a value of y less than In 8, yields P(DS > k) < 0.5 (red shaded region).
This trend holds true even when 8 changes (Figure[S1j(c)). Conversely, if g > In 8—corresponding to either
a weak structure or strong mean shaking intensity—the P(DS > k) exceeds 0.5. In this case, the majority
of the shaking intensity probability mass lies to the right of In 6y (dark blue curve in Figure [S1f(a)), leading
to a P(DS > k) greater than 0.5 (blue shaded regions in (b) and (c)).

Our linearized formulation facilitates a straightforward interpretation of this property. When p < In 6,
gk exhibits a Gaussian curve with a positive mean (light or dark red curves in Figure d); see Equation [10)).
The probability of failure P(DS > k) corresponds to the area under the Gaussian curve where gy is negative
(Equation gray shaded area under the reddish curves in Figure d)) Since the mean of gj, is positive,
this area is strictly less than 0.5. Similarly, if ¢ > In#fj, g has a negative mean (blue curves in Figure
IS1)(d)), resulting in a failure probability greater than 0.5.

Secondly, we investigate the impact of shaking intensity variability, c. The impact of ¢ on risk depends
on the position of u relative to Inf;. In the traditional framework, when p < Infy, a larger o (light red
curve in Figure a) vs. dark red curve) increases risk. This is because a larger o broadens the shaking
intensity distribution, increasing the probability of extreme tail events. As observed in the red-shaded region
of Figure[SI[(b) (where p < In#y), the failure probability increases as o increases. On the other hand, when
i > Inf, an increase in o has the opposite effect: it increases the probability of realizing lower shaking
intensities, thereby reducing the risk (light blue curve in Figure a) vs. dark blue curve). As observed in
the blue-shaded region of Figure b) (where p > Infy), the failure probability decreases as ¢ increases.

This phenomenon is also readily explained by our linearized formulation. For p < In#fj (light and dark
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red curves in Figure d)), the shaded failure area is larger for the high-o case (light red curve), indicating
higher risk. Conversely, if p > In 6y (light and dark blue curves), an increase in ¢ (light blue curve) reduces
the shaded area where g < 0, indicating reduced risk. Although increasing o can theoretically either
reduce or increase the risk depending on p, low mean intensity events (small magnitude/far distance, where
1 < In6) occur more frequently than high mean intensity events. Consequently, increasing o generally
increases the total estimated risk [7].

Thirdly, we investigate the influence of the fragility curve dispersion parameter, 3. As [ decreases, the
fragility curve approaches a step function (black solid curve in Figure a) vs. black dashed curve). In
the limit as 8 — 0, it becomes a deterministic damage function: intensities below In @y yield 0% failure
probability, while those above yield 100%. Conversely, as 8 increases, the fragility curve flattens (black
dashed line in Figure [S1ja)). In the limit as 8 — oo, the probability of failure converges to 0.5 across all
ground motion intensities.

For small 8 of 0.4 (Figure b)), the probability of failure P(DS > k) changes abruptly with variations
in g and o, reflecting a high sensitivity of risk to ground motion parameters. For example, for o of 0.6,
P(DS > k) changes from 0.10 to 0.84 when p varies from -1.6 to 0 (0.2 g to 1 g). However, for large 8 of
1.0 (Figure [SI[c)), P(DS > k) changes more gradually. This reduced sensitivity arises because the large
uncertainty in the structural capacity washes out the specific details of the ground motion intensity. For
example, for o of 0.6, P(DS > k) changes from 0.22 to 0.73 when pu varies from -1.6 to 0 (0.2 g to 1 g).

In our linearized framework, this behavior is observed as changes in both the mean and standard deviation
of gr (Equation . When f becomes large, the mean of g, approaches zero, and the standard deviation
decreases towards 1. This results in g distributions that are centered near zero with short tails (Figure
[S1{e) compared to (d)). Due to this reduced variability in g, the probability of failure remains relatively
similar across different ground motion parameters, rendering the risk estimate less sensitive to ground motion
characteristics. Intuitively, for large 3, the fragility curve does not know how strong or weak the structure
is, thus, the variation of the parameters does not matter. Intuitively, as 8 — oo, the failure probability
converges toward 0.5 across the entire range of shaking intensities, effectively eliminating any distinction
between them; consequently, the influence of the parameters on the overall risk estimate becomes negligible.

