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Abstract

Achieving material state awareness (MSA) of a mechanical system, structure, or component
empowers engineers to be able to perform accurate failure prognosis and estimate remaining oper-
ational lifetime. Piezoresistive materials exhibit a change in electrical conductivity (or resistivity)
when subjected to mechanical strain and therefore have the potential to enable functional, self-
sensing structures that can provide real-time insight into their mechanical state. While piezore-
sistive materials have been demonstrated to be able to detect and localize damage by imaging
conductivity changes, conductivity changes alone do not directly translate to stresses, strains, or
displacements, values that are more meaningful for stress and failure analyses. To this end, the self-
sensing inverse problem (SSIP) is a method which reconstructs the strain state that gives rise to an
observed conductivity distribution. The SSIP has to date been computationally and experimentally
demonstrated to reconstruct the deformed displacement field of simple geometries under load with
reasonable accuracy, but mathematical limitations can make obtaining an accurate reconstruction
difficult. In this work, we seek to improve the ability of the SSIP to obtain accurate displace-
ment field reconstructions on more complex geometries by incorporating sensor data fusion (SDF)
techniques. We herein develop a computational inverse problem for two SDF methods, one fusing
electrical resistivity with displacement data and another fusing resistivity with strain data, and
demonstrate these methods computationally on shapes representing aircraft components. These
results show that incorporating data from relatively few displacement sensors allows the SSIP to
reconstruct the displacement field with high accuracy. The results also demonstrate that incorpo-
rating strain sensor data improves the accuracy of the displacement reconstruction, though to a
lesser degree than displacement data.

Keywords: self-sensing materials, computational inverse problems, finite element methods, sensor
data fusion

1. Introduction

During operational use, the components, structures, and mechanisms of an engineering system
will experience material degradation and damage. To ensure the continued safety and effective
performance of the system, inspections and maintenance must be performed. For example, all
commercial aircraft in the United States must undergo a routine annual inspection or every one
hundred flight hours to verify the aircraft’s airworthiness as stipulated by Federal Aviation Admin-
istration guidelines. This periodic maintenance strategy is called time-based maintenance (TBM).
For commercial jets, airlines also schedule heavy maintenance checks at longer intervals, which
entails some disassembly of the aircraft and meticulous inspection of all its components and struc-
tures. Performing this heavy maintenance is expensive and requires significant time out of service.

Preprint submitted to engrXiv March 19, 2026
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Additionally, the increasing adoption of advanced composites for aircraft structures can make the
inspection process even more complex and costly as composite materials exhibit different failure
mechanisms than traditional metallic materials.

A potential course to alleviate the expense, equipment downtime, and workload of heavy main-
tenance checks is to incorporate condition-based maintenance (CBM) strategies in tandem with
TBM. In CBM, targeted, proactive maintenance is performed informed by data gathered from con-
tinuously monitoring the state of the system for precursors to failure [1-3]. Effective employment of
CBM requires real-time material state awareness (MSA). MSA involves understanding the material
properties, damage processes, and operational environment of a system while continuously moni-
toring its current state to predict its future state and remaining lifetime [4]. Real-time condition
monitoring can be achieved through embedded nondestructive evaluation (NDE) sensor networks,
but the implementation of such networks entails numerous challenges, such as the feasibility of sen-
sor installation into the structure, optimization of the sensor configuration, and long term sensor
reliability. One way to circumvent these challenges is to make components of self-sensing materials.

Self-sensing materials are able to transduce a quantity of interest through a measurable signal
[5]. In essence, the structure itself functions as a sensor. Piezoresistive materials are a type self-
sensing material that exhibit a change in electrical conductivity when subject to mechanical strain.
This innate ability of piezoresistive materials to transduce the effects of strains through conduc-
tivity changes has motivated research employing piezoresistive materials for condition monitoring
applications. For instance, electrical impedance tomography (EIT) is a technique that images a
spatially continuous, internal conductivity distribution of a piezoresistive material. EIT has been
employed to detect and localize damage in composite components [6-15], sense damage and strain
in polymer thin films [16, 17], and monitor crack propagation in cement [18-23]. However, beyond
serving as a damage detection and localization technique, the conductivity change data obtained
by EIT does not provide further insight into the mechanical state of the material. In other words,
conductivity change data does not directly translate into stresses, strains, and displacements, val-
ues that are more informative for engineers performing stress and failure analysis. To bridge this
gap, Tallman and Wang [24] formulated the self-sensing inverse problem (SSIP), a mathematical
method that recovers the strain state giving rise to an observed conductivity distribution.

Recovery of the strain and displacement fields of piezoresistive materials under load via the
SSIP has been demonstrated both computationally and experimentally. Tallman and Wang [24]
first demonstrated the SSIP computationally by recovering the displacement field of a simulated
unit cube subject to uniform, compression, shear, and combined tension and shear stress on one of
its faces with reasonable accuracy. The SSIP was later demonstrated experimentally when Tallman
et al. [25, 26] indented a carbon nanofiber (CNF)-modified polyurethane specimen with spherical
marbles and measured the resulting conductivity change distribution with EIT. Using the SSIP,
the displacement field of the deformed specimen was reconstructed and matched finite element
simulation with good accuracy. Hassan and Tallman [27] incorporated a genetic algorithm into the
SSIP and experimentally validated this new formulation on a CNF-modified epoxy through-hole
tension test specimen. The specimen was loaded under displacement control, and the conductivity
distribution was imaged by EIT at several levels of tension. The displacement field and first princi-
pal strain reconstructed by the SSIP demonstrated good agreement with finite element prediction
and digital image correlation (DIC) results.

While self-sensing materials can potentially reduce the need for complex sensor networks, MSA
often requires monitoring a diverse set of metrics, which could include material strain, temperature,
and vibrational response. Currently, no single sensor, evaluation technique, or self-sensing material
can fully capture the mechanical state of a structure; thus, sensor networks composed of a variety of
sensor types are still necessary. The challenge then arises in effectively integrating the heterogeneous
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sensor data to extract useful information. In general, the concept of synergistically combining data
from multiple sensors to enhance data reliability and obtain a more accurate understanding of
a system than could be achieved by a single sensor alone is known as sensor data fusion (SDF)
[28]. SDF is a diverse research topic with roots in military applications and data processing [29-32].
Examples of SDF most relevant to MSA and CBM come from the field of NDE [33-43]. For instance,
Zonta et al. [44] improved the accuracy of the load estimation on the stay cables of a bridge in Italy
by using probabilistic methods to fuse fiber-optic strain sensor, elasto-magnetic load sensor, and
temperature data. Heideklang and Shoukouhi [45] demonstrated increased reliability of detecting
near-surface cracks in steel by fusing eddy current, magnetic flux leakage, and thermography data
over the use of any one technique alone. As a final example, Pashoutani et al. [46] enhanced defect
detection in a reinforced concrete bridge deck by fusing spatial vertical electrical impedance data
and ground-penetrating radar maps. The resulting data revealed cracks and defects not clearly
visible when analyzing the data separately.

