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Abstract

Thermoplastic polymers exhibit complex mechanical behavior characterized by nonlinear
visco-elasticity, visco-plasticity, strain-rate sensitivity, temperature dependence, and distinct
deformation mechanisms such as shear yielding, crazing, and internal particle cavitation.
Understanding and accurately modeling their response is crucial for various engineering
applications. Within this setting, this contribution provides a comprehensive review of
continuum constitutive modeling approaches for thermoplastic polymers. To contextual-
ize these models, an overview of continuum, micro-mechanical, and multi-scale modeling
frameworks is provided. Emphasis is placed on continuum models, highlighting in particu-
lar their interpretation based on rheological elements originating from linear viscoelasticity,
and adaptability through the selection of appropriate nonlinear functions for the different
elements. The increasing complexity of these models often results in a high number of
material parameters, necessitating extensive experimental characterization. To address this
challenge, recent advancements in optimization techniques for parameter identification are
briefly discussed, with a focus on Bayesian optimization strategies that enhance efficiency
while reducing experimental costs.
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1. Introduction

In recent years, the global polymer market has experienced significant growth, reaching
a value of 713 billion dollars in 2021 and projected to grow to 1078.5 billion by 2030 [1].
By type, the thermoplastics segment accounted for 43% market share in 2021, which gener-
ally includes both glassy amorphous and semicrystalline polymers. Thermoplastic polymers
have gained significant traction due to their outstanding mechanical, thermal, optical, and
chemical properties. Moreover, they can be easily tailored through suitable manufacturing
processes at low production costs, making them highly attractive for material and struc-
tural design in a wide range of applications, comprising the military, automotive, aerospace,
and consumer electronics industries [2]. Examples of thermoplastic amorphous polymers
include polycarbonate (PC), poly(methyl methacrylate) (PMMA), polystyrene (PS), and
polyamideimide (PAI), among others. In particular, PC and PMMA are widely used in
high-performance military applications, such as protective glasses and machine guards,
where their transparency, strength, and lightweight features meet advanced engineering
requirements. Thermoplastic semicrystalline polymers, such as polyethylene (PE), polyte-
trafluoroethylene (PTFE), polyamide (PA), and polyether ether ketone (PEEK), are also
extensively employed in various industries due to their excellent mechanical properties,
chemical resistance, and thermal stability [3].

Thermoplastic polymers are also central to the development of new materials, particu-
larly in the form of polymer blends, with more than 600 new grades entering the market
annually [4]. A notable example of this blending technique is rubber-toughened amorphous
polymers, where rubber particles are added to an amorphous polymer matrix to improve
toughness, such as in high-impact polystyrene (HIPS) and acrylonitrile-butadiene-styrene

(ABS). Furthermore, polymers are widely used in fiber reinforced composites, such as car-



bon fiber reinforced thermoplastics (CFRTP), which offer high specific strength, corrosion
resistance, fatigue resistance, dimensional stability, and high design flexibility [5].

Polymers exhibit versatile mechanical behavior, which is a result of their complex mi-
crostructures and intrinsic deformation mechanisms, such as shear yielding and crazing.
Their behavior is also influenced by extrinsic factors, including temperature, strain rate,
hydrostatic pressure, and the chemical environment (e.g., exposure to water, oxygen, or or-
ganic solvents). Accurate modeling, while not straightforward, is essential for understand-
ing the structure-property relationship, where the microstructure of the polymer dictates
its macroscopic properties and performance. This approach aligns with the principles of In-
tegrated Computational Materials Engineering (ICME), as highlighted by Olson [6], which
links processing, structure, properties, and performance across multiple scales.

To address the complexities of accurately modeling the mechanical behavior of thermo-
plastic polymers, different modeling approaches have been developed, including continuum,
micro-mechanical, and multi-scale frameworks. Continuum models offer a macroscopic per-
spective by employing constitutive equations that capture the overall stress-strain response
of polymers under various loading and environmental conditions. While these models are
computationally efficient and widely applicable, they often require extensive calibration to
account for the material’s dependence on factors such as strain rate, temperature, and pres-
sure [7, 8]. Micro-mechanical models, on the other hand, delve into the material’s internal
structure, explicitly representing the interactions between phases or constituents, such as
rubber inclusions in blends like ABS or PC/ABS or the crystalline and amorphous phases in
semicrystalline polymers. These models provide insights into the local mechanisms driving
macroscopic behavior but can be computationally expensive [9, 10]. Multiscale modeling
bridges the gap between these approaches by linking microstructural details to continuum-
level predictions, enabling a more comprehensive understanding of how structure influences
the material’s macroscopic properties [11].

Despite the vast number of constitutive models available in the literature, most of these
models face significant challenges. Within this setting, some models (i) fail to account
for the full range of phenomena that are characteristic of polymer behavior, (ii) involve a

large number of material parameters whose identification is not straightforward, (iii) pose



difficulties in numerical implementation, and (iv) may have limitations in their range of
applicability. These constraints highlight the need for a comprehensive understanding of
the various modeling techniques and their respective trade-offs.

In this context, this work aims to provide a thorough overview of the different modeling
approaches and tools available to predict the mechanical behavior of amorphous polymers.
To this end, in Section 2, a brief discussion is presented regarding various categories of
thermoplastic polymers and their morphologies, while Section 3 outlines the main defor-
mation mechanisms that govern their mechanical response. Section 4 collects some of the
most relevant experimental observations regarding the thermomechanical behavior of ther-
moplastic polymers, providing the motivation for the development of the wide range of
constitutive models available in the literature. Section 5 provides a brief outline of contin-
uum, micro-mechanical, and multi-scale modeling as the main approaches available to model
the mechanical behavior of polymers. Special attention is given to the continuum modeling
approach, with Section 6 collecting the main nonlinear rheological elements used in the
literature to model the different nonlinear phenomena observed in thermoplastic polymers.
Section 7 presents a review of the main continuum constitutive models for thermoplastic
polymers, employing as the organizing principle the arrangement of the rheological elements
in its one-dimensional visco-elastic representation. The main focus is on the adaptability
and extensibility of these models, such as the BPA and EGP models. Finally, Section 8 sum-
marizes the main findings of this review and outlines potential future research directions in

the field of constitutive modeling for amorphous polymers.

2. Categories of Solid Polymers

Polymers are macromolecules composed of repeating units linked together to form long
chains, primarily made up of carbon and hydrogen atoms. These so-called monomers are
held together by strong covalent bonds within the polymer chain, while weaker intermolec-
ular forces, such as van der Waals interactions or hydrogen bonds, act between chains.
Each polymer chain may string together from a few hundred to several thousand monomer
units. The distribution of molecular weights is generally characterized by parameters such

as the number-average molecular weight, the weight-average molecular weight, the polydis-



persity index, and the degree of polymerization. Yet another aspect of polymer structure at
the individual chain level is the distinct stereoisomerisms, such as tacticity, which play an
important role in determining the properties of polymers, such as their ability to crystallize.

Of special importance to the spatial configuration of polymer chains is their molecular
structure. The structure or topology of the polymer concerns the way the different monomers
are connected, which is commonly categorized as linear, branched, crosslinked, or network
structures, as illustrated in Fig. 1. The molecular structure significantly influences the flexi-
bility of polymer chains and their ability to respond to thermal vibrations. Linear polymers
have more chain mobility due to the absence of rigid crosslinks, making them more flexi-
ble and responsive to temperature changes. In contrast, crosslinked and network polymers
contain bonds between chains that restrict movement, resulting in higher rigidity and re-
duced thermal response. This diversity in molecular structures allows polymers to exhibit
a wide range of mechanical and thermal properties. Of particular interest, is the distinc-
tion between thermoplastic and thermosetting polymers, tightly linked to their molecular
structure. Typically linear or branched in structure, thermoplastic polymers soften or melt
when heated and solidify when cooled in a reversible and repeatable manner. In contrast,
thermosetting polymers do not melt or soften upon heating. Instead, they become perma-
nently rigid after undergoing a curing process that forms extensive crosslinks or networks of
covalent bonds between molecular chains. This distinction is further elaborated in Section 4
concerning experimental results of polymer behavior to thermomechanical loading.

If the chains are regular enough, and thermomechanical conditions are favorable, they
may arrange themselves into highly ordered structures, forming crystalline regions. Other-
wise, the chains will assume a more disordered arrangement, forming amorphous regions.
The differences in the morphology of semicrystalline and amorphous polymers are schemat-
ically illustrated in Fig. 2. This state of affairs leads to possibly the most relevant classifi-
cation of solid polymers, i.e., between those that are completely amorphous and those that

are semicrystalline.
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Figure 1: Schematic representation of different types of polymer molecular structures.

2.1. Amorphous polymers

Focusing first on amorphous polymers, these consist solely of disordered arrangements of
polymer chains, where often the end-to-end distance of the chains is much smaller than their
contour length. This spatial arrangement, where entanglements between chains abound,
constrains the global motion of the chains, allowing primarily for local movements of chain
segments. That said, features such as a comparatively high density relative to a hypo-
thetically fully disordered state show that the packing cannot be completely random. In
particular, under mechanical loading, amorphous polymers may develop some degree of

orientation of the polymer chains in the loading direction [12].

2.2. Semicrystalline polymers

If in some domains of the polymer, the molecular orientation is sufficiently regular, crys-
talline regions may form. These regions are characterized by the constituent chains packing
parallel to one another in an orderly fashion into lamellae. This picture is, in fact, an
idealization, with reality resembling more a switchboard model, with the chains reenter-
ing through loose folds at non-adjacent sites or even forming tie-chains with neighboring

lamellae [13]. The thickness of the lamellae in semicrystalline polymers is of the order of
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Figure 2: Representation of amorphous and semicrystalline polymers’ structure.

nanometers, e.g., 10nm to 15nm for PE samples [14]. The crystalline structure depends on
the particular polymer. PE often possesses orthorhombic symmetry [15], while polytetraflu-
oroethylene (PTFE) at temperatures above 19°C is hexagonal, with individual molecules
arranged in helical conformations [16].

The main parameters influencing the degree of crystallinity are the molecular structure of
the polymer, its molecular weight, the presence of plasticizers, and especially the thermome-
chanical history of the polymer [17, 18]. Because of the way polymer crystals form, polymer
chains must have a linear structure; the more branches/dependent side groups, the lower
the degree of crystallinity. However, even linear polymers must have sufficient regularity to
crystallize [17]. Polyethylenes of different crystallinities have been achieved through the ma-
nipulation of the degree of branching and the introduction of various amounts of defects in
the main chains of the polymer [19]. In addition, a high molecular weight tends to suppress a
high degree of crystallinity [20], as seen when comparing high-density polyethylene (HDPE)
and ultra-high molecular weight polyethylene (UHWPE) [21]. The particular stereoisomer
under consideration also plays a role, with isotactic polymers tending to crystallize more
easily than atactic ones, as is the case with polypropylene (PP) [3].

Since crystallization is a kinetic process, the crystallized fraction is a function of time,
with the crystallization rate in polymers depending on the temperature difference relative

to the melting temperature and the glass transition temperature [3]. The mechanical load-



ing of a polymer may also induce changes in crystallinity, e.g., through the phenomenon
of strain-induced crystallization [22]. Accordingly, the most frequent approach to achieve
different degrees of crystallinity is through the control of crystallization temperatures and
crystallization times, be it when crystallizing from the melt or through annealing treat-
ments [19, 23, 24]. However, preparing samples with different degrees of crystallinity is
challenging for polymers such as HDPE, whose crystallization rate is very high [19].

The crystallinity of a semicrystalline polymer can be specified by the degree of crys-
tallinity. It may range from completely amorphous to almost entirely crystalline. Commer-
cially available semicrystalline polymers range from 10 to 90% degree of crystallinity [25].
The degree of crystallinity by weight may be determined from accurate density measure-

ments according to
(ps B pa) /,05
(pc - pa) /pc

where p, is the density of a specimen for which the percent crystallinity is to be deter-

x = % crystallinity = x 100 (1)

mined, p, is the density of the completely amorphous polymer, and p. is the density of
the perfect polymer crystallite. In addition to this method based on density, other experi-
mental techniques employed to determine the crystallinity along with the lamellar thickness
of the polymer crystallites include wide (WAXS) and small (SAXS) angle X-ray scatter-
ing [23, 26|, differential scanning calorimetry (DSC) [27], and, electron microscopy, e.g.,

transmission electron microscopy (TEM) [28].

Mesostructure. According to the processing, thermal, and mechanical history, as well as its
degree of crystallinity, molecular weight, and polydispersity, a semicrystalline polymer can
display different mesoscopic structures [18, 29]. When the polymer crystallizes from the
melt, the two most commonly reported types of mesoscopic structures for semicrystalline
polymers are the spherulitic structure [30], obtained from quiescent crystallization, and the
shish-kebab structure, obtained from crystallization under shear stress [31].

The spherulitic structure is composed of spherulites, an aggregate of ribbon-like chain-
folded crystallites that radiate outward from a single nucleation site in the center, with
their diameter in the order of 10 pm for PE, and 6 pm for polyamide 6 (PAG6), for example.

Between them, there are amorphous regions, crossed by tie-chain molecules that act as



connecting links between adjacent lamellae [32, 3, 17, 33, 13]. The lamellae are generally
twisted about their long axis [34]. A sheaf-like structure is also possible under suitable
conditions [31], as are so-called hedrites, lamellae joined together along a common line or,
more often, along a common plane [35]. Mandelkern [29] warns, however, that spherulites,
and other types of supermolecular structures, are not universally observed in homopolymers.

Mechanical loading will also lead to changes in the mesoscopic structure of the polymer.
Regarding higher crystallinity polymers such as HDPE, it usually destroys the crystallites
of the original morphology, followed by reordering to form new crystallites. For materials
such as PET, in which the crystalline and amorphous components are intermixed, the most
noticeable effect may be strain-induced crystallization due to macromolecular texture [12].

All these properties and characteristics significantly influence the thermomechanical be-

havior of solid polymers, which we describe in the following section.

3. Deformation Mechanisms

Understanding and accurately modeling the behavior of thermoplastic polymers, includ-
ing their role in blends and composites, requires careful consideration of the deformation
mechanisms involved. Phenomena such as shear yielding, crazing, and internal particle cav-
itation significantly influence the material’s response and should be accounted for to ensure
predictive reliability in engineering applications. In this setting, a brief overview of the main

deformation mechanisms of thermoplastic polymers is provided below.

3.1. Shear yielding

In metals, the shear deformation is well established by the slip theory [36]. For polymers,
however, there is some uncertainty about molecular-level shear deformation. Nevertheless,
two different theories are typically considered. The first of these theories is the metals’ slip
theory, and the second one is a theory based on viscous mechanisms.

Haward and Young [2] stated that the applied stress converts the molecular structure
from one metastable state to another, which persists after the stress is removed. This
requires that the interatomic or intermolecular bonds be overcome and replaced by other

equivalent bonds in the deformed state. The transition from one state to another occurs
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via molecular chain slip. As a consequence, for temperatures below the glass transition
temperature, Tj, shear becomes localized, resulting in accentuated shear bands. In contrast,
as the glass transition temperature is approached, the shear bands become smoother and
may even become unobservable.

The formation of shear yielding is often associated with strain-softening behavior, al-
though there are cases where strain hardening or no significant softening occurs. This
behavior is commonly modeled by Eyring’s viscosity theory [37], but other models may also
be used depending on the specific material and conditions.

In the case of semicrystalline polymers, the amorphous domain is further restrained in its
movement by the presence of the crystalline regions. In the crystalline regions, the molec-
ular chains are tightly packed in an ordered structure, and their motion can be explained
by the slip theory, with the caveat that normal to the chain direction, the slip is highly
restricted [38, 39].

3.2. Crazing

Crazes are localized regions of plastic deformation in polymers, characterized by the
formation of microvoids and fibrils under tensile stress. They have been observed in most
amorphous thermoplastics and some semicrystalline polymers, such as polypropylene [40].
Crazes typically originate from flaws in the material—like microcracks—that may not be
initially visible but develop under loading. Their structure consists of a dense array of
fibrils separated by voids, as schematically illustrated in Fig. 3. These fibrils, formed from
aligned molecular chains, contribute to increased tensile modulus and mechanical strength,
promoting strain hardening. The regions just ahead of craze tips, known as pre-crazes [41],
are zones of high stress concentration.

The morphology of crazes is usually observed using optical techniques, such as trans-
mission electron microscopy (TEM), scanning electron microscopy (SEM), and high voltage
electron microscopy (HVEM) [41]. While crazes share some similarities with cracks, they
are distinct due to their distinct formation processes and behaviors. Crazes are often de-
scribed as microcracks, but unlike cracks, they typically form under lower stress and have

a high load-bearing capacity due to the fibrillar structure that develops during their forma-
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Figure 3: Schematic representation of the crazing deformation mechanism.

tion. This fibrillar structure enables crazes to absorb significant stress before propagating,
making them fundamentally different from cracks, which generally fail suddenly with little
deformation [37].

Understanding each phase of the crazing process (initiation, propagation, and break-
down) is essential to predict the behavior of amorphous polymers and, consequently, their
failure. The initiation phase is still not fully understood, despite efforts to model it [37, 40].
The lack of a criterion accepted by the scientific community is due to the lack of reliable
data on the crazing phenomenon across a wide range of triaxial tensile stresses. Neverthe-
less, it is accepted that, for craze initiation to occur, there must be a local high-stress state,
followed by the nucleation of voids and the strain hardening of the polymer ligaments as the
molecular chains align with the maximum loading direction. Moreover, it is accepted that
the crazing envelope is asymptotic to the pure shear line, as schematically represented in
Fig. 4. Moreover, the crazing envelope lies below the shear yielding envelope in the tensile
quadrant and over the two neighbouring quadrants. As a result, fracture occurs without
yielding for these stress states [40].

Craze propagation may occur by growing in width or length. The width growth is ex-
plained by drawing in more polymeric material from the craze surfaces to the fibrils. In

contrast, the length growth is related to the propagation of the craze tip, which moves

12



N /
NN - =7
NN X
- /
shear yielding s
N |
N 7 /
/
N ”
N 7 022
./\ crazing
N

-

pure shear

N\

Figure 4: Failure envelope for poly(methyl methacrylate) (PMMA) under biaxial stress at room-
temperature, adapted from [40].

outwards normal to the maximum tensile direction. The formation of a new plastic de-
formation zone at the pre-craze region also characterizes the growth in length. The most
common approach to describing the crack-tip advance is based on the Dugdale model [42].
Dugdale’s assumption of constant stress along the entire craze length is not verified at the
craze tip, but overall it is a reasonable assumption [2]. In addition, it is now accepted that
the craze-tip advance is modeled by the Taylor meniscus instability mechanism [43]. Exper-
imental observations at the tip of the crazes revealed that no isolated voids are nucleated
in the pre-craze region. Instead, a series of finger-like interfaces are observed [44].

