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Abstract

In this article, we report the development of a computer program to build quantum
error correction codes (QECC). It enables us to generate a QECC from an algebraic ge-
ometry code (AGC). We demonstrate how to incarnate the abstract idea (by which AG
codes are extended to QEC codes) into an executable program, which systematically

yields QECC over a range of adjustable parameters.

1 Introduction

This paper explains how to construct quantum error correction codes (QEC codes) sys-
tematically, using classical algebraic geometry codes (AG codes) as building blocks. The
contents are composed of the following parts: first, we review the preliminary things for
classical AG code; second, we learn how to extend an AG code to a QEC code; third,
we study the coding of a program, utilizing existing resources (which are available as the
functions implemented in the libraries of symbolic computation packages). The computer

program used in this study is available at the authors’ GitHub.

2 Preliminaries

2.1 Constructing Algebraic Geometry Codes Using the Riemann—
Roch Theorem
In this section, we provide a brief overview of algebraic geometry (AG) codes. Concerning

the details of the symbolic computation to compute the classical AG codes, the reader could
consult several references, such as [BCL23, Grel7, CF02].
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Algebraic Geometry (AG) codes generalize Reed—Solomon codes by using rational points
on algebraic curves over finite fields. The construction relies on the Riemann—Roch the-
orem, which provides the dimension of spaces of rational functions with prescribed zeros
and poles.

Let C be a smooth projective curve over a finite field F, with genus g. Let P,..., P, be
distinct rational points on C, and let D be a divisor on C' disjoint from these points. The
AG code is obtained by evaluating functions from the Riemann-Roch space L(D) at these

points.

2.1.1 Definitions
e Divisor: A formal sum D = > m;Q; with m; € Z and Q; points on C.

¢ Riemann—Roch space:
L(D)={f €F,(C):Div(f)+D >0} U{0}.
e Riemann—Roch theorem:

dim L(D) = deg(D) —g+1 for deg(D) > 2g — 2.

2.1.2 Steps to Construct an AG Code

1. Choose a projective curve C' over F, with many rational points and select distinct

rational points Py, ..., P,.

2. Define a divisor D such that deg(D) < n and deg(D) > 2g — 2. This ensures L(D)
has dimension k = deg(D) — g + 1.

3. Compute L(D) using the Brill-Noether method:

a) Compute the adjoint divisor A of C.

(a)

(b) Find a homogeneous polynomial H such that Div(H) > D + A.

(¢) Compute Div(H) — D.
)

(d) Solve a linear system to find homogeneous polynomials Gy,..., Gy of degree
deg(H) satisfying Div(G;) > Div(H) — D.

(e) The basis of L(D) is {G;/H}.
4. Define the evaluation map:

CL(D,Pi,...,P) = {(f(Py),...,[(P.)) : f € L(D)} CFL.



2.1.3 Parameters of the Code
e Length: n (number of evaluation points).
e Dimension: k = dim L(D) = deg(D) — g + 1.

e Minimum Distance: d > n — deg(D).

2.1.4 Example: Hermitian Curve

Consider the Hermitian curve over FFg»:
C:yl4y=axitt

q(g=1)
2

It has genus g = and ¢ + 1 rational points. Choosing D = mP,, and n rational

points gives an AG code with excellent parameters.

2.1.5 Summary Algorithm (Pseudocode)

Input: Curve C over F_q, rational points {P_1,...,P_n}, divisor D.
Output: AG code C_L(D,P_1,...,P_n).

Compute adjoint divisor A of C.

Find H such that Div(H) >= D + A.

Compute Div(H) - D.

Solve linear system for G_i satisfying Div(G_i) >= Div(H) - D.
Basis of L(D): {G_i / H}.

