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Abstract—This work derives exact expressions for the voltage we shall formulate here an analytic solution to this prohlem
and current induced into a two conductors non isolated transis-  which is compared with a full wave HFSS solution.

sion lines by an incident plane wave. The methodology is to as As shown in [1], the characteristic impedangg of the
the transmission line radiating properties to derive scatéring ’

matrices and make use of reciprocity to derive the response 'L @nd an equivalent separation distantean be found by
to the incident wave. The analysis is in the frequency domain an electrostatic cross section analysis, leading to a teaal |
and it considers transmission lines of any small electric @ss equivalent (examples for determiniri§y, and d are shown in
section, incident by a plane wave from any incident directia and  Appendix B of [1]). The twin lead equivalent is shown in

any polarisation. The analytic results are validated by sucessful . : ; : : ;
comparison with ANSYS commercial software simulation resits, Figure 2. When the TL is excited at its port(s), this equinale

and compatible with other published results.

Index Terms—electromagnetic theory, guided waves, electro- X
magnetic interference
I. INTRODUCTION Z Zo Zp d
This work calculates the voltage and differential curret ¢

developed on an ideal two-conductors TEM transmission lit 1 4 4 > Z
(TL) of any small electric cross section, connected to passi
(lumped) loads and hit by a monochromatic plane wave, as

shown in Figure 1. We derive both amplitude and phase fbip- 2. Twin lead equivalent of the analysed transmissiom, lidefined
by the separation distanaé between the conductors, and the characteristic

impedanceZ,, both computed by the cross section analysis described in

E Appendix B of [1]. The TL is of lengti2 L.
H ’\l K twin lead radiates the same far fields as the actual TL. To

emphasise, welo not solve for the twin lead geometry, but
for an arbitrary cross section in Figure 1, the twin lead ilyon
used as an intermediate tool for the calculations.

The incident plane wave shown in Figure 1 propagates
toward the coordinates origin with phase’/X*, so that
the wavenumber vectdk = —tk points toward the origin.
Expandingr in Cartesian unit vectors, the phase can be written
as

jk[x sin 6 cos p+y sin 6 sin ¢+2z cos O
eIkl Pty @ I (1)

where# and ¢ are the spherical angles which represent the
direction of the plane wave arrival.
Fig. 1. Configuration of a two ideal conductors transmissiioe (TL), et . ; ;
connected at both sides to passive loads;: (left) and Zg (right), hit by _The p0|arlsatlon of the incident pIane Wav_e is shown in
a monochromatic plane wave propagating toward the centeperfdinates. Figure 3. It travels toward the centre of coordinates, perpe
The cross section is electrically small and may be of anyehabe loads are dicular to thee, ® plane, with a polarisation angle from the
located at the terminations of the TL, and are shown farthetyabecause ) ayis 5o that the E field at the origin, where its phase is 0
of technical drawing limitations. . .
(see Eq. (1)) is given by

the voltage and current developed along the TL, and hence the
powers delivered to the passive loads.

The configuration as defined here is a scattering problegy.jts components
requiring a full wave solution to set the tangential comptne
of the electric field to 0 on the surface of the TL. However, Ey = Eycosa

E= Eo(écosa + @sina) 2

i By = Epsina. 3)



In [2] the authors wrote the general solution for those sdcon
order differential equations, subject to the terminatiomati-
tions:

V(-L) = =Z,I(-L) ; V(L)= ZrI(L), (10)

however they used in the expression for the sources the
implicit assumption that the incident field has only 73,
component. In [3] this solution has been simplified, and in
[4]-[6] this formalism has been extended to multiconductor
TL.

The results derived in this work satisfy Eqgs. (4)-(10), but
we use a different technique to derive them. We shall use
our knowledge on the radiation properties of TL [1] to derive
the receiving properties, i.e. the response of a TL to an
incident monochromatic plane wave described in Figure 3. To
determine the voltage along the TL, we segment it info
parallel ports as shown in Figure 4. The ports 1 dddare

<; +, P
Fig. 3. The incident plane wave propagates toward the cefitceordinates 6

in the —T direction. In spherical coordinates the local equiphaséase is
0, and the polarisation is at angte from the ¢ axis, so that at the origin
E = Ep(Ocosa + psina) (see Eq. (2)).