The crazing fracture mechanism is more typical in amorphous brittle polymers and poly-
mers with low entanglement density, as the formation of the void-fibril structure requires a
loss of entanglement. This loss can occur either by chain scission (i.e., chain breaking) or
disentanglement (i.e., relative motion between chains) [37]. Scission is generally assumed
to be the dominant mechanism in crazing. Crazing failure occurs through crack initiation
and propagation within the crazes, leading to brittle fracture with minimal energy absorp-
tion [41]. In some cases, the fibrils inside the crazes undergo plastic deformation and break
due to local stress concentrations, typically around 200 MPa [40]. Failure often originates
at the edge of the crazes, where new material is still being drawn. One of the major limi-

tations of polymers in engineering applications is their tendency to fracture by crazing due
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to absorbed liquids and vapours. When in contact with an aggressive liquid, the polymer’s
surface is very susceptible to crazing, and once crazing has initiated, the liquid is pushed
into the voids and proceeds to the craze-tip, promoting craze growth [40].

Many polymers, such as polystyrene-acrylonitrile, present both shear and crazing defor-
mation modes simultaneously [45]. The intersection between crazes and shear bands may
even be favorable and may stop a craze from growing; that is, a craze may be stopped if
it meets a pre-existing craze or a shear band. The competition between crazing and shear
yielding is present in most amorphous polymers and, therefore, should be considered when

modeling their behavior.

3.3. Internal particle cavitation

A common strategy to improve the toughness of amorphous polymers is to incorporate
rubber particles into the bulk material. The presence of rubber particles facilitates the tran-
sition from brittle to ductile fracture by promoting extensive plastic deformation, allowing
the material to dissipate large amounts of energy through mechanisms such as crazing or
shear yielding. The primary role of these particles is to cavitate (as schematically repre-
sented in Fig. 5), either internally or through debonding, which alters the local stress state
and initiates the plastic response of the polymer matrix. In general, if the craze initiation
stress of the matrix is lower than the yield stress, then the predominant fracture mechanism
is by crazing, and rubber toughening is mainly achieved by the dispersed rubber particles
acting as craze initiators. In contrast, if the craze initiation stress is higher than the yield
stress, failure occurs by shear yielding, and the dispersed rubber particles act as initiators
of shear bands.

The rubber particles act as craze initiators, since they are responsible for concentrating
stress, and hence, initiate crazing, typically near their equator [37]. As a result, the number
of crazes in the polymer is strongly dependent on the number of rubber particles in the
amorphous matrix. This phenomenon is called multiple crazing. Further, rubber particles
may act not only as craze initiators, but also as craze controllers. The craze growth is blunted
when a rubber particle is encountered, therefore, preventing the growth of large crazes, which

are more likely to break. The multiple crazing phenomenon also promotes toughness, as
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Figure 5: Schematic representation of the rubber particle internal cavitation phenomenon in rubber-

toughened amorphous polymers.

crazes remain load-bearing until a certain deformation is reached. Furthermore, debonding
at the particle-craze interface may appear as a result of the contraction between the crazes
and the solid rubber particles when they intersect. This debonding promotes the formation
of voids, which may yield premature craze breakdown.

The mechanism of shear yielding in rubber-toughened amorphous polymers is intrinsi-
cally related to cavitation of the rubber particles (see Fig. 5), followed by extensive shear
yielding throughout the matrix (which in the end is the primary energy absorbing mecha-
nism). The rubber particles dissipate the bulk strain energy through cavitation, reducing

local hydrostatic stress and lowering the material’s yield stress.

4. Thermomechanical Properties of Polymers

This section collects and discusses experimental results available in the characterization
of solid polymers. It includes several relevant thermomechanical loading conditions and aims
to highlight the typical nonlinear constitutive behavior of these materials, which advanced
constitutive models should capture. For a refresher on the thermomechanical problem, ther-
modynamically consistent modeling and linear thermo-viscoelasticity, the reader is referred

to Appendix A.
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4.1. Isothermic stress relazation, creep and dynamic mechanical analysis experiments

Stress-relaxation, creep, and dynamic mechanical analysis experiments are all pertinent
for characterizing a material’s time-dependent behavior. In particular, solid polymers ex-
hibit time-dependent behavior that distinguishes them from metals at temperatures well be-
low their melting points. This section will first focus on isothermal measurements, followed
in the next section by isochronal measurements. It highlights the nonlinearities observed in
these experiments, which infinitesimal linear viscoelasticity fails to model.

Ferry [46] collects some experimental results illustrating the nonlinear behavior of semicrys-
talline polymers. In a stress-relaxation experiment, linear behavior implies coincident curves
in a plot of the relaxation modulus divided by the strain at different strain levels. However,
for tensile stress relaxation of PE single crystal mats, the ratio of stress to strain decreases
more rapidly with time at higher extensions, in the range of e = 3 x 107 to 3 x 1073; the
degree of nonlinearity increases markedly with decreasing temperature in the range of 40°C
to 10°C. Nonlinear creep recovery of polyethylene has also been reported. It is shown that,
after partial stress relaxation at constant strain for various times and strain magnitudes,
recovery is much slower at large strains but somewhat faster for shorter initial strain du-
rations. In this context, strains less than 10~* appear to be required for a linear behavior.
Nonlinear behavior under large-amplitude harmonic loadings has also been investigated.
Finally, Ben Hadj Hamouda and coworkers [47] report the existence of two regimes of creep
deformation for medium-density ethylene-butene copolymers (MDPE). The recovery may
also display nonlinear features: the recovered strain €, depends on the initial strain ¢y and
on how long the sample is strained, t,, yielding completely different e/eq versus logt/t,

curves [46].

4.2. Isochronal stress relaxation, creep, and dynamic mechanical analysis experiments

The results previously discussed were obtained at a constant temperature and are thus
isothermal. Isochronal results are obtained when the mechanical experiments described in
the previous section are performed at different temperatures and plotted at the same time
or frequency. These are, in fact, the most common type of available data on semicrystalline

polymers [46].
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In Fig. 6, the evolution of the relaxation modulus with temperature is shown for vari-
ous types of polymers, including linear and crosslinked amorphous polymers with different
crosslinking densities, as well as semicrystalline polymers with varying degrees of crys-
tallinity. Five regions of distinct mechanical behavior are identified in the figure, illustrated

specifically for the linear amorphous polymer:

Glassy region: At low temperatures, the material behaves as a rigid and brittle solid. Its
mechanical response is elastic, exhibiting time-independent, fully reversible deforma-
tions, with the relaxation modulus equal to the (time-independent) tensile modulus.
In this regime, molecular mobility is minimal, confined primarily to vibrational and

short-range rotational movements.

Glassy transition (or leathery) region: The material undergoes a transition from a
rigid solid state to a rubbery solid state. The deformation behavior becomes time-
dependent, as the viscous characteristics become increasingly prominent with rising
temperature. This transition is marked by a sharp decrease in the relaxation mod-
ulus, driven by the initiation of long-range coordinated molecular motion. The glass
transition temperature is commonly defined as the temperature at which the rate of

decrease in the relaxation modulus is maximum.

Rubbery (or plateau) region: The material is in a rubbery, ductile state. Its mechanical
behavior is viscoelastic, showing a combination of elastic and viscous responses, with

the relaxation modulus remaining relatively stable.

Rubbery flow region: The material undergoes a transition from a rubbery solid state to
a viscous liquid state. In this region, the mechanical response resembles that of a
highly viscous liquid, while still retaining some elastic characteristics. The relaxation

modulus begins to decrease once more.

Viscous flow region: The material behaves as a viscous liquid, where, at the molecu-
lar level, thermal rotational motions of the polymer chains become so pronounced
that their movements occur largely independently. The relaxation modulus decreases

sharply up to the melting temperature, and the deformation is predominantly viscous.
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Beyond the melting point, the material’s resistance to flow is governed primarily by

its viscosity.

semicrystalline
- amorphous (crosslinked) ]
= amorphous (linear) glassy

glass

= transition
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S | rubbery (plateau)
rubbery flow
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(liquid)
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Figure 6: Evolution of the relaxation modulus, for a given instant of time ¢*, with the temperature, for
different types of polymers: linear amorphous polymers, crosslinked amorphous polymers with different
crosslinking degrees, and semicrystalline with different degrees of crystallinity (DC). Regions of distinct

mechanical behavior are presented for the amorphous linear polymer.

Glass transition and melting temperatures

The de Gennes Reptation theory is the most accepted theory for explaining the move-
ment of molecular chains [37]. According to this theory, polymer chains exhibit a snake-like
motion, termed reptation, within an invisible confining tube. This tube imposes constraints
on the chains’ movement, significantly slowing their dynamics. At temperatures above the
melting temperature, T}, the molecular chains are highly disordered, freely moving within
this tube in random orientations. However, as the temperature drops below the melting
temperature, the chains lose mobility and begin to either align into organized crystalline

regions in semicrystalline polymers or become kinetically trapped in a disordered glassy
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state in amorphous polymers. The degree of crystallinity achieved depends on the cooling
rate. Under slow cooling, chains have sufficient time to rearrange into ordered crystalline
structures, resulting in a semicrystalline polymer. Conversely, rapid cooling prevents exten-
sive crystallization, producing a glassy or amorphous polymer as the material transitions
abruptly into the glassy state. In this rigid, disordered state, molecular mobility is severely
restricted. It should be noted that all polymers exhibit a glass transition temperature, 7,
marking the transition from a rubbery to a glassy state. Only crystallizable polymers pos-
sess a melting temperature, T},, where the polymer undergoes a transition from solid to
liquid. Amorphous polymers do not undergo this type of melting; instead, they soften as

they approach and pass through their glass transition temperature.

Thermoplastic vs thermosetting polymers

Polymers are often categorized based on their response to heat and mechanical forces,
leading to two primary classifications: (i) thermoplastic and (ii) thermosetting polymers.
These categories reflect distinct thermal and mechanical behaviors governed by their molec-
ular structures.

Thermoplastic polymers are characterized by their ability to soften or melt when heated
and solidify when cooled in a reversible and repeatable manner. This behavior arises because
heat increases the thermal motion of polymer chains, reducing the intermolecular van der
Waals forces that hold the chains together. This reduction in bonding strength allows
adjacent chains to slide past each other more easily under applied stress. Most linear
polymers are thermoplastics, as their relatively simple molecular structures enable significant
chain mobility. Some branched polymers with flexible chains also exhibit thermoplastic
behavior due to their structural flexibility. However, excessive temperatures can cause
irreversible degradation, limiting their thermal stability. Examples of thermoplastics include
polyethylene (PE), polypropylene (PP), polyvinyl chloride (PVC), polystyrene (PS), and
polycarbonate (PC).

In contrast, thermosetting polymers do not melt or soften upon heating. Instead, they
become permanently rigid after undergoing a curing process that forms extensive crosslinks

or networks of covalent bonds between molecular chains. These covalent bonds act as
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anchors, restricting molecular motion even as temperature rises, preventing the sliding of
chains under stress. As a result, thermosets maintain their shape and structural integrity
at high temperatures, making them ideal for high-performance applications. This class
primarily includes highly crosslinked or networked polymers such as epoxy resins, phenolic
resins, polyurethanes, and melamine formaldehyde.

Shifting from isochronal relaxation and creep experiments to isochronal DMA experi-
ments, the focus turns to the identification of relaxation transitions in solid polymers at
a given frequency. They can be identified as peaks in the loss modulus, and as drops in
the storage modulus (see Eq. (A.40)). Starting with low-crystallinity polymers helps clarify
the discussion of relaxation transitions in semicrystalline polymers. In fact, for a com-
pletely amorphous polymer glass, there will be two important transitions: the alpha and
beta transitions. For semicrystalline polymers, these transitions will still be present in the
amorphous domains of the polymer, but other transitions may appear due to the presence
of the crystalline phase [48]. The results in Fig. 7 illustrate the effect of crystallinity on the
DMA results for polyethylene terephthalate (PET) and polyethylene (PE) samples, both

sets including samples with different degrees of crystallinity.
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Figure 7: Dynamic mechanical analysis results for a PET with degrees of crystallinity of 5%, 34% and 50%
at 138 Hz, obtained by Takayanagi [12], and for b PE samples, linear LDPE (~45%), conventional LDPE
(~48%), and HDPE (~67%), at 1 Hz, obtained by Khanna and coworkers [49].

20



Note that a linear behavior as described by linear thermoviscoelasticity would imply no
dependence of relaxation or creep modulus on temperature. This is not the case, as has
been discussed. Indeed, there are similarities in the dependence of the relaxation modulus on
temperature and time, which motivate the use of time-temperature superposition principles

to build master curves and model these relations [50].

4.8. Constant strain rate experiments

Another set of mechanical experiments useful for characterizing solid polymers are the
constant strain rate experiments, in particular, the uniaxial tensile and compression tests.
Typically, three distinct responses may be observed in these experiments (see Fig. 8): (i)
brittle (low ductility), (ii) plastic (extensive post-yielding), and (iii) elastomeric (highly
elastic reversible deformation) [3]. In general, these responses are governed by two primary
sources of resistance: intermolecular resistance, linked to the polymer’s internal energy, and
entropic resistance. At low strains, the behavior of amorphous polymers is dominated by
a visco-elastic region (stage (A) in Fig. 8), which arises from intermolecular interactions
between the polymer chains, particularly van der Waals forces [51]. During this phase, the
polymer chains undergo partial, reversible rotations and translations relative to one another
due to these molecular interactions. As stress increases and overcomes these secondary
intermolecular forces, localized regions form, and the chains reorient into new configurations.
This leads the polymer to reach its yield point, marked by a maximum on the stress-strain
curve. Following yield, the material experiences strain-softening (stage (B)), where the
stress required to deform the polymer further decreases. Strain-softening indicates that
the resistance to rotation of chain segments has decreased due to deformation, suggesting
that deformation leads to local changes in the material’s structure. These changes facilitate
easier rotation of the polymer chains, requiring less stress to induce further rotation. As
the deformation progresses, the entropic resistance becomes increasingly influential in the
material’s response [52]. The polymer chains rotate towards the direction of maximum
elongation, thereby decreasing the system’s entropy. This entropic change, which becomes
more pronounced as the chains align and approach their maximum extension, contributes

to strain hardening (stage (C)) and ultimately increases the material’s resistance to further
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deformation. After yielding, the polymer undergoes some plastic deformation until fracture.
Fracture in an amorphous polymer involves breaking both the strong covalent and secondary

bonds, and is often the result of shear yielding or crazing.
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Figure 8: Characteristic true Cauchy stress-true logarithmic strain constitutive behavior of amorphous
polymers when subjected to uniaxial compression loading at constant strain rate. Three typical material
responses are represented: brittle, plastic, and elastomeric. The three characteristic regions of deformation

— (A), (B), and (C) — are highlighted specifically for the plastic response.

Moreover, these responses are highly dependent upon temperature, strain rate, aging
history (i.e., the accumulated effects of time, temperature, and environmental factors on the
material’s properties), molecular entanglements, type of loading, and hydrostatic pressure.

Regarding the response of a solid polymer pre-yield, an increase in temperature will
lead to a more compliant response and a lower yield strength, as shown in Fig. 9 for nylon
101 [53], and in the results reported in [21] and [26] for PEs. In fact, temperature is
possibly the single most influential parameter dictating a polymer’s mechanical response.
Some polymers may exhibit brittle fracture to necking or even homogeneous rupture during
a uniaxial tension test, depending on the temperature [12]. Moreover, whether the polymer
is below or above its glass transition temperature results in markedly different behaviors in
the case of amorphous polymers (see Fig. 9, adapted from [54]). An amorphous polymer
in its glassy state behaves as a plastic polymer, whereas in its rubbery state, it exhibits

a much more compliant response, with large deformations and no clear yield point. On
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the other hand, even if the temperature of a semicrystalline polymer is much higher than
its glass transition temperature, the crystalline phase causes the polymer’s response to be
qualitatively similar to that of a plastic polymer, although less stiff than it would be at a

lower temperature (see Fig. 9).
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Figure 9: Stress-strain curves for a semicrystalline polymer (SCP), nylon 101 [53], and an amorphous
polymer (AP), poly(methyl methacrylate) [54]. Above and below their glass transition temperatures, 60 °C
and 118 °C, respectively.

The strain rate and the hydrostatic pressure have the opposite effect, such that their
increase will lead to a stiffer response and higher yield stresses, as gathered from the results
in [55] (uniaxial tension) and [56] (torsion). Bauwens-Crowet [57] compiles an extensive set
of experimental results regarding the relationship between the strain rate, the temperature,
and the yield strength of amorphous polymers. Based on these results, a schematic repre-
sentation of the ratio between the compressive yield stress and temperature as a function
of the logarithm of the strain rate is presented in Fig. 10a. El-Qoubaa and Othman [58]
also provide a similar set of results regarding the relationship between the strain rate, the
temperature, and the yield strength of semicrystalline PEEK, shown in Fig. 10b. Both
figures illustrate the nonlinear relationship between the yield stress and the strain rate.

In addition to the previously discussed factors, mechanical pre-deformation significantly

influences the mechanical response of polymers. This term refers to the material’s prior
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Figure 10: a Schematic representation of the ratio between the compressive yield stress and temperature as
a function of the logarithm of the strain rate, according to the experimental results of Bauwens-Crowet [57].
The transition strain rate, €y, depicts the shift between the low, a-transition, and high, o + S-transition,
strain rate sensitivity of amorphous polymers. b Yield stress, o,, as a function of the strain rate, ¢, for

PEEK at room temperature. Model and experimental results are taken from the work of El-Qoubaa and
Othman [58].
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deformation history, which can induce molecular orientation, residual stresses, and localized
structural changes. Such alterations affect subsequent mechanical behavior, potentially
enhancing stiffness, modifying yield behavior, or reducing ductility [59].

Nevertheless, another relevant aspect is the polymer’s crystallinity. An increase in bulk
crystallinity will lead to a stiffer response and increased yield strength [27, 60, 61, 23].
However, the relationship between stiffness and crystallinity appears to be nonlinear as

depicted in Fig. 11. It has also been observed that an increase in lamellar thickness is
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Figure 11: Effect of the bulk crystallinity on a the Young modulus, F, and on the b yield strength of a

semicrystalline polymer.

correlated to a higher yield strength [23, 14]. Regarding the effect of the mesostructure
on the response of a semicrystalline polymer, one can compare the behavior of isotropic
(spherulitic) and oriented (fibrilar) PE when subject to uniaxial tension. As shown in [62],
the latter possesses a higher yield strength and begins to strain harden immediately after
yielding, while the former resists at approximately constant stress.

A common strategy to enhance the toughness of amorphous polymers is the incorpora-
tion of rubber particles, which significantly improve their ductility while sacrificing some

material strength [37, 2, 63, 64]. Examples of such rubber-toughened polymer blends include
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high-impact polystyrene (HIPS) and acrylonitrile-butadiene-styrene (ABS). While rubber-
toughened polymers are widely used for impact-resistant applications, the concept extends
beyond these specific blends. Amorphous polymers also serve as critical components in
various polymer blends and composites aimed at achieving a broader range of tailored prop-
erties, such as improved processability, thermal stability, or strength. For instance, their use
as matrices in fiber-reinforced composites highlights their versatility in creating lightweight
materials with enhanced impact resistance, fatigue life, and structural integrity.

