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1 This paper introduces an efficient analytical tool for the design of quasi-uniform
2 acoustic leaky-wave antennas (ALWAs) based on circular holes perforated along the
3 broad wall of a rectangular acoustic waveguide, together with experimental valida-
4 tion in terms of frequency-scanning capability. The analytical formulation combines
5 the Transverse Equivalent Network (TEN) and the Transverse Resonance Equation
6 (TRE) to predict leaky-mode dispersion parameters, including the phase constant and
7 leakage rate. Compared to previously reported metamaterial-based ALWAs, which
8 rely on complex resonant unit cells and exhibit limited scanning performance, the
0 proposed structure provides a simpler alternative while maintaining effective beam-
10 steering capability. The proposed approach bridges the gap between theoretical mo-
1 deling and practical implementation, establishing a robust framework for the design
12 and optimization of compact and cost-effective ALWAs suitable for acoustic sensing,
13 communication, and localization applications.
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I. INTRODUCTION

Leaky-wave antennas (LWAs)'® have been extensively investigated in the electromagnetic
domain as progressive-wave structures capable of generating directive radiation patterns with
simple feeding (source) arrangements and frequency-dependent beam scanning. Initially
developed for microwave and radiofrequency applications, they were later extended to optics,
where similar dispersive mechanisms enabled beam steering in integrated waveguides®. More
recently, these principles have been adapted to acoustics, giving rise to acoustic leaky-
wave antennas (ALWASs), which transform frequency variations into controlled spatial beam
scanning and enable direction finding without the need for complex phased arrays”®. This
property makes them attractive for scenarios where compactness, low cost, sustainability,
and reduced hardware complexity are essential, since they enable angular estimation with a
single microphone/loudspeaker rather than typical multi-element microphone/loudspeaker
arrays, minimizing the number of transmit/receive (Tx/Rx) electronics.

Compared to traditional acoustic transducer arrays (microphone/loudspeaker arrays),
which require multiple synchronized elements and complex control electronics, ALWAs can
provide angular selectivity using a single excitation source and receiver. This results in sig-
nificantly simpler, lighter, and more cost-effective architectures suitable for acoustic direc-

29°11 " Their ability to perform

tion finding, source localization, and communication systems
frequency-to-angle mapping enables direct estimation of the direction of arrival with a single
microphone when combined with appropriate signal-processing algorithms, as previously de-
monstrated in electromagnetic LWAs for localization and sensing'? '*. These attributes make
ALWASs particularly attractive for resource-constrained scenarios such as robotic navigation,
structural monitoring, and autonomous sensing in the Internet of Things (IoT). Recently,
the use of acoustic localization of WiFi devices has been experimentally demonstrated®.
In addition, ALWAs have also been proposed as acoustic dispersive prisms, devices capable
of separating different frequency components of a broadband signal into distinct angular
directions’, opening perspectives for applications in spectral analysis and acoustic imaging.

Several types of ALWAs have been reported, demonstrating different approaches to
achieve acoustic beam steering, mainly based on acoustic metamaterials. In particular,
some designs introduced periodic metamaterial-based unit cells incorporating resonant in-
clusions such as membranes or Helmholtz resonators to engineer the structure’s disper-
sion, thereby controlling the beam direction as a function of frequency and, in some cases,
achieving composite right /left-handed (CRLH) behavior'®'®'®. These configurations enable
backward-to-forward beam scanning across wide angular sectors.

Despite these advances, periodic and metamaterial-based ALWAs still face significant
challenges such as manufacturing complexity, strong viscothermal losses, and narrow oper-
ating bandwidths, which limit their experimental performance and practical applicability'.
Moreover, many prototypes have shown restricted scanning ranges and have failed to de-
monstrate consistent radiation across the full predicted angular span®'%?. For example, a
metamaterial-based ALWA employing a cylindrical waveguide with periodic modifications
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was numerically proposed in Ref.?’, but its experimental validation of the proof-of-concept
was not fully demonstrated. The lack of proper laboratory settings, including an acous-
tic anechoic chamber, may have reduced the reliability of the reported radiation patterns.
Furthermore, only a limited set of measurement angles was recorded, preventing a clear re-
construction of the beam shape and sidelobe levels, thus limiting the evidence for frequency-
scanning performance in spatial localization tasks. Consequently, although simulations often
predict broadband scanning, the experimental evidence of ALWAs has so far remained in-
conclusive.

Recent efforts have attempted to address the challenges of practical ALWA implemen-
tations (complex configurations, narrow beam-scanning angles, limited bandwidth, manu-
facturing difficulties, etc.) by introducing heterogeneous loading strategies, where the acous-
tic impedance is spatially varied along the waveguide to improve directivity and scanning
range®. However, most of these approaches still rely on periodic or complex metamaterial
configurations whose analytical treatment is computationally demanding. The analysis of
metamaterial-based ALWAs is typically performed using full-wave numerical simulations
such as the finite element method (FEM)?', which, although accurate, is computationally
intensive and unsuitable for iterative design.

Alternatively, uniform and quasi-uniform ALWAs, in which acoustic leakage is achieved
through non-resonant apertures such as slits or holes, offer a simpler and more scalable solu-
tion than metamaterial-based counterparts. This type of antennas has been extensively
investigated in the electromagnetic domain, where introducing gradual variations along

1,22 2324 enables improved control of both the

the aperture geometry through slits"“* or holes
leakage rate and beam scanning direction. Although conceptually simple, their theoret-
ical and experimental study in acoustics remains limited and has not been explored in
detail in the literature. Analytical formulations based on the Transverse Equivalent Net-
work (TEN) and Transverse Resonance Equation (TRE), well established in the electro-

22,2578 " provide a highly-efficient alternative to full-wave simulation. These

magnetic domain
techniques capture the key physical behavior of leaky modes using compact circuit-based
representations, drastically reducing computational cost. Extending such methods to the
acoustic field can therefore enable faster and more accurate design methodologies for uniform
and quasi-uniform ALWAs.