Finally, we consider the role of 8. This parameter appears only in the mean-shift term of g, and enters
with a sign opposite to that of u (Equation . Therefore, its effect on P(DS > k) is inverse to that of u:
if InOy > pu, P(DS > k) is less than 0.5, whereas if In 0, < u, P(DS > k) is greater than 0.5.
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Figure S1: (a) Fragility curves corresponding to small (black solid line) and large (black dotted line) values
of 8, shown with four ground-motion intensity distributions: low g with small (dark red) and large (light
red) o, and high p with small (dark blue) and large (light blue) o. (b) Variation of P(DS > k) with respect
to u and o for small 5. The dotted vertical line indicates In 0; therefore, the red shaded area corresponds
to 4 < Infg, and the blue shaded area corresponds to p > Infy. (c) Same as (b) but for large 5. (d)
Distribution of g for the small-3 case. The vertical dotted line indicates the limit state separating DS > k
from DS < k, and the shaded gray area represents P(DS > k). The colors of the curves correspond to those
defined in (a). (e) Same as (d), but for the large-§ case.
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S2 Statistical Characteristics of Gaussianized Damage Function

For any single entry in g, the behavior of an individual building remains the same as the single-building
case, as the marginal distributions of an N-dimensional Gaussian are still Gaussian. The difference in the
multi-building context lies in the dependency (correlation) between buildings. The distribution of gy is
defined by two components: the deterministic mean vector by and the covariance matrix Cov(gy). Thus,
the dependency effects arise solely from the covariance matrix, Cov(gy).

We illustrate this using a simple toy example and interpret this in comparison with the ground-motion
correlation matrix Cov(Iny), whose structure has been well established and understood [4, [6]. We assume
three sites, where Sites 1 and 2 are adjacent and have a within-event ground-motion correlation coefficient
of 0.9, whereas Site 3 is sufficiently distant that its within-event correlations with the other two sites are
zero (Figure [S2{(a)). The resulting total ground-shaking correlation matrix obtained for ¢ = 0.7, and 7 =
0.4, which reflects the combined effects of within-event (¢ and C) and between-event variability (7), is
presented in Figure (b) The diagonal entries are equal to 1, as expected. A high correlation is observed
between Site 1 and Site 2 (0.97), represented by a bright tone, which is result of the combined effect of
fully correlated between-event residual and highly correlated within-event residual (p of 0.9). In contrast,
correlations involving Site 3 are moderate (0.49), attributed to the fully correlated between-event component
but the absence of correlation in the within-event component.

Using Equation Cov(gk) is obtained for § = 0.6 and the same ground motion standard deviations
for Figure [S2b), i.e., ¢ = 0.7, and 7 = 0.4 (Figure [S2|c)). The strong spatial ground motion correlation
(Cov(Iny) between Sites 1 and 2 is substantially reduced in Cov(gx), 0.97 to 0.60 (Figure[S2|(b) and (c)). In
the same way, the correlation terms regarding Site 3 are reduced from 0.49 to 0.16. These reductions reflect
the structure of Cov(gk) (Equation [I6): the addition of I, which comes from independent damage state
modeling and affects only the diagonal entries, decreases the magnitude of the off-diagonal correlations, so
that even highly correlated ground motions produce only moderately correlated damage outcomes, making
gr have lower inter-site correlation than Iny. i.e., Cov(gk) is diagonal dominant with small-to-modest

inter-site dependencies.



(a) Site geometry (b) GM correlation (Both T and ¢) (c) gk correlation (d) mean shifting (by)
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Figure S2: (a) Assumed three-site geometry. Sites 1 and 2 are close, with a within-event ground-motion
correlation of 0.9, while Site 3 is distant and has zero correlation with the others. (b) Ground-motion
correlation matrix illustrating the combined effects of within-event and between-event variability. Brighter
colors indicate higher correlation coefficients. (¢) Covariance matrix of gy, obtained using the Gaussianized
model. (d) Mean-shifting vectors by.
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S3 Comparison Between Standard PCA and Probabilistic PCA:

Toy example

This section demonstrates the mechanics of standard Principal Component Analysis (PCA) and probabilistic
PCA, illustrating how these techniques facilitate efficient simulations of g, using a two-dimensional toy
example (two sites). We begin by examining standard PCA with two different examples exhibiting strong
and weak spatial dependencies. In the case of strong dependency (Figure|S3{a)), the eigenvalues of Cov(gy)
are distinct: the primary eigenvalue is 1.9, while the secondary is 0.1. Conversely, in the weak dependency
case (Figure (b)), this gap narrows significantly, with eigenvalues of 1.2 and 0.8. Figure [S3{c) illustrates
the sorted eigenvalue spectra for both scenarios. For the strong dependency case (solid line), the eigenvalues
decay rapidly; the leading eigenvalue dominates the second, which is nearly zero. In contrast, the eigenvalues
for the weak dependency case (dashed line) remain comparable in magnitude and do not converge toward
Zero.

From the perspective of dimensionality reduction, strong dependency implies that a full two-dimensional
simulation is redundant. Simulating a one-dimensional Gaussian along the direction of the first principal
component (A1) is sufficient, as the variability along the second direction (A3) is negligible (Figure [S3|a)).
In other words, the variance along A\; captures the vast majority of the total system variance, allowing the
dimensionality to be reduced from two to one. However, in the weak dependency case (Figure [S3|(b)), PCA-
based dimensionality reduction is infeasible. The variance along the Ay axis is non-negligible, meaning the
second component still accounts for a significant proportion of the total variance and cannot be discarded
without substantial information loss.