Evaluate basis at points P_1,...,P_n.
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2.2 Quantum error correction codes (QECC)

In this section, we review some preliminaries used for constructing quantum error-correcting
codes [Gra20, CRSS97, AK00, KKKS05, DGG13, MTT16, GP17].

e A subspace C made of an orthonormal basis {|¢;)} in a Hilbert space H is a quantum
error correction code for a quantum channel with error operators {Ey} if and only if

the following conditions are satisfied for all 4, j, k, £:
(ci|Ef Eyle;) = Ofor i # j (1)
(il ELEdles) = (¢;| B Edles) = are (2)

Through the orthogonal projection Pe = >, |¢;)(c;|, those conditions are equivalent

to

PCEZEEPC = apelFe. (3)



e We use qudit, which is a Hilbert space spanned by an orthogonal basis made of |0}, |d—
1) with d = p™, where the dimension d is a power of a prime number p. Then it is

reasonable to label the basis states by the numbers in IF)n.

e We use the following operators, called local error basis:

X¢=" |z +a)al, (4)

z€F,

7" =" Wiy yl, (5)

y€elfy
where w, = exp(2mi/p). The notation tr is the trace used in the theory of the exten-
sion of algebraic fields. Those operators could represent the errors that occur in the
quantum states that encode some information. Those errors are a generalization of
bit-flip and phase errors in qubit systems. Those operators have the following property

regarding the conjugation:

x2x0= [ Y lz—a)el | [ Y i@yl | [ 3 e+ a)al (6)

z€F, yeF, z€F,
= > W™z —a)(zly)yle + a)(a] (7)
x,y,z€F,;
= 3wt (o] = w2, (8)
z€F,
ZbXa — Xa (Xfasza) — LL)I':)I‘(H.Z))A)((Z,zb7 (9)
and
Xasza/ Zb' _ wzt)r(a'b)XaXalzbzb' — w;r(a'b)Xa/Xazb/ Zb (10)
_ w;}r(a/b—ab’)Xa’ ZleaZb. (11)

e We define the generalized n-qudit group composed of these operators. The elements

of the group are written as
Pon={w)X“Z"®.. @ X" 2" a;,b; €Fg,y=0,...,p—1}. (12)

The order of this group is |P,| = pg**. Let CP,, be the center of P,. The quotient
group P, /CP,, is isomorphic to the vector space ]Fg” (in other words, an additive

group) through a homomorphism

¢: W)X Z" @, @ X" Z" s (ay,...anlby, ..., bn) = (alb). (13)



Let CP,, be the center of P,. The quotient group is isomorphic to the vector space.
As seen in the commutator relation, the exchange of operators always produces the

phase factor tr(a - b)

The weight of an error operator F, which is acting on Cj = C; ® ... ® Cq is the
number of subsystems on which F acts non-trivially. In other words, this definition
corresponds to the Hamming weight of an error; it is the number of positions in the

code where changes occur. By this definition, the weight of an operator is given by

wgt (X2ZP) = |{i|(as, b;) # (0,0) for i = 1,..,n}|. (14)

A stabilizer quantum error-correcting code C' = ((n, K, d)), is the eigenspace (with
eigenvalue 1) of an Abelian subgroup S of the n-qudit Pauli group P,: it does not

contain a non-trivial multiple of identity. The dimension of the code is K = dimC =
q"/|S|.
The Euclidean dual code for an error correction code Cis defined as
Ct = {(z0, 21,0, Tp_1) € Fy| inci =0 for all (co,c1,...,¢n) € C} (15)
i=0
where C stands for the codewords of C.

For I 2-linear codes, the inner product * is replaced by a Hermitian form z * y =

Z?:l z;y]. For these codes, we use the Hermitian dual defined as
Ch = {(xo, 1, .0, Tn_1) € |y Zwicf =0 for all (co,c1,...,cn) €C}. (16)
i=0
With this form, the codes are self-orthogonal.
It requires a bit of discussion to see the validity of the use of the Hermitian dual
[KKKS05].

Let (3, 8%) denote the normal basis of F 2 over IF,. We define a trace alternating form

of two vectors v and w in Fy by

cwd — ol
(Vlw)a = trez/q (W) (17)
We define a bijective map ¢:
¢((alb)) = Ba + B, (18)

which transforms the element (alb) in F2" into a vector in Fg2. Those definitions

enable us to construct the symplectic form as follows:

((alb) [ (a'["))s = (¢((alp)) | ((a'[b'))}a = trg2/q(b-a’ =¥ - a). (19)



Then we can use the simple inner product defined by v - w? to check the orthogonality

between two code vectors in the QECC, where ¢ is set to a prime p.