In this work, a quasi-uniform ALWA is theoretically analyzed, designed, and experimen-
tally validated. The proposed structure consists of a rectangular acoustic waveguide with an
array of circular perforations along its broad wall, acting as controlled leakage points. For
the first time in acoustics, an analytical framework based on the TEN and TRE methods
is developed and applied to a quasi-uniform ALWA to predict its leaky-mode dispersion
characteristics, including the phase constant (and consequent beam-scanning direction) and
the leakage rate. The proposed model enables an efficient and physically insightful analy-
sis of the complex leaky-mode behavior, providing results that agree closely with full-wave
simulations obtained via finite-element modeling in Comsol Multiphysics, as well as with
experimental measurements.
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The paper is organized as follows: Section II introduces the theoretical framework for
acoustic leaky-wave antennas, including the waveguide formulation and the TEN/TRE-
based dispersion analysis used to predict the radiation angle and leakage rate. Section III
describes the methodology adopted for the study, including the theoretical implementation,
finite-element modeling, and the design of the experimental prototype and the measurement
setup. Section IV presents the results obtained from theoretical predictions, numerical simu-
lations, and experimental measurements, together with a comparison between them. Finally,
Section V summarizes the main conclusions and discusses potential extensions toward more
advanced acoustic leaky-wave antenna designs.

II. THEORY
A. Acoustic waveguides

The sound pressure in a rectangular acoustic waveguide open in z-dimension and with
rigid walls in = and y-dimensions can be formulated as®’

DPnm = Z Ay €08 (kpn) cos (k:ymy)ej(‘“t_kzz)

n,m

k=12, 4+ K, K, kp =~
C
o2 ! X
b= (2) - @ i) ®
km:%ﬂ, n=01,2,...
mT
klym:?’ m:O,l,Q,...

Here, A,,, is the amplitude of the mode (n,m), W and H are the lengths of the cavity
in dimensions x and y, respectively, ¢ is time, w is the angular frequency, ¢ is the sound
speed, and k,, and k,,, represent the wavenumbers for the axis and mode specified by the
subscript. Here, it is assumed that the source is located at z = 0 and that the acoustic
energy propagates in the positive z-direction.

If k§ = (£)? is larger than k7, + k., the value of k. is real and there is propagation in
2

ym’
imaginary, corresponding to an exponentially decaying field along the z-axis. The transition

the positive z-direction. If, on the other hand, k3 is smaller than k2, + k2, the value of k, is

is the cut-off frequency of mode (n,m), given by*

Wnm = Chpm = ¢\ [ k3, + k2. (2)

If the waveguide is excited at a certain driving frequency, all modes with a cut-off frequency
below the driving frequency may propagate in the waveguide, whereas all modes with a cut-
off frequency higher than the driving frequency will decay exponentially®”. In the following,

4
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20 we will assume that the height of the waveguide, H, is sufficiently small such that the
1 working frequency range of interest will only allow propagating modes with m = 0, i.e., the
122 wavenumber in y-direction is zero.

123 B. Quasi-uniform leaky wave antenna
124 Introducing perforations, or other impedance changes, on the waveguide wall at x = W
s allows radiation to the outside, for which the pressure field can be written as'®?"

ple, 2) = poe eIt 3)

126 where the propagation angle is shown in Fig. 1. It is assumed that the perforations are

127 densely spaced in comparison to the acoustic wavelength so that the effective impedance

N

s can be modeled as uniform, i.e., a quasi-uniform leaky-wave antenna.

0 =0°
x (Broadside)

:\/@

Backfire {— Endfire

FIG. 1: Defining the directions for the acoustic leaky-wave antenna.

129 The wavenumber &, will generally be complex and can be written as k, = 83— ja?’, where
130 the leakage factor o and the propagation constant S are the two fundamental parameters
1 for the design of an acoustic leaky-wave antenna (ALWA)®*’. For |3| smaller than kg, the
12 real part of k, becomes larger than zero, and radiation occurs'’?’, i.e., we have an ALWA.

133 C. Radiation angle and leakage factor

134 The propagation constant, 3, determines the angle of radiation, given by!%2%3"

0 = sin”™' (%) (4)

135 The leakage factor, o, determines the amount of radiation per unit length?®’, assuming that
s other losses are negligible, e.g., those due to viscous friction at openings. Assuming a
17 reflection-free termination at the end of the antenna, the leakage factor can be calculated
138 from!’

Uy = Wpe 02 (5)
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where W, and W, are the powers through an interior cross-section of the antenna at two
locations separated by a distance 15, which gives

1 U,y
a=—1In 6
2o (‘I’2> ©)
The radiated power is associated with the active part of the leakage factor and is given by
the real part of the complex-valued power. The reactive power is not contributing to the
leaky-wave radiation but is associated with power that is reflected back to the source®?2.
The instantaneous acoustic power in a cross-section of the antenna cavity can be calculated

for a single-frequency sound field as®
s

I = §pu* (8)

where S is the area of the cross-section of the antenna parallel to the xzy-plane, z is the unit
vector in the z-direction, I.(z,y) is the instantaneous complex intensity, p is the complex
pressure, u is the complex particle velocity, and * denotes the complex conjugate. When
taking the time-average of I., the imaginary part vanishes, leaving only the contribution of
the active intensity*®. Using the specific acoustic impedance, defined as the ratio of pressure

and particle velocity, 75 . = &, with Z5 , = 82, where py is the air density, we get
R *k*
uog =L 9)
Pow