There may be some intrinsic strain softening after yielding, i.e., a decrease in stress with
strain. The results in [23] show that after yield is reached, there is a sharp decrease in stress
for completely amorphous PET above its glass transition temperature. The drop becomes
broader and less pronounced as crystallinity increases to values of 21.7% and 29.1%. The
same authors report PE results showing no strain softening at a degree of crystallinity of
76.6%. Minor strain softening is visible at lower crystallinity values for the same polymer.
PP softens mildly as well, despite having a crystallinity of around 70% in the samples
studied. These results were obtained under uniaxial compression. However, no softening is
visible after yielding in the results of Truss and coworkers [56] obtained for PE in torsion.
G’sell and coworkers [65] present results of pure shear experiments in which HDPE exhibits
mild strain softening at 23 °C while PP and PA66 show none.

Despite the presence of intrinsic strain softening, its experimental observation is compli-
cated by two phenomena: thermal softening and plastic instabilities. The results presented
thus far were obtained at strain rates slow enough to allow for isothermal evolution. How-
ever, as the strain rate increases, a phenomenon known as ‘temperature softening’ occurs,
leading to a similar decrease in stress with strain due to increased temperature. This temper-
ature rise is due to the difficulty of removing the heat generated by the plastic work in such a
short time, which makes the process adiabatic. According to Furmanski and coworkers [66],
this effect should be considered at strain rates greater than 0.01s™! and strains greater than
15%. Plastic instabilities, i.e., the growth of a locally thinned region in a material upon
application of stresses, must also be considered when the intrinsic response of the material
is sought. They are a function of the geometry and loading conditions of the loaded body,

in addition to its intrinsic constitutive behavior [12]. There are, nonetheless, experimental
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methods that allow the use of uniaxial tensile tests to determine intrinsic material behavior.
The video-controlled technique in [67] is one example, as is the SEE method [68, 69], which
uses full-field data from digital correlation measurements of heterogeneous displacement
fields.

Another important aspect of the plasticity of semicrystalline polymers is that, unlike
metals, permanent volumetric strains can be detected in addition to elasticity-related volu-
metric strains. These effects, found both in tension and compression, cannot be explained
by Hooke’s elasticity and correspond to an irreversible contraction or dilation of the mate-
rial [18, 70]. Cangemi and Meimon [18] report the existence of plastic dilation in compression
for semicrystalline polymers. In contrast, glassy polymers show a very weak contraction.
Damage, or void growth, is one of the mechanisms responsible for these observations. How-
ever, according to Polanco-Loria and coworkers [70], an increase in volume in semicrystalline
polymers may also be associated with crystalline deformation. This happens because the
molecules are densely packed in the crystalline phase. Thus, the specific volume is likely to
increase when the crystalline lamellae break up. In fact, after a compression test in which
the specimens showed net plastic expansion for the majority of the test, Kitagawa and
Yoneyama [71] made thin cuttings of semicrystalline polymer samples (PP, POM, and PE)
for observations in a polarized light microscope. No cracks or crazes were found. This point
expresses the peculiarity of plastic volume expansion in semicrystalline polymers, which may
be related to the complexity of their microstructures as well as their two-phase nature [18].

The decomposition of the deformation of semicrystalline polymers into elastic and plastic
portions remains to be discussed. When applied to metals at temperatures far from their
melting points, an elastic deformation pertains to the seemingly instantaneous part of the
deformation that is recovered upon unloading. If the metal yields, it undergoes irreversible
plastic deformation that persists after unloading. This decomposition is less evident in time-
dependent materials, such as polymers, because deformation may not be fully recovered
upon unloading but instead recovers over time. It yields a definition of the irreversible
part of the deformation, which depends on the observation time; i.e., some deformation
may be irreversible during the experiment but potentially reversible if the observation were

extended in time.
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Strobl and coworkers [72, 26, 73, 62] performed a very detailed study on polyethylenes,
which includes the results of both free shrinkage, where, after loading, the load is imme-
diately released, and step cycle experiments, where unloading is carried out at the same
strain rate as the loading phase. The decomposition of the constant-strain-rate stress-strain
curve is based on the reversible and irreversible parts of deformation, as determined from
these experiments. For very small strains, the deformation is almost completely recovered
immediately. As the strain increases, some deformation will not be immediately recovered,
and the proportion of irreversible deformation, i.e., deformation that is never recovered,
increases as well. However, the results also show that even after the load is completely
removed, some deformation is recovered over time. Bartczak and coworkers [28] also report
that HDPE samples deformed under uniaxial compression exhibit significant strain recovery

upon unloading. They are partly instantaneous and partly over a few hours (< 24 h).

4.4. Thermal analysis techniques

To fully characterize the thermomechanical behavior of semicrystalline polymers, infor-
mation about their thermal behavior must be gathered. To model the thermomechanical
response of polymers, it is necessary to know their thermal expansion or stress coefficient,
ar or Bp, as well as their specific heat capacity, C’r and thermal conductivity, ky. For
a brief overview of the thermomechanical problem, please refer to Appendix A. The glass
transition temperature, 7, and melting temperature, 7T,,, are also indispensable bits of
information to decide on the appropriate constitutive model to employ. This information
can be obtained from experiments such as dilatometry [74], pressure volume temperature
(PVT) experiments [75], differential scanning [76, 77, 78, 79] and laser flash tests [74].

The thermal expansion coefficients of polymers reported in the literature are in the
hundreds to thousands (pm/m)/K, at least an order of magnitude larger than metals and
ceramics, varying linearly with temperature [74]. That said, in general, thermal stresses, Ao,
are not as significant in polymers as large as in metals, since for polymers Ao = aF =~ 0.1,
while for metals Ao = aF ~ 1 [80].

Regarding the experimental determination of the specific heat capacity of semicrystalline

polymers employing DSC, Blumm and coworkers [74] report an almost constant value, which
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ranges from around 1000Jkg 'K~ at 0°C to 1500Jkg 'K~ at 300°C for PTFE. This
agrees with the value of pC, ~ 3 x 105 Jm™3 K™, which, according to Ashby [80], is true
for all solids, employing considerations from statistical mechanics.

Finally, the thermal conductivity of polymers is generally low when compared to metals
and ceramics, ranging from 0.1Wm K™ to 0.5Wm 'K~ [80]. Blumm and cowork-
ers [74] report 0.31 Wm~! K= for PTFE, for example. Given their relatively high linear
thermal expansion and low thermal conductivity, polymers are more prone to heat distortion
than, for example, metals. This is because they combine a longer time to reach a uniform

temperature with larger size changes due to temperature differences.

5. Modeling approaches

As discussed above, the mechanical behavior of thermoplastic polymers is complex and
governed by a range of deformation mechanisms operating at different scales. Accurately
modeling these behaviors requires understanding both localized phenomena, such as shear
yielding, crazing, and internal particle cavitation, as well as their dependence on load-
ing conditions, namely temperature, pressure, and strain rate. Given these requirements,
this section discusses briefly the three most common approaches to constitutive modeling
for thermoplastic polymers, continuum modeling (Section 5.1), micro-mechanical modeling
(Section 5.2), and multi-scale modeling (Section 5.3). The next two sections (Sections 6
and 7) place special focus on the very diverse class of continuum models, which are the
most widely used in engineering applications, and reviews the most recent developments in

this area.

5.1. Continuum models

Continuum models embody a macroscopic perspective towards constitutive modeling,
capturing the stress-strain responses of materials without resolving microstructural details.
This approach is particularly well-suited for describing the behavior of homogeneous amor-
phous polymers, in which the material can be treated as a continuous medium, neglect-
ing its molecular structure and microstructural discontinuities. By treating the material

as a continuum, it becomes possible to develop constitutive models that fall under the
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broader category of single-scale approaches. These include both phenomenological mod-
els and micro-mechanically inspired continuum models. Phenomenological models describe
material behavior based on empirical observations, without directly referencing the underly-
ing microscopic mechanisms. Micro-mechanically inspired continuum models, on the other
hand, incorporate knowledge of microstructural effects, such as internal variables, phase
interactions, and damage mechanisms, into the macroscopic response while still operating
at the continuum level without explicitly resolving the microstructure’s geometry. Notably,
these two categories are not mutually exclusive: many micro-mechanically inspired models
retain a phenomenological character, relying on fitted parameters and empirical assump-
tions.

Phenomenological models typically span length scales ranging from 107 to 10? meters
and time scales greater than 107% seconds [81]. A key subgroup within this class is the
thermodynamics-based continuum framework with internal variables, which incorporates
thermodynamic principles to track the evolution of internal state variables. These models
often employ closed-form analytical expressions or numerical solutions of complex consti-
tutive equations, making them versatile tools for predicting the mechanical behavior of
amorphous polymers.

Despite their practicality and efficiency, continuum phenomenological models may strug-
gle to capture the highly nonlinear behavior of multiphase materials with complex mi-
crostructures. Such models often require a large number of parameters calibrated using
extensive experimental data. They may not adequately describe local interactions — such
as stress concentrations, strain localization, or phase-specific mechanisms — that can sig-
nificantly influence macroscopic behavior.

To address these limitations, explicit micro-mechanical models provide a complementary
approach by directly accounting for the material’s microstructure. For instance, rubber-
toughened amorphous polymers can be modeled at the macro-scale using continuum for-
mulations that account for phenomena like particle cavitation and void growth [82, 83, 84,
85], or through explicit micro-mechanical simulations that resolve the internal microstruc-
ture [63, 86, 87]. These explicit micro-mechanical models are discussed in the following

section.
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5.2. Micro-mechanical modeling

Micro-mechanical models provide a means to incorporate details of a material’s un-
derlying microstructure into the constitutive response. These approaches are particularly
useful for amorphous polymers exhibiting microstructural heterogeneities, such as rubber-
toughening phases, fillers, or voids. In contrast, for neat and structurally homogeneous
polymers, macroscopic continuum models often offer a more practical and sufficiently accu-
rate description of their mechanical behavior.

In this context, as an alternative to the continuum models discussed in the previous
section, rubber-toughened amorphous polymers can also be characterized using micro-
mechanical approaches. In these cases, a Representative Volume Element (RVE), which
explicitly accounts for the discrete rubber particles in an amorphous polymer matrix is con-
sidered. Consequently, it is possible to study the deformation mechanisms at a micro level,
where the interaction between particles is explicitly considered [63, 86, 87]. In Fig. 12 a

scheme of an RVE with different material phases is provided.

Figure 12: Scheme of a Representative Volume Element with different material phases.

Micro-mechanical modeling techniques can generally be categorized into two main ap-
proaches: mean-field and full-field models. Mean-field models estimate the macroscopic
behavior of heterogeneous materials by averaging the responses of the constituent phases,
without explicitly resolving the microstructural geometry [38, 88]. These models are com-
putationally efficient and particularly useful when the microstructure is relatively uniform
or when only overall trends are of interest. In contrast, full-field models explicitly resolve

the microstructural morphology, typically by defining an RVE that captures the spatial dis-
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tribution and interaction of different phases [89, 90]. This allows for a more detailed and
accurate prediction of local fields, but at the expense of higher computational cost. In the
work developed by Mirkhalaf et al. [10], several micro-mechanical approaches used to model
semicrystalline polymers, including both mean-field and full-field strategies, are reviewed.

When full-field simulations are used to extract the macroscopic behavior from detailed
microstructural models, the process is often referred to as computational homogenization.
In this context, the RVE serves as the fundamental micro-scale domain over which boundary
value problems are solved, and its averaged response is used to inform or define a macro-
scale constitutive law. Depending on the application, this homogenization may be carried
out offline to calibrate continuum models, or online in multi-scale frameworks such as FE?2,
where micro- and macro-scales are coupled during the simulation process [91, 92].

Note that the success of the full-field models relies on the accurate generation of RVEs to
describe the material’s microstructure. In this setting, different microstructure generation
techniques have been proposed [93, 94, 95, 96, 97]. For instance, Vila Cha et al. [97] de-
veloped a robust and flexible geometrical method based on an adaptive multi-temperature
isokinetic time-driven molecular dynamics scheme for particle-reinforced materials. Salnikov
et al. [94] introduced a stochastic generation algorithm that resolves initial particle overlaps
using repulsive forces, enabling the generation of statistically representative configurations.
Similarly, Herrdez et al. [95] presented VIPER, a tool for efficiently generating microstruc-
tures of hybrid composites with non-circular fibers at high volume fractions. In a different
approach, Bostanabad [96] developed a deep learning-based framework that reconstructs
3D microstructures from 2D images, providing a data-driven alternative when experimental

data is limited.

5.3. Multi-scale modeling

Multi-scale modeling has emerged as an essential tool to address the limitations of single-
scale models. In contrast to traditional micro-mechanical models, where RVEs are typically
used to estimate effective material properties in a decoupled or offline manner, multi-scale
frameworks such as Coupled Multi-scale Finite Element Analysis (FE?) embed an RVE

directly at each integration point of the macro-scale simulation. This enables a fully cou-
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pled, on-the-fly computation of the stress—strain response, directly informed by the evolving
microstructure. As a result, the heterogeneity of the material’s microstructure is not just
represented, but dynamically linked to the global response, making FE? particularly valu-
able for the design of new materials and structures requiring high fidelity and predictive
accuracy.

In Fig. 13, a schematic of this coupled analysis framework is provided. Each integration
point @ of the continuum macroscopic body has an RVE linked to it, being the solution at
each point given by volume averaging the response over the deformed RVE’s domain. The
macro-scale deformation gradient, F', drives the disturbance to the RVE equilibrium, being
the equilibrium problem then solved according to the micro-scale boundary conditions. Once
the solution to the equilibrium problem is found, the macro-scale stress tensor, P, and the

consistent tangent modulus, A, are computed by computational homogenization.
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Figure 13: Scheme of a multi-scale finite element analysis based on a first-order homogenization model.

A rigorous variational formulation of this approach was developed by de Souza Neto et
al. [92, 98], based on the Method of Multi-Scale Virtual Power. This ensures variational

consistency across scales. The formulation rests on two core procedures: (i) kinematic
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insertion, which transfers macro-scale deformation measures to the micro-scale, and (ii)
kinematic homogenization, which upscales micro-scale fields back to the macro-scale. The
scale coupling is governed by the Principle of Multi-scale Virtual Power — a generalization
of the Hill-Mandel principle — ensuring energetic consistency between scales. This principle
yields the governing equations for the micro-scale domain and defines admissible boundary

conditions for the RVE, along with the stress homogenization process.

6. Nonlinear rheological elements

In this section, we collect foundational continuum constitutive models widely used to
describe the behavior of thermoplastic polymers. The choice of a constitutive model implies
the choice of appropriate functions relating stress to strain, temperature, with the addition of
internal variables and their corresponding evolution equations to capture history dependent
beahvior (for a brief overview on constitutive modeling see Appendix A). Perhaps, the most
used approach to model thermoplastic polymers is to consider a rheological one-dimensional
originating from infinitesimal viscoelasticity and choose appropriate nonlinear functions de-
scribing the behavior of the different elements, guided by the experimental results discussed
in Section 4. Although not all authors adopt this rheological interpretation, almost all
constitutive models for thermoplastic polymers can be rationalized within this framework.
Accordingly, in this section, we first collect the different models used in the literature for
both viscous and elastic elements. We discuss the different flow rules and yield criteria
for the viscous elements, as well as the different free energies used for the elastic elements.
Then since the rheological interpretation concerns a small strain one-dimensional setting,
we discuss how different authors have generalized these models to three-dimensional finite
deformations. We also discuss how the polymer’s thermal behavior may be incorporated

into the constitutive models.

6.1. Viscous elements or flow rules

In this section, we focus on the one-dimensional laws relating the strain rate 4 to the
applied stress 7. They are first collected in this simplified form for clarity, and later in the

section, the different approaches for extending them to three dimensions are discussed.
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As pointed out by Frost and Ashby [99], plastic flow is a kinetic process. Therefore, the
strength of a solid depends on both strain and strain rate, in addition to the temperature.
The temperature dependence follows from the assistance provided by thermal fluctuations
to the kinetic units responsible for plastic flow in overcoming energy barriers that hinder
their motion. Following the procedure outlined by Eyring [100], the flow rule for thermally

activated viscous flow can be derived as

. . AHY\ | vT
7 = 7o €Xp (_k:B_T> sinh (kBT> ) (2)

where v is the so-called activation volume, and it can be identified with the product of the

area swept out by the mobile unit in moving from one local free energy minimum to the
next, and the resolved component of the distance moved by the kinetic unit in the direction
of the applied stress. 7 is a reference strain rate, AH is the activation energy for flow when
no stress is applied, kg is the Boltzmann constant, and T is the absolute temperature.

According to the same author, v7 is much smaller than kg7 in an ordinary flow. Thus,
the expression for Newtonian viscous flow is recovered from Eq. (2) as

= exp| ———=|7=-7
T A A

where 7 is the viscosity, keeping only the first term in the Taylor expansion of the hyperbolic
sine function. On the other hand, for plastic flow, where 7 is large, the flow rule is

o AH —or\ _ | AG(T)

¥ = Joexp (_—k:BT ) = o exp (_kB—T) , (4)
since sinh(z) ~ % exp(x) for large =, implying a negligible rate in the backward direction, and
where v is identified with the activation work such that AG = AH —v7. The contribution
of the hydrostatic pressure can also be accounted for in this framework in a similar way to

the shearing force, i.e.,

AH — v+ Qp
L, 5)

where () is the activation volume corresponding to the hydrostatic pressure. This relation-

Y = Yoexp (—

ship can be justified in terms of experimental results, where the stress response of polymers
shows a pressure dependence, in part due to the low bulk moduli of polymers (x5 GPa,

compared with metals ~100 GPa). Thus, a suitable expression for the effective stress on the

35



kinetic units is a linear combination of shear stress and hydrostatic pressure, similar to the
Mohr-Coloumb yield criterion [12]. The expressions above show that higher shear stresses
lead to higher flow rates, while higher hydrostatic pressures produce the reverse effect. The
reader can find more general rate equations for thermally activated flow in [101] or [102].

Roberston [103] presents an alternative to the Eyring model applicable to glassy poly-
mers. The author considers a molecular model in which the shear-stress field is introduced
as a bias on the rotational conformation of backbone bonds. The temperature at which the
maximum fraction of flexed bonds is observed is estimated and inserted into the Williams-
Landel-Ferry (WLF) equation to compute the corresponding viscosity, and hence the equa-
tion for the strain rate. See [12, Section 6.3.2] for more details on the WLF equation.
Comparisons with results for PS and PMMA are provided. Duckett and coworkers [104]
also employ this model to fit the responses of PMMA and PET.

El-Qoubaa and Othman [58] provide an implicit flow rule while seeking to model the

yield stress of PEEK as a function of the strain rate and the temperature. The equation

= dgexp (%) | (6)

where the activation volume, v, depends on the strain rate and the temperature according

proposed is

to

v(4,T) = vo(T) exp (— L) , (7)

Je(T)
wo(T) = vr + v3 (%) | (8)
52(T) = 41 exp(T), (9)

T, is the glass transition temperature, and 7, m, r, vg, v1, n, ¥1 and g are material constants.
The authors find a good agreement between the model and experimental data.