To formalize this, we define mg as the minimum number of eigenpairs required to capture a target
proportion of the total variance F,,, (Equation :

mo = min{m | F,, > q} (S1)

where ¢ is a threshold typically set close to 100% (e.g., ¢ = 90%). The value of mg indicates the efficacy
of PCA. If my is significantly smaller than N, PCA is considered effective, as the first few eigenpairs allow
the data to be approximated by an mg-dimensional Gaussian random variable. If my is close to N, PCA is
ineffective, as the reduced representation requires a number of axes comparable to the original dimension N.

Figure d) illustrates Fy, for the strong and weak dependency cases. In the high-dependency scenario,
the first eigenpair alone explains 95% of the total variance, i.e., mg = 1. In the low-dependency case, it
explains only 60%, and two eigenpairs are required to explain the data variance, i.e., mg = 2. This implies
that dimensionality reduction from two to one in the latter case would result in a significant deviation from
the true gx. This concept extends to higher-dimensional systems, where the utility of PCA depends on
whether the eigenvalue spectrum of the covariance matrix Cov(gy) decays quickly to zero enough to be
represented by a few dominant components.

For cases characterized by low correlation, Probabilistic PCA offers a more robust framework for dimen-
sionality reduction. In PPCA, the original data is decomposed into a highly correlated component and an
independent noise component, allowing the data to be modeled as the sum of these two parts. Figure [S4{a)
illustrates the original data, while (b) and (c) represent the correlated component and the independent noise

component, respectively.
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In this example, the correlated portion explains 22% of the total variance ((0.42+0.02)/(0.8+1.2) x 100),
while the noise component accounts for 78% ((0.78 + 0.78)/(0.8 4+ 1.2) x 100). The dominance of the noise
component is visually evident in the spatial coverage shown in Figure[S4](b) and (c), where the data occupies a
larger area in (c). Notably, within the correlated portion, the first principal component explains 95% of that
portion’s variance, making standard PCA applicable to this sub-component. By modeling the correlated
part using only the first PC and adding the noise term, the model captures 98.4% of the total variance
(represented by the first square at A> on the dash-dotted curve in Figure [S4(d)). In comparison, standard
PCA using only the first PC explains only 60% of the total variance (the first triangle on the dashed curve).

This demonstrates the superior efficiency of PPCA for datasets with low-to-moderate correlations.
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Figure S3: Eigenvalues and corresponding eigenvectors illustrating varying degrees of linear dependency of
gr between two sites: (a) high dependency, where PCA is effective; and (b) low dependency, where PCA
is ineffective. Black dots represent random samples for each case. The red arrow illustrates the eigenvector
corresponding to the larger eigenvalue (A1), while the purple arrow indicates the eigenvector corresponding
to the smaller eigenvalue (A2). Note that the lengths of the arrows are not to scale with the magnitude
(¢) Eigenvalue spectrum comparing the magnitudes of A\; and As for the two cases.
Circles and triangles correspond to the cases in panels (a) and (b), respectively. (d) The cumulative variance
contribution (F,,) for the two cases.

of the eigenvalues.
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Figure S4: Probabilistic PCA decomposition of data shown in Figure (b) into (a) highly correlated
and (b) independent noise components. Black dots represent random samples; the red arrow indicates the
eigenvector corresponding to the dominant eigenvalue (), while the purple arrow indicates the eigenvector
corresponding to the secondary eigenvalue (A2). Note that the arrow lengths are not scaled to the eigen-
value magnitudes. (¢) Cumulative variance contribution (F,,) for the two cases. The triangles and squares
correspond to the scenarios presented in Figure [S3| (b) and (a)+(b) (Probabilistic PCA), respectively.
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S4 Eigenvalues of the Cov(g)

We begin by deriving the eigenvalues of C and subsequently extend the derivation to the eigenvalues of
Cov(gy). Assume there are t building clusters, where the intra-cluster correlation between sites is ppax and

the inter-cluster correlation is zero.

S4.1 Eigenvalues of C

The within-event correlation matrix C € RV*¥ can be represented as a block-diagonal matrix:
C; 0 0
0 Cy --- 0
C= ) (S2)
0 0 C;

1 Pmax e Pmax
pmax 1 e pmax
Ci=1 . . - (S3)
Pmax Pmax 1

Here, n; denotes the number of buildings within the ith cluster, such that Z§=1 n; = N. The characteristic
equation of C is given by:
det(C — A\I) =0, (S4)

where the values of \ satisfying this equation are the eigenvalues and I € RN*¥

is the identity matrix.
Given that the determinant of a block-diagonal matrix is the product of the determinants of its individual

blocks [B], the characteristic equation can be rewritten as:
¢
det(C — AI) = [ [ det(C; — AL) =0, (S5)
i=1

where I; € R™*"™i. For this equality to hold, det(C; — AI;) must equal zero for at least one i. Consequently,
the set of all eigenvalues of C is the union of the eigenvalues of each block matrix C;.

We now derive the eigenvalues for the ith building cluster C;. The matrix C; can be expressed as:
Ci = pmax]-lT + (1 - pmax)Iia (SG)

where 117 € R™*™ is a matrix of ones. The matrix pmaxllT possesses one eigenvalue equal to n;pmax and
n; — 1 eigenvalues equal to zero. Furthermore, the term (1 — pmax)I; contributes n; eigenvalues of 1 — ppax.