Ursing kf = B+ ja and Egs. (7-9), the instantaneous power at the source can be calculated

(B+ja)
w(o) = 5 /| 248, (10)

as

From Eq. (5), the power at distance z from the source can be expressed as
U(z) = U(0)e 2. (11)

The leakage factor can be found through differentiation of the power expression (11) with

respect to 2%
dU(z)

4 - 2a0(0)e 2+ (12)
ie.,
dw
- diZ) = 2a0(2). (13)
Upon studying the real part of this, the active component of o can be identified as®!
d¥(z)
Re[ 5 ]

Qactive =
2[W(2)]
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which can also be written as

B

Qlactive = @W- (15)
The corresponding formulation for the reactive part can be written as
Q@
(16)

Qreactive —
/062 _’_62

2 = a2 is fulfilled. In the results from the theoretical solution we

2
such that o ctive T eactive

will, due to convention, plot the total leakage factor:

D. Design parameters of an acoustic leaky-wave antenna (ALWA)

A simple design of a uniform ALWA is a rectangular waveguide with a slit-perforation
on one side. Here, a series of circular holes is used instead of a slit, making the antenna
fulfill a quasi-uniform design provided that the periodic spacing is much smaller than the
wavelength. The geometry of such an ALWA design is shown in Fig. 2 where the propagation
inside the antenna is in the z-direction, perpendicular to the xy-plane. The source is located
at one end of the ALWA (z = 0) and at the opposite end (z = L) a reflection-free termination
is assumed. The length of the ALWA, L, needs to be significantly larger than the wavelength
of the lowest operating frequency.

FIG. 2: Geometry of the acoustic leaky-wave antenna.

The pressure of the sound waves in the x-direction of the ALWA can be modeled as a
linear combination of waves, formulated as®’

p(x,t) _ Aej[wt-l—kz(W—x)} + Bej[wt—kz(W—x)] (18)

where A and B are the amplitudes of the forward and backward traveling waves, respectively.
To find a relation between A and B, the boundary conditions for pressure and particle

7
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velocity are used. The relation between particle velocity and pressure is given by?’

e

u(z,t) = ) o (19)
which gives
1 0
w(z,t) = ——— 2L, (20)
Jwpo Oz
Inserting this into Eq. (18) gives
1 , . :
u(z,t) = — [Akxejkm(wfx) — Bkze’JkI(W’x)} eI, (21)
wpo
Using the impedances at the left and right walls, Z; = £ Egg and Zp =2 E%g, respectively,
we can write: - o
Aelk= Be k=
g, = oo AT 4 B (22)
k. (Aeik=W — Be—ik:W)
w A+ B
Zn = kp‘).ﬁ at o = W. (23)

With Z, . = pow/k., the characteristic impedance of the ALWA in the z-direction, we get

A+B

Ipn=20yp —— 24
"= oo (24)
which, inserted in Eq. (23), gives
ZRr+ 2o
A=B - ———. 25
ZR - ZO,a: ( )
Using Eq. (25) in Eq. (22) results in
Z +Z 3T j x —J x
7, -z, Doz A B (26)
L A0 B_?L%jgsz cikaW _ Be—ikaW
which can be simplified to
7, — Zr+ jZo. tan (kW) (27)
= — .
L+ j 7 tan (kW)
If the wall at = = 0 is rigid, the boundary condition must meet u(0,¢) = 0, i.e.,
k,(Ae?" W — Bemik=W) = (28)
which gives
A = Be kW, (29)

Insertion of Eq. (29) into Eq. (23), results in

8
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Zn=Zos " v (30)
which equates to
Zr = —jZo cot(k,;W). (31)
Solving for k, gives
1 Zox
kx:W' [arctan (jZLI’%) +n7r} , n=0,1,2,... (32)

Equation (32) for k, is similar to the case of the closed waveguide, but contains an additional
term arctan (jZy,/Zg), due to the influence of the finite impedance wall. This additional
term allows for a non-zero value of k, for the case where n = 0 and hence this allows for
leaky-wave radiation for the (0,0) mode.

In the following, the (0,0) and (1,0) modes are studied. Since the impedances in Eq. (32)
depend on k., the equation does not represent a closed-form solution. How to solve for k.,
and to find k., will be treated in Section II G.

E. Predicting the mode shapes

The mode-shape, i.e., the shape of the pressure pattern in the cross-section of the antenna,
can be found by substituting the expression found for A in Eq. (29) into Eq. (18). Including
also the dependence in the y-direction, from Eq. (1), the resulting equation for the pressure
mode (n,m) is

— — kW mm (33)
Apme cos (kg n) cos ( Vi y)

where k,, and k,,, denote k, and k, evaluated for mode (n,m) and A,,, is the amplitude
of mode (n,m). The total pressure is given by the sum of all the modes excited in the
waveguide, i.e.,

plz,y) = ZAnmefjkI,nW

Zow
Cos { {arctan (jZL];) + mr} %} Cos (%y) (34)
where k, from Eq. (32) has been inserted. In Fig. 3 the modes (0,0) and (1,0) are plotted
as function of = using Eq. (33) with f =400 Hz for n = 0 and f = 1900 Hz for n = 1, and
normalizing by setting A, exp(—jk.,W) = 1. The impedance model for Zp is described
in Section IIF . For the n = 1 mode, it is interesting to note that the zero-crossing of the

real part is not centered along the z-direction. This may open for a possible optimization
of the location of the excitation.
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- - n=0: Real part
- - n = 0: Imaginary part
- - n=0: Absolute value

n = 1: Real part
n = 1: Imaginary part
n = 1: Absolute value

Normalised sound pressure
o

0 0.25 0.5 0.75 1
Normalised x-coordinate

FIG. 3: Mode shapes for n = 0 and n = 1 exemplified for the antenna with circular
perforations.