The models described so far are often termed velocity-controlled, as they assume that
yield occurs when the strain rate of the viscous element, identified with the movement of
kinetic units, equals the impressed rate of deformation [105]. These models can also be
thought of as specifying that the presence of stress causes an increase in pre-existing flow

processes in the material, such that the stress corresponding to their flow equals the loading
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stress [12]. Notice that despite mentioning the existence of deformation mechanisms corre-
sponding to the motion of kinetic units, the models presented in the previous paragraphs
do not attempt to model the specific physical events directly. Alternatively, in the case of
nucleation-controlled models for polymer plastic flow, the free energy is directly modeled to
determine the energy required in the nucleation and motion of the kinetic units [105, 12].

Argon [106] proposes a model for the plastic deformation of glassy polymers where the
deformation mechanism is the buckling of the polymer chains via the action of a pair of
opposed kinks. The expression found for the free energy is

AG(r) = % {1 - (2)5/ 6} | (10)

where GG and v are the shear modulus and Poisson coefficient, respectively, 7 is the athermal

strength defined as
0.077G

1—v

T = , (11)
w is the net angle of rotation of the molecular segment between the initial and activated
configurations, and a is the mean molecular radius. The relationship between the ather-
mal strength and the shear modulus in Eq. (11) can be used to establish the temperature
dependence of the athermal strength [107]. In the case of amorphous polymers, however,
Ward and Sweeney [12] mention that computer simulations of polymer chains at the atomic
level on both glassy atactic polypropylene and polycarbonate did not yield a dominant
deformation mechanism that should be the target of modeling.

Turning to semicrystalline polymers, the picture changes in the sense that, as reviewed
in Section 3, the plastic behavior of the material is clearly linked to deformation mechanisms
in the crystalline phase. There is extensive modeling of plastic behavior in polycrystalline
solids with direct identification of the kinetic units as dislocations in the crystal'. According
to Kocks, Argon and Ashby [102], their motion can be modeled as in Eq. (4), with the pre-

exponential factor given by

Yo = bpm L, (12)

LA dislocation loop can be defined as the demarcation line, in one slip plane, between an area that has

slipped and a surrounding area that has not [102].
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where b is the Burgers vector? with dimensions of length, p,, is the mobile dislocation den-
sity with dimensions of dislocation length per unit volume, L the mean path of a mobile
dislocation between inception and arrest at an obstacle and v the frequency factor associ-
ated with the attempt rate of the nucleation process. At still moderate stresses, the average
velocity is mainly controlled by thermally activated processes in which dislocations wait
until a thermal fluctuation allows them to overcome the obstacle.

Argon [14] presents the three relevant modes of dislocation nucleation in polymer lamellae
as the nucleation of a monolithic straight screw-dislocation line from the edge of a lamella
(mode A), nucleation of a screw-dislocation half loop from the narrow edge of a lamella
(mode B), and nucleation of an edge-dislocation half loop from the wide face of a lamella

(mode C). The respective free energies for each mode are

AGA(T) = Z—f n (;) , (13)
AGp(r) = Z—f% (14)
saco) = {25 &
The same author also presents expressions for the mobile dislocation density as
o = M2 (16)

where A is the length of the dislocation produced, p the probability of a successful nucleation
event at a site, x is the degree of crystallinity, and N = 2A/h is the number of possible
nucleation sites in the representative volume AA? allocated to a lamella, and A is the inter-
planar spacing. The mobile dislocation density, p,,, or the ideal shear force, 7, can also be
taken as an internal variable and made to evolve according to a rate equation. See [108]
and [102] for thorough discussions on modeling the deformation mechanisms in crystalline
solids.

For an amorphous or semicrystalline polymer, Eq. (4) and (12) can still be employed,

with a slightly different interpretation for the quantities involved and keeping in mind that

2The Burgers vector is a vector that represents the magnitude and direction of the lattice distortion

resulting from a dislocation in a crystal lattice.
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the kinetic units are not as precisely defined as in the case of crystalline solids. Thus, the
strain rate is still given by

¥ = 0pm U, (17)
i.e., by the product of the density of kinetic units responsible for the deformation, p,,, the

amount of displacement per kinetic unit, b, and their average velocity, v,,. This velocity is

Um = Lvg exp (—%) , (18)

where L is the mean free path of the kinetic unit, v is the rate of attempts to move over the

approximately given by

obstacle impeding its motion, and the Arrhenius term is the probability that the thermal
fluctuations will supply the energy necessary to overcome the obstacle [109, 110]. Finally,
one must keep in mind that both the nucleation and velocity-controlled models produce
similar expressions, but their interpretations differ [105].

The motion of several different kinetic units contributes to the material’s flow behavior,
as discussed in Section 3. Ree and Eyring [111] assume that they can be classified based
on an average relaxation time that varies significantly between them. A single group is
also composed of many kinetic units with different relaxation times, yet can be adequately
described by an average value for the group. Assuming that each group behaves according

to the previously described Eyring model, the shear stress is expressed as follows

= " kgT . (5 AH
T = Zka = Zxk Z sinh™! (l exp (kJB_T)> , (19)
k=1 k=1

Yo
where xy is the area fraction swept by the kth kinetic unit during its movement.

Roetling mentions that the Ree-Eyring model with two flow groups describes the ten-
sile yield strength of PMMA, below the glass transition temperature [112], and isotactic
polypropylene (iPP), above the glass transition temperature [113], well in the strain rate
range of 107°s7! to 1s7!. The author suggests a connection between the o and 3 relax-
ation transitions and these two flow groups. Other authors have successfully captured the
strain rate and temperature dependence of the yield strength of glassy polymers using the
Ree-Eyring model and variations thereof [114, 115, 57, 116].

Ree and Eyring’s approach allows the inclusion of different deformation mechanisms

in the model. In particular, Bauwens, Bauwens-Crowet and collaborators [114, 115, 57]
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relate the two flow groups to the o and [ relaxation processes, associating the former
to the rotations of the main-chain segments of the polymer, and the latter to rotations
of side groups. It can be interpreted as a rheological model in which parallel dashpots
materialize distinct deformation mechanisms. Furthermore, using the fraction of area swept
by each kinetic unit to weight their contribution to the total stress is analogous to popular
approaches in semicrystalline polymer modeling, where crystallinity is similarly incorporated
(see Section 7.5).

As already noted, kinetic processes are cooperative, occurring only when several kinetic
units act in unison. In fact, Cherry and Holmes [117] mention that the fitted values to the
activation volume in Eyring’s model are too large to agree with their corresponding physical
interpretation (see Eq. (2).) As an alternative to the Ree-Eyring model with multiple flow
groups, Fotheringham and Cherry [118, 105] assume that n kinetic units, all following the
Eyring model, are needed to substantiate a deformation mechanism. The expression found

for the flow rate is
vT

4 = 4o sinh” (—) exp (_nAH) ,

2kT kT (20)

where the notation employed retains its meaning from the previous paragraphs, and a
temperature below the glass transition temperature is assumed. Richeton and cowork-
ers [119, 120, 121] seek to model the yield stress of amorphous polymers, extending the
cooperative model to temperatures through the glass transition temperature. They achieve
this by proposing

In10- (T —1T,) uT AH
7= ( g+r—1, )" \ogr) P\ T, (21)

for temperatures above T}, where ¢f and ¢ are the WLF parameters. These authors [122]
also compare the models of Eyring (see Eq. (2)), Argon (see Eq. (10)), and their cooperative
model in predicting the yield stress of PMMA and PC.

Other models, however, do not fit neatly into the scheme outlined above. Power laws are
fairly common empirical laws for the flow rule [123]. They are given, for example, as [16]

i=40(%)", (22)

7/\_
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where m is a material parameter and 7 a reference stress. Perzyna [124], e.g., proposes

7_1<”jﬂ)m, (23)

W T

to describe the rate sensitivity of plastic materials, where (e) denotes the ramp function,

defined as (z) = (|z| + x)/2, and p and € are material parameters. Another law available

v=wmem>(—(§)n)7 (24)

where n is a material parameter. According to Bodner and Partom [126], this last set of

for the strain rate is [125, 126]

laws is suggested by both direct measurements and theoretical considerations of the average
velocity of mobile dislocations as a function of the applied stress in polycrystalline solids
(see Eq. (12)).

Yet another model available in the literature, based on reptation [127], is described by
Bergstrom and Boyce [128, 129]. The flow is due in part to the Brownian motion of the

polymer chains, in addition to thermally activated events, yielding the following flow rule

y=a-1>(2)", (25)

7

where X is an effective stretch and Cy, Cs, m and 7 are material parameters. Bergstrom and

Hilbert [130] later extend this flow adding pressure sensitivity and temperature dependence,

o (o) ()

where T' is a reference temperature and n a material parameter.

as

Finally, in the same contribution [130], the authors present yet another flow rule, now

of the phenomenological type, given by
Y =ab(e—gp) e (27)

where ¢ is an effective strain and ¢ its rate, a > 0, b > 0. The authors apply this flow rule
paired with a yield criterion identical to the von Mises yield function.
According to de Souza Neto and coworkers [131], more flow rules can be generated by

multiplying several simpler laws, including those already provided. For example, assuming
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that 4 is a function of the stress, time, and temperature, one can write

V=9t T) = fo(7) fi(t) fr(T), (28)
where f,, f; and fr are possibly experimentally defined functions.

Internal variables. So far, all constitutive descriptions of the strain rate neglect the ma-
terial’s thermomechanical history. As discussed in more detail in Appendix A, a set of
appropriate internal variables is employed to capture the contribution of the material’s his-
tory to its thermomechanical response [102, 99]. Thus, the implicit assumption so far is
either that the structure remains constant during flow, (¢ = ay), or that it has reached a
steady state, (& = constant). Either of these hypotheses is often unreasonable and fails to
explain the nonlinear behavior of polymers. This shortcoming is evident in the ability to
capture the shape of the transient during a constant-strain-rate test, whether the character-
istic strain softening of many glassy polymers or the double yield of various semicrystalline
polymers. The most common targets of modeling are the athermal strength, 7, and the
mobile dislocation density, p,, (see Eq. (11) and (12)).

Regarding the athermal strength 7, two natural assumptions are that it may depend on

the plastic strain v and time. Thus, by the chain rule, one finds
F=hiy—r, (29)

where h = 07/07|; corresponds to a hardening rate and r = —07/0t|, denotes a recovery
or, in the case of polymers, also an aging rate. Hardening is expected if there is an increase
in the number of obstacles to the motion of the kinetic unit [102, 132]. The minus sign in the
recovery/aging rate definition is introduced to enforce a decrease in the athermal strength
connected to either recovery or aging. That said, Boyce and coworkers [133] conclude that
aging in PVC may increase its strength.
Bodner and Partom [134] propose

= 4 (fo — 71) exp (—%wp) , (30)

where 7y and 7y are the initial and final athermal strengths, respectively, and m is a material

property. Compared with the original text, a multiplicative factor ((n+1)/n)/™ is neglected
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as it tends to 1 for large n. In the one-dimensional case, the plastic work, w?, is defined as

[ 7 dt. The corresponding rate equation can be written as [135]

%:m(ﬁfT)M% (31)

To

Zairi and coworkers [135] propose similar rate equations for partial contributions, 7(1)
and 7(? | to the athermal strength, 7, when modeling glassy polymers. The former concerns

the hardening effect of the network alignment, such that the corresponding rate equation is

defined as 0
A 1 A
#U:m(ﬂ)_“_QMJ>wa (32)

7Y
where m is material parameter, %él) is the initial athermal strength and « a hardening pa-

rameter. In turn, the latter accounts for the effect of strain softening, with the corresponding

. ~(2) _ 2(2)
#”=p<21@;_>wﬂ (33)

where p is a material parameter and %1(2) is a final partial athermal strength, such that

rate equation given as

7=70 470, (34)

The solution to both equations can be found by substituting the appropriate values into Eq. (31).
Note that the use of plastic work instead of the plastic strain in the definition of the
rate equations just discussed is often equivalent. This is because the mapping between the
two can be made one-to-one such that 7(y) = 7(w?) = 7(w?(v)). See [131] for the complete
derivation.
Boyce, Parks and Argon [133] propose an entirely similar rate equation for the athermal

strength in a glassy polymer. The corresponding strain softening is described as

%:h<1—5?%%)% (35)

employing, however, the strain rate as the ‘driving force’ behind its change. The initial
structure is represented by the value of 7 at the upper yield point, 7y, given by Eq. (11), h
is the slope of the yield drop with respect to the strain, 7; is the value of 7 reached at the

steady state, i.e., the ‘preferred’ structure, and, as indicated, 7 may depend on temperature
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and strain rate. This choice for the rate equation of the athermal strength enables modeling
the distinctive glassy polymer strain softening. They also account for pressure sensitivity
by replacing 7 by 7 + ap, where « is a material parameter in Eq. (10).

Hasan et al. [136] propose the use of the softening parameter, D, that evolves to a
saturation level, D, according to an identical law, i.e.,

D:h(1—Dﬂ)7, (36)

where h is the softening slope. Subtracting D from the argument of the exponential function
in Eq. (2), allows the modeling of strain softening.

In their attempt to model semicrystalline polymers, Ahzi and coworkers [137] propose

(2) 7

as the rate equation for the athermal strength 7, where 7 is the corresponding initial value

3=

S|

and n is a hardening coefficient.

Seeking to model the effect of manufacturing-induced voids in polymer-based composites,
Chowdhury and coworkers [138] present an extension of Eq. (35). It describes the transition
from a pre-defined initial yield stress, 7y, to a peak yield stress, 77, followed by strain
softening to a saturated state, 7. The corresponding rate equation is

. 7 . 7 .
T=H()(1-=)7+H()(1-= |7 (38)
1 T2

with the smooth Heaviside-like functions H;, ¢ = 1,2 given by

Hi(y) = I (tanh (Vf_vzp) - 1) L Ha(y) = he (tanh (1;?) + 1> . (39)

where hy and hy are the hardening (softening) parameters, f the smoothing factor and ~?

the plastic strain at the peak yielding point. This approach is also pursued by Hao and
coworkers [107], where a fourth athermal shear stress 73 is considered, connected to the
yield of the crystalline phase in a semicrystalline polymer. According to the authors, this
property can depend on temperature, strain rate, crystallinity, and humidity. The rate
equation for the athermal strength 7 is given similarly to Eq. (38) as

7= Hi(v) (1—1)%}12(7) <1—i)7+H3(v) (1—i> o (40)

T T2 T3
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The corresponding smooth functions, H;, i = 1,2, 3, are given by

Hi(y) = —h (tanh (%) . 1) , (41)

Hy(7) = hy (— tanh <7f_7—311“) tanh (%) + 1) : (42)
Hy(7) = hs (tanh (7; Z:Q) + 1) , (43)

where hy, hy and hg are the hardening (softening) parameters, f is the smoothing factor,
(chosen as 0.3), y7! is the plastic strains at the peak yielding point, and v*? is the low yield
point just before the yielding of the crystal structure takes place. This last parameter may
depend on both the strain rate and the temperature, according to the authors.

Anand and Gurtin [139] propose adding to the athermal strength 7 in the power law
of Eq. (22) a term ap to account for the influence of pressure, where « is a material parameter
and p is the hydrostatic pressure. Additionaly, they take n to be an internal variable in

addition to the athermal strength 7 following an evolution law

72
n—go(A —-11]7, (45)
TC’U
with
7*(n) = Teo(1 + b(New — 1)), (46)

where hg, go, b, 7., and 7)., are material parameters. Note the similarities of Eq. (44) with

Eq. (35). The authors point out that this differential system has a stable fixed point at

(7,m) = (TevsMew), which corresponds to the steady-state flow condition. Moreover, the
phase portrait of the system shows that for initial conditions 7 = 75 and n = 0, with

To < 7 < Tep(1 + bney), m increases monotonically to its equilibrium value 7., while 7 first
increases to a peak value before decreasing to 7.,, capturing the strain-softening behavior
of glassy polymers.

Anand and coworkers [140, 141] adopt an expression identical to Eq. (20) describing a
cooperative thermally activated motion, where the stress 7 is replaced by an effective stress,
Tett, defined as

Tet = T — (T1 + T2 + aup), (47)
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where 71 and 7, are internal variables with dimensions of stress, a, is a material param-
eter and p is the hydrostatic pressure. Another dimensionless internal variable, 7, is also
introduced. According to the authors, the variables 1 and 71 are included in the model to
capture the ‘yield-peak’ of glassy polymers. A key microstructural feature controlling the
strain-softening associated with the “yield-peak” is the deformation-induced disordering of
glassy polymers. The variable n, a positive-valued dimensionless ‘order’-parameter, is in-
troduced to represent such deformation-induced disordering; and 77, a stress-dimensioned
internal variable, represents the corresponding transient resistance to plastic flow accom-
panying the microstructural disordering. Their evolution equations are coupled similar to

those in Eqs. (44) and (45). Their evolution is given by
=M (Tik(’ya T> 77) - 7—1);)/’ (48)

where h; and g; are material constants, and n*(¥,T) and 77 (7, T, n) are material parameter

functions defined as

(4, T) = " (1 i (TC v T)r) (%)S bt (50)

0, T>T,
with '
T, +nln (l) 4> 4
g X s )
T, = T (51)
Tg7 7 S ;}/7’7
and
(%, T,m) = b(n"(¥,T) —n). (52)

In these expressions, 7., k, 7, s, n, b, and 4, are material parameters, and 7} is the glass
transition temperature.

The parameter 7, is another positive-valued stress-dimensioned internal variable, in-
troduced to capture additional ‘isotropic’-hardening aspects of the stress-strain response
of these material as the chainsare pulled taut between entanglements at large strains. It

evolves according to

72 = ha(A = 1)(73(T) — 72)7%, (53)
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where hs is a material constant, and 75 (7") a material parameter function of the temperature,
such that the resistance 7, increases and the material hardens as long as 75 < 75(T). A is
the effective stretch computed from the strain associated with the viscous element described
by this flow rule.