. - AZ o
Such problem has been handled in [2]-[6], but not for &
arbitrary cross section (as in Figure 1), and not for a géne +1 +l +l +1
incident plane wave (as in Figure 3). The methodology us 1 2 3 +-- M
in these works is based on a generalisation of the telegre T T T T
equations for transmission lines, for the twin lead geomet ; : ; -7
indicated in Figure 2. GiverC’ and L’ the capacitance -L 0 L

and inductance per unit length, usifg = /L’/C’ and

the identity v L'C’ = 1/¢, we write the (inhomogeneous
y ¢ /C ( 9 )Fig. 4. M parallel ports along the TL, adjacent ports are at distafiee

telegraph equations in the following compact form Ports 1 andM are defined for the TL impedancg,, and the middle ports
dv 2 .. M — 1 are defined for a high impedancgy. Two additional ports
- 4 jk(ZoI) =V, (4) representing far antennas matched for éhand @ polarizations are defined.

4 Those ports are nametland , and are defined for the TL impedan&g.

Zod_l + jkV = ZyI, (5) defined for the TL impedancg,, and the middle ports 2 ..

dz M —1 are defined for a high impedan&g; — oo. We define

where the source termis, and/ are induced by, andE.  two additional ports representing far antennas matchethéor
fields of the incident plane wave, integrated along thaxis 9 and¢ polarizations of the field radiated by the TL, defining

of the twin lead (see Figure 2), as follows: a system ofM + 2 ports. The additional ports)/ + 1 and
d M + 2, namedd and , may be defined for any impedance,
Vs :jlmo/ Hy(z, z)dx ~ jknoH,(z)d (6) and for convenience we choose to define them for the TL
0

impedanceZ,. The scattering matrix of this system is shown
o _ schematically in Figure 5. Using the formalism developed in
Zols = —Jk/ Ey(, 2)dx ~ —jkE,(z)d, () [1], we know the® and@ components of the radiated electric
0 . . . . X

, . field (summarised in Appendix A). Those field components

andr = 377€1 is the free space impedance. The las} parts  5re transiated into voltages using a normalisation exgthin
of Egs. (6) and (7) are consistent with our framework whicRnhendix A, enabling us to calculate the generalised S matri

is restricted to small electric cross sectidni (< 1). (see Appendix B) describing this system.

The coupled non-homogeneous differential equations (4)yere we excite this system with an incident voltage, scaled
and (5) can be decoupled into two second order equationsi, the incident electric field in Eq. (2) by

% dVs _
P KV = 5~ Jk(Zls) (8) V' =Eod, (11)
Z2 * which defines the voltage components (equivalent to Eq. (3))
d*I dly .
Zo— + K 2ol = Zo—= = jkVi () Vit =Vtcosa ; V) =Vtsina. (12)



o

NP

1, 2, 3 M
11t 1"
- A7 a—
4 A £ > 7
-L 0 L

Fig. 6. M serial ports along the TL, adjacent ports are at distahee Ports
'p _ ['] ['] 1 and M are defined for the TL impedanc8,, and the middle ports 2 ..

M — 1 are defined for a tiny impedancéy. The “+” is defined at the right
side of the port, so that the port current is defined in-thedirection. Note
also that port 1 is physically identical to the one defineduFég4d and so is
port M, up to the sign. Here we define as well the two additional prmataed

Fig. 5. Schematic diagram of &M + 2) x (M + 2) scattering matrix ¢ ande, defined for the TL impedancgy.

describing the systems defined in Figures 4 and 6. The firss dor M are

the TL ports in the figures, and the two additional ports aeeftr 6 or ¢

polarised antennas, namédey. In both casesSy, = S,¢ = 0, because they . . .

are orthogonally polarised, anfh, — Sazas ;See i Spy = 0. As wil Zy |mpedance_at ports_l and and Zr (i.e. 0) on the middle

be shown, the elementS;; for 1 < i < M areF1 for the matrices defined ports, so we first obtain the current on the matched TL and

by the configurations in Figures 4 and 6, respectively. then generalise the result for any loads.
The advantages and novelties of our derivation are:

We note that ports 1.M are matched with th&, impedance « The method of using the S matrix reciprocity to derive

at ports 1 andV and Zy (i.e. infinite) on the middle ports, receiving characteristics from transmitting charactiisgs
which is exactly the configuration of a TL matched at both is original and may be extended to additional configura-
terminations, on which we want to obtain the voltages. tions.
Those are obtained by multiplying the S matrix by the « We do not limit ourselves to the twin lead cross section,
column vector presenting a general algorithm for TL of any small
0 electric cross section.