F. Modelling the impedance for periodically spaced holes

The surface impedance of a circular hole is given by**

: 2 Jl(S\/—J')}l
Zg = jwpel, . = 1-— - -
s = Jwp P Po S ,—_] Jo(s ,—_])
wpo

where [ is the neck-length of the cylindrical hole (i.e., Wg in Fig. 2) and s = r,/ e where

(35)

r is the radius of the hole and p is the coefficient of viscosity of air, which provides friction
losses.

The radiation impedance of a circular hole at the end of a long tube for values of kr < 0.5
can be approximated as®’:

1
ZH = ZpOCk§T2 + 0.6134jp000k07“. (36)

The impedance at the end of a tube was chosen because for low frequencies, the baffle formed
by the antenna is small compared to the wavelength and behaves similarly to a long tube.
Furthermore, to account for both ends of the hole, the imaginary part of Z;; is multiplied
by two™.

To obtain the specific impedance of the linear array of circular holes, it must be normalized
by the porosity, ¢°°. This can be calculated as the ratio of the area of a single hole to the
area of the surface corresponding to that hole, i.e.,

7T7"2

0=
where b is the hole separation and H is the height of the ALWA cavity as shown in Fig. 2.
Furthermore, the mutual impedance of adjacent holes should be considered. The mutual

(37)

impedance of two identical holes with the same phase and amplitude is given by*’

sinkb  .cos kb]

(38)

Z12:R11|: I +7 b

10
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where Ry is the real part of the radiation impedance of a single hole and k is the wavenumber.
Considering a single hole with N holes on either side with a hole spacing of b, the total
impedance for this hole would be:

N sinnkb  .cosnkb
Zy=Zy+2- Z Ry b +7 b | (39)
n=1

Since this equation is only valid if the radiators all have the same phase and amplitude,
we will consider only the influence of the two closest holes. Hence, the total impedance is
modeled as

jwpol 2 J1<s\/—_j>] -

— |1 - = .
1) sv/—7 Jo(sv/—7)
sin nkb cosnkb
b2 Z::( wkb kb )]
+2 % 0. 6134j?kr (40)

Zp =

PoC (kor
4¢

G. TEN/TRE formulation for leaky-mode dispersion

For the design of a leaky-wave antenna, it is useful to analyze the guided-mode prop-
agation through the transverse cross section of the waveguide. To this end, we use the
Transverse Equivalent Network (TEN), which represents the waveguide cross section as an
equivalent circuit model (see Fig. 4), thereby reducing the original 3D guided-wave problem
to a 1D transverse formulation. This approach makes it possible to efficiently determine sui-
table values of the design parameters in order to control the leakage rate and the frequency
dependence of the scanning angle.

The circuit topology in Fig. 4 is inherited from the electromagnetic (EM) TEN/TRE
formulation used for leaky-wave antennas, where the transverse field problem is mapped onto
an equivalent transmission line section of length W with a characteristic impedance Z ,. In
that EM interpretation, the two long parallel lines in Fig. 4 correspond to the two conductors
of the transmission-line representation, and the terminal loads Z; and Zi implement the
boundary conditions through equivalent impedances (e.g. modeling the lateral guide walls

3839 Here we use the same formalism in acoustics by working with the

and the openings)
pressure/volume velocity variables (Z = p/U). Under this framework, the right hand side
with the openings can be represented by an equivalent acoustic impedance Zi that models
the wall with radiating surface openings where the mode leaks into the exterior air. The left
hand side here models an acoustically hard surface with infinite impedance.

To analyze the TEN, a resonance condition is imposed on the reflection factors, yielding

the Transverse Resonance Equation (TRE) in terms of the reflection coefficients***’:

11
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_______ x _—————
x=0 x=W
Z
Z = oo 0, Zs
ky =By +joy
pL=1 p " PR

FIG. 4: General TEN model of the cross section for a rectangular acoustic waveguide with
a lateral opening perturbation.

Here, pg is the complex reflection factor of the opening surface

ZR - ZO,x

42
ZR + ZO,x ( )

pr = |pr| /Pt =
and ? is the effective reflection factor seen when looking from the opening toward the
opposite side

? = pL 67‘72sz (43)

where py denotes the reflection factor at the left wall, which is modeled as a rigid boundary
condition, i.e. py = 1.

The complex exponential term in Eq. (43) represents the phase accumulated during
the one-way and return across the transmission line. Substituting Eqs. (42) and (43) into
Eq. (41), we get, with k, = 8, + ja,

|pR|€j’¢'R C eIV 20 W (44)
Rearranging terms leads to
ei28W 2w _ L jun (45)
123

This complex equation is satisfied by independently enforcing the phase and magnitude
conditions. First, the phase condition requires

2B,.W = r + 2mn, neN (46)

where n is the transverse mode index arising from the 27 phase ambiguity of the resonance
condition; each step in n selects a higher-order transverse mode branch, which becomes
propagating as the operating frequency increases above cut-off. This gives

_ Yr+2mn

Bz ST

(47)

12
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Second, the magnitude condition gives

1 1
p=—In|—]. 48
2W (|PR’> (48)
Combining real and imaginary parts, the transverse wavenumber can be expressed as
. Yr+2mn 1 1
ky = B+ ja, = + 1 ) 49

From the above, we conclude that given an impedance model for the aperture surface, the
transverse wavenumber can be determined.