In an attempt to model the temperature and rate-dependent response of an incompress-

ible semicrystalline polymer, Okereke and Akpoyomare [142] propose a flow rule

. T B T (54)
1= n(r,p, T,Ty)  2GO(t,p,T,Tf)"’
where the relaxation time 6 is given by
O(r,p,T,T¢) = ar(T)as(Ty)a,(1,p, T)6;, (55)

with 6; being a reference relaxation time. The influence of temperature is captured through

() =exo (5 (7= 70)) (56)

where R is the universal gas constant, and the superscript * denotes a reference value. The

the shift factor ar as

effect of pressure and shear stress is taken into account through the shift factor a, as

-1
VsT Upp . UsT
aa<7—7p7 T) = 2\/§RT eXp <_%> <Slnh <2\/§RT>) ’ <57>

where v, and v, are material parameters, according to Eyring’s theory (see Equations (2)

and (5)). The influence of the structure is taken into account through a fictive temperature,

Ty, and the corresponding shift factor ag is given by

AH [ C© C
aS(Tf)ZeXp( R (Tf—T T T )) (58)
(o] f o0

where C'is the Cohen-Turnbull constant and T, is the Vogel temperature. The rate equation

for the fictive temperature is given by

T—Tf 4 K .
as(Tp)ar(T); V2

where k is a material parameter. According to the authors, this choice of the rate equation

Ty = (59)

for the fictive temperature incorporates significant post-yield strain-softening observed in

high-rate compression of propylene into the model.
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Particle cavitation and void growth. As previously described, a straightforward technique
to improve the toughness of amorphous polymers is to incorporate rubber particles into the
amorphous polymer matrix. As a result, phenomena such as internal particle cavitation
and void growth must be accounted for when modeling the response of these materials. The
continuum model approach to this phenomenon usually involves coupling continuum models
for amorphous polymers with the well-established Gurson potential [143]. This potential
implicitly assumes the presence of two scales: (i) the macroscale, where the material is a
continuum, and (ii) the microscale, explicitly accounting for the discrete rubber particles
in the polymer matrix and some (potential) initial porosity. To clearly distinguish quanti-
ties associated with both scales, the subscript (e), is adopted to denote microscale fields.
Nonetheless, this theory has some limitations, such as the assumption that the voids remain
spherical irrespective of the stress state, and it does not predict the evolution of microstruc-
tural damage unless an initial non-zero void volume fraction is prescribed. To overcome
these limitations, Chu and Needleman [144] proposed a nucleation law, and Tvergaard [145]
introduced three heuristic parameters in Gurson’s potential to account for the interaction
between voids and their growth. The model accounting for both these extensions is known
as Gurson-Tvergaard-Needleman (GTN) model, and has been extensively used to predict
the behavior of rubber-toughened materials [82, 83, 84].
The GTN potential is defined as

® = (7% + 2fq; (r5%)’ cosh (2%;71) — (1)2(1 + g5 /%) = 0, (60)

where ¢1, ¢o and ¢3 are the three heuristic parameters, f is the void volume fraction defined
as o
f= 7‘; (61)
being V7 and V), the void and RVE volumes, respectively, 71 and 7,9 are the macroscopic
and microscopic equivalent stresses, respectively, and 7 is the macroscopic stress.
The evolution of the void volume fraction, f, is taken to account for both the evolution

of the void volume fraction associated with existing voids, fe, and the rate of nucleation of

new voids, fN, as
f="fo+fvn. (62)
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The former evolves with the rate of plastic strain, P, as

Jo = (1= [, (63)

and the latter as

2
fv = SNJ?/V% exp [—% (—5p ;N€N> ] e, (64)
where fy is the volume fraction of nucleated voids, and ey and sy are the mean and
standard deviation of the plastic nucleation strain.

Since the heuristic parameters introduced by Tvergaard [145] do not account for the
evolution of the voids shape explicitly, some studies [146, 82, 147] have modified these pa-
rameters to consider the evolution in the geometry of the voids during their growth. Yan et
al. [147] proposed a constitutive model for semicrystalline polymers, which accounts for the
cavitation damage accumulation associated with the nucleation and growth of voids in the
amorphous phase. Building on these developments, Carvalho Alves et al. [85] proposed a
constitutive model to predict the nonlinear behavior of neat, porous and rubber-toughened
amorphous polymers, accounting for nucleation of the rubber particles as well as the interac-
tion and growth of voids. This model results from a suitable coupling between the extended
EGP model [148] with a modified version of the well-established Gurson’s potential [143].
Moreover, the model establishes a nucleation law to predict the cavitation of voids in rubber
particles under volumetric strains and is combined with the nucleation criterion proposed

by Bucknall et al. [149] to identify the material parameters.

Crazing. Crazing is also an important deformation mechanism in amorphous polymers, as
it typically precedes brittle fracture. Due to its significance, several authors have focused on
characterizing the initiation, growth, and impact of crazing on the overall mechanical behav-
ior and fracture resistance of these materials [150, 84]. In general, two different approaches
are employed to describe crazing: (i) using cohesive zone models and (ii) continuum-based
models. The former introduces a set of cohesive interface elements in the Finite Element
Method discretization, which define the nonlinear behavior in the interface of the craze-
amorphous polymer [151, 152, 153, 154]. The latter approach does not explicitly represent

individual crazes. Instead, it employs a continuum constitutive relation, where the inelastic
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deformation due to crazing is modeled as the averaged response of a Representative Volume
Element (RVE) containing plate-like craze structures [155].

Gearing and Anand [155] pioneered the continuum modeling of crazing to avoid the
need to represent each craze with special interface elements, which becomes prohibitive
when dealing with multiple crazing, as is present in rubber-toughened polymer blends. In
their model, once craze initiation occurs®, the average macroscopic flow becomes oriented
in the direction of maximum principal stress, which is characterized by a transition from

shear-flow, y = 0, to craze-flow, x = 1, by a change in the flow rule, i.e.,

et it x=0

=9 (65)
&, if y=1lando >0

where €? is the flow rule, €2 stands for shear-flow rule and Ep is the macroscopic averaged
tensile plastic strain rate, defined by Argon [156] as kinematically related to the lateral

transition of a given volume fraction of active craze borders:
__—
P= 66

where 4 is the thickening average rate and h is the average spacing of the planar crazes, as

schematically illustrated in Fig. 14.

e

- HF

e

Figure 14: Idealization of craze-plasticity, adapted from [155].

3Craze initiation occurs as a consequence of satisfying a given craze initiation criterion.
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The macroscopic averaged tensile plastic strain rate, £, has been expressed as [155]

] ) o1 1/m
e-b(2) (67)

craze

where fo is a reference craze strain rate, and S..,. iS a material parameter associated to
the resistance to craze-flow, m is the strain-rate sensitivity parameter for craze-flow. The
variable éo is chosen to ensure continuity of the magnitude of the plastic stretching |£P| at
the transition from shear-flow to craze-flow. This model has been successfully implemented
by several authors [84, 157, 158, 159].

Following this approach, Holopainen [84] proposed a constitutive model for rubber-
toughened amorphous polymers that simultaneously accounts for the internal cavitation
of rubber particles, the growth of voids, and crazing. The author observed that excessive
porosity growth is predicted when crazing evolves in simultaneous with the void volume
fraction. As a result, the growth of voids is inhibited once the craze initiation-criterion is

satisfied.

Generalization to three-dimensions. The models discussed so far concern one-dimensional
flow, i.e., laws for the scalar strain rate 7. For three-dimensional models capable of describing
large deformations, it is necessary to provide a macroscopic flow rule, i.e., a law prescribing
the spatial velocity gradient L.

Consider the flow rule for the Newtonian fluid without the pressure term to see how this

might be accomplished for isotropic materials,
D=S:0, W=0, (68)
where S is the appropriate compliance tensor, defined as

1 1 1
S= — (lg—-IQI|+—I®I 69
277(5 3®>+9/€®’ (69)

n and k are the dynamic and bulk viscosity, and lg is the fourth-order symmetric identity

tensor. Eq. (68) can be rewritten as

||Udev|| O dev Om
D = 1Zdevll Tdev | Imy 70
2 Joul o (70)
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To establish the connection with the one-dimensional flow rules already presented, consider

a pure shear flow with a strain rate equal to 4. The shear stress found from Eq. (70) is

7 is identified with ||oqev|| to generalize from pure shear to a three-dimensional stress state.

Some authors choose this quantitiy to be the octahedral shear stress, defined as 7,4 =

2
V3

employing a similar logic, yielding

|G ey ||, instead [142]. Thus one can substitute || gev||/7 = Ydev, and o, /K = Y401, found

D="2N,, + DN (72)
2 3
where
O dev
NdeV: TR Nv01:I7 (73>
[T dey |

Note that 7 and p are computed from the Cauchy stress tensor, o, acting as the driving force
on the viscous element. Other stress measures can also be employed, such as the Kirchhoff
stress tensor, 7 , or the Mandel stress tensor, M [140, 141].

In the literature, there is not much focus on nonlinear laws for the volumetric strain
rate, Jyo1- When included, they are often chosen to coincide with the Newtonian fluid
(see Eq. (70)). Most often, the factors 1/2 and 1/3 in Eq. (68) are neglected, perhaps
because the flow rule contains a leading term that absorbs the missing elements during
calibration.

For constitutive models based on potentials, such as the GTN model described in
Eq. (60), the flow rule is given by )

)

N
D’ = Ao (74)

where A is a positive scalar function and ® is the flow potential. In this case, the scalar
multiplier, A, is determined from the equivalence between the macroscopic plastic power,
We,

0P

VP =1 :DP =71 : A—
%% T T 5 (75)

and the microscopic plastic power, W}j , dissipated in the polymer matrix,
Wh=0~-f)r,: Dl =(1- f)r.%,, (76)
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where the viscous flow, 7, is established based on an adequate flow rule, such as the Eyring
flow rule. The equivalence between the macroscopic and microscopic plastic works is a
necessary condition to ensure the coherence in the energy dissipation at the two scales.
For semicrystalline polymers, when modeling the plastic flow in the crystalline phase,
crystal plasticity models are often employed [38]. In these models, the plastic deformation
is assumed to occur by slip on a set of N crystallographic slip systems. The spatial velocity

gradient is given by
N
L=> 49R%, (77)
i=1

where 4 is the shear rate on slip system 4, and R is the Schmid tensor for slip system i
defined as
R = s @ m® (78)

with s and m® being the slip direction and slip plane normal, respectively. The shear rate
is found from a flow rule such as Eq. (22), using expressions for the activation energies such
as those in Egs. (13) to (15). Note that this flow rule leads in general to a non-symmetric

velocity gradient, or equivalently, a non-zero spin tensor, W # 0.

6.2. Yield criteria

The yield stress is not as clearly defined in polymers as in metals, even far below their
melting points. This difficulty in defining yield stress arises because, for many polymers,
flow is observed at all stress levels and does not occur at a characteristic yield stress.
Notwithstanding, a yield criterion, @, can still be used to set the flow rule, defining the flow
potential W appropriately. Choosing the flow potential equal to the yield surface, associative

plasticity, U = ®, the flow direction is computed as
D =4N =3— 79

being perpendicular to the yield surface in the stress domain. The choice of 4 in rate-

independent plasticity is made to satisfy the loading-unloading conditions

$>0, ®(a,A) <0, B(o, )i =0. (80)
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However, in the present context, an explicit expression for 7, like the ones presented in Sec-
tion 6.1, is the most common choice. Ghorbel [160] provides a detailed description of the
yield criteria employed to describe polymers. The most common criteria are the von Mises,

Mohr-Coloumb, Drucker, and Raghava yield [161] criteria.

6.3. FElastic elements or free energies
The elastic elements employed in the models under discussion typically fit into two

classes: linear elasticity and rubber-like elasticity. The former is based on the energy for

isotropic linear elasticity in small deformations, given by

wlin<€) = %E :D: €, (81)

where D is the isotropic elastic modulus defined as
2
DE2GIS+<K—§G)I®I, (82)

where G is the shear modulus, K is the bulk modulus, I is the second order identity tensor
and lg is the symmetric identity*. One way to extend this model to large deformations is to
use finite-strain measures. In particular, one may employ logarithmic strains, €(?), finding

the so-called Hencky model, whose free energy is given by
Oy — Lo .p. 0
VHencky () = 5€ D: eV, (83)

or the Green-Lagrange strain tensor, E®) yielding the so-called Saint-Venant-Kirchhoff

model, whose free energy is given by
1
Yoy (E?) = §E(2) :D: E@, (84)

The stress is then found as the derivative of the free energy with respect to the deformation
(see Eq. (A.23)). In modeling the intermolecular forces, generally connected with the initial

stiffness of the polymer, these are the most common choices for elastic elements [133, 139].

4The symmetric identity lg is defined as (0s)iji = %(&kéﬂ + 9,10,%) where 0;; is the Kronecker delta,
such that s : A=A :lg =sym(A), with A being a second order tensor.
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In modeling the hardening or large strain response of plastic polymers, models based on
non-Gaussian statistical theory for rubber-like elasticity are the most common choice [16].
These models are based on the statistical mechanics of polymer chains, which consider the
entropy change associated with the deformation of long-chain molecules. From an appropri-
ate expression of the entropy as a function of the deformation, we can find the Helmholtz free
energy, ¢, from Eq. (A.22) and derive the constitutive relation from Eq. (A.23). Assuming
each chain has many links, n > 1, and that the end-to-end distance, r, is small compared
to the contour length, r < nl, where [ is the length of each link, yields the Gaussian chain
model, i.e.,

_ 3 _
SGaussian()\) = _QNICB()\>2 -+ const, (85)

where ) is the average chain stretch defined as A = r/(y/nl), where \/nl is the average
end-to-end distance of the chain in the undeformed state, N is the number of chains per
unit volume, and kp is the Boltzmann constant.

When large deformations are being modeled, meaning that r is comparable to nl, non-

Gaussian chain models must be employed. The corresponding entropy for a single chain is

Stangevin (A) = NkpIn ((sinﬁhﬁ)" exp (— Afck>) : (86)

where Aok = \/n, B = L7 (A/N°%), and the Langevin function is defined by
1

L(B) = coth f — 7 (87)

The choice of how the average chain stretch, ), depends on the deformation gradient

given by

varies between models. A three-chain model where a third of all the chains are assumed to

be aligned with each of the principal stretches,
MF)=)\;, i=1,2,3, (88)

has been proposed by Wang and Guth [162].
However, the most widely used model is the eight-chain model of Arruda and Boyce [163,
164], which assumes that there are eight chains aligned with the diagonals of a unit cube in

the principal stretch space. This implies that the average chain stretch is given by

NF) =4/ tréb) . (89)
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As the chain stretch hits its limiting value, this choice for functional dependency results in an
asymptotically increasing stress. This same choice when applied to the Gaussian chain model
in Eq. (85) leads to the neo-Hookean model, valid for small to moderate deformations [139].
These models can also compute A from the isochoric component of the deformation gradient
to account for the incompressibility of rubber-like materials. In general, the volumetric
response is included in the internal energy (see Eq. (A.22)) [16].

Another alternative of the same type that takes more interactions between the polymer

chains is presented by Edward and Vilgis [165], postulating the free energy as

1S3, (1—a?) A2 >
A1, A2, Ag) = =N, =1 = - —1 1—a? A
Vv (AL, Az, Az) 5 { 1= 22N 0g «Q 22:1: ; +

[Z { 1 inif ?fo;%? o (14 mg)} Clog (1- @mg)] C (90)

where \; are the principal stretches, a is a measure of the inextensibility and 7 of the

slippage, N, is the number of crosslinks and N, the number of slip links. The stress is found

from the constitutive relation in Eq. (A.20).

6.4. Caveats regarding the generalization to three-dimensions and large deformations

Before proceeding, some comments on developing a fully three-dimensional large-strain
model from a one-dimensional rheological model are in order. When considering only in-
finitesimal strains, the strain applied to elements in series is added together, whereas ele-
ments in parallel are subjected to the same strain. For example, for the model in Fig. 15,
the strain across the elements on the first branch is decomposed additively, € = €° + &P,
being the same across both branches. A suitable kinematic decomposition must be chosen
to achieve an appropriate generalization to three dimensions and large deformations. The
classical Lee multiplicative decomposition of the deformation gradient [166, 167] is the most

common choice,

F = F°F, (91)

where F' is the deformation gradient and superscripts e and p correspond to the elastic
and plastic parts. In practice, elements in parallel will experience the same strain gradient,

whereas elements in series will divide the deformation using a multiplicative decomposition.
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See Fig. 15 for reference. Since, in general, the deformation gradients do not commute, the

choice of order is relevant.

Infinitesimal deformation

e=€°+&€P
e’ FP additive decomposition
£°, F° Finite deformation

F = F°FP

multiplicative decomposition

Figure 15: Additive and multiplicative strain decomposition corresponding to infinitesimal and finite defor-

mations, respectively.

Focusing on a decomposition between an elastic, denoted here by e, and a viscous ele-
ment, denoted here by p, the application of the decomposition in Eq. (91) to the definition
of the spatial velocity gradient (see Appendix A.1) yields

L =L+ F°L'(F°)!, (92)

where L¢ and L? are defined as
L¢ =F°(F°)!, (93)
L? =F*(F?)~ " (94)

The deformation gradient may also be expressed as the product of the elastic stretch, the

rotation, and the plastic stretch, as
F=V°RU?, (95)

where R = R°RP.

The constitutive description is most often supplied as a law for D? and WP, where
D? = sym(L?), WP =skew(LP). (96)
A common approach is [131]

Dp = (Re)TDpRe — "Ydedeev + ;Yvoleola (97)

W? = (R )"WPR*® = 0, (98)
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with R® defined by the polar decomposition theorem as F¢ = R°U®, where Nge, and N,
are given by Eq. (73) and Jgey is found from the laws described in Section 6.1. This yields

the plastic spatial velocity gradient as
Lp - (Re)T(’j/dedeev + ;yvoleol)Re. (99)

Assuming isotropic plasticity, allows us to remove the rotation from the flow rule [131],

yielding for the plastic spatial velocity gradient
L? = ;}/dedeev + ;}/VOINVOh (100)
and, equivalently, for the elastic spatial velocity gradient we have
L° =1L — (;Ydedeev + ;Yvoleol)- (101)
An alternative description can be given as
1 e : : e
§£vb == _<7dedeev + f)/voleol>b y (102>

where L£,b° is the Lie derivative of b¢ with respect to the velocity field v. In particular, Reese
and Govindjee [168] explore isotropic finite viscoelasticity employing Newtonian viscous
elements as given by Eq. (68) and Eq. (69). The same authors highlight that this approach
implies truly finite viscoelasticity, i.e., valid for large deformations and large perturbations
away from thermodynamic equilibrium. They point out that an intermediate description,
allowing for large deformations but constrained to small deviations from thermodynamic

equilibrium, is also possible. Thus linearizing Eq. (102) yields

Cr=-(C—-Cn), (103)

| =

where 6 is a relaxation time. Note the similarities with Eq. (A.43) describing the evolution
of €? in infinitesimal viscoelasticity. Accordingly, the C? is given by a convolution integral.
This possibility had already been pointed out by Coleman and Noll [169]. A similar approach
is pursued by Simo [170], where the internal variables are the nonequilibrium forces acting

on the different arms of the rheological model.
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One can also and prescribe a law for D? directly [133],

D? = ’3/deVNdeV + ’Vvoleola (104)
WP=W - W: (D - DV), (105)

where W is a fourth-order spin tensor whose full description is given by Onat [171]. This is
necessary because the authors assumed that the rotation tensor, R, is entirely plastic, i.e.,
R = RP. As a consequence, the model attributes all rotation effects to plastic deformation.
This results in a symmetric, and therefore unique, elastic deformation gradient, F¢ = (F¢)T.
The spin tensor, WP, is thus required to sustain the adopted symmetry of F*.

Finally, we can also follow Bergstrém [16]

Dp = Sym((Fe)ileFe) = ;}/dedeev + ;)/voleola (106)

W? = skew((F€¢)'LPF*¢) = 0, (107)
which is equivalent to Eq. (97) if elastoplastic isotropy [131] is assumed.