In short, using the above ideas, we can construct a classical F2 code, where the code
vectors are represented as ¢((alb)). As ¢ is a bijective map, we can get the code vector
(alb) of QECC.

Note that there is an alternative way. We can use the following trace alternating form

(20)

v.quq.w)
v =4 '

(Vw)er = trgz/q (

with the polynomial basis v of Fy2 /IF; and ¢((a|b)) = a+yb. With this definition, one

can construct another sympletic form.

2.3 The conversion from classical codes to quantum ones

The method for extending a classical code to a quantum one is given in [DGG13]. It is an
embedding of the matrix (which represents the classical code) in a larger one.

We use the common notation as in the previous sections. C' and C* are the codewords
and their Hermitian dual.

Let us define

e = dim(C*") — dim(CNC*") = dim(C 4 C*+*) — dim(C), (21)
and
s = dim(C' N Ctr). (22)
Let G be the matrix:
Man OSX@
G = A(nfef2s)><n 0(’)176725))(6 . (23)
BEX’I’L ﬂISXG

The subscripts indicate the sizes of the sub-matrices, and 0 and I denote the zero matrix
and the identity matrix, respectively. 3 is a number in F,2 such that BB = prtt = —1.

The interpretation of this construction is as follows.

e For a matrix P, let r(P) denote the set of rows of P. The matrix G is constructed so
that r(M) is a basis for CNC+r, r(M)U7r(A) is a basis for C, r(M)Ur(B) is a basis
for C1» and r(B) is an orthonormal set. Note that 7(M) Ur(A) Ur(B) is a basis for
C + C1tn. In addition, r(A) is the complement of (M) in C.

e Consequently, we need to compute the intersection and the complement of the sub-

spaces in a symbolic vector space.



3 How to incarnate the idea into a program?

In this section, we discuss how to incarnate the idea presented in the previous section as
an executable program. To this end, we use the brnoeth library implemented in a symbolic
computation package (Singular). This library is written for the generation of AG code,
namely, an implementation of the Brill-Noether algorithm for solving the Riemann-Roch
problem and applications to Algebraic Geometry codes; some functions and algorithms

used there are also useful for the generation of QEC code.

3.1 A concrete design of the algorithm

In this section, we illustrate a concrete design of the code to generate QECC. The necessary

items are as follows:
e The complement of a subspace W in another subspace V.
e The intersection of two subspaces
e The orthonormal basis of a subspace

e The choice of Sy,

3.1.1 Symbolic subroutines to transform classical codes into quantum ones
All we need is to perform calculations of linear algebra in the vector space of symbolic items
in a quotient ring Za]/ f(a) where f(a) is the minimum polynomial of a.

3.1.2 The computation of the complement of a vector space in another one

Let A\ B be the complement of two vector subspaces. Those spaces are represented by two
matrices A and B; the rows of these matrices give the basis vectors of the corresponding

vector spaces. The computation of A\ B is a simple procedure.
e Let B¢ be a copy of B.

e Choose a vector in A and add it to B, and extend it. If the dimension of B, increases
by one, then repeat the same step. If not, try with another vector. This step should
be repeated while dim(B,.) < dim(A).

e When the condition dimB, = dim(A) is satisfied, B, is made of the basis vectors of B
and the set of added vectors {vy,vs,...,v;}. The latter is A\ B.



3.1.3 The computation of the intersection of two subspaces

It is necessary to obtain the intersection A N B for two vector subspaces. A and B are the
matrices whose rows represent the basis vectors of the corresponding vector spaces. The

algorithm is as follows.
A . .
e Solve x - B = 0. The solution z is decomposed as x = [vg,vp]. Then vy - A =
B - B.
e v, - A or -B is the intersection.
e Equivalently, we solve
(47 —BT)z=0 (24)

x
where z = < A) The intersection is (AT - z4)T or (BT - 25)T.
Tp

In the above, we need the computation of ker(M) of a matrix M. As we work in F, where
the numbers are defined as symbols, it is convenient to compute the first syzygy (i.e., the
module of relations of the given generators) [Wie06, Eis13, ErH11].