Since pg depends on the characteristic impedance (Eq. 42), which depends on k.., Eq. (49)
becomes a transcendental equation of the form k, = F'(k,), which does not admit a closed-
form solution. To solve for k,, we define an objective function M(k,) to be numerically
minimized

where F'(k,) is the transcendental function obtained from Eq. (49):
Yr(ks) +2mn 1 ( 1 )

F(ky) = + In . 51

(k) 2W Tow P\ Jprlko)] 1)

Since M (k,) may exhibit multiple local minima, optimization is initialized with an analytical
estimate of k., obtained by evaluating Eq. (49) with the plane-wave characteristic impedance
Zy = wpo/ko, which makes pg independent of k, in Eq. (42) and provides a robust starting
point. Once the transverse wavenumber k, is obtained from the numerical solution of the
TRE, the associated complex longitudinal wavenumber k, is given by k, = \/kZ — k2. Due
to the assumption H < A/2, the modes are taken to be invariant along the y direction,
which implies &, = 0.

We next recall the standard leaky-wave relations used to quantify the radiation perfor-
mance of an ALWA. From the complex longitudinal wavenumber of the leaky mode

k,=0—ja (52)

the phase constant 3 determines the main-beam scanning angle (measured from broadside),
while the leakage rate o governs the longitudinal power decay. In particular, the beam
direction can be approximated by**:

0(f) ~ arcsin (M) (53)
ko
and the half-power beamwidth of a uniformly excited effective aperture can be estimated
as’:
57° 1
A ~ )\ . 54
"L cosf (54)
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Using the above solution, the radiation behavior of the ALWA is conveniently characterized
by the frequency—-beam scanning curve 0(f) together with the normalized leakage curve

a(f)/ko.

III. METHOD

A. Theoretical solution

Parameter Value
H (ALWA cavity height) 35mm
W (ALWA cavity width) 95 mm

L (ALWA length) 1.5m
W (wall thickness) 2.5mm
r (hole radius) 4mm
b (hole separation) 30 mm

TABLE I: Geometric parameters of the prototype antenna used for validation.

A quasi-uniform ALWA with dimensions listed in Table I is studied using the proposed
TRE method. The TEN, which applies the transverse resonance condition, is implemented

0 to minimize the objective

in Matlab to solve Eq. (50) for k, using the fminsearch function
function M (k). The resulting solution is then used to compute the radiation angle,d, and
the normalized leakage rate a/kq.

A parametric study was performed varying the radius, r, and width, W. The resulting
dispersion curves, which are obtained by varying a single design parameter at a time, the
hole radius r or the waveguide width W are reported in Figs. 5 and 6 respectively. Two
modes are shown in both figures, the mode n = 0 which inherently exists and can propagate
longitudinally without cut-off, and mode n = 1 which is analogous to the first higher-
order transverse variation (referred to as the T'Ejy mode for rectangular electromagnetic
waveguides).

We analyze the evolution of both modes in Fig. 5 as the hole radius approaches zero.
As plotted in Fig. 5a, mode n = 0 converges to the longitudinal closed-waveguide limit,
yielding endfire radiation (6 = 90°) across the entire frequency range, and a vanishing
radiation leakage rate, as confirmed in 5b. This is consistent with the fact that the mode
n = 0 in a closed waveguide reduces to a plane wave with no leakage, propagating only
along the z-axis and remaining uniform across the transverse direction. As the hole radius
increases, the waveguide transitions to a leaky configuration and the n = 0 mode becomes
radiative. However, the scanning angle, 8, and the attenuation rate, a//ky, change abruptly,
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indicating a limited controllability of its radiation characteristics, shown in both Figs. 5 and
6.

In contrast, the mode n = 1 has an onset frequency around 1800 Hz, as seen in Figs. 5

and 6, consistent with the closed-waveguide cut-off frequency of the higher order mode
in a conventional rectangular waveguide. For a very small hole radius (see Fig. 5), the
solution for n = 1 approaches the closed-waveguide limit. When the radius increases, so
does the attenuation rate (Fig. 5a), as expected, but the mode preserves essentially the
same dispersion curve, i.e., # varies smoothly (Fig. 5b), in contrast to the mode n = 0,
which exhibits an abrupt transition when the opening is introduced.

As shown in Fig. 6a, as W increases, the dispersion curves are shifted in frequency, in a
more pronounced way for the n = 1 mode than for the n = 0 mode. By comparing Figs. 5a
and 6a, it can be observed that the onset frequency of the angular scanning is more sensitive
to changes in W than in r for n = 1. This behavior can be explained by the transverse
resonance condition for n = 1, where the phase shift due to W is typically much larger
than the phase shift due to ¢ g. This is further supported by Fig. 6a, where the radiation
curves of the n = 1 mode remain very close to those of the closed-waveguide case, for which
B = m/W. Thus, W mainly controls the transverse phase constant and the corresponding
frequency shift, and therefore the scanning angle. Conversely, comparing Figs. 5b and 6b,
we can see that at a fixed frequency, the leakage rate is more sensitive to changes in r than
in W. This provides a good mechanism for controlling a and 6 by selecting » and W for a
desired level of leakage and radiation angle, respectively.

An additional insight can be drawn from Fig. 6a by comparing the n = 1 scanning-angle
curves with those for the closed-waveguide condition (CW). Only a slight frequency shift is
observed compared to having openings, whereas the dispersion trend is practically preserved.
This provides a useful tool for rapidly estimating the ALWA behavior using only the closed-
waveguide expression. In other words, a first-order prediction of 6 can be obtained without
solving the TRE and its associated transcendental equation. On the other hand, the closed
waveguide approximation is not applicable to the mode n = 0, since in the closed case it
reduces to a plane-wave solution (k, = ko); consequently, the closed waveguide dispersion
for n = 0 does not provide a meaningful reference to predict the open (leaky) behavior.