6.5. Inclusion of the thermal field

Including temperature-dependent material parameters is insufficient to account for the
thermal field when using constitutive descriptions based on rheological models. The first
missing feature of such a model is that a change in temperature with null stress would
not lead to contraction or dilation. Similarly, a temperature change while preventing ex-
pansion/contraction would lead to zero stress. To fix this omission, an additional thermal

configuration can be considered, e.g.,
F — Fmecthh7 (108)

where F™t and F*'*" are the deformation gradients concerning only the mechanical and
temperature fields, respectively. Note that the reverse order for the deformation gradients
can be considered, as well as decompositions where the thermal deformation gradient is
applied between elastic and plastic deformation gradients [164].

When employing the models described so far, consider that an increase in the tempera-

ture with no mechanical loading applied leads to a null stress response from the ‘mechanical
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part’, thus, its corresponding deformation gradient will be unitary, making the total defor-
mation gradient equal to the thermal deformation gradient, F = F**. Taking inspiration

from isotropic infinitesimal thermoelasticity theory, we can write

e™ = . ATI. (109)
Lu and Pister [172] suggest, however,

F™ = (T, (110)

where v is a scalar-valued function of temperature, reflecting intrinsic thermal expansion
characteristics of the material
T
v(T) = exp {/ ar(T) dT*} , (111)
To
where « is the coefficient of thermal expansion, allowed to depend on the temperature. In

particular, if ap is independent of temperature, Eq. (111) reduces to
v(AT) = exp(apAT). (112)

Further, if the conditions for infinitesimal thermal strain are satisfied, i.e., ap AT < 1, we
recover Eq. (109).

Considering the energy balance equation (Eq. (A.28)), the internal dissipation and the
Gough-Joule effect still need to be added to the present analysis. In the one-dimensional

rheological model, the dissipation is due to the linear dashpots,

D:

int

— 0’4, (113)

where 4 and ¢° are the strain rate and stress in the dashpot i. In three dimensions, this
rational yields

Diy = xa0i : D', (114)

where o is the Cauchy stress tensor across the ith viscous elements and D? the correspond-
ing rate of deformation tensor. yq4 € [0, 1] is a constant dissipation factor, commonly chosen

in the range yq ~ 0.85 to 0.95 for metals [173] and equal to 1 for polymers [142, 174]. The
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possibility of yq < 1 materializes the fact that some plastic work may be stored in the
material.

Concerning the temperature dependence of material parameters more broadly, several
authors try to include it in their models, in general, through simple linear [148] or exponen-

tial dependencies [164, 130]

Remark 1 (Single integral models). One approach that seeks to generalize the results
of infinitesimal viscoelasticity is based on the integral constitutive equation for the stress as
a function of the strain in Eq. (A.31). These models include nonlinear phenomena while
considering only small strains [12]. For example, the model of Pipkin and Rogers is given
by [12]
t Oe
o(t) = / R(t — 7,6(7'))6— dr, (115)

e T
where R is a nonlinear stress relaxation modulus depending on time and strain, incorporating
nonlinear effects into the material’s infinitesimal viscoelastic constitutive description.

A list of models of this type, including Leaderman, Pipkin and Rogers; Schapery; and
Bernstein, Kearsley and Zapas (BKZ), can be found in [12] and [175]. This class of models is
not given much attention in this text since, due to their formulation in terms of convolution
integrals with non-trivial kernels, they are not particularly appropriate for application in

computational mechanics based on the FEM.

7. Continuum models for thermoplastic polymers

This section outlines the most common continuum models for the description of the
mechanical behavior of polymers found in the literature. Given that much of the models’
ability to describe the experimental behavior of the polymers relies on the structural ar-
rangement of the its rheological elements, i.e., whether elements are arranged in series or in
parallel, we bin the different models according to a classification based on the underlying
linear model. The next set of models generalizes various infinitesimal viscoelastic models by

using the previously described nonlinear elements in the corresponding rheological models.
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7.1. Mazwell model

The Maxwell model is given as

o+ %d _—— (116)

corresponding to the rheological model in Fig. 16. It is able to model stress relaxation

«o—\INN\—ﬂO—»

Figure 16: Rheological model corresponding to the Maxwell model.

and creep, but not time-dependent recovery. In a constant-strain experiment, it attains a
plateau stress and only captures hardening through internal variables in the description of
the flow rule.

An early improvement to describe the large-strain behavior of elastomers is presented
by Smith [176]. The Bodner-Partom material model [134] is another generalization of the
same constitutive description. It can simulate the behavior of a visco-elastoplastic mate-
rial under small strains and arbitrary loading history. The elastic element obeys Hooke’s
law, and the flow rule is given by Eqs. (24) and (104), with the athermal strength evolv-
ing according to Eq. (31). The model can describe a rate-sensitive response and harden-
ing. However, it cannot display strain recovery. Based on this work, the rate equations
in Eq. (34) for 7, in conjunction with a power law (see Eq. (22)), have been used in models
describing poly(methyl methacrylate) (PMMA), a glassy polymer, by Zairi and cowork-
ers [177, 135, 82], to describe HDPE by Zhang and Moore [178], and to describe PC by
Frank and Brockman [179]. It has also been used to model the behavior of metallic alloys
at high temperatures [131].

In the same vein, Ben Hadj Hamouda and coworkers [47] employ a Double Inelastic Defor-
mation (DID) model-—whose background is described in detail by Cailletaud and Sai [180].
Formulated in small strains, an additive split is assumed between a linear strain and two
viscoplastic strains, corresponding to the deformation mechanism in the amorphous and

crystalline phases. Fach viscoplastic strain follows a power law (see Eq. (22)) with a von
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Mises yield criterion, accounting also for nonlinear kinematic hardening. The authors use it
to model MDPE response in constant-strain-rate uniaxial tension experiments, as well as in
stress-relaxation and dip tests. Balieu and coworkers [161] also present a model that can be
interpreted as a nonlinear Maxwell model. It is formulated using hypoelasticity, with the
plastic flow rule deduced from Raghava’s criterion, modified to include an isotropic dam-
age variable representing micro-voids and micro-cracks developed in the material. The law
for the strain rate is a power law (see Eq. (22)), and the authors employ an integral-type
nonlocal damage model to describe mineral-filled semicrystalline polymers.

In the work developed by Doghri et al. [181, 182, 183, 184], a constitutive model that
couples viscoelasticity and viscoplasticity is also proposed. In their contributions, the elastic
spring of the standard Maxwell model is replaced by a generalized Maxwell model, effectively
allowing the modeling of viscoelasticity. The associated stress is expressed as a Boltzmann
integral, and the visco-elastic relaxation moduli follow the general Prony series (Eq. (A.42)).
In Krairi and Doghri [182], the visco-plastic response combines isotropic and nonlinear kine-
matic hardening. Moreover, a ductile damage evolution is implemented, with this variable
linked to the visco-plastic strains. Krairi et al. [184] extended the model proposed by Miled
et al. [181] by including the model into a thermo-mechanical coupled framework, such that

it couples visco-elasticity and visco-plasticity under non-isothermal loading conditions.

7.2. Standard Linear Solid

The following set of models is a generalization of the so-called standard linear solid
model. In the context of infinitesimal viscoelasticity, it can be expressed in equivalent ways
in its Maxwell or its Kelvin-Voigt representation, as shown in Fig. 17 with the constitutive

differential equations for the stress and the strain given as

E,+ E
o+ o= FEie + 77(1——'—2)5', (Maxwell representation), (117)
Ey Ey
n . BBy En

g

+ o= €+ g, (Kelvin-Voigt representation), 118
Ey+ By Ey+Ey  E1+ Ep ( sbrep ) (118)

where in both equations, the terms containing the strain, €, are the stress response in
equilibrium. For linear viscoelastic materials, both representations are equivalent. However,

when nonlinear elements are introduced, the two representations generally yield different
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results. That said, these models can display stress relaxation with a plateau value, creep
with a plateau strain, and time-dependent full recovery. In a constant-strain experiment,
no steady-state stress is reached, allowing hardening even without internal variables beyond

the viscous strain.

Tl e

E
(a) (b)

Figure 17: Rheological model for the standard linear solid: a Maxwell representation; b Voigt representation.

The viscoplasticity theory based on overstress (VBO) was introduced by Cernocky and
Krempl [185] and is based on the standard linear solid. The so-called overstress is the
difference between the full stress and the equilibrium part, which is allowed to be a nonlinear

function of the strain. Thus, Equations (117) and (118) can be written as
o — f(e) = Mé — Ko, (119)

where f may be a nonlinear function of the strain, and M and K are general functions
of the stress, the strain, and their derivatives. It has been used to successfully model
metals [186, 187] as well as polymers, such as polypropylene [188], polyethylene [189], nylon
66, polyetherimide, poly(ether ether ketone) [190], and polyphenylene oxide (PPO) [191].
More advanced versions of this approach include kinematic and isotropic hardening and
strain softening through appropriate internal variables [190, 192].

Polanco-Loria and coworkers [70] present a generalization that allows for a hyperelastic-
viscoplastic response due to intermolecular resistance and an entropic hyperelastic response
due to molecular chain reorientation. The stress in the Maxwell branch is determined from
an isotropic compressible Neo-Hookean material (see Eq. (85)). At the same time, the
flow in the dashpot is controlled by Raghava’s yield criterion, which is pressure sensitive

(see Section 6.2). A non-associative viscoplastic flow potential is employed, allowing for
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volumetric plastic strain. Finally, the eight-chain model provides the deviatoric part of the
stress on the other branches, including a volumetric part similar to that shown in Eq. (73) for
the Neo-Hookean model. The authors validated their models against experimental results
obtained for polypropylene samples.

That said, the most popular thermoplastic models are generalizations of the Voigt version
of the standard solid. Halsey and coworkers [193] present one of the earliest contributions
considering an Eyring dashpot as the viscous element in an attempt to model the behavior
of fibers. Likewise, Haward and Thackray [194] proposed one of the first models for thermo-
plastic polymers below the glass transition temperature. The elastic element in the Maxwell
branch is still a linear spring. However, the elastic element parallel to it is a Langevin spring,
while the viscous element is an Eyring dashpot. The model is formulated assuming small
strains and is restricted to one-dimensional loading.

Later, Boyce, Argon, and Parks [133] generalized this model, now known as the BPA
model, to three dimensions, among other additions. A multiplicative kinematic split be-
tween the elastic and inelastic deformation is enforced, as described in Section 6.4. The lin-
ear spring is generalized to three dimensions and large deformation using the Hencky model
(see Eq. (83)), with the shear and bulk moduli temperature-dependent. The thermally acti-
vated process is now nucleation controlled by employing the model proposed by Argon [106]
(see Eq. (10)) with the addition that the athermal strength 7y is replaced by an internal
variable, 7, which is given by 7 = 7+ ap and « is a material property. The rate equation for
the athermal strength, 7, is chosen according to Eq. (35), such that the distinctive strain
softening of glassy polymers is captured. The model does not account for volumetric flow.
Lastly, the three-chain model gives the stress in the other elastic element (see Eq. (88)),
responsible for the strain hardening. For other contributions exploring this model while
employing different rubber-like elasticity models, see, e.g., [163, 164, 195, 196, 197]. In fact,
the most widely used model of this type is the so-called Arruda-Boyce model [163, 164],
which employs an eight-chain model for the rubber-elastic element.

Arruda et al. [164] extended the BPA model to the moderate strain rate domain, by
considering a thermomechanical coupled framework with isotropic thermal expansion, and

by incorporating an internal state variable associated with the temperature-evolution of
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the density of the weak entanglements. Bergstrom and Boyce [128, 198] also modified the
BPA model to describe the response of elastomeric materials and filled elastomers. Their
modification is based on a rheological decomposition into two parallel polymer networks:
one capturing the equilibrium response, the branch containing the elastic spring, and the
other describing the time-dependent deviation from equilibrium, the Maxwell branch. The
flow rule adopted for the dashpot is given by Eq. (25), inspired by the reptation theory
of polymer dynamics [127], with both elastic elements modeled employing the eight-chain
model (see Eq. (86)). The influence of filler particles is modeled by amplifying the scalar
equivalent values of stretch and shear stress, effectively providing adjusted measures of
matrix stretch and matrix shear stress.

Also expanding on the BPA model [133], Chowdhury and coworkers [138] propose a very
similar model in the context of manufacturing-induced voids in polymer-based composites,
formulated, however, hypoelastically. The model was later validated on epoxy resins by
Poulain and coworkers [199]. As in the BPA model, the athermal strength (Eq. (10)) is taken
as an internal variable following a different rate equation (Eq. (38)). This choice allows a
smoother strain softening. Also, the response of the rubber-elastic element is now a linear
combination of the response obtained from a three-chain model (Eq. (88)) and an eight-chain
model (Eq. (86)). Hao and coworkers [107] propose a very similar model, where the rate
equation for the athermal strength is given by Eq. (40), rendering a model able to capture
the double yield phenomenon in semicrystalline polymers. The last authors also consider the
thermomechanical aspects of polymer modeling, including self-heating, thermal softening,
and temperature-dependent properties. They validate their model against experimental
results obtained for epoxy, nylon101, and PAG6.

Richeton and coworkers [121] also present a model based on the standard linear solid.
Where the hardening spring is modeled employing the eight-chain model (see Eq. (86))
and the flow rule is adopted as Eq. (20) for flow below the glass transition temperature and
Eq. (21) above it. The authors compare their model against experimental results for PMMA
and PC samples subject to compression tests at different strain rates and temperatures.

Employing a similar arrangement of rheological elements as the BPA model, Mirkhalaf

et al. [200] proposed a finite strain elasto-visco-plastic constitutive model to predict the
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nonlinear behavior of amorphous polymers. Although the model operates within a finite
strain framework, it is implemented using a formulation based on the functional structure
of the infinitesimal strain regime. Within this context, the state update procedure and the
consistent tangent operator are pre- and post-processed by a purely kinematic finite strain
extension [201]. Besides its simplicity, this type of extension preserves the most important
properties of the infinitesimal strains formulation, namely volume-preserving plastic defor-
mations and finite plastic incompressibility. In this context, instead of adopting the left
Cauchy-Green strain tensor as the strain measure, the logarithmic strain tensor is used,
€ = %ln B. 1t is worth highlighting that the use of the additive approximation of the log-
arithmic strains, also known as Green plasticity, significantly simplifies the computational
implementation of this constitutive model. Moreover, this approximation is associated with
a negligible error under moderately small elastic strains [202]. Note that an alternative
formulation based on elastic corrector rates has been recently proposed [203, 204, 205] to
handle this additive update. In the work developed by Mirkhalaf et al. [7], this model was
further extended to capture the material’s behavior under different triaxial states. Within
this context, the strain-softening and strain-hardening constitutive laws have been modified
to account for the stress triaxiality and the lode angle.

Recently, the model proposed by Mirkhalaf et al. [200] was extended to account for visco-
elasticity [148]. In this context, the elastic spring parallel to the Maxwell branch is replaced
by a generalized Maxwell model, where the shear relaxation modulus follows a Prony series
as given in Eq. (A.42). Since this falls under the umbrella of Finite Linear Visco-elasticity
theory, which is based on a single stored energy [170, 206, 207], this choice alone does not
lead to strain rate dependency. This is accounted for through the material parameters in

the Prony series. As a result, the visco-elastic relaxation times are considered dependent on

the strain rate, following the evolution law introduced by Yu et al. [208]:
0:(6°0) = ;1 (50 roi =1, ..., ny, (120)

where 0; r is constant, A\, represents the shear relaxation time strain rate sensitivity, and

2
the spatial logarithmic equivalent strain rate is given by % = \/; |le||, with (e) denoting

the time derivative.
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Holopainen et al. [209, 210] extended the BPA model to propose a thermodynami-
cally consistent approach that describes the isothermal ductile fatigue damage in amor-
phous polymers. Wang et al. [211] extended the effective temperature model proposed by
Xiao and Nguyen [212] to develop a large deformation model that accurately captures the
temperature-dependent and strain rate-dependent post-yielding strain hardening behavior
as well as the Bauschinger effect under reversed loading. In this model, the Eyring model
is applied to characterize the temperature-dependence and strain rate-dependence of the
viscous resistance to network deformation, and the Arruda-Boyce eight-chain model [163]
is used to describe the internal energy associated with network deformation to account for
the limiting stretch of the network structure.

Uchida et al. [213] developed a visco-elastic visco-plastic model grounded in the physics
of polymer chain deformation. Building on their earlier work [214], they extended the model
to incorporate the temperature- and strain rate-dependent mechanical behavior observed
below the glass transition temperature.

Another significant contribution to the constitutive modeling of amorphous polymers
was proposed by Leonov [215], now based on the Maxwell representation of the standard
linear solid. This model was later extended to a compressible version by Baaijens [216], and
later derived within a thermodynamically consistent framework by Tveroort et al. [217]. In
addition, to capture the typical behavior of the post-yield region of amorphous polymers,
namely the phenomenon of strain-softening and strain hardening, this model was extended
by Timmermans and Govaert [218, 219], leading to the generalized compressible Leonov
model, currently known as the Eindhoven Glassy Polymer (EGP) model.

Khaleghi et al. [220] extended the EGP model with a thermodynamically consistent
damage model based on the damage evolution law introduced by Lemaitre [221]. The Ox-
ford Glass Rubber (OGR) model [196] is structurally similar to the EGP model, but the
resistance to entropy-elastic chain stretch is described by the Edwards-Vilgis free energy
function [165]. In the work of van Breemen et al. [222], the single-mode EGP model is
extended to a multi-mode constitutive model. This extension assumes that the pre-yield re-
sponse is governed by a spectrum of linear relaxation times, which shift to shorter timescales

under the influence of applied stress.
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Models originally developed for polymers have also been further extended and adapted
for composite materials. For instance, in the work developed by Amiri-Rad et al. [223],
the EGP model is extended to establish an anisotropic visco-elastic visco-plastic macrome-
chanical framework specifically tailored for short-fiber reinforced polymers, capturing the
direction-dependent behavior introduced by fiber orientation. In a related effort, Nciri et
al. [224] proposed a continuum model for short-fiber-reinforced composites that incorporates
visco-elastic and visco-plastic behavior of the amorphous polymer matrix, with particular
emphasis on complex fiber orientation distributions and rate-dependent effects.

Although not explicitly making reference to a rheological model, Anand and Gurtin [139)
present a constitutive model for glassy polymers that can also be interpreted as a general-
ization of the standard linear solid in its Kelvin-Voigt representation. The elastic element
in series is modeled employing the Saint-Venant-Kirchhoff model (see Eq. (84)), while the
flow rule is by a power law (Eq. (22)), employing internal variables to capture strain soft-
ening and hardening (see Eq. (44)). The corresponding backstress is modeled for small
to moderate strains employing a Neo-Hookean model (see Eq. (85)), and a non-Gaussian
network model (see Eq. (86)) for large strains. The authors validate their model against
experimental data in uniaxial compression for PC.

Some of the same authors [140, 141] propose an improvement on this model, now with
the rheological representation depicted in Fig. 18. A flow rule based on the cooperative
model (see Eq. (20)) is now adopted for the viscous element, while the internal variables
follow the evolution laws in Eq. (48), capturing strain softening and hardening. Bouvard
et al. [225] proposed a finite strain thermomechanical visco-plastic model with thermal
expansion to predict the behavior of amorphous polymers. The model is derived adopting
a formulation based on internal variables very similar to that of Anand and coworkers [140,
141]. This model was recently extended by Lan et al. [226], by dividing the molecular
entanglements into permanent entanglements and dynamic entanglements, as introduced

by Jiang et al. [227, 228].
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Figure 18: Rheological model for the Anand-Ames model [140, 141].