From the preceding discussion, it is evident that the SSIP has potential to aid in failure prog-
nosis and precise monitoring of the mechanical state of piezoresistive materials. However, current
SSIP research has not yet progressed beyond computational validation on simple geometries and
experimental demonstration using basic test specimen. Furthermore, the SSIP is ill-posed and
underdetermined. Thus far, research has sought to improve convergence by implementing meta-
heuristic global search algorithms [27, 47, 48]. In this work, we explore another route: employing
SDF methods to improve the accuracy and reliability of the SSIP. Considering that the SSIP solely
relies on conductivity imaging data for its predictions, we envision that fusing complementary data
from a small number of discrete sensors, such as strain gauges, with the conductivity data could
guide the SSIP toward reconstructing the physically correct strain and displacement field. Thus,
we herein develop computational techniques to fuse conductivity imaging data, obtained via a
method like EIT, with discrete displacement and strain data. We then computationally demon-
strate the SSIP displacement field recovery enhanced with these SDF techniques on more realistic
geometries representing aircraft components subject to simulated operational loads. Therefore,
this manuscript makes two novel contributions: First, the computational form of the SDF-en-

hanced SSIP is derived. And second, this formulation is computationally validated on a variety of

geometries of representative complexity using an experimentally validated piezoresistivity model.

The remainder of this article is organized as follows. First, we present the mathematical formu-
lation of the SSIP. Next, we formulate two computational SDF methods, one involving the fusion
of electrical imaging data with displacement data, and the other the fusion of electrical imaging
data with strain data. Then, we describe the computational experiments designed to test the SDF
methods. This is followed by a discussion of the validation study. Finally, we close this article with
a summary, conclusions, and possible avenues for future work.

2. The Self-Sensing Inverse Problem

The SSIP recovers the strain distribution of a piezoresistive material by minimizing the difference
between an observed conductivity distribution, imaged for instance using EIT, and one predicted by
a piezoresistivity model. Recovering an accurate strain state can be challenging because the SSIP is
innately ill-posed, meaning the recovered strain state is highly sensitive to noise and outliers in the
conductivity data. The SSIP is also an underdetermined problem because it possesses more degrees
of freedom than constraining equations (i.e., strain is a tensor field, whereas isotropic conductivity
is a scalar field). Thus, the solution recovered is not unique. Overall, these shortcomings either
cause the SSIP to fail to converge or arrive at solutions without physical meaning. To begin, we
first discuss the piezoresistivity model used to obtain the model predicted conductivity.
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2.1. Piezoresistivity Model

In this work, we use the analytical piezoresistivity model developed by Koo and Tallman [49].
This model predicts a resistivity change for a given strain tensor. The SSIP ultimately seeks to
invert this model and obtain the underlying strain state for a given resistivity distribution (e.g., as
imaged via EIT). Shown in equation (1) below, Ap is the resistivity change in ohm-meters (£ - m),
the terms denoted with ¢ are components of the infinitesimal strain tensor, and , 11, and Il are
piezoresistive constants. The values of these constants are presented in Table 1. At a high level, the
model is a curve fit of experimental data relating strain to resistivity change. Readers interested
in the formulation of the model and derivation of the piezoresistive constants are referred to [49].

Ap = K(en + 22 + e33) + (I + o) (e7; + €3 + €33)
+ 21T (e11622 + €33611 + €22€33) + 2H2(€%2 + 831 + 5%3) (1)

This piezoresistivity model was selected for the following reasons. First, this model has been
extensively experimentally validated [49]. Second, this model predicts resistivity changes from
general deformations (i.e., beyond simple cases of, for example, uniaxial stress), making it applicable
to complex load cases and strain states at macroscales, unlike the majority of piezoresistivity
models which are limited to the microscale. Lastly, analytical piezoresistivity models are readily
incorporated into computational inverse problems, such as herein presented. It is important to note
that this model was developed assuming linear elastic material behavior and infinitesimal strains.

2.2. Mathematical Formulation

Before proceeding, note that it had been stated that the SSIP reconstructs the strain state
from electrical conductivity data. However, electrical resistivity is hereon used instead because
the piezoresistivity model is in terms of resistivity. Additionally, although we presume the use of
EIT to obtain the experimental resistivity distribution, EIT is not the crux of this research. For a
comprehensive treatment of EIT, interested readers are directed to EIT focused work [17, 18, 50].
It is instead assumed that the resistivity distribution is known.

The SSIP is expressed as the minimization problem shown in equation (2), where p is the
experimentally observed resistivity distribution, f(e;;) is the model-predicted resistivity distribution
(i.e., equation (1)), and €j; is the spatially varying strain that satisfies the minimization.

. 2
eij = argmin(|[p — f(i;)[|) (2)
Eij
Note that the p in equation (2) is an absolute resistivity, but the piezoresistivity model predicts
a resistivity change. Thus, f(e;;) is defined as f(g;;) = Ap + po, where pg is a baseline resistivity.
Next, f(eij) is linearized via a Taylor series expansion about an initial estimate of the strain state,

E?j, as shown in equation (3). Substituting equation (3) back into equation (2) yields equation (4).
0f ()
Flew) = flegy) + =5 (e — &) 3)
€ij

9 (0
= CORE)

(4)

* .
€;; = argmin

Eij
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By defining the difference between the observed and model determined resistivity as dp =
p—f (6¢j) and the difference between the true strain and estimated strain as deg;; = €;; — 6%, we
arrive at equation (5).

2
of (5%‘)
86@‘

= argmin | ||0p — (5)

Eij

o*

i 0€ij

The next step is to modify equation (5) to be applicable to a finite element mesh. This is
done because EIT ordinarily images the resistivity distribution of a domain that is discretized by
a finite element mesh, with each mesh element assigned a constant resistivity value. Furthermore,
employing the SSIP on non-trivial geometries requires some discretization of the solution space.
Thus, we naturally aim to recover the strain state on the same mesh used for resistivity imaging. In
this work, the geometries are discretized into meshes of trilinear hexahedral elements. Hexahedral
elements are selected because they are commonly used in structural simulations and generally
produce more accurate results than linear tetrahedral elements. To begin, we recall the definition of
the infinitesimal strain tensor and the finite element forms of displacement, u;, and the displacement
gradient, Ju;/0x;, given in equations (6), (7), and (8), respectively.

_ 1 8ul 0uj
A <axj * axi> ©)
Uei =y NAd2, (7)
A
(9ue,l 8N afk A
Ox; Z Iy, Oy ®

In the above equations, u.; is the displacement in the i-direction of the eth element, N A is the
trilinear finite element interpolation function for the Ath node of a hexahedral element, and déi
is the displacement in the i-direction of the Ath node of the eth element. The summation ) ,(-)
runs from one to eight for hexahedral elements. Summation is implied over repeated indices.

The use of trilinear hexahedral elements conflicts with the treatment of resistivity as a constant
value for each element. This is because the strains are not constant throughout a hexahedral
element. This results in a dimensional mismatch between the terms being subtracted in equation
(5). To remedy this, a strain tensor with constant components can be obtained for each element
by computing the volumetric average of du, ;/0x; as shown in equation (9).

_ ONA 08k gA ONA O¢ _
8u67¢ _ fve ZA O, aa;'; e, dve _ Z fve B33 ﬁ edA- _ 8NAdA' (9)
6:@ Ve €,? ~ a:Ej e,l

The bar accent signifies a volumetric average, and v, is the volume of the eth element. The
third term of the equality exercises the sum rule of integration, and al6 i 1s moved outside of the
integral because the nodal displacements are constant. By substituting 8u,3 i/ 0z for Que;/0xj, we

are able to recast equation (5) as equation (10) for a single hexahedral element.