« Our formulation is for a general incident plane wave, i.e.
from an arbitrary directiofl, ¢, and arbitrary polarisation

(13) a.
0 « The solution of Egs. (8) and (9) in [2] subject to general
Vy termination conditions (10) is extremely complicated, and
vt it is not obvious in this method how one first gets a

simple solution for a matched at both terminations TL,
and how to further generalise it. In our solution based on
S parameters, this emerges naturally.

of adequate excitation elements according to Eq. (12), and
given Az is arbitrarily small (orM arbitrarily large) we obtain
the voltage as function of along the matched TL for the given
incident plane wave. The solution for matched TL is aftet tha The work is organized as follows. In Section Il we carry
generalised for any terminations in Figure 1. out all the analytic derivations for the voltage and differal
Similarly, the analytic solution for the current is obtairigy current along a TL hit by a monochromatic plane wave.
segmenting the TL intd/ serial ports as shown in Figure 6.We start with the voltage on a TL with matched loads and
Ports 1 andM are defined for the TL impedancg,, and generalise the result for a TL terminated in any loads, (
the middle ports 2 .M — 1 are defined for a tiny impedanceand Zg, as in Figure 1). This derivation is technical but quite
Zp — 0. Here we define too the additional ports representiigngthy, therefore after deriving the voltage we give thalfin
far antennas matched for teand polarizations of the field results for the current, which is calculated in Appendix C.
radiated by the TL, obtainingdifferent system ofA/ +2 ports. Those calculations use the far E field radiated from segments
For this system we also calculate a generalized S matrif,the TL (based on [1] and summarised in Appendix A) and
but defined for current waves (see Appendix B). Here thbe properties of the generalised scattering matrix suriser
methodology is similar to the one explained for the voltage® Appendix B.
the matched at both terminations TL result is obtained usingln Section Il we describe the full wave HFSS simulations



performed, and explain some delicate issues regarding thieereS is an(M +2) x (M +2) matrix andV+, V~ are col-
measurements of voltage and current. To be mentioned thatran vectors of incoming and outgoing voltages, respegtivel
TL hit by a monochromatic plane wave may develop common We start with the submatrix with indices 1 f. Feeding
mode currents. However, our derivation of the current iasa middle port 1 < n < M, located at

on the reciprocity of the system defined in Figure 6. The cur-

rents used to define the scattering matrix are differeraiad zn=—L+(n—1)Az, (15)
for those differential currents we use the far fields devetbp

) . ; where

in [1]. Hence, when we use the reciprocity to express the 27,

current developed on the TL as function of the plane wave Az = M —1 (16)

excitation, we obtain only the differential part of the ent,
and this drawback applies also to the method used in [2]-[8]ith a forward (entering) voltag¥," and terminating the other
If the purpose is to calculate the power on the loads, this T$- ports1 < i < M by the impedances defined for those ports
not a limitation, because the common mode does not afféte. Z, for ports 1 and\/, andZ g for the middle ports) results
this power, but this has to be taken into account in the ctrrén a forward wave from = z, to = = L and a backward wave
measurement in Section IlI. from z = 2, to z = — L, because the waves encounter at the
In Section IV-A we validate the analytic results with fullintermediate ports a very high impedancg — oc.
wave HFSS simulations for a cross section which is not aThe impedance seen at portis Z,/2, so the reflection
twin lead, showing that this formalism works for a generaloefficient isS,, , = %7;?; ~—1+ ZZ—; therefore the port
electrically small cross section. We compare the theakticoltage isV,, = V,F (1 + S,,,) = V,F Zo/Zu. The outgoing
results obtained in Sections Il for the voltage and difféiegn voltages at ports # n are
current with full wave HFSS solutions for matched and non 7
matched transmission lines. In Section IV-B we prove the Vi, = V, e IkAzli=n] Vn+_oe—-7'mz|i—”|, (17)
analytical results obtained in Section Il are fully compki Zn
with the results obtained in [2]-[6] and therefore satisfgnd fori = n
Egs. (4)-(10). 7
In Section V we calculate general expressions for the powers V., =V IS, ,=V,F (—1 + —0) (18)
transferred to the loads, and interpret them in terms of the ZH
transmission radiation patterns in [1] and incident plam®ev  This results in the following (partialj. column of the S
polarisation. We show that the power in the “left” load isnatrix
closely related to the transmitting properties of a soutdbe
left termination and viceversa. In Section VI we show a full
analysis of the connection between the radiation charatitsr
of TL calculated in [1] and the receiving characteristics
calculated in this work. see upper sign in Figure 5. For column= 1 or M, the results
The work is ended with some concluding remarks. are similar, only replacgZe by 1, hence
Note: through this work, the phasor amplitudes are RMS
values, hence there is no 1/2 in the expressions for power. Si<i<M ,n=1,M = {
Also, it is worthwhile to mention that the results of this \kor