7.3. Burgers material

Another common material model in infinitesimal viscoelasticity is the so-called Burgers
material, which incorporates viscous flow into the standard linear solid model. It also accepts

two equivalent descriptions as

Ei+ E
I (/ST P AP (m +m) é+ me (Fn + 2)5 (Maxwell representation),
E,  Ey FEiFE,

(121)

o+ (%11 + 2’_21 + %22) o+ 21%22& = 19 + 771E_7325 (Kelvin-Voigt representation), (122)

in the context of small strains. See Fig. 19 for the corresponding rheological models.
Bardenhagen and coworkers [229] propose a three-dimensional viscoplastic model for
polymeric materials, which is a generalization of the Maxwell representation of the Burgers
material. One of the branches is a three-dimensional, large-strain hypoelastic generalization
of the Maxwell model. The other branch employs an associative hypoelastic elastoplastic

model with the von Mises criterion as the yield criterion, including an isotropic hardening

Ty "
m E
E> n2
Ey E; m
(b)

(a)

Figure 19: Rheological model for the Burgers material. a Maxwell representation. b Voigt representation.
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function. The authors provide a comparison with experimental results.

Boyce and coworkers [230] also present a model generalizing the Maxwell representation
of the Burgers material. One of the branches contains an elastic element following Hencky’s
model (see Eq. (83)) and an Eyring dashpot, in the same way as the model already described
in [133]. In the other branch, the elastic element follows the eight-chain model (see Eq. (86)),
while the dashpot is similar to the Bergstrom-Boyce model (see Eq. (25)). It is used by
the authors to model poly(ethylene terephthalate) above the glass transition temperature,
accounting for strain-induced crystallization. This is achieved by neglecting the last dashpot
if the stretch is larger than a given value, which depends on the plastic strain rate and the
temperature.

Kletschkowski and coworkers [231] present another description fitting into this class of
material models. One of the Maxwell branches is made of a linear elastic spring, and its
viscous element follows the cooperative model (see Eq. (20)) for the strain rate. The other
branch employs the endochronic viscoplasticity theory [232]. It resembles viscoelasticity
with the caveat that time is replaced by an ‘inner’ time, a function of the strain, hence the
name endochronic. The authors employ this model in the description of filled PTFE.

Pouriayevali and coworkers [33] present a constitutive model to describe the quasi-static
and high strain rate, large deformation response of semicrystalline polymers, which can
be seen as a generalization of the Kelvin-Voigt representation of the Burgers material. The
elastic elements are hyperelastic, and their stress response is obtained from Eq. (A.20), given
a suitable free energy potential. Regarding the viscous elements, element one obeys von
Mises yield criterion with the strain rate also given by Eq. (23), and the other obeys Newton’s
viscosity law (see Eq. (68)), neglecting the volumetric contribution. The corresponding free
energy, including the dependency on the temperature, is also supplied. The authors validate
their model through comparisons with Nylon 6.

The dual network fluoropolymer model is presented in [130] as an extension of the
Bergstrom and Boyce [128] and Arruda and Boyce [164] models, generalizing the Kelvin-
Voigt representation of the Burgers material. The Arruda-Boyce eight-chain model gives
the response of both springs (see Eq. (86)), with the response of the second element taken

as a scalar factor s, a specified material parameter, times the expression employed to
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describe the response of the first evaluated according to the deformation gradient across
element 2. The kinematic decomposition is as expected from the discussion in Sections 6.4
and 6.5, including a thermal deformation gradient. The rate equations for f'yé?v and ’y&%
in Eq. (106) in the viscous element one are given similarly to the Bergstrom-Boyce model
(see Eq. (25)) multiplied by a power law, function of the stress and the temperature. The
volumetric strain rate is given by Eq. (70). The strain rate for the viscous element 2, f'y@)

dev?

is given by Eq. (27).

7.4. Generalized Mazwell model

A generalized Maxwell model is one that contains n Maxwell branches in parallel. In
addition, a single branch with only an elastic element may also be considered. See Fig. 20
for the corresponding rheological model. This framework includes Maxwell representations
for the standard linear solid model and the Burgers material. Models with more than two

branches are considered in the following section.

{11

Figure 20: Rheological model for the generalized Maxwell model.

Holmes and coworkers [233] present a large strain deformation elasto-viscoplastic ma-
terial model for modeling semicrystalline polymers. According to the authors, each of the
branches in the model coincides with a mode of deformation: elastic, viscoelastic, and vis-
coplastic. Each of the elastic elements’ response follows from the free energy chosen and the
constitutive relation in Eq. (A.20). The authors suggest employing an Ogden free energy for
the elastic and viscoelastic branches and a Saint Venant-Kirchhoff free energy (see Eq. (84))
for the viscoplastic contribution. The flow rule adopted follows the work of Brussele-Dupend

and coworkers [234, 235] for semicrystalline polypropylene, accounting for the inadequacies
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of the Eyring equation (see Eq. (2)). Regarding the viscoplastic branch of the model, the
strain rate is given by Equations (73) and (23).

Anand and Ames [236] proposed a one-dimensional constitutive model to describe the
localized visco-elastic visco-plastic mechanical response of amorphous polymers under micro-
indentation. It considers several of Voigt spring-damper units (a spring and a damper in
parallel) in series. One of these units captures the macroscopic response, and the others
model the microscopic response. There are also two extra springs, one in series with all the
Voigt units and another in parallel with them, similar to the standard linear solid model.
The flow rules selected for the viscous elements are of the power law type (see Eq. (22)),
with only the scalar internal variables related to the macroscopic response evolving accord-
ing to Eq. (48). Building directly on this thermodynamically consistent framework, Lele
and Anand [237] developed a strain-gradient framework to capture the behavior of isotropic
visco-plastic materials undergoing large deformations. The theory incorporates strain gra-
dients into the constitutive formulation, which allows for the modeling of size-dependent
effects and localized deformation phenomena, such as those occurring in shear bands.

Regarding another model by some of the same authors [140, 141], an extension was pro-
posed by Srivastava et al. [238] to accurately capture the mechanical response of amorphous
polymers over a temperature range that includes the glass transition. They propose the
addition of two Maxwell branches in parallel to capture the contribution of microscopic
mechanisms, in addition to the appropriate temperature-dependent evolution laws for the
internal variables, given the temperature range of interest. Wang et al. [239] proposed a
similar variation where new branches are added to capture the contributions of entangled
chains and non-entangled chains to the intermolecular resistance to deformation.

Zeng and coworkers [30] developed an elastoplastic constitutive model for semicrys-
talline polymers under isothermal conditions between the glass transition temperature and
the melting temperature under low-level strain rates, neglecting viscous effects. Each of
the branches in the rheological model is based on physical considerations concerning the
mesoscopic semicrystalline structure. The foundational idea is a three-phase morphology
depending on the average distance between crystalline blocks. The interaction is modeled

as elastoplastic with linear hardening when the distance is small. For medium distances, the
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behavior is elastoplastic with perfect plasticity, and for large distances, the material is mod-
eled following the eight-chain model (see Eq. (86)). The authors validate the model against
the results of uniaxial and biaxial experiments on PA6 and PE at different strain rates.
The model parameters are easily calibrated using these uniaxial stress—strain experimental
curves.

The model developed by Bergstrom and Boyce [128] based on the BPA model was later
extended to the high-strain-rate domain by Mulliken and Boyce [240, 51] by adding a new
polymer network in parallel with the existing ones, enabling the model to capture the (-
transition accurately. Subsequent modifications were introduced to enhance the model’s
predictive capability and broaden its applicability across different loading conditions and
material behaviors — for instance, by introducing additional polymer networks, coupling
the model with a thermo-mechanical adiabatic framework, and modifying the softening
evolution laws of the polymer networks [241, 242, 243, 244]. Inspired by the developments
of Mulliken and Boyce [240, 51], a finite strain visco-elastic visco-plastic constitutive model
is proposed by Carvalho Alves et al. [245]. This model extended the model in [148] to
predict the response of amorphous polymers across low and high strain rates by accounting
for the distinct molecular processes that govern the material’s mechanical behavior at these
strain rates.

Okereke and Akpoyomare [142] propose a model based on an elastic-viscoelastic-viscoplastic
framework to predict the temperature and rate-dependent response of an incompressible
semicrystalline polymer. Three branches materialize it in a rheological model, two con-
taining a viscous and an elastic element corresponding to the contribution of the mobile
amorphous fraction, and the crystalline and rigid amorphous fractions, and another branch
containing only an elastic element, representing the contribution of the entangled molecular
network. The basis of this model is a one-process glass-rubber model for amorphous poly-
mers [196], adapted to the description of semicrystalline polymers, which considers the a-
and (-processes, making it a two-process model. The authors connect these processes to the
glass transition of the rigid amorphous and the mobile amorphous phases, respectively. The
flow rule for both branches containing the viscous elements is given according to Eq. (73),

where the volumetric contribution is neglected, and the deviatoric strain rate is given by
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Eq. (54), capturing the significant post-yield strain-softening observed in high-rate compres-
sion of propylene. The elastic elements in the branches contain viscous elements according
to the Saint-Venant-Kirchhoff model (see Eq. (84)), while the other elastic element follows
the Edwards-Vilgis model (see Eq. (90)).

The three-network model is presented in [16] and is very similar to the models already
presented based on a generalized Maxwell model. The springs follow the Arruda-Boyce
eight-chain model (see Eq. (86)) and the dashpot power laws (similar to Eq. (22)). The
effective shear stress is taken as an internal variable with a corresponding rate equation.
A linear dependence on temperature is also included for the stress response of the elastic
elements. The same author also explores a parallel network model that adds more Maxwell
branches, each following similar constitutive equations.

Hao and coworkers [174] propose a model containing three branches to study the double
yield phenomenon as well as the rate- and temperature-dependent thermomechanical re-
sponse below the glass transition temperature of semicrystalline polymers. The first branch
contains an elastic element whose stress response follows Hencky’s model (see Eq. (83)). The
corresponding viscous element obeys Equations (2) and (10) following the work of Boyce
and coworkers [133]. The athermal strength is taken as an internal variable, and its rate
equation is shown in Eq. (38), following Chowdhury and coworkers [138]. The behavior
of the elastoplastic branch coincides with rate-independent plasticity, and it is made up
of an elastic element, also following Hencky’s model (see Eq. (83)), and a viscous element
respecting a paraboloidal yield criterion. The yield criterion describing the yielding in the
crystalline region is similar to the Drucker-Prager yield criterion with the strain rate/plastic
multiplier 4 found by taking into account the Kuhn-Tucker’s loading-unloading consistency
conditions. The same law as Chowdhury and coworkers [138] is adopted for the rubber-like
elastic responsible for the hardening response, combining a four-chain model (see Eq. (88))
and an eight-chain model (see Eq. (86)).

The hybrid model has been developed to model UHWPE [246, 247] and employs the
rheological model shown in Fig. 21. The spring E is linear, following the Hencky model
(Eq. (83)), springs A and B follow the Arruda-Boyce eight-chain model (Eq. (86)), employing

the same expression except for a multiplicative constant sg. This constant is treated in the
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model as an internal variable that evolves according to an equation similar to Eq. (31). The
rate of viscoplastic flow in element P, 4P, is given by a power law (Eq. (22)), as is the flow

rate in element B.

SN

Figure 21: Rheological model for the Hybrid model [246, 247].

7.5. Models considering bulk crystallinity

The following set of models considers different phases in semicrystalline polymers, a
crystalline phase, and an amorphous phase. These adopt simple geometric considerations
that mostly focus on bulk crystallinity and overlap with mean-field approaches, as discussed
in Section 5.2.

The work of Takayanagi and coworkers [248] was one of the first to consider such an
approach to model semicrystalline polymers. The employed mixture rule is neither the
Voigt nor the Reuss rule, but instead depends on an additional parameter that attempts
to capture the spatial distribution of the crystalline phase. In [249], the authors employ
similar techniques to model drawn samples of polyethylene (PE) and isotactic propylene
(iPP), among other crystalline polymers.

G’sell, Dahoun, and coworkers [13, 250] employ a mixture model using the Voigt compos-
ite model to combine the contributions from the amorphous (rubber-like) and the crystalline
(viscoplastic) portions of the polymer. They assume a temperature above the glass transi-
tion temperature and attempt to describe HDPE and PEEK subject to uniaxial tension and
pure shear. The response of the amorphous portion of the polymer is given according to the
elastic rubber model in [195]. In contrast, the behavior of the crystalline phase is modeled

following Parks and Ahzi [251]. It is based on a local-global interaction model established
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for polycrystalline metals [252], accounting for the kinematically indeterminate component
of stress in a rigid-viscoplastic crystal due to the locally inextensible direction. They con-
sider a fully crystalline HDPE and make predictions for the large-deformation texture and
the macroscopic stress-strain response.

Ahzi and coworkers [137] model PET at large strains, including strain-induced poly-
mer crystallization above the glass transition temperature. The model is based on [230],
considering two distinct resistances, an intermolecular (A) and network resistance (B). As
in the base model, the network stress is captured by the Arruda-Boyce eight-chain model
(see Eq. (86)), and the viscous element follows the Bergstrom-Boyce model (see Eq. (25)).
The intermolecular resistance, however, is treated in a composite framework in which the
crystalline and amorphous phases are treated as two separate resistances coupled via a
Voigt or Reuss-like mixture rule, yielding upper and lower bounds for the stiffness, respec-
tively. The elastic elements corresponding to the crystalline and amorphous phases follow
the Hencky model (see Eq. (83)), and the viscous elements follow a model similar to the
one proposed by Argon (see Eq. (10)), where the athermal strength s; in each phase evolves
according to Eq. (37).

Regarding applying the mixture rules to the intermolecular resistance, contributions
come from the crystalline part, denoted by ¢, and the amorphous part, a, of the semicrys-
talline polymer. These are combined according to the degree of crystallinity, x, in two ways:
in parallel, such that the gradient acting in each element is equal, and the Cauchy stress is
supplied by

ox=x03+ (1 —x)ok; (123)

in series, such that the stress acting on both elements is the same, and the plastic rate of
deformation is given by

D}y = xDj "+ (1 —-x)Dj " (124)

The crystallization rate is expressed following a non-isothermal phenomenological ex-

pression based on the modified Avrami equation

X = Xoor2mK o (T)(~ In(1 — )™ /™ (1 — y) exp (5 o ) , (125)
Eref Gcomp
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where Yo is the maximum degree of crystallinity, m is the Avrami, £ is a dimensionless
model parameter, Geomp is the composite bulk modulus, €4 is the applied equivalent strain
rate and ¢, is taken as the maximum strain rate for which experimental results are available
for the calibration of the model parameters. K, is the transformation rate function, which

is defined in the case of PET as

ArNu]'/? T — 141
Ko(T) = 1.47 x 1073 { 37;:} exp {— (W)} (s7!, T in °C), (126)

with Nu the number density of nuclei initially present within the amorphous phase.

Strobl and coworkers [73, 73, 62] propose a somewhat similar description for polyethylene.
They also consider two branches in a rheological model. The first is a Maxwell branch with
a linear spring and an Eyring dashpot in series. The second is obtained via a Voigt mixture
rule between rubber-elastic and elastoplastic elements. Extensive experimental results on
PEVA and PE support these choices.

Makradi and coworkers [253] extend this model by considering a self-consistent approach
based on the Eshelby result. It amounts to the use of a Maxwell branch as the intermolec-
ular resistance, where the properties of the elastic and viscous elements are appropriate
equivalent properties computed from the self-consistent scheme. The authors employ the
same description of the evolution of crystallinity as [137], in addition to Flory’s theory, to
predict the onset of crystallization as a function of processing temperature and the exten-
sion of polymer molecules. Later, Regrain and coworkers [254] extended the DID models to
semicrystalline models, employing a self-consistent scheme to consider the contribution of
both phases.

Dusunceli and Colak [255] extend the viscoplasticity theory based on overstress (VBO)
to include crystallinity. This is achieved by describing both phases employing the VBO
model and considering their contributions using a Voigt or a Reuss mixture rule. The au-
thors validate their model using polyethylenes (UHWPE and XLPE) and PTFE. Ayoub
and coworkers [256, 27] present a model very similar to [137] and [230] to describe the
mechanical behavior of HDPE. The inelastic mechanisms involve two parallel elements: a
visco-hyperelastic network resistance in parallel with a viscoelastic-viscoplastic intermolec-

ular resistance, with the amorphous and crystalline phases explicitly accounted for. The
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semicrystalline polymer is considered a two-phase composite, similar to that already de-
scribed. In the first contribution, both the crystalline and amorphous resistances are mod-
eled employing the VBO model. Their contributions to the intermolecular resistance are
incorporated through a Voigt mixture rule. In the second contribution, the elastic and
viscous elements in crystalline and amorphous resistances are modeled employing Hencky’s
model (see Eq. (83)) and a simplified version of Argon’s model (see Eq. (10)). They em-
ploy a modified Voigt mixture rule, where the contribution to the intermolecular resistance

coming from the crystalline and amorphous phases is combined through
— P AV
oa=x"0.+(1—x)"04, (127)

where [ is an appropriate exponent. Such an exponent is found from a fit of the Young
modulus as a function of the degree of crystallinity, as shown in Fig. 11a. When compared
with the experimental results obtained for polyethylene samples with degrees of crystallinity
between 15% and 72%, the model accurately captures the change in response with increasing
crystallinity before strain hardening becomes evident. Different material parameters for each
crystallinity level are needed to capture strain hardening at large strains (;1). A similar
model can be found in [257], where the major difference is the substitution of the Maxwell
branch in the network resistance for two branches, one corresponding to the amorphous
contribution and the other to the crystalline contribution. They are combined as shown
in Eq. (127). This constitutive model aims to generalize strain-hardening behavior across
different degrees of crystallinity, so that the same material parameters apply to all degrees.
Very recently, Cundiff and coworkers [258] proposed another model where the inclusion
of the crystallinity is achieved through the modified Voigt mixture rule (see Eq. (127)).
Regarding the constitutive description of each phase, it employs many of the same laws
found in [137] and [138]. It describes strain-rate crystallization using a rate equation similar
to Eq. (125).

Lastly, the two-phase model of Cangemi and Meimon for semicrystalline polymers [18§]
accounts for bulk crystallinity differently. It is based on the continuum mixture theory, such
that, according to the microstructure of semicrystalline polymers, the free amorphous phase

is assumed to be comparable to a fluid that saturates the complementary space to the solid
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structure, the crystalline phase plus the rigid amorphous phase.

Remark 2 (Model complexity and parameter identification). Due to the large num-
ber of constitutive models proposed in the literature, Carvalho et al. recently conducted a
comparative study of different formulations for amorphous polymers in a wide range of strain
rates [259]. In this work, a simple and modular computational framework was developed to
implement and evaluate various constitutive equations. Specifically, the study compares the
models proposed by Mulliken [51], Varghese and Batra [241], Richeton et al. [121], and
Wang et al. [248]. This framework also enables efficient testing and development of new
constitutive formulations by allowing flexible integration of alternative laws or modifications.