8f(€?j) ONA
88”' 8:1,‘]

* o .
Ee,ij = argmin

8d2,;

0pe — (10)

57]]

A
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Equation (10) can be re-expressed using linear algebra. The process begins by modifying the
term with the summation as shown by equation (11). First, 9f(e? ,)/0¢eij is moved inside the
summation. Then, the explicit summation is replaced with the multlphcatlon of a row and column
vector for the eth element.

5dl,

Df(<%) ) ONA Oclgs
Z 6dA §dd =gt gL, ... ¢ 11
88” Z 8.15] Z 851] 85[3] e, [gel ge2 963] ( )

5d§3

The elemental g. and dde vectors are assembled into a global matrix, G, and global nodal
displacement increment vector, dd, such that the element level contractions are preserved. Equation
(12) expresses the minimization for the entire mesh, where §p is now a global vector of the difference
between observed and model resistivity. Note that we now seek a global displacement vector, d*,
giving rise to an observed resistivity change. The transition from £; to d* is a consequence of
the infinitesimal strain tensor being expressed in terms of nodal displacements as part of the finite
element formulation.

d* = argmin(||6p — G4éd|*) (12)
d

Solving for d* is an iterative process. To begin, we first set the initial estimate of the global
displacement vector as d° = 0 because we assume no prior knowledge of the state of the material.
d’ is used to calculate the initial azj, f(e Zj) and Of (! )/ O€ij, for each element. The global G
matrix and §p vector are then assembled. At this point, any columns of G corresponding to nodal
degrees of freedom subject to displacement boundary conditions are removed, similar to a standard
finite element simulation.

Next, we calculate dd. To do so, we first recognize that recovering three independent components
of displacement from a scalar resistivity is an underdetermined problem. Thus, we calculate éd by
employing a least squares-like method with regularization shown in equation (13). Regularization
aims to stabilize the inverse problem by imposing an assumed condition or prior knowledge of the
solution space. In the equation below, L is the discrete Laplacian used for regularization, and
« is the scalar regularization parameter. L is chosen because it promotes a smoothly varying
solution space, which is a reasonable assumption for a displacement field. After dd is calculated,
d is updated as d"* = d" + dd. ery, f(e), and Of (e Z])/&EU are recalculated to proceed with the
next iteration. Iterations continue until the minimization in equation (12) is satisfied.

6d = (GTG +*LTL)"'G"ép (13)

3. Sensor Data Fusion Techniques

Herein, we explore fusing resistivity data with displacement and strain data. That is, in ad-
dition to the resistivity distribution from EIT, a few points within the domain will possess either
displacement or strain sensors. Displacement data is a logical choice because the SSIP already
directly solves for a displacement field. Strain data is also considered because strain gauges are
commonly used in structural applications. When integrating heterogeneous sensor data, a common
reference frame must be established to ensure that the data from each sensor are assigned to the
correct physical points on the specimen, known as data registration. The SSIP reconstructs the
displacements and strains on the same finite element mesh the resistivity data is imaged. Therefore,



223

224

225

226

227

228

229

230

231

232

234

235

236

237

238

240

241

242

243

244

245

246

247

248

249

250

251

252

254

255

256

257

258

259

260

261

262

263

the finite element mesh conveniently functions as the common reference frame because all three
data types are already defined mesh properties. Resistivity and strain are elemental properties,
and displacement is a nodal property. After the physical sensor locations on the specimen are
selected, to incorporate displacement sensor data, the mesh node at the physical sensor location
is designated as a displacement sensor (DS), at which the nodal displacements will be known. To
incorporate strain data, the mesh element at the sensor location is designated as a strain sensor
(SS) at which the elemental strains will be known. In the following sections, we develop methods
for resistivity-displacement and resistivity-strain SDF.

3.1. Fusion of Resistivity and Displacement Data

The resistivity-displacement SDF process begins with replacing all columns of G associated
with DS nodes with zero column vectors. This is done for two reasons. First, in a matrix equation,
a zero column in the matrix indicates a free variable. Thus, as a result of the column replacement,
the DS nodes no longer constrain the least squares solution and can be assigned any value. The
second reason is to preserve the dimensions of L. When a column of G is removed, the corre-
sponding rows and columns of L must also be removed to maintain dimensional compatibility in
equation (13). Removal of rows and columns from L, however, disconnects the corresponding nodes
from the smooth solution space promoted by L, which can cause aberrations in the reconstructed
displacement field at and near DS nodes.

The SSIP then proceeds normally with the calculation of dd. Following this, the entries of d"
belonging to DS nodes are replaced with corresponding DS data, overwriting the unconstrained
displacement values calculated previously. However, the direct insertion of sensor data into d"
may cause the SSIP to diverge or attain a nonsensical solution. This occurs because the DS data is
often much larger than the SSIP predicted displacements, especially during the early iterations. The
sharp disparity between DS and SSIP predicted displacements results in the calculation of large
elemental strains and, consequently, outlier model predicted resistivity. This outlier resistivity
can cause the SSIP to predict erroneous displacements in the following iteration, an error which
compounds with each iteration. To overcome this problem, displacement data are incorporated
using the function defined by equation (14).

%S = \Ij(n)dknown (14)

Equation (14) reduces the discrepancy in the displacement values among DS and non-DS nodes
to maintain the stability of the SSIP by ramping the displacement data. df,g is the subset of d"
belonging to DS nodes at the nth iteration, dgpown is the measured displacement data, and ¥(n) is
a ramping function. W(n) is selected such that it is a positive, decimal value that approaches one.
Herein, we select a piecewise linear function for W(n), shown in equation (15). In essence, 10% of
the DS data is added with each iteration such that by the tenth iteration, the full displacement
data has been incorporated. While no rigorous technique was used to select the slope of the linear
ramping function, it was observed that a gentler slope reduced the risk of SSIP divergence. Optimal
selection of the rate of DS data ramping involves a tradeoff between SSIP stability and number of
iterations required to converge to a solution.

L, n<10
U(n) =<4 107 15
(n) {17 e (15)
3.2. Fusion of Resistivity and Strain Data
The resistivity-strain SDF technique is predicated on the idea of enforcing additional constraints
on the displacement field solution by incorporating strain-displacement relations. This is accom-
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plished by adapting and incorporating a technique known as the inverse Finite Element Method
(iIFEM). Developed by Tessler et al. [51-53], iFEM is a computational method which aims to re-
construct the displacement field of a finite element discretized structure from a set of discrete strain
measurements by minimizing a least squares functional. Strains are treated as an elemental mesh
property, and measured strains are assigned to the mesh element on which the sensor is located.
A key challenge for iFEM is the availability of measured strain data. In practice, strain sensor
networks are often sparse, and each sensor can only measure particular strain components. One
solution to this problem is to ‘pre-extrapolate’ the strains for mesh elements without strain data.
In other words, the strains for elements without strain data can be estimated, for instance, using
statistical [54] or physics-based [55] methods.