depend on physical sizes relative to the wavelength, andehen Egs. (19) and (20) define the upper left square of the S
are valid for all frequencies satisfying the condition ofadm matrix, i.e. all the elements connecting the TL ports IMo-

, (19)

Zo g—jkAzlion|
e 1#n

_1+ZZ_212_1

Si<i<M,1<n<M = { n

e—jkAz\i—n\ i 7& n

0 1=n (20)

electric cross section. see Figure 5, on which the diagonal elements are shown, the
upper sign relates to this system.
Il. DERIVATION OF THE VOLTAGE AND DIFFERENTIAL ‘Now we add the columnsy , and S, (last columns in
CURRENT ALONG THETL Figure 5), representing the férand ¢ polarisation antennas,
. ) _respectively.

We start with the voltages, analysing the system descnbeq:eeding amiddle port 1 < n < M with the voltageV*
. . n
in Figure 4. and all other ports by their matched load, we calculate the fa

As explained in the introduction, to find the voltages on gg|qs given in Egs. (A.1)-(A.3), scaled to the voltagés and

matched TL, i.e. forZ, = Zr = Z, in Figure 2, one needs y/— according to Eq. (A.10)
- . (A.10).

only the cross elements between the group of portsiL.and  “\we start with the contribution of the currents given in

the groupd, ¢ of the S matrix. Egs. (A.1) and (A.2), see Figure 7. It is convenient to expres

However, to generalise the solution for the voltage alongifie results using the distances from the feeding point to the
TL loaded by andZ;, and Zr, one needs additional elementserminations:

of the S matrix, we therefore calculate here all the elemehts
the matrix for the system defined in Figure 4, schematically lo=L—2z, ; li=z,+0L, (22)

shown in Figure 5. This matrix satisfies o _ ) _
shown in Figure 7, where,, is defined in Eq. (15). Hence

V- =SV*, (14) in all following expressions, the value af is “hidden” in I,



i _ I N Results (27) and (28) define 1% ,, andS,, ,, matrix elements
ek 1 t2! 2 Je-iki2 respectively, for the columns < n < M:
Zo Zo So,1<n<m = §(Zo/Zu)[f2 — f1] cosp (29)
! Sprencar = i(Zo/Zu)lfi + fo]sing.  (30)
} } i ! i f » 7 o
L yd yd 0 z L For columnn = 1 or M, the results are similar, only replace
ml “n m2 Zo by 1, hence
H
Fig. 7. Currents in the TL while feeding port with V,;". Defining I = So,n=1.m = J[f2 — f1]cos (31)
Vn+/ZH, the current in the feeding line at = z, is 2I in the positivex
direction, and the currents at = L (port M) andz = —L (port 1) are S(p_’n:LM = .][fl + f2] sin (. (32)

Ie—Jkl2 and Ie—J%!1, respectively, both in the negative direction. Thez

girelt(:ted dcurrent tWaves jclreththe f0_rwaer Wavte iS the fg@ré L] ing thFe The transpose elements are found by the reciprocity camditi
ackward current wave In e reglon Zn/|, 1O DE used In . .9). For .