Moreover, one of the main downsides of these complex models is that non-standard or
several experiments are often required to determine the extensive number of material param-
eters, resulting in a high-dimensional parameter space that must be explored during model
calibration. Furthermore, the physical meaning of some material properties is often chal-
lenging to grasp. On top of all this, the identification of the material parameters is typically
performed using trial-and-error approaches based on visual assessment of the experimental
data, which is highly time-consuming [260, 7]. In light of the aforementioned limitations,
optimization techniques have been explored to accelerate parameter identification [261]. In
this context, Coelho et al. [8] conducted a systematic and critical comparison of different
optimization algorithms. The results showcase the superior performance of the Compos-
ite Bayesian Optimization. This strategy, available as a Python package [262], employs a
dynamic, adaptive sampling approach to efficiently explore the optimization space, thereby

significantly reducing the number of required experiments.

8. Concluding remarks

This paper provides an in-depth review of the theoretical foundations, deformation mech-
anisms, and constitutive models for thermoplastic polymers. Within this setting, the funda-
mental aspects of polymer science are presented, understanding the unique characteristics
of amorphous and semicrystalline polymers, and the deformation mechanisms that gov-

ern their thermomechanical behavior, namely shear yielding, crazing, and internal particle
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cavitation. A focus on the typical behavior of solid polymers, including their mechanical
response and transitions, lays the groundwork for the modeling demands of these materials.
Continuum models, micro-mechanical models, and multi-scale approaches are highlighted,
each contributing valuable insights into the mechanical behavior of amorphous polymers
under various loading conditions.

In the context of continuum models, we highlight the nearly ubiquitous use of one-
dimensional rheological models with their originin linear viscoelasticity as a basis for non-
linear constitutive formulations. A detailed account of the most relevant flow rules and free
energy functions is provided, along with common choices for the internal variables employed
to capture transient effects. This contribution also collects the different models proposed
in the literature based on the arrangment of rheological elements, as this choice alone ac-
counts for a significant difference in the predicted response. The extensions necessary to
also describe the thermomechanical behavior of thermoplastic polymers is also discussed,
ranging from the temperature dependence of the mechanical properties, to the dissipation
of mechanical work into heat. For semicrystalline polymers, in particular, we also breach
the class of two-phase models that explicitly account for the degree of crystallinity in the
constitutive description, still based on rheological models.

Micro-mechanical and multi-scale models are also briefly reviewed, highlighting their

advantages and limitations compared to continuum models.
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Appendix A. Thermomechanical problem

This section provides a brief overview of the thermomechanical problem in the context
of continuum mechanics, which serves as the foundation for the constitutive modeling ap-
proaches discussed in the body of the manuscript. To provide a common vocabulary for the
discussion of the thermomechanical behavior of solid polymers observed in experiments, we
also introduce the linear thermo-viscoelastic model, which captures the essential features of
polymer response under various loading conditions. The failures of this simple model to ac-
curately represent the complex behavior of amorphous polymers motivate the development

of more advanced constitutive models, which are reviewed in Section 7.

Appendiz A.1. Kinematics of deformation

Let a deformable body % occupy an open region €, of the tridimensional Euclidean space
& with a regular boundary 0€) in its reference configuration. A smooth one-to-one function
defines its motion ¢: 2 x R — &, mapping each material particle of coordinates X in the
reference configuration to its position & in the deformed configuration. Accordingly, the
displacement is defined as u = * — X . The well-known deformation gradient second-order

tensor is defined as

F(X,1) = Vop(X, 1), (A1)

and its determinant, denoted as J = det F' > 0, represents the local unit volume change,
where Vj is the gradient operator with respect to the material coordinates X. The polar
decomposition theorem, yields two unique multiplicative decompositions of the deformation
gradient as

F=RU=VR, (A.2)

where R is a proper orthogonal tensor representing the rigid body rotation, U is the right
stretch tensor, and V is the left stretch tensor, the unique symmetric and positive definite

square roots of the right and left Cauchy-Green deformation tensors, defined as
C=F'F=U? B=FF'=V? (A.3)

respectively. The principal stretches A\; (i = 1,2,3) are defined as the eigenvalues of the

right or left stretch tensors.
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A commonly used family of strain measures is the Seth-Hill family of generalized strain

tensors, defined as
g _ ) w7 D) m;é(),’ (A.4)

sInC, m =0,

where m is a real number and I is the second-order identity tensor. The infinitesimal strain
tensor € is recovered as the first order approximation of E(™) valid for small deformations.
Isochoric and volumetric versions of these strain measures are also commonly used in the
modeling of incompressible or nearly incompressible materials, such as polymers, trough

a multiplicative decomposition of the deformation gradient into volumetric and isochoric

parts as

F = J'/3F* (A.5)
where F** = J71/3F is the isochoric part of the deformation gradient, satisfying det F* = 1
[207, 16].

Also relevant to the present work is the spatial velocity gradient
L=FF, (A.6)

where F' denotes the time derivative of the deformation gradient and the dependence of the
spatial coordinates and time is omitted. This tensor can be additively decomposed into its

symmetric and skew-symmetric parts as
L=D+W, (A.7)

where D = (L + L”) is the rate of deformation tensor and W = 1(L — L) is the spin

tensor.

Appendiz A.2. Stress measures

In continuum mechanics, several stress measures are used to describe the internal forces
within a deformable body. The Cauchy stress tensor o is the most commonly used stress
measure, representing the true stress in the current configuration of the body. However,
for large deformations, it is often more convenient to use stress measures defined in the

reference configuration. The first Piola-Kirchhoff stress tensor P relates forces in the current
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configuration to areas in the reference configuration, while the second Piola-Kirchhoff stress
tensor S relates forces and areas both in the reference configuration. These stress measures
are related through

P=JoF " S=F'P. (A.8)

Other stress measures include the Kirchhoff stress tensor 7 = Jo and the Mandel stress
tensor M = JFToF~T. Each stress measure is paired with a specific strain measure,
defining the work-conjugate pairs used in constitutive modeling. In effect, the mechanical

power can be expressed equivalently in terms of any of these stress-strain pairs as
P:F=Jo:D)=8:EY=7:D=(R'TR):¢Y = M : E©, (A.9)

where the colon operator (e) : (o) denotes the double contraction between two second-order
tensors, and €® = InV is the logarithmic strain tensor.

When modeling polymer behavior, it is common to consider the deviatoric and volumet-
ric components of the stress tensors separately. The deviatoric part of a second-order tensor
A is defined as

Agev = A— A1, (A.10)

where A,, = tr A/3 is the mean normal component and tr (e) denotes the trace operator.

p is the hydrostatic pressure, defined as p = —o,,.

Appendiz A.3. Fundamental conservation principles

In continuum thermomechanics, there is a set of conservation principles and thermody-
namic laws that, irrespective of the quantities used to describe the mechanical behavior of

a body undergoing large deformations, must always be satisfied, namely,

divg P + by = poti, (balance of momentum); (A.11)
F'P=P'F T (balance of moment of momentum); (A.12)

poé = P : F + por — divo qo, (balance of energy); (A.13)
pos + divg [%] — % >0, (entropy production inequality), (A.14)

where by is the body force field, measured in force per unit undeformed volume; p, is the

material density, measured in mass per unit undeformed volume; e is the internal energy
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per unit mass; r is the heat supply per unit mass; qq is the heat flux vector, measured in
heat power per unit undeformed surface; T' is the absolute temperature; and s is the specific

entropy per unit mass.

Appendix A.4. Thermodynamically consistent constitutive modeling

Egs. (A.11-A.14) do not constitute a well-posed problem, as they contain more un-
knowns than equations. The stresses, entropies and heat fluxes in the governing equations
need to be connected with the deformations and temperatures via constitutive laws that rep-
resent the physical behavior of the material. Following our physical intuition, it is standard
to assume that the stresses, entropies and heat fluxes depend on the history of deforma-
tion and temperature, adopting the axiom of thermodynamic determinism [131], and thus

symbolically represented as

P —H('F,'T), (A.15)
s = J(F.'T), (A.16)
qo = g<tF7 tT7t gO)J (A17>

where gy = VT is the material gradient of the temperature and the notation 'F, *T" and
gy denote the history of deformation gradient, temperature, and temperature gradient up
to time t, respectively. However, such general functional dependencies are sometimes not
practical for constitutive modeling, e.g., in the FEM context. A subset of models which
satisfies thermodynamic determinism are those based on the concept of internal variables,
in fact, for a so-called simple material, the thermodynamic state is assumed to be completely
defined by the instantaneous values of a finite number of state variables, i.e., {F, T, go, o},
where ae = {a} is a set of internal variables, scalar or tensorial, associated with dissipative

mechanisms, i.e.,

a= f(F,T, g ), (A.18)
s=j(F. T, a), (A.19)
P=h(F T o), (A.20)

q =9g(F,T,go, ) (A.21)



It is a framework broad enough to describe thermodynamically irreversible processes, i.e.,
processes involving dissipation, thus allowing the modeling of physical phenomena relevant
in terms of engineering practice. A thorough review of the different approaches to the
thermodynamics of irreversible processes can be found in [263] and [264].

The constitutive description of the material must be consistent with the principles es-
tablished by eqs. (A.11-A.14). Assuming that there is a function ¢ depending on the
deformation gradient F', temperature 7', and internal variables a describing the Helmholtz

free energy, i.e.,

V(F,T,a)=e(F,T,a) — Ts(F,T, o), (A.22)

from the Clausius-Duhem inequality, it follows that the constitutive equations for the stress

and entropy must be of the form

P = h(F.T.0)= m5r. (A.23)
=P Ta)= 2 (A.24)

The constitutive function for the heat flux and the evolution equations for the internal
variables may be postulated in various forms, however, these still need to comply with
the second law of thermodynamics (Eq. (A.14)), which places constraints on the evolution
equations for the internal variables and the constitutive equation for the heat flux.

Further constraints on the constitutive equations may be imposed by material symme-
tries, such as isotropy, transverse isotropy, orthotropy, among others, as well as by the
principle of material frame indifference (or objectivity), which requires that the constitutive
equations remain invariant under superposed rigid body motions [265].

The development of concrete models that are framed within such a constitutive theory
can be achieved by postulating suitable functions for the Helmholtz free energy, or sup-
plying directly the functions for the stress, entropy and heat and other ingredients, such
as dissipation potentials and yield surfaces, and the evolution equations for the internal

variables.
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Appendiz A.5. Heat conduction equation

In the context of thermomechanics, the most common form of the energy balance equa-
tion (Eq. (A.13)) is the heat conduction equation. Let Cr denote the specific heat at con-
stant deformation, i.e., the amount of heat required to change a unit mass of a substance

by one degree in temperature at fixed deformation, defined as

OFE%

7| =l = o (A.25)

p  OT* T

Taking Eq. (A.25), introducing the so-called Gough-Joule effect or thermoelastoplastic heat-

ing (or cooling) effect, HP, as

* .
ep _ _ : .
H?P = pOT(a 5 .F—l—a 5 .a), (A.26)

and the internal dissipation Djy, given by
D =P F — po(1) +Ts), (A.27)
the energy balance equation can be recast as
poCrT = por — divg qo + Dine + HP. (A.28)
The first term of Eq. (A.28) can be reinterpreted as

o% oP 9%  oh

oFoT — 0T — o9ToF _or PP

(A.29)

assuming sufficient smoothness of the free energy function, where 3p is the nonlinear coun-
terpart of the coefficient of thermal stress, which will shortly be discussed in the context of

infinitesimal thermo-viscoelasticity.

Appendiz A.6. Fourier’s law

Regarding the constitutive model for the heat flux (Eq. (A.21)), the second law of ther-
modynamics essentially requires the heat flow to occur in the opposite direction of the
temperature gradient. The Fourier heat conduction law for isotropic conduction in the de-
formed volume is one of the simplest and most popular alternatives, defining the heat flux

as

qo = —koC gy, (A.30)

where kg is the thermal conductivity.
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Appendiz A.7. Infinitesimal thermo-viscoelasticity

Infinitesimal thermo-viscoelasticity, as presented in [50], fits into the framework of ma-
terials with fading memory framework (see Appendix A.4). It is assumed that strains, e,
are small, as well as the temperature difference with respect to some reference temperature,
AT =T — Ty. This implies a small perturbation away from thermodynamic equilibrium.
The constitutive relations found concerning stress and entropy, coinciding with the descrip-

tion of a linear time-invariant (LTI) system, are

a'(t):/_t G(t—T):—dT—/ Bt—TaA;;< >d7', (A.31)
= /_t Bt —r1): %dT—l—/j m(t—T)%j;()dT, (A.32)

assuming a quadratic free energy[50], where G denotes the time-dependent fourth-order
relaxation modulus tensor, 3 is the time-dependent second-order thermal stress coefficient
tensor, and m is a time-dependent material property related to the specific heat at constant
deformation, i.e., C'r = T'm. The constitutive equations above are linear in the sense that
they satisfy the principle of superposition, i.e., the response to a sum of inputs is the sum of
the responses to each individual input (see Fig. A.22). In the context of viscoelasticity, this
principle is called the Boltzmann-Volterra superposition principle [12]. This is intrinsically
connected to the fact that as a material property, the relaxation modulus is only a function

of time and not of strain, strain rate or stress.
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Figure A.22: Stress-driven linear response of a an elastic, and b a viscoelastic material. Adapted from [12].

The strain-stress relationship may also be expressed employing the stress as the inde-
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pendent variable, leading to the so-called creep compliance formulation, as

e(t) = / It —1): a‘;“) dr + / a(t—T)%TT(T)dT, (A.33)

—00 T —0o0

where J is the creep compliance of the material and « is the thermal expansion coefficient
tensor.

In some cases, these descriptions are equivalent to a system of linear ordinary differential
equations governing the evolution of the internal variables®. Thus, Eq. (A.31) is the solution

of the system of equations

a(t)=D:o(t) + eAT(t) + D : a(t), (A.34)
o(t)=G:e(t)+BAT(t)+ G : at), (A.35)
s(t) = B: e(t) + mAT(t) + B : a(t), (A.36)

where the matrices in the equations above are related to those in Egs. (A.18) to (A.20)

through
of of _of
D= aF(I T o), p= 8T(I T, ap), D= e (I, T, o), (A.37)
oh oh oh
C= aF(I T, o), B= (9T(I T ap), G= 8a(I T, o), (A.38)
_ 95 _9j 9j
B = aF(I T, o), m= aT(I T, o), B= (90:<I T, o), (A.39)

Often, these can be identified with the behavior of linear rheological models, which provide
a visual counterpart and help in the interpretation of the model. These are one-dimensional
mechanical models containing diverse arrangements of linear springs and dashpots. For an
in-depth discussion on the connection between LTIs and ordinary differential equations, see
[266].

There are other equivalent representations of the time-dependent material properties. In
particular, when the loading is periodic, it is common to express the constitutive equations
in the frequency domain, leading to the complex modulus representation [12]. The storage

modulus, G’, and the loss modulus, G”, represent the elastic and viscous behavior of the

5The convolution and and the internal variables formulation are equivalent when the relaxation modulus

is chosen as a Prony series, i.e., as a sum of exponential functions. See Eq. (A.42).
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Figure A.23: Rheological model for the Burgers material (Maxwell representation).

material, respectively. They are defined as the real and imaginary parts of the complex
modulus, G*, given by
G'(w) = G'(w) +iG" (w), (A.40)
where w is the angular frequency of the loading. The loss factor, ¢, is as the phase-shift
strain loading and stress response.
To better show what is the typical behavior of a viscoelastic material, we consider a

so-called one-dimensional Burgers material, the relaxation modulus, G, is given by [175]
G(t) = Gre ™% + Goe™ 2, (A.41)

where 0; = n;/G; is the ith relaxation time. See Fig. A.23 for the corresponding rheological
model, that consists of two Maxwell elements (spring and dashpot in series) in parallel.
If a spring in parallel is added to the Burgers model, and more Maxwell branches are
considered, the so-called generalized Maxwell model is obtained. A representation of its

relaxation modulus is given by the so-called Prony series [50, 12], expressed as
ny
G(t) = Gu+ Y _ Gie ', (A.42)
i=1

where GG, is the long-term modulus, G; are the moduli of each Maxwell element, 6; are the
corresponding relaxation times, and ny is the number of Maxwell elements in the model.

Also, for a Burgers material, an equivalent description can be established as

£0(t) = 5-(e(6) — <H(0), (A43)
£4(t) = 5-(e(6) — 4(0), (A1)
(t) = G (e(t) = £0(0)) + Gialelt) = 5(0), (249



where € is the strain in the i-th dashpot, i = 1,2, the internal variables of the constitutive
model. In a set of constant strain rate experiments at different strain rates, their evolution
can be tied to transient effects, such as the ones observed at the beginning of the monotonic
loading at a constant strain rate in the case of a Burger material (see Fig. A.24a). At some
point (see Fig. A.25a), a steady state will be reached, (& = constant), and the corresponding
response of the Burgers material model is constant. Furthermore, for a given strain, the
steady-state stress varies linearly with the strain rate and is proportional to the relaxation
time, corresponding to so-called Newtonian viscosity [267] (see Fig. A.25a). An infinitesimal
viscoelastic material will not show strain-rate dependence in the steady-state stress-strain
curve, or be able to capture different transient effects at different strain rates, as shown
in Fig. A.25b.

Figs. A.24b and A.24c illustrate the response of the Burgers material to a constant strain
and constant stress, respectively, followed by release illustrating the ability of the model to
capture the phenomena of strain recovery, creep, and recovery. The expected linear behavior
in a stress relaxation experiment is to obtain the same stress response up to a multiplicative
constant, which is the initial strain. Likewise, in a creep experiment, the strain response
divided by the stress is equal for experiments at different stress levels. Both of these facts
are not always observed in practice.

Note that, the response of this very simple model is already quite rich, indicating that
the choice in the arrangement of springs and dashpots in the rheological model is crucial to
capture the relevant physics of the material under study, even before considering nonlinear
effects (compare the two hypothetical responses shown in Fig. A.25). As such, a grouping
of nonlinear models based on different arrangments of springs and dashpots is pursued in
Section 7. Also note that in addition to being independent of the deformation, the thermo-
mechanical properties in infinitesimal viscoelasticity are also independent of temperature.
This is not the case in practice, where the relaxation modulus and creep compliance are
highly dependent on temperature, as discussed in Section 4.1.

The sections that follow aim to show that experimentally these linear assumptions are
frequently violated. These results can now be discussed in light of the expected linear behav-

ior, highlighting the necessary nonlinear additions for a more accurate constitutive model.
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Figure A.24: Schematic response of the Burgers material in a a constant strain rate experiment followed by

unloading at the same strain rate, b a stress relaxation experiment and a c¢ creep experiment with recovery.

The advances in that direction suggested in the literature will be reviewed in Section 7.
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Figure A.25: Stress-strain curve and steady-state stress-strain rate curve for a an infinitesimal viscoelastic

material (linear) and a b a nonlinear material.
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