Because iFEM possesses a similar objective and mathematical formulation to the SSIP, we
integrate iFEM with the SSIP to fuse resistivity and strain data. The following is the derivation of
iFEM equations beginning with the error functional. The derivation generally adheres to previous
work done in iFEM with modifications to accommodate the SSIP parameters. To begin, we define
the error functional in equation (16) for a single mesh element. Below, déi is the nodal displacement
vector, & (d’éi) are the elemental strains predicted via a model (i.e. strain displacement relations),
and &, are the measured strains. The strains, ¢, are defined as a column vector of the six independent
strain components given in equation (17). W, is a 6 x 6 diagonal matrix containing constant
weight coefficients corresponding to each strain component. A large weight is assigned to strain
components with measured data, and a smaller weight is assigned to strains without measured
data. The selection of values for weight coefficients is discussed in Section 5.2.

(I)E(déi) = We"ge(déi) - 576H2 (16)

T
62[611 €22 €33 €12 €13 523] (17)

Next, we express 5e(déi) using linear algebra. To do so, we construct an elemental strain-
displacement matrix, B, as shown in equation (18), which maps the element nodal displacements
to the elemental strain components in equation (17). Thus, 5€(déi) is now explicitly expressed as
the matrix equation in (19).

r ON?! ONZ ON8
Da 01 0 5 02 0 B O8 0
ON ON ON
0 Oza 0 L 0 Oza 0 ) 0 oz s
ON ON IN
s_| 0 0o 25 0 0 9 0 0o 2 (8)
e 19N!  19N? 0 19N2 19N? 0 19N® 19N8 0
2 (9$21 2 Ox1 2 81‘22 2 Ox1 2 (9%28 2 Ox1
10N 0 19N! 10N 0 1 9N? 19N 0 19N8
2 Ox3 2 8$]1 2 Oxs 2 81‘]2 2 Oxs 2 8x]8
0 19N! 10N 0 19N2 10N 0 19N8 10N
L 2 Oxs 2 Oxo 2 Oxs 2 Ox2 2 Oxs 2 Oxg
A A
Ee(de,i) - Beds,i (19)

Substituting equation (19) into (16) yields the first term of equation (20). Here, the superscript
A and subscript ¢ are omitted for notational clarity. Then, the 2-norm is converted into its equiv-
alent integral form. By expanding the integrand and consolidating terms, we obtain the final term
of equation (20). Below, K. is the elemental iFEM stiffness matrix and f. is the elemental iIFEM
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Next, the error functional is minimized by taking the variation of ®. with respect to déi and
setting it equal to zero, as shown in equation (21). The elemental K, matrix and f. vectors are
then assembled into a global K matrix and F' vector, resulting in equation (22).

00 = Kedly — fo =0 (21)

Kd—F =0 (22)

Equation (22) contains the set of all iFEM equations. The goal is to combine equation (22)
with the existing SSIP equations in equation (12). To proceed, d in equation (22) is converted to
dd. In other words, iFEM is modified to predict a displacement increment instead of displacement
to be compatible with the SSIP. As a result of this change, &, in f. is also converted to a strain
increment, §&., where §&, represents the difference between the true strain and the model predicted
strains. For SS elements, d&, = &, — 5271-]-, where Egyij is the SSIP-predicted strain tensor for the
eth element at the nth iteration. For elements without strain data, we devise the following strain
pre-extrapolation method. Prior to each iteration, dd is calculated using equation (13), hereon
denoted as 6d~. dd~ is used to calculate a strain increment tensor for every non-SS mesh element
(56‘;2]-, and &, = 65§ij. To clarify, 0&. is a [6 x 1] vector while 555&]’ and dey;; are second order
tensors. By equating the vector to the tensor, the intent is to convey that the strain components
of the vector are set equal to the corresponding strain components in the tensor. Together, these
modifications produce equation (23). K matrix and §F vector are then directly concatenated to

the SSIP G matrix and §p vector, respectively, resulting in equation (24).

Kéd—6F =0 (23)

-2 £] )

The iterative process to recover d* remains mostly unchanged from the original SSIP except that
regularization via L is no longer required to solve for dd. This is because the strain-displacement
relations in K provide some degree of regularization. The MATLAB function ‘ls¢lin’ is used to
solve equation (24) for dd.
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4. Computational Experiment Design

4.1. Geometries, Load Cases, and Set Up

Because SSIP research to date has focused on simple geometries, for this study, three shapes
representing aircraft components were selected for investigation, shown in Figure 1. From left to
right, the shapes are a T-shaped mounting bracket, the skin of an aircraft wing, and a section of an
aircraft wing spar, hereon referred to as the mounting bracket, airfoil, and wing spar, respectively.
These shapes were selected because they represent components that could be of interest for MSA
and CBM. To clarify, the shapes modeled and loads simulated are not derived from actual part
drawings or rigorous engineering analysis—the intent is solely to demonstrate that the SSIP can
be employed for more practical geometries.

Each shape was subject to a load roughly simulating a real world operational load. The load
case and resulting deformation for each geometry are illustrated in Figure 1. The magnitude of the
loads were selected such that the resulting strains fell within the bounds which the piezoresistivity
model is known to be accurate. Specifically, no axial strains could exceed £6.0x1073, and no shear
strains could exceed £1.5x1072 [49].

The mounting bracket is a fixed-free cantilever, with the rear face of the flange fixed and the
web free. In practical application, the rear face would be bolted to a rigid surface, and the web
would serve as a mounting plate for a load bearing member to attach to. The load case considered
simulates a load bearing member mounted to the web at an 45° counter-clockwise angle from the
+y-axis under tension. Since tension along the member transfers to the rigid surface through the
mounting bracket via shear on the web, a 155 kPa uniform shear stress is applied to both sides of
the web.

The airfoil is an open-ended hollow shell with a thickness of 2.54 mm. Both ends of the airfoil
are fixed, and the trailing edge is truncated at the 80% chord position. The selected shell thickness
and omission of the trailing edge avoids potential meshing complications that may arise from
discretizing a thin shell and a sharp edge using hexahedral elements. The chosen load case roughly
simulates the net pressure distribution on the wing at 5° angle of attack and 45 m/s airspeed
at sea-level. The pressure distribution was calculated by extending a two-dimensional pressure
distribution predicted by XFOIL [56] along the span of the wing, neglecting the three-dimensional
effects of a finite wing. Since the focus of this research is the SSIP and SDF, the approximations
of the aerodynamic loading and wing geometry are deemed acceptable.

The wing spar is also a fixed-free cantilever. The fixed end would be the root of the wing
spar connected to the aircraft fuselage, and the free end would be toward the wing tip. During
maneuvering flight, aerodynamic loads on an aircraft wing can induce twist—a rotation of the wing
about its longitudinal axis. To simulate this for the wing spar, the surfaces of the spar caps are
subject to a 10 kPa uniform shear stress in opposite directions along the z-axis.

To prepare the shapes for the computational experiments, each was discretized into two finite
element meshes, one coarse mesh and one fine. The finite element displacement solution and re-
sistivity data will first be simulated on the fine mesh, after which the resistivity data is averaged
onto the coarse mesh on which the SSIP is performed. All shapes were assigned the mechanical
and piezoresistive properties of 1 wt.% CNF /epoxy. While CNF /epoxy is obviously not a realistic
material for structural components, it was selected because an experimentally validated piezoresis-
tivity model for the material already exists [49]. It was also assumed that the undeformed material
has a baseline uniform resistivity distribution of 75,000 2 - m, a value derived from experimental
characterization [57]. The elastic properties and piezoresistivity model constants used are displayed
in Table 1.
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Figure 1: Top row: illustration of the load case for the (a) mounting bracket, (b) wing spar, and (c) airfoil. Bottom
row: scaled deformation resulting from the load calculated from finite element analysis.