the forward wave we use the C?Jgenfatn}the middle pai,mtgq:( (zi + SijZj - SjiZi (see Appen.dlx B, Eq. B.8), whet#; and.Zj

L)/2, which is Te~3*!2/2 while for the backward wave we use the curren@re the impedances for which poftand; have been defined,

at zm1 = (2n — L)/2: —Ie=7%11/2 (minus because it flows in thez  respectively. Given the portsilZ,# andy are defined fotZ, of

direction). the TL and ports 2 .M — 1 are defined fotZy, the transposed

relationsS,, o and S,, , are given by Egs. (31) and (32), for
andls. To shorten the notations in the forthcoming results w%“ .

introduce two definitions Sn,o = jlf2 = fi]cos¢ (33)
f1 = e dklitlzcos0)/2 6 (k1 cos?(0/2)) Snyp = Jjlf1 + fo]sing. (34)
fo = e7iklla=licosO)/2 g (11, 5in%(0/2)). (22) When issuing and excitatior,” from theé port and matching

) all other ports, the voltages at portson the TL areV, =
Using Eqgs.(A.1) for each of the three currents:at= z,,, L V5" S,.0. Given the numben/ is not limited, one can get the
and —L, scaling with (A.10), after some algebra we obtain: ;ontinuous voltage on the TL for the excitation of theort:

b(x) =~V (Z0/Zu)lf1 + fo]cosfeosp  (23) Va(2) = jVy' [f2(2) = fi(2)] cos (35)

As evident from Egs.(A.1) and (A.2); ", is identical to the where thez dependence irf; » (see Eq. (22)) is irf; andls,

above, up to replacingos cosp by —sinyp, we therefore defined according to Eq. (21), usingfor z,. This voltage

have develops on the TL due to @ polarised plane wave coming
Vo = JVIH(Zo)Zu) [ f1 + f2] sin . (24) from coordinateg, ¢) at infinity.

( L o .
o o Similarly for an excﬂaﬂonVJ from the ¢ port, while
Next we calculate the contributions of the forward C“rre%atching all other ports, one

' A obtains the continuous veltag
wave in the region = [z,, L] and the backward current wave,, the TL:
in the regionz = [—L, z,,] (see Figure 7), using the upper and
lower signs in Eqg. (A.3), respectively. For the forward wave Vo(z) = ng,+ [f1(2) + f2(2)] sin . (36)
we use the current in the middle point,s = (2, + L)/2,
having the phase—7%2/2 for a TL lengthh = l5, while for
the backward wave we use the currentat = (2, — L)/2,
having the phase7*1/2, for a TL lengthh = [;. Also the . -~ v )
backward current is defined in thez direction, it therefore is Vio(2), where the intensities dfy™ and VJ are according to
taken with the minus sign. The middle points can be Writtelr%q' (12). It comes out

more compactly as V(2) = jVT[facos(p — a) — f1 cos(p + )] (37)

which develops due to @ polarised plane wave coming from
coordinateqd, ) at infinity.
The total voltage developed on the matched TIWj$z) +

Zm2 =01/2 5 zZm1 = —l2/2, (25) Eq. (37) is the final result for the voltage on a matched
TL, i.e. terminated at both ends with resistofs. We now
generalize the above result for a TL terminated with any $oad
ng@ = 2V (Zo/ Z i) cos o[ fa cos?(0/2) — f1sin(0/2)] aF ports 1 andV/: 7}, (left) and Zg (.right), respe_ctively (see
(26) Figure 2). We express the generalized results in terms of the
Now we add ther and z directed currents contributions toreflection coefficients:

and after scaling with (A.10), we obtain:

Vo = Vyay + V() Using 1 — cos(d) = 2sin*(6/2) and  Z1— 2y _ Zr—Zo
1 + cos(f) = 2 cos?(0/2), after some algebra we obtain: Te= VAR and 'z = Zr+ Zy (38)
Vy = §ViH (Zo)Zm)[f2 — f1] cos (27) For the matched case, the only incoming voltage waves are

V,” andV, while all otherV;%,_,, = 0. Here we have two
V,, has only the contribution of the directed currents, given additional incoming voltages at the mismatched ports 1 and
in Eq (24), hence M:

V=V, (28) Vit =T.V; and V,} =gV, (39)



while at the matched (withZg) portsn = 2..M — 1 the the solution is Eq. (37) and for general terminations we add

incoming voltages are 0: the correction term in Eq. (50).
v+ —0 40 A similar calculation is carried out to find the differential
2<n<M—1 7 & (40) current developed on the TL due to a monochromatic plane
We use the general connection for< n < M (i.e. on TL) Wave. Thisis done by analysing the system defined in Figure 6.
but1 < i< M + 2, i.e. all excitations including and ¢: Because this calculation is lengthy, and similar to thigiedr
M out on the system defined in Figure 4, it is done in Appendix C,
Vo — SV = S V4 S, Vi 4 V() = and the results are given below. o
" ; e VI S Vag +V(2) The currents on a TL matched on both terminations due to
STV + SunTrVis + V(2) (41) 6 or ¢ polarisations are:
_ iyt g
where the only non zero terms ate= 1, M, 0 and ¢ (see Ty(2) = =i(Vy" [ Z0)lf1(2) + fa(2)] cosp (51)
Eq (40)), and the last two termis= 6, ¢ represent the matched - .
voltage atz = z,, given in (35), (36), summed in (37). In the Lo (2) = §(Vy /20)[f1(2) = fa(2)] sinp, (52)
last form of Eqg. (41), we used (39). and the total current for matched TL is their sum:

Forn =1, Eq. (41) becomes
I(z) = —j(V" /Zo)[f1 cos(p + ) + facos(p — )] (53)

V. =TgVye R L V(-L). (42) _ _
} It is easy to check that Egs. (37) and (53) satisfy the termina
becauses: 1 =0, S1,m = Su1 = e ¥ andz, = —L. tion conditions (10) withZ, = Zr = Z.
Forn = M, Eq. (41) reads For a TL terminated in any impedances;, Zr, the
Vo = FLer_jkgL +V(L). 43) differential current along the TLijym (i.e. non matched) is
becauseSy; i =0 andz, = L. Inm(2) = 1(2) + Al(2), (54)
Using S,,1 = e 71, S,y = e M2 for 2 <n < M —1, whereAI(z) is the correction term due to non matching:
Eqg. (41) becomes iy B ikl B
Al(z) = —e™ "I — e /"2 g1, (55)

Ve = e MLV + e TRV, + V(2), (44
2<nsM-1 7 € Lh we RV +V(), (44) andI; andI;, are given explicitly in Egs. (C.26) and (C.27),

where in principleV'(z) here excludes the terminations, butind also satisfy

as we shall see this exclusion is not necessary. We solve now _ _ _ _

Egs. (42) and (43) fo¥/;” andV,; and obtain: Vii==2oly 5 Vi =2Zoly (56)

B Tre 9251V (L) + V(~L) The solutions (49) and (54) satisfy the termination condi-

Vi 1 — T T ge 4k (45) tions (10).

o Tpe 72HV(-L) + V(L) (46) Il. FULL WAVE HFSSSIMULATIONS
= :

1= TpTreJtkt We describe in this Section the HFSS simulations done for
To avoid confusions the generalised (non-matched) resut® scattering problem defined in Figure 1. The results af thi
are subindexed “NM”. The total (non matched) voltagsimulations are compared in the next section with the aigalyt
Vam(zn) =Vt + V.~ For ports 1 or M, this voltage is results. We used a non twin lead cross section (used also in
[1]), shown in Figure 8. For this cross section one knows

Vom(=L) = Vi (1+T0) (47) analytically the distancel in the twin lead representation
Vam(L) = V3, (1 4+ Tg). (48) (shown as red points in Figure 8) by image theory, yielding
For the port < n < M —1, V;; = 0 (40), therefore Eq. (44) d=+/s* —(2a)? = 2.537cm, (57)

describes the total voltage on those ports. Taking the Iin?j{

z — —L of Eqg. (44), using (42) we find it reduces to (47) F'd also the characteristic impedance

and similarly the limitz — L of Eq. (44) reduces to (48), g0y (d+ s) 10560 (58)

therefore Eq. (44) describes the non matched voltage on the T 7 2a '