From these initial simulations, we conclude that the n = 1 leaky mode is more suitable for
ALWA applications than the n = 0 leaky mode. For the n = 1 mode, the scanning angle, 6,
and the normalized leakage rate, a/kg, can be controlled smoothly by adjusting the radius,
r, and the width of the waveguide, W, where r primarily controls leakage, while W controls
beam scanning. This contrasts to the mode n = 0 which exhibits an abrupt transition from
a closed mode to a leaky case, a characteristic that limits its practical controllability.
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(b) Attenuation-rate behavior for the n = 0 (blue curves) and n = 1 modes (orange curves).

FIG. 5: Leaky-mode dispersion curves obtained for a quasi-uniform ALWA, as the aperture
radius 7 varies. Including the closed-waveguide limit (r = 0).

B. Finite element modelling

To validate the theoretical model, Finite Element Method (FEM) calculations were car-
ried out in Comsol Multiphysics (version 6.2) using the Pressure Acoustics, Frequency Do-
main interface. The geometry was defined in Comsol by creating the shape of the air inside
the antenna and in a volume surrounding it, with the solid material of the ALWA assumed
to be a perfectly rigid material. As outer boundary, a sphere, truncated on top, bottom,
and backside to reduce computation time, was used. By trial and error, the minimum size of
the sphere and the amount of truncation were found, not significantly affecting the results
of the simulation (see Fig. 7).

The outer boundary of the truncated sphere used the Perfectly Matched Boundary (PMB)
condition to suppress reflections®'. These surfaces also enable External Field Calculation,
used for extrapolating the sound field outside the model to compute far-field directivity*?.
All ALWA walls except at the source and termination were treated as rigid, fully reflective
43

boundaries The termination wall was given a PMB condition to model the ideal case

of reflection-free termination. For exciting the (0,0) mode in the ALWA, a velocity source
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(b) Attenuation-rate behavior for the n = 0 (blue curves) and n = 1 modes (orange curves).

FIG. 6: Leaky-mode dispersion curves obtained for a quasi-uniform ALWA, as the width of
the waveguide W varies.

FIG. 7: Comsol model showing the truncated sphere used as outer boundary in relation to
the antenna. (The outer boundary has a diameter of 2.4 m and a height of 1 m.)

sn condition was imposed on the whole of the source wall, with a chosen velocity amplitude
s of 0.1 m s7'. To instead excite the (1,0) mode to a larger extent than the (0,0) mode, the
w3 source wall is split into two halves; one half with a velocity of 0.1 m s™! and the other half
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with a velocity of —0.1 m s~!. These two source settings simulate a theoretical monopole and
dipole, respectively. Note that the numeric value of the amplitude can be chosen arbitrarily
since it does not affect the final results in terms of radiation angle and leakage rate.

The mesh was constructed in Comsol as free tetrahedral quadratic Lagrange elements with
a frequency-varying size of 1/5 of the wavelength. This degree of refinement is generally
considered sufficient and is also confirmed by comparing the results with the theoretical
predictions. Modeling of viscous effects was not included here, which may need further
mesh refinement.

The resulting sound pressure level directivity patterns were generated in Comsol from the
External Field Calculation and exported as a text file. Imported to Matlab, the angle of the
main lobe was estimated taking the maximum value of each directivity pattern, restricted
to angles between 0° and 90° to avoid capturing the lobe on the back of the antenna.

The leakage rate estimate was based on power flows through cross-sectional planes of the
ALWA cavity positioned close to the source and close to the termination. These quantities
were inserted into Eq. (5), with the power flow at each plane obtained by surface integration
of the active acoustic intensity output from Comsol.

C. Prototype construction and experimental setup
1. Manufacturing the acoustic leaky-wave antenna

The ALWA was manufactured from a rectangular aluminum tube with dimensions listed
in Table I. The dimensions were chosen to mainly prioritize good measurement quality for
the (1,0) mode with a cut-off frequency estimated at 1800 Hz and the onset of the frequency-
scanning behaviour being around 1900 Hz (see Fig. 6a ).

To make the ALWA operate in radiating mode, two loudspeaker elements were used as
acoustic source. A plastic fixture for the loudspeakers was 3D-printed (see Fig. 8), to be
attached to the source end of the tube and sealed with tape.

To approximate a reflection-free termination, a sample of mineral wool was placed inside
the end of the tube. In addition, a fully reflecting termination was used, approximated by
attaching a cut aluminum plate to the end of the tube and sealing with tape.

FIG. 8: Loudspeakers and loudspeaker fixture.
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2. Measurement method

The measurements were made in an anechoic chamber with an external control room.
A measurement computer supplied the output signal to the loudspeakers (Visaton BF 32 S
WP), via a power amplifier (Fosi Audio ZA3), and received the signals from two measurement
microphones (GRAS 46AF) via a microphone amplifier (GRAS Power Module Type 12AA).
A loop-back connection was made from the output of the audio interface to an input channel,
enabling a direct measurement of the loudspeaker’s input signal.

The power amplifier was used in mono mode and connected to an in-house built phase
switch inside the anechoic chamber, which provides two output signals for two loudspeakers.
Using the monopole setting of the switch, both loudspeakers are fed with the same signal
in phase, whereas using the dipole setting, one of the loudspeakers is fed with the original
input signal while a phase difference of 180° is applied to the other.

The antenna was placed on a rotating table (Varisphear) in an anechoic chamber, as shown
in Figs. 9 and 10. A Matlab program on the measurement computer was used to control
the rotation in steps of 1° and to perform an impulse response measurement at each angle
using the swept-sine technique (e.g.**). An FFT was performed on the measured impulse
response at each angle to obtain the directivity of the antenna through the magnitude of
the frequency response function.