Table 1: Elastic properties and piezoresistivity model constants used to define 1 wt.% CNF /epoxy.

Mechanical Properties

FE 2.711 GPa

v 0.351
Piezoresistivity Model Constants
K 4.10 x10° Q- m

II; -1.50 x10% - m

I, 5.15 x10° Q- m

0 75,000 2 -m

After mesh generation, sensor locations were selected on the surface of each shape. In total, 50,
78, and 85 potential sensor locations were identified for the mounting bracket, wing spar, and airfoil,
respectively, shown in Figure 2. Not all identified sensor locations are necessarily used in a given
computational experiment; rather, they represent the maximum number sensor configuration that
was considered for each shape. The locations were selected to be as uniformly spaced as possible
across the entire surface of the shape because we attempt to recover the global displacement field.
While efficient sensor placement is an extremely important consideration when designing a sensor
network, optimizing sensor location falls outside the scope of this research.

At the identified sensor locations, the corresponding node and element from the coarse mesh
of each shape can be selected to act as a DS and SS, respectively. The nodal displacements
and elemental strains from the fine mesh finite element solution were extracted to serve as sensor
data for the DS and SS. In this work, all three components of displacement were known at a DS
node. In real world applications, displacements can be measured using experimental methods such
as DIC or hardware such as discrete displacement gauges. Although a sensor measuring three-
dimensional displacements does not readily exist, we proceed with this assumption to keep the
implementation of displacement SDF simple for this computational exploration. For SS elements,
a more realistic approach was taken because strain gauges are a common sensor. At each SS, the

11



s in-plane principal and shear strains relative to the surface which the SS resides will be known,
a9 replicating the functionality of a strain gauge rosette.
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Figure 2: All possible sensor locations for the (a) mounting bracket, (b) airfoil, and (c¢) wing spar.

80 4.2. Computational Experiments and Procedures

381 Each computational experiment followed the procedure illustrated by the flowchart in Figure 3.
32 First, the nodal displacement field solution and elemental strains were calculated on the fine mesh
383 using standard finite element analysis. Next, the simulated resistivity data were generated on the
ss«  same fine mesh by plugging in the elemental strains into equation (1). Then, the fine mesh resistivity
a5 data were averaged onto the coarse mesh. To better represent experimental data, Gaussian white
36 noise was then added to the coarse mesh resistivity data. Two meshes were used to prevent an
7 ‘inverse crime’ [50] (i.e., the SSIP should not have an exact solution available to it, as would be
;s the case if the same mesh is used to both simulate data and reconstruct displacements). Finally,
ss0  the SSIP attempted to recover the displacement field from the noisy coarse mesh resistivity data,
30 supplemented by additional displacement or strain data via SDF. A reconstruction was considered
301 successful if the recovered displacement field on the coarse mesh closely matched the fine mesh

32 solution.
® ®

®

Calculate
Displacement Field
on Fine Mesh

—

Simulate
Resistivity Data

Average Resistivity Data
onto Coarse Mesh

— ?

Add Gaussian SSIP + SDF

White Noise

Displacement Field Reconstruction

Figure 3: Flowchart depicting the computational experiment procedure.

303 Two error metrics were plotted to help quantify the quality of the recovered displacement field:
30+ the normalized resistivity error, €, and the normalized displacement error, €, defined by equations
305 (25) and (26), respectively. Equation (25) measures how closely the model predicted resistivity
06 distribution matches the simulated resistivity data, in which p and [f(e;;)]" are the experimental

©
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and model predicted resistivity distribution, respectively. The norm of the difference between those
terms at the nth iteration is normalized by the initial value. Equation (26) measures how closely
the displacement field estimate matches the finite element solution. degqe is the displacement field
predicted via finite element analysis, and d" is the reconstructed displacement field at the nth
iteration. Both error metrics are expected to converge to zero if the minimization in equation
(12) is being satisfied and the SSIP predicted displacement field approaches the true displacement
field. It is important to note that in practical application €4 can not be calculated because the user
would not have prior knowledge of the exact displacement field. ¢4 is presented in this study for
demonstration purposes only.

n_ o= [fE))"

€ = (25)
Pl = [f ()N
dexact dn 2
€1 = - (26)
a H Hdezact||2 ||de:cactH2

To evaluate the performance of each SDF method, we performed three computational experi-
ments, each addressing the objectives below.

e Computational Experiment 1: Determine the number of sensors required to improve the ac-
curacy of the SSIP-recovered displacement field.
The number of sensors providing displacement or strain data was increased from zero to
the maximum sensor configuration. The sensors were added in a pattern that maintained
symmetry and uniform spacing as closely as possible, but no rigorous method or algorithm
was used to design each sensor configuration. The resistivity data used had a 75 dB signal
to noise ratio (SNR). To determine the number of sensors required to improve the recovered
displacement field, we visually inspected the recovered displacement fields and qualitatively
analyzed a plot of the final displacement error, €, against number of sensors. ¢ is the value
of ¢4 at the last iteration of the SSIP. These qualitative methods were employed to avoid
arbitrarily selecting a threshold value for ¢;. The sensor configuration identified here and the
corresponding displacement reconstruction serve as the standard configuration and baseline
reconstruction for the following experiments.

e Computational Experiment 2: Demonstrate how SDF affects the reliability of the SSIP when
resistivity data noise is increased.
Using the standard sensor configuration identified in Experiment 1, the displacement field
was reconstructed from resistivity data with 50, 40, and 30 dB SNR. Visual inspection of the
reconstructions and plots €5 were used to make a qualitative judgment on the impact of SDF
on SSIP reconstruction reliability.

e Computational Experiment 3: Demonstrate how SDF affects the reliability of the SSIP when
there are outlier resistivity data.
Eight small regions were selected from the coarse mesh of each shape to contain outlier
resistivity data. Half of the regions were assigned a resistivity value of 105,000 €2 - m, and
the remaining were assigned 45,000 €2 - m. These outlier values were selected to be +30,000
Q - m of pg, which is outside the range where the piezoresistivity model is accurate. These
outlier data were applied to the resistivity data with 75 dB SNR. The displacement field was
recovered the standard sensor configuration.
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5. Results and Discussion

This section is divided into two subsections—one dedicated to the results of resistivity-displace-
ment SDF and the other to resistivity-strain SDF. Figure 4 provides the fine mesh displacement
field solution for each shape to serve as references for the results below (i.e., the SSIP applied to
the coarse meshes seeks to reproduce the displacements of the fine meshes).
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Figure 4: Displacement field solution on the fine mesh for the (a) mounting bracket, (b) airfoil, and (c) wing spar
simulated using standard finite element analysis. These are the ‘correct’ solutions that the SSIP seeks to reproduce.
All subsequent displacement maps use the same color scale as the scale in this Figure.