TL at all ports (in the continuum, for al) while for other cross sections those can be determined by
Vam(z) =V (z) + AV (2), (49) an electrostatic ANSYS 2D Maxwell simulation, as shown in

Appendix B of [1].
whereAV (z) is the correction term due to non matching (first The electric field of a plane wave is by defadily = 1V/m

two terms in (44)): in the HFSS simulation, so to normalise the results for
AV(2) = e DLV 4 e IMaT v (50) Eqd = 1V we divide the measured results by the value of
d in Eq. (57).
andV;” andV,, are given in Egs. (45) and (46). For convenience, we shall use a fixed TL lengthlof

This concludes the voltage developed on the TL due to2d = 125cm, and test for different frequencies. We measure
monochromatic plane wave, for a TL matched at both endhe voltage and current along the TL from= —61.25cm to



— S —p

Fig. 9. Cross section voltage measurement on two possilitepa and
Fig. 8. Cross section of two parallel cylinders: the distametween the B, In caseH. = 0, all pathes lead to the same result, namglyE - dl =
centres iss = 3.59cm, and the diameters aB = 2.54cm. The red points /5 E-dl. However, ifH # 0, as for the incident plane wave shown here, the
show the current images which define the twin lead represenfaand the result of the path integral depends on the paths used, ancbthect voltage
distance between theah= 2.537cm is calculated in Eqg. (57). measurement i, E - dl, i.e. along ther axis consistent with the parallel
ports definition in Figure 4.

z = 61.25cm at intervals of 6.125cm, in total at 21 points. A y
the TL terminationsz = —L and z = L, we use inactive
lumped ports defined for the impedance we need at thc

terminations. H
Two-conductors transmission lines excitedy at termina-

tions, develop the TEM mode, so that bdth and H, are 0.

In such case one can measure the voltage/# - d1 from

the “+” to the “-” conductor and the current usingH - dl E

around the “+” conductor, both oany integration path.

In the case analyzed here, the TL is excited by an exter
plane wave, therefore, depending on the incidence of thigwe.
£, and/or[_{% _are not necessarly 0, we therefore need moﬁ%. 10. Cross section differential current measurementtfe caseH . # 0
careful definitions for the voltage and current measureseniequires integration on tight loops around each conduatmm fwhich one

as described in the following subsections. obtains the currenté4 andI (Eq. (59)). The differential current is calculated
in Eq. (60).

A. Voltage measurement measure around both conductors, on pattend B, as shown

The voltage measured by the integifaE - dl in the cross in Figure 10, to obtain the currents
section depends on the chosen integration pafti.it£ 0, as
shown in Figure 9. To define the correct path we look at the Iy = 7{ H-dl ; Ip= j{ H-dL (59)
definitions of the parallel ports in Figure 4. Those have been A o B_ )
defined on the:— = plane, so thaonly z directed currents flow As one notes from the derivation in Section C, the S matrix has

through the port, and this fact has been used in the calonlatP€€n derived from differential currents, so the analytaules
of the S matrix in Section II, see Figure 7. (51) and (52) represent differential currents. To comphee t

Therefore, to be consistent with the parallel ports deiniti HFSS simulation results to the analytic results we caleulat

the correct path to measure the voltage is pdton thez the simulation differential current:
axis) shown in Figure 9, and this path is used in all the veltag I=(Ia—15)/2; (60)

measurements in Section V. o ) ]
If H, =0, Ip trivially reduces to—14, so that the differential

current is the current on the “positive” conductor, whichyma
B. Current measurement be calculated by integrating on any path around it, like path

A in Fi 10.
For the case?, = 0, the current can be measured HyH - or C'in Figure

dl around the “positive” conductor, on any integration path,
like path C' in Figure 10. In the opposite case consisting in ) ) i
an incident plane wave for whick, # 0 (as shown in the A Comparisons with HFSS full wave solution

figure), not only the integration path has to be tight arodmedt 1) Matched transmission line: We validate in this section
conductor, but also, due to common mode current, one haghie analytic results for matched TL in Eqgs (37) and (53)

IV. VALIDATION OF THE ANALYTIC RESULTS



by comparison with full wave solution of ANSYS HFSS 15, 15 7

simulation results, described in the previous section. 1t 1 s 1

We analyse three examples, each from a main incidenee o5 | 1 5 05 M
direction, by plane waves traveling along they or z axes. g o0 s g or