Since any orthogonal vector set can be the eigenvectors of (1 — pmax)Iis Pmax11" and (1 — ppax)I; share the

10



155

156

157

158

159

160

161

162

163

164

165

166

167

168

169

170

171

eigenvectors, thus, the eigenvalues of C; are obtained by summation of eigenvectors from both matrices:

1+ i 1 max f =1
A(Cy) = (ni —1)p or j (87)

1 — pmax for j=2,...,n,;.

Thus, the complete set of eigenvalues for the block-diagonal matrix C, the union of eigenvectors of all
C,, is:
1+ (n; — Dpmax fori=1,...,¢
Aoy = (59)

1_pmax fori:t—l—l,...,N

S4.2 Eigenvalues of Cov(g;,)

We first restate Equation [16] for convenience:
Cov(gr) = AAT =1+ B7(rB)" + BFCFB (S9)

First, regarding the third term of Cov(gy), Ostrowski’s Theorem [5] implies that the eigenvalues of
BFCFB are lower-bounded by the eigenvalues of the symmetric matrix C scaled by the minimum squared
entries of the diagonal matrix BF:

3

A(BFCFB) > min (gz)  Amin(C) (S10)

where min;(-) denotes the minimum value and Apin(C) = 1 — pmax represents the minimum eigenvalue of C
(Equation [S8)).

The addition of the first term (I) and third term yields the addition of eigenvalues of each:

(b}
AMI+BFCFB) > 1+ min <ﬂ2>  Amin(C) (S11)

Finally, the addition of BT(7B)T to Equation represents a rank-one perturmation of the original
matrix This structure results in a single eigenvalue greater than unity, while the remaining eigenvalues remain
unchanged. Therefore, the lowerbound still holds for N > 2:

2

AMCov(gr)) > 1+ miin (52)  Amin(C) (S12)

S4.3 Special Case of Constant § and ¢

If 8 and ¢ are constants, the pre- and post-multiplication of C by the diagonal matrix scales all eigenvalues

of C uniformly. Therefore,

n; —1 max‘ﬁ fori=1,...,t
ABFCFRB) — { ("~ Vpmaxfzz for i (S13)

(l—pmax)g—z fori=t+1,...,N

11



2,

1—|—(ni—1)pmax¢—2 fori=1,...,t

A1+ BFCFB) = s

s and
A1 fori=1

MCov(gk)) =1+ (n; — l)pmaxg—z fori=2,...,t

1+(1—pmax)§—z fori=t+1,...,N

s where \; is unknown, but we can identify the minimum eigenvalue of:

¢2

Nuin(Cov(g)) = 1+ (1~ prune) g

12

1+(1_Pmax)%z fori=t+1,...,N

(S14)

(S15)

(S16)



» 95 PPCA formulation of Cov(gy)

RNXN

e Suppose there exist a matrix W € and a constant ¢ such that

gr = Wx + cz + by, (S17)

w7, where x € RY and z € RY are independent standard normal vectors.
178 The covariance of g in Equation is the sum of covariances of Wx and cz because x and z are

e independent:

Cov(gy) = WW' + 1 (S18)

180 To make Equations and [13] to be identical, the covariance of gy, for both equations must be the same.
111 That is, W and ¢ should satisfy the following Equation:

AAT =WWT + 1

182 To find the matrix W and constant ¢ to satisfy the above equation, we first do the eigen-decomposition
s of AAT: UAUT, where A is diagonal matrix with their entries to be eigenvalues of AAT (or Cov(gy)), and

14 the columns of U are its eigenvectors. Then,

WW'T = UAUT -1
= UAUT - 2uu’
= UA-S2D)UT

185 By defining X to be (A — ¢*I)'/2, we obtain:

ww' = uzxz'uT
= (Uy)(uz)’
186 Hence, the matrix W and constant ¢ satisfies:
W =UX. (S19)
17 and
2= (A-cPN)/? (S20)

s where A € RV*Y is diagonal matrix with their entries to be eigenvalues of Cov(gy), I € RV*¥ is identity

RNXN

10 matrix, and U € is eigenvector matrix of Cov(gg).

13
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S6 Derivation on the selection of c¢*

Multiplication of U on both sides of Equation [21] yields Cov(w)U = UX? since UUT = I. Thus, for ith
column vector of U (uw;), (Cov(w) — s;I)u; = 0. Therefore, s; represents the eigenvalues of Cov(w), and
u; constitute the corresponding eigenvectors. Consequently, Cov(w) and Cov(gy) share the same set of
eigenvectors while the associated eigenvalues are different, A; for Cov(gy) and s; (Equation ??) for Cov(w).
Therefore, many zeros s;s satisfy the eigenvalues of Cov(w) to have many zeros.