The idea of syzygy is summarized as follows.

Let R be a ring and let I = (g1, 92, -..,gn) be a R-module. The first syzygy of
I, denoted Syzygy(I), consists of all relations among the generators of I, which

are given by > . w;g; = 0.

We assume that I is generated by column vectors of the matrix M. Syzygy(I) is com-
putable with the aid of computer algebra packages, and then we get the basis of kerM
through Syzygy(I)[DGPS24].

3.1.4 The normalization of a vector

For a vector v € Fj2, it is necessary to compute v/|[v|. It is equivalent to getting a
normalization constant that consists of a pair of [ and m € F,, such that ||(I +ym)v| = 1.
(v stand for the polynomial basis of 2 /F,.) The existence of such (I,m) is guaranteed by
the pigeonhole principle, according to a similar discussion as in Lemma 1 in [DGG13].

3.1.5 The computation of an orthonormal basis

To compute the orthonormal basis, one might apply a recursive procedure.

e Let W be a subspace for which an orthogonal basis is computed.

e Pick up a vector such that ||v]|=1. Let (v) be a subspace made of v.



Compute the complement W \ (v)

For each basis of W'\ (v), project out the component parallel to v:

u; = u; — (ug,v)v (25)

Renew W\ v = {uy,ua, ..., un} — W.

Repeat the above steps until W is exhausted. In each step, we obtain a vector v;, and

v;} is the desired orthogonal basis.
{vs}

3.1.6  The choice of 3

The algorithm is simple: this is a search for pairs (u,v) with u,v € F, such that (u+av)P*! =
—1.

3.2 An example of QECC generation

In the following, we see the ingredients necessary for the QECC one by one.

3.2.1 Generation of algebraic geometry codes

We work in Fp_13[z,y] and use a polynomial 23 + y? + y to generate an algebraic geometry
code. To this end, we can use brnoeth.lib implemented in SINGULAR [DGPS24].
Let us use the following script of SINGULAR:

LIB "latex.lib";

LIB "brnoeth.lib";

LIB "matrix.lib";

int pchar=13;

ring s=pchar, (x,y),1p;

list HC=Adj_div(x3+y2+y);

print (HC) ;

HC=NSplaces(1..2,HC);

print (HC) ;

HC=extcurve (2,HC) ;

print (HC) ;

def ER=HC[1][4];

setring ER;

intvec G=5; // the rational divisor G = 5*HC[3][1]
intvec D=2..9; // D = sum of the rational places no. 2..9
// let us construct the corresponding evaluation AG code :
matrix C=AGcode_L(G,D,HC);



This script defines a polynomial 23 + 4% + y in Fy3[x,y], the divisor G, and the rational
places D. Then it computes the algebraic geometry code with divisors G and D through
Brill-Noether algorithm. (For details of divisors and places, see the manual and the relevant
libraries of SINGULAR.)

The vector basis C' of the algebraic geometry code consists of the row vectors of the

following matrix.

-4 3 1 -4 3 0 0
-4 -4 -4 3 3 3 0 -1
C= 1 1 1 1 1 1 1
-3 4 -1 -3 4 -1 0 O
-3 -1 4 -1 4 -3 0 O

The entries of C belong to the ring Zi3[a]/(a® + a + 5), which is an extension of Z13. In the

following, the symbolic computations are carried out in Z13[a]/(a® + a + 5).

3.2.2 Generation of quantum error correction codes

Let CP be a matrix defined by C’f’j = (C;,;)?. Tt is given by

-4 3 1 -4 3 0 0
-4 -4 -4 3 3 3 0 -1
CP = 1 1 1 1 1 1 1
-3 4 -1 -3 4 -1 0 O
-3 -1 4 -1 4 -3 0 0

Using C?, we compute C ,, (the vector space h-perpendicular to C). It consists of the

rows of the following matrix:

4 -3 -1 -4 3 10 0
Ciy=10 3 4 4 1010
1 0 4 3 400 1

We compute the intersection of C' and C'; ,,. Let T be a matrix defined by
To=(c™ —cT,).