5.1. Resistivity-Displacement Sensor Data Fusion Results
5.1.1. Computational Experiment 1

We first attempted to recover the displacement field of each deformed shape without additional
sensor data. The reconstructions are shown in the top-left of Figures 5-7. It is clear that without
supplementary data from sensors, the SSIP greatly under-predicts the displacement magnitude
and fails to accurately capture the contours of the displacement field for all shapes. The reader
may recall that the SSIP was demonstrated both computationally and experimentally to produce
relatively good reconstructions in previous works. The reason for the large inaccuracies here could
be because of the significantly more complex shapes and load cases being explored.

1

(a) (b) (©)
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Iteration
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Figure 5: Mounting bracket displacement field reconstructions enhanced with (a) 0, (b) 2, (c) 4, (d) 6, (e) 8, and (f)
10 DS shown along plots of (g) €4 and (h) €.
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With the introduction of DS, the accuracy of the reconstructions improved dramatically. Sensors
were added in even number sets to maintain a symmetric configuration. 2 sensors were added at a
time up to 18 sensors, after which 8 sensors were added in each new set. For the mounting bracket
and wing spar, for each new sensor added, another was placed on the mirror opposite side of the
shape. Similarly for the airfoil, every sensor on the upper surface had a corresponding pair at the
equivalent span and chord location on the lower surface. From purely visual observation, as the
number of DS increased, the displacement reconstruction more closely matched the finite element
solution. Using only 2 DS, the displacement magnitude was roughly captured for the mounting
bracket and airfoil. With 4 DS, both the displacement magnitude and field contours were reasonably
reconstructed for the mounting bracket and wing spar. For the airfoil, 10 DS were needed to recover
the field contours. However, new improvements are difficult to visually discern as we continue to
add more DS as the reconstructed displacement fields approach the correct solutions.

12
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Figure 6: Airfoil displacement field reconstructions enhanced with (a) 0, (b) 2, (c) 4, (d) 6, (e) 8, and (f) 10 DS
shown along plots of (g) €4 and (h) €,.
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Figure 7: Wing spar displacement field reconstructions enhanced with (a) 0, (b) 2, (¢) 4, (d) 6, (e) 8, and (f) 10 DS
shown along plots of (g) eq and (h) €,.
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The plots of €; against total number of DS in Figure 8 reinforce our visual observations quantita-
tively. The inclusion of relatively few DS undeniably yielded a major improvement in reconstruction
accuracy, but after an early precipitous drop in €}, the returns diminished quickly. For the airfoil,
there were notably two distinct drops in €. The reason for the second drop at 10 DS is because
the fifth set of 2 DS added was located furthest aft compared to the other DS, at approximately
the location of the peak displacement magnitude according to the finite element solution. The 10
DS airfoil sensor configuration is shown in Figure 8(b). As more DS were added toward the root
and tip of the airfoil further from areas of peak displacement, as seen in the 18 DS configuration,
little additional improvement occurred. Thus, broadly speaking, DS tend to locally improve the
reconstruction accuracy; therefore, a well populated and distributed DS configuration usually lends
to a better reconstruction. Furthermore, it is especially advantageous to place DS in areas with
large displacements relative to the rest of the shape.

(a) l¢

0.9

o g <L

*CP 05

(b) 19

09 F
0.8 F
0.7r

* 0D .
w05

041 0.4r

0.6 |

0 2 4 6 8 10 0 2 4 6 8 10 12 14 16 18
Total Number of Displacement Sensors

031

0.2

~——e— Mounting Bracket
Airfoil

—4— Wing Spar

*  Selected Configuration

2 4 6 8 10 0 10 20 30 40 50 60 70 80
Total Number of Displacement Sensors Total Number of Displacement Sensors

Figure 8: Plots of €} against total number of DS for the (a) mounting bracket, (b) airfoil, and (c) wing spar for
a narrow range of sensor configurations. Corresponding illustrations of the sensor configuration are provided for
selected points. The yellow star indicates the selected standard sensor configuration. (d) superimposes the € plots
for all three shapes, displaying the full range of sensor configurations.

To answer the question posed by the first objective, we considered one of the key challenges
regarding instrumenting structures: determining the sensor configuration that maximizes efficiency
and data utility while minimizing cost and complexity. Here, we took a simple approach by seeking
the minimum number of sensors after which additional sensors do not appreciably improve the
accuracy of the displacement reconstruction. In plot (d) of Figure 8, the relationship between the
total number of sensors and €; for each shape resembles an ‘L’-shaped curve. The corner of the
curve roughly indicates the sensor configuration after which increasing the number of sensors yields
diminishing improvement in reconstruction accuracy. Selecting the DS configuration at this corner,
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we arrive at the 8 DS configuration for the mounting bracket, the 10 DS configuration for the
airfoil, and the 4 DS configuration for the wing spar. The selected configurations are designated
on the plots in Figure 8 by a yellow star. We refrain from enabling more quantitative techniques
by defining a function modeling the relationship between € and total number of DS because € is
deeply influenced by DS location and the load case. In other words, any function defined would
generally not hold if the sensor locations or loading are changed.

Having seen the reconstruction results, we now comment on the convergence behavior of the
SSIP. Figures 5-7 (g) and (h) plot €5 and €, against iteration number, respectively, for each of the
reconstructions shown. It can be seen that for all cases with DS, €5 decreases steadily until the
tenth iteration, after which €4 plateaus. The approximately linear behavior is the result of the data
ramping part of the resistivity-displacement SDF method. Once the data ramping was complete,
the SSIP converged toward a stable solution, and €4 quickly levels. The €, plot shows that ¢,
converged to near zero for all cases displayed. This is a desired result because it indicates the
SSIP successfully predicted a displacement field that gave rise to a resistivity distribution closely
matching the simulated experimental resistivity distribution. However, €, converged in all cases
despite each reconstructed displacement field being drastically different from each other and the
finite element solution. This outcome demonstrates the underdetermined nature of the SSIP. In
other words, the solution to the SSIP minimization is not unique, so many displacement fields
can map to the same resistivity distribution. Consequently, the convergence of €, alone does not
guarantee an accurate displacement reconstruction.

We can also observe that €, for cases with DS behaved more unstably compared cases without
DS. For instance in mounting bracket, in cases with DS ¢, plateaued during the first ten iterations
before converging toward zero after the tenth iteration, whereas the case without DS did not exhibit
this behavior. For the wing spar and airfoil, €, actually increased during the first ten iterations with
the presence of DS. This behavior can be attributed to the data ramping. During each iteration,
the SSIP calculates a displacement field that satisfies the minimization. Then, when the resistivity-
displacement SDF manually replaces the SSIP predicted values with measured displacement data,
the new d™ is no longer the vector predicted by the SSIP that satisfied the minimization.

5.1.2. Computational Experiment 2

Using the DS configurations selected in Computational Experiment 1, we next attempted to
recover the displacement field from resistivity data with 50, 40, and 30 dB SNR. The reconstructions
and error plots are shown in Figures 9-11. It can be seen that DS allowed the displacement
reconstructions to remain largely intact as resistivity data noise increased. Both the displacement
magnitude and contours were well captured down to 30 dB SNR for the mounting bracket and wing
spar. This is corroborated by the €; plots which show €¢; remaining generally stable at higher noise
levels. For the airfoil, the reconstruction is entirely erroneous at 30 dB SNR. This is because at
30 dB SNR the signals attributed to deformation became saturated with noise—the airfoil strains
were much smaller than the other shapes. ¢4 for this case diverged, but it is expected to eventually
stabilize because ¢, is gradually converging toward zero. ¢, for all cases overall behaved similarly to
Computational Experiment 1. Cases with more resistivity data noise had a larger initial resistivity
error compared to cases with less resistivity data noise, but the opposite trend is seen in the ¢,
plots because ¢, is a normalized value. Nevertheless, the end behavior is more important because
it is an indicator of whether or not the SSIP has converged to a solution.