To do this, we refer to the theoretical lower bound of the eigenvalues of Cov(gy,) established in Equation
?7?. Also, as illustrated in Figure [4] the number of eigenvalues exceeding this lower bound exhibits a strong

correspondence with the number of building clusters, t. Thus, the eigenvalue spectrum follows a pattern:

¢2

N>z > A e A & 1 (1= )

We select the constant ¢ to be the square root of this lower bound to force s;s for i > t to close to zero:

ot = \/1 +(1- ﬁmax)gz (S21)

14
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S7 Implementation of the Proposed Scenario-Based Regional Risk
Modeling Framework

This section summarizes the implementation procedure of the proposed framework for the scenario-based
regional risk modeling of spatially distributed portfolios. We first present the itemized step-by-step proce-
dures for the pre-processing and simulation steps, and then demonstrate how to numerically calculate this

using a simple, exemplary four-site case.

S7.1 Procedure Summary

Given N target buildings (i = 1,2, ..., N), their location and the fragility curve parameters 8; and 6, are
provided, where k = 0,1, ..., ngs denotes the categorical damage states. Before begin, make sure that the
B from fragility curve parameters, 7 and F from ground motion standard deviation model, and C from
within-event ground motion correlation model be ready.

The pre-processing step follows two steps:
p-1) Calculate the constant ¢* using Equation [Output: ¢

p-2) Create Cov(gy) using Equation calculate top ¢ largest eigenvalues and corresponding eigenvectors
of Cov(gy), and construct the matrix Wy using Equation [Output: W]

The simulation step follows four steps below:
s-1) Sample ¢ + N standard normal random variables to create x (length ¢) and z (length N).
s-2) Compute
v =Wix+c"z.

s-3) For each damage state k = 1,2, ..., ngs, compute

gr =~ +bg, where by =B(lnf; — pu),

s-4) Determine the damage state vector DS, where each component DS, is the maximum k& such that

gir < 0.

Repeat steps s-1 to s-4 to generate a sufficient number of damage maps.

S7.2 Illustrative Example

We assume four buildings with the geometry specified in Figure Each building’s fragility curve is given in

Table Step numbers correspond to those in the previous section. For readability, all numbers are rounded

to three decimal places; thus, some intermediate values may differ slightly from full-precision calculations.
From fragility curve parameter (Table , we obtain

1/04 0 0 0 25 0

B 0 1/04 0 0 |_|o 25
0 0 1/04 0 0 0 25 0
0 0 0 1/04 0 0 0 25

15
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(not to scale)

S1 S2
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Figure S5: Assumed source and site geometry for demonstrating the implementation of the proposed frame-
work.
27 From ground motion model,
0.4 06 O 0 0
0.4 0 06 0 O
T = s F =
04 0O 0 06 0
0.4 0 0 0 0.6
2 From a simple within-event correlation model of p;; = exp[—3 X h;;/10], where h;; are the inter-site

2o distances in Figure

1.000 0.942 0.741 0.216
0.942 1.000 0.736 0.230

C= y  Pmax = 0.942
0.741 0.736 1.000 0.223

0.216 0.230 0.223 1.000

Table S1: Assumed fragility curves (PGA-Damage State) for the implementation example

Site id g 61 (Slight) 0> (Moderate) 03 (Extensive) 64 (Complete)
(In, g) (9) (9) (9) (9)
S1 0.4 0.10 0.12 0.21 0.36
S 0.4 0.12 0.19 0.37 0.60
S3 0.4 0.10 0.14 0.26 0.47
S 0.4 0.19 0.31 0.64 1.49

230

s S7.2.1 Pre-processing

a2 p-1) Calculate ¢* using Equation

. $? 0.62
=41+ (1- pmax)? =|/1+(1-0942) 55 = 1.064

16
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p-2) First, construct Cov(gg) = I+ (B7)(BT)" + BFCBF:

4.250 3.119 2.666 1.487 1 0 00 11 1 1 2.250 2.119 1.666
3.119 4.250 2.657 1.516 01 0 O 1 1 1 1 2.119 2.250 1.657
Cov(gk) = = + +
2.666 2.657 4.250 1.502 0 010 11 1 1 1.666 1.657 2.250
1.487 1.516 1.502 4.250 00 01 11 1 1 0.487 0.516 0.502
Then, obtain the top ¢ eigenvalues and eigenvectors of Cov(gy). In this example, we set ¢ = 2:
0.546 —0.238
0.547 —0.224
u; = , Uy = A1 =10.900, Ay = 3.236
0.520 —0.167
0.364 0.930
Finally, W} = U,;%;:
0.546 —0.238
0.547 —0.224 A1 — ()2 0 3.125 0
Ut - |:u]_ u2j| == s Et = —
0.520 —-0.167 0 Ao — (c*)? 0 1.450
0.364 0.930
0.546 —0.238 1.707 —0.345
W = 0.547 —0.224| |3.125 0 | |L709 -0.325
10520 —0.167| | 0 1450 |1.624 —0.242
0.364 0.930 1.138  1.350

S7.2.2 Simulation

s-1) Sample ¢t + N (=2+4=6) standard normal variables to create x and z (these vary each simulation):