It is given by

-4 -4 1 -3 -3 -4 0 -1

3 41 4 -1 3 -3 0

1 -4 1 -1 4 1 -4 -4
Tp = -4 3 1 -3 -1 4 -4 -3

3 3 1 4 4 -3 -1 -4

1 31 -1 -3 -1 0

0 0 1 0 0 -1

0 -1 1 0 0 0 -1

10



Ker(T¢) (the left kernel) is the ingredient for the aimed intersection, which is given by
(2000 -4100)

Using Ker(T¢), we obtain 7(M) (the intersection of C' and C ). It consists of the row
of the matrix:
M=(4 -3 -1 ~43100)
We calculate a matrix A in such a way that the union of r(A) and r(M) is equal to C.
It is given by:

-4 3 1 -4 3 1 0 O

-4 —4 -4 —
A 3 3 3 0 1

1 1 1 11 1 1 1

-3 4 -1 -3 4 -1 0 0
We calculate the subspace (C,, \ r(M)), which consists of the rows of the following

03441010
By =
10434001

The basis vectors in the above matrix are neither normalized nor orthogonal; they should

matrix:

undergo a Gram-Schmidt process.

Let us apply the Gram-Schmidt process.

e In the first iteration, we make two vectors: the first one vy is a vector of length 1 in
r(Bp), while the second ¢; is the basis of 7(By) \ {vi}. We use the first row of By as
v1. They are given by

vlz((Sa—l) 3 —a —(a-1) —(@+3) 0 1 (3a—1) )

h=((a—4) (20-2) ~(20-3) ~(a+6) —(4a—5) 0 (5a—5) (a—4))

e In the second iteration, we again apply the Gram-Schmidt process to (W) = r(Byp) \

v1 = {t1} and obtain two vectors vy = t1/||¢1] and 2 = 0.
vp=( (a+5) (4a-3) —(5a-3) (Ba—2) (4a+6) 0 —(3a+1) (5a+5) ).

tg = ( 0,0,0,0,0,0,0,0 )

e Now we arrive at the vector space r(W) = {t2} = (0,0,0,0,0,0,0,0). We finish the

calculation.

e Consequently, r(B) consists of {v1,v2}, i.e., the row vectors of the following matrix:

 (Ba—1) 3 —a —(4a—1) —(a+3) 0 1 (3a—1)
"\ Ga+5) (4a—3) —(a—3) (3a—2) (4a+6) 0 —(3a+1) (5a+5) )

11



We seek an element 3 such that 53 = —1; this element is placed on the diagonal part of the

sub-matrix in 23. There are several candidates for such S.

(4a+1),(4a + 3),(—6a + 3),(—6a +4), (—a + 4),
5,(a+5),—5,(—a—5),(a—4),
(60’ - 4)7 (6@ - 3)7 (_40‘ - S)a (_40‘ - 1)7

Now we obtain the matrix G of (23):

4 -3 -1 —4 3 1 0 0 0

—4 3 1 —4 3 1 0 0 0

—4 —4 —4 3 3 3 0 -1 0 0

G= 1 1 1 1 1 1 1 0 0
-3 4 -1 -3 4 -1 0 0 0 0

3a—1 3 —a 1—-4a —a-3 0 1 3a—1 4da+1 0

5+5 4a—3 3—5a 3a—2 4a+6 0 —-3a—1 ba+5s 0 da+1

Recall that the entries of G belong to )2 and are generated by the map ¢(z,y) = z+ay
with z,y € IF,. Using the inverse map of ¢, we get two vectors 1,7y € F, from a row
vector r of G. The concatenation (ry,r2) stands for a row vector of a matrix representing

the corresponding QECC code. Concerning the final result, see the next page.

12
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QECC row vectors :
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4 Concluding remarks

In this article, we reviewed the basic idea concerning quantum error correction codes and

demonstrated how to generate a type of QEC in concrete terms. The programs used in the
study are available at https://github.com/kikuchiichio/20251119/
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