Upon closer inspection, aberrations can be observed on reconstructions with higher noise levels.
For instance, small displacements were predicted on the mounting bracket flange from the 30 dB
resistivity data where there should be none. However, in general, noise aberrations are difficult to
discern from a displacement magnitude map because noise tends to more negatively impact the
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Figure 9: The mounting bracket displacement reconstructions (bottom row) from resistivity data (top row) with (a)
50 dB, (b) 40 dB, and (c) 30 dB SNR enhanced with 8 DS. Plots of (d) eq and (e) €, are given for each noise level,

including the 75 dB case from Computational Experiment 1.
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Figure 10: The airfoil displacement reconstructions (bottom row) from resistivity data (top row) with (a) 50 dB, (b)
40 dB, and (c) 30 dB SNR enhanced with 10 DS. Plots of (d) eqs and (e) €, are given for each noise level, including

the 75 dB case from Computational Experiment 1.

reconstruction of non-dominant displacement components more

of the dominant displacement component.

Overall, the results of this experiment demonstrate that resistivity-displacement SDF makes the
SSIP more robust to increased noise in the resistivity data, allowing the SSIP to extract reasonably

accurate reconstructions from resistivity data with 30 dB SNR

5.1.8. Computational Experiment 3

Once again using the DS configurations from Computational Experiment 1, we attempted to
recover the displacement field from resistivity data with outliers. It is immediately apparent from
Figure 12 that outlier data posed a steeper challenge for the SSIP than noise. We can visually
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Figure 11: The wing spar displacement reconstructions (bottom row) from resistivity data (top row) with (a) 50 dB,
(b) 40 dB, and (c) 30 dB SNR enhanced with 4 DS. Plots of (d) €4 and (e) €, are given for each noise level, including
the 75 dB case from Computational Experiment 1.

recognize that the mounting bracket and wing spar reconstructions are not physically correct, even
without prior knowledge of the finite element solution. For the mounting bracket, the displacement
magnitude was over-predicted, and significant aberrations skewed the contours of the displacement
map. For the wing spar, the reconstructed displacement contours are most notably inaccurate
on the left side of the rightmost circular cutout. Aside from this, the displacement magnitude
was reasonably well captured. The outlier effects were much milder for the airfoil, with only
minor aberrations visibly present local to the outlier data locations. The airfoil reconstruction was
otherwise unchanged from the Computational Experiment 1 reconstruction.

@ - Sensor Location (d)
[0- Low Value Outliers (35,000 Q+m)
M - High Value Outliers (105,000 Q+m)

Sensor Configurations

(a) 4 (b)/\

Mounting Bracket - No Outliers
Mounting Bracket - Outliers
Airfoil - No Outliers

Airfoil - Outliers

Wing Spar - No Outliers

Wing Spar - Outliers

5 10 15 20
Iteration
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Iteration

Figure 12: DS configurations used for the (a) mounting bracket, (b) airfoil, and (c¢) wing spar overlaid with locations of
resistivity data outliers and their corresponding displacement reconstructions. The color scale of the correct solution

for each shape is used. Plots of (d) €4 and (e) €, compare the convergence behavior between the case with and
without outliers.

In Figure 12(d), €4 seemed to diverge for the mounting bracket and wing spar case with outliers.
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The corresponding plots of €, however show convergence toward zero. The converging behavior of
€, indicates that the SSIP will eventually arrive at a stable, albeit inaccurate, solution at a time
beyond the iteration limit of 20. This once again demonstrates that while convergence of ¢, is an
indicator that the SSIP has obtained a solution, it is not a good indicator whether the solution is
accurate.

The conclusion drawn from this experiment is that resistivity-displacement SDF does not con-
sistently allow the SSIP to obtain an accurate reconstruction from resistivity data with outliers.
This inconsistency can be attributed to the randomness of the outlier data location, shape geome-
try, and magnitude of loading. Therefore, it may be more beneficial to apply minimization schemes
more aptly designed to address outlier data in addition to SDF.

5.2. Resistivity-Strain Sensor Data Fusion Results

General guidance from iFEM literature regarding the selection of weight coefficients states
that elements with strain data are to be assigned a weight coefficient that is roughly 1 x 103 to
1 x 10° larger than elements without strain data [53]. Regarding the selection of specific values for
weight coefficients, no strict mathematical methodology has been established for the general case.
Therefore, in our case, we selected a weight for the SS elements such that the corresponding entries
of K became, on average, the same order of magnitude as the entries of the G matrix. Thus, a
weight of 1 x 10% was assigned to SS elements of the mounting bracket and wing spar, and 1 x 108
for the airfoil. The weights for non-SS elements were 1 x 1072 for the mounting bracket and wing
spar, and 1 x 10* for the airfoil.

5.2.1. Computational Experiment 1

Figures 13-15 display reconstructions and error plots for each shape while increasing the number
of SS. Tt can be observed visually that fusing additional strain data does improve the accuracy of
the SSIP displacement field recovery overall, and the reconstructions become more accurate as the
number of SS are increased. However, while the displacement field contours are reasonably well
captured in all shapes, the displacement magnitude is under-predicted, even at the maximum sensor
configuration. This is clearly seen by the fact that the colors of the reconstructions are far from
the peak colors on the scale. To clarify, the color scale is the same as the scale used in the finite
element solutions (i.e., the correct solutions that we seek as shown in Figure 4). Figure 16 shows
that € steadily decreases with increasing number of SS, but by very small increments with each
new sensor set. The error plots show that the SSIP enhanced with resistivity-strain SDF exhibited
very fast convergence toward a solution, with e, stabilizing €, converging toward zero within two
iterations.

Out of the three shapes, the mounting bracket reconstructions come much closer to the correct
solution than the airfoil and wing spar, seen both visually and Figure 16(d). This is potentially
because many SS were located in regions of high strain and were aligned with the primary direction
of deformation. For the mounting bracket, the SS were distributed uniformly on the web and
measured the €99, £33, and eo3 strains; these strain components were also the dominant strain
components resulting from the tension load. On the other hand, for the airfoil, €99 and e33 were
the largest and concentrated at the fixed ends and the leading edge. The SS measured €11, €33, and
€13 and were mostly far from the fixed edges.

Compared to the results of resistivity-displacement SDF, resistivity-strain SDF did not attain as
high a level of accuracy for the same number of sensors. However, resistivity-strain SDF does seem
to possess an advantage over resistivity-displacement SDF in the ability to capture the displacement
field contours. This can be seen most vividly in the case of the airfoil. Using 2 DS, the reconstruction
was only accurate locally to the DS, whereas using 2 SS, although the displacement magnitude was
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503 underpredicted, the contours throughout the entire shape were much truer to the finite element
so4  solution. This is likely because the resistivity-strain SDF method incorporates a global strain-
s05  displacement matrix in its formulation.
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Figure 13: Mounting bracket displacement field reconstructions enhanced with (a) 0, (b) 2, (c) 8, (d) 18, (e) 34, and
(f) 50 SS shown along plots of (g) es and (h) €.
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Figure 14: Airfoil displacement field reconstructions enhanced with (a) 0, (b) 2, (c) 10, (d) 34, (e) 66, and (f) 85 SS
shown along plots of (g) eq and (h) €,.