1.463
~ | —0.298 ~ | 1.320
a [ 1.564 ] 10885
0.661
s-2) Calculate v = Wix + cz:
1.707 —0.345 1.463 0.508
1.709 —-0.325 [—0.298 1.320 0.387
Y= + 1.064 x =
1.624 —0.242 1.564 —0.885 —1.804
1.138  1.350 0.661 2.475

s-3) For each k, calculate g = v + by, where by, = B(In 0, — pt). The median ground motion g is 0.545 g,
0.533 g, 0.545 g, and 0.353 g for sites 1-4, respectively (InY = —2.35+0.57M —1In R;.,,, — 0.0059R,.,p).
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For example, the four buildings’ limit-state vector for damage state 1, g1, is

243

244

245

0.508 25 0 0 O In(0.10) In(0.545) —3.729
| 0.387 n 0 25 0 O In(0.12) In(0.533) | —3.342
81 —1.804 0 0 25 0 In(0.10) In(0.545) —6.041] "’
2.475 0 0 0 25 In(0.19) In(0.353) 0.930
The remaining g vectors are

—3.274 —1.874 —0.527
| —2.193 _ | —0.527 | 0.681
B2 | s200|" BT |zes3| BT | 2am
2.154 3.966 6.078

s-4) Form g = [g1, g2, 83, &4] and obtain the damage-state vector d by taking, for each row ¢, the maximum

column index k such that g;; < 0. (Rows are buildings; columns are damage states.)

g:

—3.729

—3.342

—6.041
0.930

—-3.274

—2.193

—5.200
2.154

—1.874
-0.527
—3.653

3.966

18

-0.527
0.681
-2.172
6.078

, d=

4(
3(
4(
0(

Complete)
Extensive)
Complete)
No damage)



246

247

248

249

250

251

252

253

254

255

256

257

258

259

260

261

262

263

264

265

266

267

268

269

270

271

272

273

274

275

276

277

278

279

280

281

282

S8 Computational Complexity of the Traditional and Proposed
Approaches

The computational complexity of both the traditional and the proposed frameworks for regional scenario-
based seismic risk models, with respect to the number of buildings (NNV), is summarized in Table[l] The key
computational steps involved in each stage of both frameworks are listed, and the corresponding computa-
tional complexity is expressed using big O notation. The associated steps are presented in parallel alignment
for direct comparison. Here, N denotes the number of buildings or sites, and M represents the number of
Monte Carlo (MC) simulations.

In the traditional framework, in the pre-processing step, the time complexity for generating the within-
event residual correlation matrix C is O(IN?), since it involves the calculation of N(N — 1)/2 pairwise
inter-building distances and their corresponding correlation coefficients. Given C, the construction of the
lower triangular matrix L from the Cholesky decomposition of C is needed to simulate the ground motion.
This has a computational complexity of O(N?3), which is the major computational bottleneck in the pre-
processing step. In the simulation step, ground-motion generation is the main computational bottleneck for
large N and M, as it scales with O(N2M). This is because this requires the M times repetitive multiplication
of L € RV*N by ¢ € RV, In contrast, the time complexities for the calculation of the median ground shaking
intensity (), sampling random variables (£, ¢ and u), and damage state simulations are all O(NM). To
alleviate the computational burden of calculating L and GM simulation, researchers often generate a coarse
ground-motion grid and assign each site the nearest value [3]. However, this approach necessitates sensitivity
analyses to determine the optimal grid resolution to avoid introducing bias into risk estimates, which increases
the computational demands [2, 9], 1.

In our proposed framework, pre-processing does not require Cholesky decomposition because the ground-
motion field is not explicitly generated while the construction of correlation matrix C (O(N?)) is also
required. Instead, it uses Cov(gy), which involves C but not L (Equation . Constructing W7 requires
eigen-decomposition of Cov(gy). While a full decomposition is O(N3), computing only the top t eigenpairs
reduces the complexity to O(N?t), which is effectively O(N?) when ¢t < N. Similarly, in the simulation
step, the dominant procedure is O(tN M), effectively O(NM) when t < N (g simulation). This represents
a significant improvement over the traditional method’s O(N2M) Notably, these gains are achieved without
assuming a ground-motion grid: each building can have a distinct ground-motion intensity implicitly.

In summary, scenario-based damage modeling involves two critical parameters that can grow substan-
tially: the number of buildings (N) and the number of MC simulations (M). The traditional framework’s
complexity is dominated by its O(N3) pre-processing term and O(N2M) simulation term. In contrast, our
framework improves runtime by a factor of N asymptotically, dominated by O(N?) for pre-processing and
O(N M) for simulation when ¢ is small, representing a considerable improvement. Nonetheless, the efficiency
of our framework hinges on ¢, the number of building clusters, remaining sufficiently small (¢t < N). In
subsequent sections, we demonstrate numerically that this condition is met for a building portfolio in the

San Francisco Bay Area.
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S9 Invariant optimal ¢ given spatial extent

We demonstrate that ¢t remains invariant regardless of the total building count, provided the spatial extent of
the portfolio remains consistent. Figures|S6{(a) and (b) present loss curves generated from randomly sampled
subsets of 100 and 1,000 buildings for both SF downtown and Bay Area. The results—using ¢ = 1 for SF
Downtown and ¢t = 20 for the Bay Area—consistently align with the benchmarks similar to the full-scale
15,386-building cases. This confirms that ¢ is primarily a function of the number of building clusters, which
is intrinsically linked to the spatial extent of the region.