FIG. 9: The prototype antenna with attached loudspeakers, placed on the turntable.

Measurement data were collected for four different microphone positions placed at a 3—
5 m distance from the center of the antenna (using two microphones at a time), repeated
for the four combinations of termination (absorber or reflector) and source type (monopole
or dipole).
The measured directivities were used to determine the radiation angle by finding the
angle of the maximum magnitude in the same way as for the Comsol simulation results.
The leakage rate was estimated using the measurements with the reflector termination,
a5t
a  Gruwd— Gpua
ko ko 20L logy(e)

where Gyq and Gy,q are the gains of the forward and backward lobes in dB, respectively.

(55)

The radiation angle and leakage rate obtained from each microphone position were av-
eraged and the uncertainty of the mean values in terms of a 95 % confidence interval is
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FIG. 10: The prototype antenna in the anechoic chamber. The measurement microphones
are marked by gray circles.

estimated as u = ts/y/n where s is the experimental standard deviation, n is the number
of measurements, and ¢ is determined from Student’s ¢-distribution; ¢ = 3.18 for n = 4 and
95 % confidence interval. The uncertainty of the initial angle of the antenna was estimated
to be about 2°.

IV. RESULTS

A. Resulting pressure fields from finite-element modeling

Calculations using finite-element modeling in Comsol were carried-out for both monopole
and dipole excitations to study the (0,0) and the (1,0) modes. Figure 11 illustrates the
acoustic pressure field for the dipole excitation at three different frequencies. In Fig. 11a the
frequency (1500 Hz) is below the cut-off of the (1,0) mode, whereby the response corresponds
to that of the (0,0) mode, showing a plane-wavelike sound field inside the antenna. Figure 11b
shows the result at 2000 Hz, which is above the cut-off of the (1,0) mode. A dipole pattern
is visible inside the antenna, which confirms that the (1,0) mode is mainly excited. Outside
the antenna, the radiation shows a clear directionality of the sound field, as expected for
operation above cut-off. In addition, the strength of the radiated sound field is much larger
than in Fig. 11a, where the leakage rate is significantly higher. When further increasing
the frequency to 2500 Hz (Fig. 11c¢), the direction of the radiated sound field shifts further
toward end-fire, as expected.
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o

= 1500 Hz.

(c) f = 2500 Hz.

FIG. 11: Plots of the acoustic pressure amplitude (real part) for the antenna operated with
a dipole source.
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B. Results from theoretical modeling, finite-element modeling, and measurements

1. Radiation angle and leakage rate as function of frequency

The resulting radiation angle and leakage rate as function of frequency are plotted in
Figs. 12—15 based on theoretical modeling, finite-element modeling, and measurements of
the designed prototype leaky-wave antenna operated by a monopole and a dipole source.
The procedure used to determine the radiation angle and leakage rate for each method is
described above in the corresponding section.

Comparing the radiation angle results from the theoretical (Theory) and finite-element
modeling (Comsol), in Figs. 12 and 14, a very good agreement is shown, thus successfully
validating the finite-element modeling. The results for the monopole source (Fig. 12) show an
abrupt increase in the radiation angle, starting at about 400 Hz. In contrast, the results for
the dipole source (Fig. 14) show a more gradual increase in radiation angle as the frequency
increases from the onset (at about 1900 Hz) and above, as expected from the theoretical
results.

The agreement between the modeled leakage rates obtained from theory and finite-
element simulations (Figs. 13 and 15) is good at higher frequencies but deviates in the
frequency range where the leakage rate peaks and below, concluded to be due to the finite
resolution of the numerical solution.

Concerning the measured results, they are plotted as mean value and estimated 95 %
confidence interval in Figs. 12-15. The agreement in radiation angle, with both theory
and numerical results, is excellent for the dipole source (Fig. 14) and very good for the
monopole source at higher frequencies, above approximately 1500 Hz (Fig. 12). In the lower
frequency range of 300-1000 Hz, the agreement for the monopole source is good in terms
of the measured mean value; however, individual measurements show large discrepancies,
as reflected by the large uncertainty. This behavior can be attributed to resonances along
the length of the antenna, which are allowed to be excited due to the lack of a reflection-
free termination in the measurement setup. At about 975 Hz a large deviation from the
modeled radiation angle is observed in the measured results. The reason for this is not
fully understood, but may be related to a quarter-wavelength resonance in the antenna
cross-section.

The measured leakage rates generally show very good agreement with the modeled results
at higher frequencies (Figs. 13 and 15). In the low-frequency ranges discussed above for the
monopole radiation-angle results, the measured leakage rate also deviates. In addition, near
the peak of the leakage rate, the measured data also deviate from the theoretical results.
This is mainly attributed to measurement uncertainties, which become more influential in
leakage-rate estimation because it involves a difference operation (see Eq. 55).
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FIG. 12: Radiation angle results from theoretical modeling, finite-element modeling, and
measurements, for the antenna with monopole source.
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FIG. 13: Resulting leakage factor from theoretical modeling, finite-element modeling, and

measurements, for the antenna with monopole source.

80 -
2
=60+ R
e srogasetsrtatenis
S40- 2e2= 1
§ I
k] M
E 20~ 5273 % Measurement |
—— Theory
oF—= ‘ ‘ ‘ (Fomsol |
1800 2000 2200 2400 2600 2800 3000

Frequency (Hz)

FIG. 14: Radiation angle results from theoretical modeling, finite-element modeling, and
measurements, for the antenna with dipole source.