596 We next select the SS configurations to satisfy the experiment objective using the plots in Figure
s7 16. For the mounting bracket, a rough ‘L’-shaped curve exists from which the 18 SS configuration
s is chosen. For the airfoil and wing spar, a corner occurs at the 2 SS configuration, with the rest
s of the curve being relatively flat. However, using only 2 SS is too few, especially considering the
s0 overall inaccuracy of the reconstructions at 2 SS and that the 18 SS configuration was selected for
601 the mounting bracket—a notably less geometrically complex shape. By omitting the data point
602 at 0 SS for both the airfoil and wing spar, what remained were curves with two corners. The SS
s03 configuration at the first corner was selected despite the higher € because the overall change in €; is
s4 relatively small over the entire range of sensor configurations; thus, the ‘more efficient’ configuration
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605 with fewer sensors was preferred. This would be the 34 SS configuration for the airfoil, and the 26

606 S5 configuration for the wing spar.
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Figure 15: Wing spar displacement field reconstructions enhanced with (a) 0, (b) 2, (c) 4, (d) 26, (e) 66, and (f) 78
SS shown along plots of (g) eq and (h) €,.
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Figure 16: Plots of €} against total number of SS for the (a) mounting bracket, (b) airfoil, and (c¢) wing spar. Plots
(b) and (c) omit the data point at 0 SS. Corresponding illustrations of the sensor configuration are provided for
selected points. The yellow star indicates the selected standard sensor configuration. (d) superimposes the € plots
for all three shapes for the full range of sensor configurations.
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5.2.2. Computational Experiment 2

Using the SS configurations from Computational Experiment 1, we next performed reconstruc-
tions with increased levels of resistivity noise. The reconstructions for all shapes were very poor
at a SNR of 40 dB and below, as seen in Figures 17-19. The reconstructions at 50 dB SNR either
remain generally unchanged, or the displacement magnitude were slightly more under-predicted
compared to the 75 dB SNR case. Increasing the noise beyond 50 dB SNR caused skewing of the
displacement field contours and severe over-prediction of the displacement magnitude. Overall, the
results show that SS do make the SSIP more robust to noise in resistivity data up to around 50 dB
SNR. Reconstructions become largely unreliable at a SNR below 50 dB.
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Figure 17: The mounting bracket displacement reconstructions (bottom row) from resistivity data (top row) with (a)

50 dB, (b) 40 dB, and (c) 30 dB SNR enhanced with 18 SS. Plots of (d) eq and (e) €, are given for each noise level,
including the 75 dB case from Computational Experiment 1
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Figure 18: The airfoil displacement reconstructions (bottom row) from resistivity data (top row) with (a) 50 dB, (b)

40 dB, and (c) 30 dB SNR enhanced with 34 SS. Plots of (d) eq and (e) ¢, are given for each noise level, including
the 75 dB case from Computational Experiment 1
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Figure 19: The wing spar displacement reconstructions (bottom row) from resistivity data (top row) with (a) 50 dB,
(b) 40 dB, and (c) 30 dB SNR enhanced with 26 SS. Plots of (d) €4 and (e) €, are given for each noise level, including
the 75 dB case from Computational Experiment 1

5.2.3. Computational Fxperiment 3

When facing resistivity data with outliers, the SSIP enhanced with SS struggled to obtain
accurate reconstructions. Figure 20 shows that in all cases, the displacement magnitudes were
severely over-predicted, and the contours were entirely inaccurate. The plots of €, show that the
reconstructions satisfy the SSIP minimization, but are clearly not the correct solution as indicated
by the €4 plots. From the results of this experiment, we conclude that resistivity-strain SDF does not
allow the SSIP to accurately reconstruct the displacement field when the resistivity data contains
outliers. Again, it may be advantageous to explore more outlier robust minimization schemes to
counteract the effects of outlier data in conjunction with SDF.
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Figure 20: SS configurations used for the (a) mounting bracket, (b) airfoil, and (c) wing spar overlaid with locations of
resistivity data outliers and their corresponding displacement reconstructions. The color scale of the correct solution
for each shape is used. Plots of (d) eq and (e) €, compare the convergence behavior between the case with and
without outliers.
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6. Summary and Conclusions

In this article, we discussed how the ability of the SSIP to recover the displacement field of a
deformed piezoresistive material from measured resistivity changes has significant implications for
the advancement of CBM and MSA. However, more progress needed to be made in overcoming the
mathematical limitations hindering its accuracy and proving its capacity to be applied to practical
structures. We thus proposed that the accuracy of the SSIP and its applicability to more complex
shapes could be improved by incorporating additional types of sensor data.

To this end, we developed two novel SDF methods that combine resistivity with displacement
and strain data. These SDF methods were tested computationally. Three shapes approximating
aircraft components were modeled virtually and subjected to loads. The resulting strain and dis-
placement fields were calculated using standard finite element analysis, from which resistivity data
was simulated. Then, three computational experiments were performed to qualitatively identify the
number of sensors necessary to improve the SSIP displacement field recovery such that it reasonably
matched the finite element solution and determine the impact of SDF when there is high noise and
outliers in the resistivity data. The results show that both the fusion of displacement and strain
data dramatically improve the SSIP accuracy. Relatively few DS were required to obtain a good
reconstruction close to the correct solution. Using SS, the reconstructions did not come close to
matching the correct solution due to under-prediction of the displacement magnitude, even when
employing a large number of sensors, but still constituted a notable improvement over the original
SSIP. Both DS and SS were shown to make the SSIP more robust to resistivity data noise, with DS
allowing a reconstruction of reasonable quality to be extracted from data with 30 dB SNR in some
cases, and SS for data with 50 dB SNR. When attempting to use resistivity data with outliers, the
performance of SDF enhanced SSIP was inconsistent with DS and largely poor with SS.

The results also revealed several avenues for future investigation. First, the optimization of
sensor placement could reduce the total number of sensors required for accurate reconstructions.
Second, future work should explore more outlier-robust SSIP formulations, such as the 1-norm
error minimization schemes solved via the primal-dual interior point method, in conjunction with
SDF. Finally, the fusion of all three data types used in this work or the development of new SDF
methods involving displacements, strains, or other data types should be considered in effort to
minimize the total sensor count, since one of the key motivations of using self-sensing materials is
to avoid cumbersome embedded sensor networks.

In conclusion, we believe that this initial exploration into enhancing the SSIP via SDF has
demonstrated the viability of synergistically utilizing the SSIP with existing sensor technologies to
advance the overall capability to gain insight into the mechanical state of piezoresistive materials.
Continued advancement of techniques improving MSA of piezoresistive materials increases the
feasibility of functional, self-sensing structures. Full realization of such capabilities can ultimately
give rise to accurate, real-time condition monitoring of critical mechanical system components,
entailing immense benefit for maintenance efficiency.
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