This is well-reflected in the cumulative variance contribution plot (Figure|S6|(c)). For SF downtown case,
the variance from the first principal component of W* (or W) alone explains 96.98, 96.68, and 96.65% of
the total variance of gy for N of 100, 1,000, and 15,836, almost invariant (bluish curves of Figure (¢)).
For the Bay Area case, the first 20 components, the requirement to achieve the error range less than ~ 2.5%,
explains 93.6, 92.0, and 91.8% of the total variance for N of 100, 1,000, and 15,836, still greater than 90%,
explains most of the variances and almost invariant as well.

This N-invariant ¢ is further supported by the exponential decay of eigenvalues of Cov(w) (Figure[S6|d)),
where the decay rate («) remains constant of -1.5 in log-log domain across different values of N for a fixed
spatial extent. Since « less than -1 guarantees the convergence of the sum of these eigenvalues as N — oo,
and a first few eigenvalues dominate the total sum, the number of principal component required to achieve

a certain variance contribution threshold remain invariant across V.
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(a) SF Downtown, t=1 (b) SF Bay Area, t=20 10 (c) var. contribution 100 1(d) eigenvalue decay
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Figure S6: Loss curves with different numbers of buildings in (a) SF Downtown (¢ = 1) and (b) SF Bay Area
(t = 20). The curves using the traditional framework are black dotted lines; The curves using the proposed
framework with IV of 100, 1,000, and 15,836 are blue (Downtown) and red (Bay Area), with lighter shades for
smaller samples. The proposed curves closely match benchmarks regardless of the number of buildings. (c)
The cumulative variance contribution as a function of the number of principal components. (d) Normalized
eigenvalues for each case (blue: Downtown; red: Bay Area). The eigenvalue decay rate is consistent within
a given region, independent of building density.
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S10 Spatial Modes of Portfolio Damage

We now examine the eigenvectors (u;) corresponding to the largest eigenvalues (s7) of Cov(w™*) to elucidate
how they characterize the variability of the damage function in a latent space and how the proposed frame-
work captures the total variance using a limited number of components. Figure [S7] presents the dominant
eigenvectors for both cases. It should be noted that Cov(w*) and Cov(gy) share identical eigenvectors
(Equation ; thus, the eigenvectors visualized here represent the variation of the damage function gy as
well as w*.

In the SF Downtown case (Figure|S7[a)), the eigenvectors emerge as spatial harmonics; as the eigenvalues
decrease, the spatial frequency of the modes increases. The first component, u;, consists of nearly constant
entries, indicating that the direction of maximum variance is the vector sum of all axes. This represents the
collective damage variation across the entire portfolio. It also confirms that the dominant component of gy,
is positively correlated, which is physically consistent with the ground motion correlations that drive the
variance. The second and third components (uz and us) represent macro-scale variations in the east-west
(E-W) and north-south (N-S) directions, respectively. For SF Downtown, the E-W component precedes
the N-S component, suggesting that variance is more pronounced along the E-W axis, which aligns with
the portfolio’s elongated spatial distribution (Figure a)). Higher-order modes (u4 and higher) continue to
capture increasingly complex spatial variations.

To quantify the contribution of each component to the total variance of w, the eigenvector coordinates
are weighted by their corresponding eigenvalues, s}. As shown in Figure b)7 the weighted values for i > 2
are significantly smaller than sju;, and variations are not visible. This dominance of the first principal
component explains why ¢ = 1 is sufficient for the SF Downtown portfolio. The variations from ¢ > 2 are
negligible to the values compared to the largest component.

In the Bay Area case, the first component (u;) is likewise nearly constant (Figure [S7|(c)). However,
unlike the SF Downtown case, the fundamental (uz) and higher-order (us) variations along the NW-SE axis
take precedence over the NE-SW direction. This reflects the significantly larger spatial extent along the
NW-SE axis than NW-SE direction (Figure 8| (b)). Higher-order modes continue to capture more intricate
spatial patterns. Regarding variance contribution, the lower-order components for the Bay Area exhibit
non-negligible variation through i = 8 (Figure d)) These higher-order modes contribute meaningfully to
the total variability, necessitating a larger parameter (¢ = 20) for the metropolitan region.
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Figure S7: (a, c¢) Eigenvector coordinates for the eight largest eigenvalues (s

; in descending order) for SF

Downtown and Bay Area, respectively. (b, d) Eigenvectors weighted by their corresponding eigenvalues
(sfu;). The colorbars of (b) and (d) are set to be the maximum absolute value for ¢ = 1 case. The map is

not drawn to scale in latitude and longitude



330

331

Table S2: Number of principal components required to capture more than 95% of the total variance, as a
function of the number of buildings N.