2. Measured radiation patterns as function of frequency

To help further understand the radiation performance of the acoustic leaky-wave antenna,
the level response as a function of angle and frequency is plotted in Figs. 16 and 17. The
dashed lines in the plots show the radiation angle calculated from the theoretical model.

For the monopole source (Fig. 16), the low-frequency response displays a broad and
indistinct directivity up to approximately 1000 Hz, where an unexpected lobe appears at
broadside (near 0°) and rapidly increases in angle. Above about 1500 Hz, the response dis-
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FIG. 15: Resulting leakage factor from theoretical modeling, finite-element modeling, and
measurements, for the antenna with dipole source.

plays a less broad, more distinct directivity. These characteristics agree with the discussion
above in relation to Fig. 12 and the (0,0) mode. Amplitude variations with peaks separated
by about 100 Hz are also observed in the radiation pattern of the (0,0) mode. They are con-
cluded to be attributed to resonances along the length of the antenna, enabled by imperfect
termination absorption. At about 1900 Hz, the (1,0) mode begins to emerge, in agreement
with the theoretical solution.

For the dipole source (Fig. 17), a distinct directivity is shown from approximately 1900 Hz,
in agreement with the theoretical solution for the (1,0) mode. Above about 2000 Hz, side-
lobes at angles larger than the main lobe are clearly visible, and less distinct sidelobes can
be seen at angles smaller than the main lobe. Moreover, it is interesting to note the increase
in response at all angles at about 1900 Hz. An explanation for this may be the increased
radiation impedance of the source at the onset of the (1,0) mode.

Figure 18 shows directivity plots of the measured data and of the modeled results of the
theoretical solution and numerical calculations for the dipole source at frequencies 2 kHz,
2.5 kHz and 3 kHz. The theoretical directivity patterns were obtained by assuming a longi-
tudinal aperture distribution proportional to exp(—(« + j)z) over the finite antenna length
L, and computing the far-field radiation pattern from the spatial Fourier transform of this

24 The results at the three frequencies show excellent agreement in both the

distribution
direction and the beamwidth of the main lobe. The results for the first sidelobes can be seen
to agree in angle but show some offsets in relative strength. Moreover, angular agreement
for the second sidelobes is visible to some extent. The measured data exhibit additional
sidelobes that are not seen in the theoretical solution or in the Comsol results; the strongest
ones can be concluded to be due to reflection at the termination of the antenna, which is

expected to be possible to reduce by using improved absorbers.

The measured results overall support the idea of using the (1,0) mode, with dipole-like
excitation, for a frequency-scanning leaky-wave antenna, as it provides good controllability
of both the radiation angle and the leakage rate. In addition, the strong agreement between
the measured results and the theoretical and numerical predictions of the designed antenna
demonstrates a successful validation of the modeling.
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FIG. 16: Directivity plot of the measured data from the antenna with monopole source.
Plotted as radiated pressure in dB (re. arb.) as function of angle and frequency.
Theoretical radiation angle plotted as dashed lines.
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FIG. 17: Directivity plot of the measured data from the antenna with dipole source.

V. CONCLUSION

The paper presents consistent theoretical modeling, numerical modeling, and measure-

ments of a designed and built acoustic leaky-wave antenna.

The results show proof of

concept of the acoustic leaky-wave antenna with frequency scanning capability, i.e., that the
radiation angle can be controlled by the frequency of the source (the feeding of the antenna).
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FIG. 18: Directivity plots from measurements, theoretical modeling, and finite-element
modeling for the dipole source at frequencies 2 kHz (a), 2.5 kHz (b), and 3 kHz (c). The
directivity is normalized with the maximum value for each frequency and plotted within

the range of -20-0 dB.

The presented theory provides the necessary formulations for predicting the two main
design parameters, the radiation angle and leakage rate, for uniform or quasi-uniform acous-
tic leaky-wave antennas. The central parts of the theory include the Transverse Equivalent
Network (TEN), the Transverse Resonance Equation (TRE), and the solution of the TRE
via the resonance condition on reflection factors, which results in the real and imaginary
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parts of the longitudinal wavenumber. For the acoustical setting of hard boundaries, the
existence of the (0,0) mode, i.e. a static mode, was identified. Theoretical steps also include
a description of the modal solution and of the shapes of the two lowest modes, i.e., mode
(0,0) and mode (1,0), as well as the impedance modeling of the perforated wall of the an-
tenna. The developed theoretical model was used for parameter studies of the perforation
hole radius and cross-sectional width of the antenna. The results indicated that using the
(1,0) mode could be preferable to using the (0,0) mode for frequency scanning due to greater
controllability of the radiation angle and leakage rate.

Wave-based modeling is performed using the finite element method, with validity sup-
ported by good agreement with the theoretical model in terms of radiation angle and leakage
rate for the two modes studied. The validated numerical tool is particularly useful for mo-
deling more complex antenna designs, for example those with non-uniform variations along
the antenna length.

Based on the theoretical and numerical results, a prototype antenna was designed and
built for use in validating measurements. A source with either monopole or dipole cha-
racteristics was used to mainly excite the (0,0) mode or the (1,0) mode, respectively. The
measured data showed very good agreement with the modeled results for the radiation angle
for the (1,0) mode, while the (0,0) mode showed significant deviations within a range of lower
frequencies. The general agreement in leakage rate was good, except for larger deviations
below and near peak frequency.

Taken together, the measurement results confirm the validity of the theoretical and nu-
merical modeling, as well as the good frequency-scanning capability of the designed pro-
totype acoustic leaky-wave antenna for the (1,0) mode. For future work, investigations of
more complex ALWA designs are of interest, including modulated or tapered geometries, for
controlling, e.g., sidelobe levels and beam shape, as well as the incorporation of resonant
elements to enable backward-to-forward beam scanning.
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