N Trad Trad GM-PCA Trad GM-PPCA Proposed
2,000 - 1,589 26 5
5,000 - 3,967 26 5

10,000 - 7,928 27 5
20,000 - 15,850 27 5
30,000 - 23,770 27 5

Table S3: Computational complexity of GM-PCA and GM-PPCA framework in comparison with the tra-
ditional method for regional scenario-based seismic risk model. N denotes the number of buildings, and M
denotes the number of MC simulations, and ¢ represents the number of principal components used

Traditional

GM-PCA / GM-PPCA

Pre-processing

Pre-processing

Calc. C O(N?) Calc. C O(N?)

Cale. L O(N3) Construct W O(tN?)
Simulation Simulation

Calc. p O(N) Calc. p O(N)
Sampling ¢, &, u O(NM) Sampling ¢, x, z, u O((N +t)M)
GM simulation (Equation 2] O(N?M) GM simulation (Equation [2) O(tNM)

DS simulation (Equation [4) O(NM) DS simulation (Equation [4) O(NM)
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(a) GM-PPCA (b) GM-Vecchia

1.04 = True model (Loth and Baker, 2013) 1 —e— K=15
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inter-site distance h (km) inter-site distance h (km)

Figure S8: Recovery of the within-event ground-motion residual correlation, shown as the empirical correla-
tion p versus inter-site distance h (markers) against the true model[8] (solid black line), for N = 10,000. (a)
GM-PPCA with increasing ¢: at small ¢ only a nearly constant (global) correlation is reproduced, and the
full distance-dependent structure is recovered as t grows, matching the model by t ~ 27 (0.27% of N). (b)
Vecchia approximation with increasing neighborhood size K. The correlation is recovered as K increases,
requiring K of ~ 3,000 (30% of N) to approach the model.
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S11 PPCA formulation of within-event residual simulation

The earlier sections applied probabilistic PCA (PPCA) to the damage function gj. The same construction
can be applied directly to the spatially correlated within-event residual of the ground-motion field, yielding
a low-rank sampler for ground-shaking maps that never forms a dense Cholesky factor L.

Under the traditional framework, the shaking intensity can be calculated as:

lny = p+ 7¢ + ¢po (L), (S22)

where pu € RY is the mean log ground shaking intensity, 7 ¢ is the between-event residual where 7 € R¥ is the
between-event standard deviation and ¢ € R is a scalar standard normal random variable (~ A(0,1)), and
the final term is the within-event residual where L € RY*¥ is the Cholesky factor of the spatial correlation
matrix C € RV*V (5o that C = LLT), ¢ € RY ~ N(0,I) is a standard normal vector, and element-wise
multiplication of ¢ € RY rescales the variation each site by its within-event standard deviation. Denoting
the within-event residual by dw = ¢ o (L €) and writing F = diag(¢), we have dw = FL &, so its covariance
is

Cov(dw) = FLL'F = FCF. (S23)

Sampling dw directly from Equation is costly: forming L is an O(N?3) operation and each product
L¢ is O(N?). PPCA avoids this by approximating the full-rank residual with a ¢-dimensional latent factor

plus isotropic noise,
dw = Wx + cz, x € RE ~ N(0,I), ze RN ~ N(0,1), (S24)

where W € RVX? collects the ¢t dominant spatial modes, and the scalar ¢ absorbs, on average, the variance
those ¢ modes leave out. Matrix W and ¢ that preserves the Cov(dw), i.e., WWT + I ~ FCF., can be
derived in the similar way as Section and from the original paper[I0], and they are:

W = Ut(At —0*21)1/2, Ut = [ul,...,ut], At :diag()\l,...,)\t). (825)

, Where UAUT be the eigendecomposition of FCF, with eigenvalues ordered Ay > Ao > --- > Ay > 0, and

the optimal noise variance (¢*) is the square root of mean discarded eigenvalues,

. 1
C = 7]\7 — Z )\i
i=t+1
1 t
N tr(F2) — S0\
= 1= 9
¢ iy s (s26)

Once W and c¢* are in hand, a ground-shaking map is obtained by substituting the low-rank residual
back into Equation [S22}
Iny = pu+ 7+ Wx + "z (S27)
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Note that the application of standard PCA can be done by simply setting ¢* to be zero, while the others ramin
the same. The construction of W costs O(t N?), and each MC draw now costs O(t N), while construction
of L costs O(N?3) and drawing complexity costs O(N?) under traditional framework.

Finally, the latent dimension t is chosen so that the retained modes explain a target fraction of the
residual variance. Writing s; = max(\; — ¢*2, 0) for the signal variance of mode i above the noise floor, the

noise-inclusive variance fraction captured by the top m modes is

N ¢*2 + Z:il Si
N2 4+ sz\;1 S5

(S28)

One then selects the smallest ¢ for which F; meets the desired threshold; as in the earlier sections, ¢ can

equivalently be estimated from a small random subset of sites.
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