In all examples the incident electric field intensity sagisfi © ©°°| 1 E st 7

Ed = noHd = 1V. The half lenght of the TL is. = 0.625 m tr 1 ir 1

(or the length2L = 1.25 m). 006004002 0 002 0.04 006 006004002 0 002 0.04 0.06

In the first example we examine a plane wave traveling from ZA zIA

6 = m, along thez axis, colinear with the TL, having the phase 1'? ‘ | 1’? ‘ ]

e~7%% as shown in Figure 11. Feér= 7, Egs. (37) and (53) = os| | = osl |
E 0 RO g 0

TX 05| 1% o5 M

al 1 1L |

P sl
Z Z -0.06-0.04-0.02 0 0.02 0.04 0.06 -0.06-0.04-0.02 0 0.02 0.04 0.06
0 0 2\ 2\

Fig. 12. Real and imaginary parts of the voltdgéz) and normalized current
ZoI(z) for the plane wave incidence shown in Figure 11, at frequ&diyiHz
or L/\ = 1/16. The continuous line is the analytic solution in Egs. (63) an
(64) and the stars are the ANSYS simulation results.

Fig. 11. Matched TL illuminated by ax polarised plane wave froi = .

(normalized byZ,) reduce to s 15
V(z) = VTje " sin[k(L — 2)]cos(p — )  (61) 0; i | 0; " |
Zol(2) = —V*1je " sin[k(L — 2)]cos(p — a), (62) § of g or
X .05 1 = o5} J
Clearly, atd = =, the angley is ill defined and so is the al ] al ]
polarisation anglex (Figure 3), but the difference — « is asla L
. . -0.1 -0.05 0 0.05 0.1 -0.1 -0.05 0 0.05 01
meaningful. The maximum voltage and current occur at ¢ 2\ 2
or T — ¢, representing two opposite polarisations. Choosing 15 ; 15 |
a = ¢ the polarisation in Figure 3 becom@sos ¢ + @ sin ¢, 1k . 1r .
which equals-z as shown in Figure 11 and using™ = 1V S 1 5 o051 i
Egs. (61) and (62) become € ° M E O M
] N 05 - 1 N 05 1
V(z) = je I*L sin[k(L — 2)] (63) al 1 1t 1
Zol(z) = _je*jkl‘ sin[k(L — z)], (64) 501 005 0 005 o1 501 005 0 o005 01
z/\ z/IN

which behave oscillatory according to the frequency, with 0 _
value at right termination at = L. We remark that for this F9- 13- Same as Figure 12, for frequency 60MHzIgM = 1/8.
plane waveE, = H, = 0 therefore the voltage and current

can be measured on any paths (see Figures 9 and 10). 15 15

Figures 12-14 show the voltage and normalized current for 1t 8 1k 8
the —x polarised plane wave froMl = = in Figure 11 for < 05 m 05 1
frequencies 30, 60 and 120MHz, By A = 1/16, 1/8 and 1/4, 0 0

05 F 4

Real(V)
Imag(V)

respectively. The voltage at the left terminationzat= — L o8 i

is V(—=L) = je/*Fsin(2kL), resulting in 0.27 + 50.65, S N
(1 + 7)/v2 and 0 for the cased./\ = 1/16, 1/8 and T 02 01 0 o1 02 Y 02 01 0o o1 o2
1/4, respectively. The normalized currerfig/ (— L) gets the

minus of the above values, satisfying the termination ciiori l'i | | 1'? | |
V(=L) = —ZoI(-L). o S o5 1 2 o5k —
In the next example we use a plane wave hitting fldms  § g N Cuvevyice
¢ = /2 with phaseci*” as shown in Figure 15. For this & os W & 05| 1
direction Egs. (37) and (53) (normalized W) reduce to a4t . 1k .
V(z)= Vtsin afl — e JkL cos(kz)] (65) 02 o1 (/‘)}\ o1 02 502 oa (/‘))\ 01 o2
4 Z
ZoI(z) = jV T sinae 7% sin(kz), (66)

Fig. 14. Same as Figure 12, for frequency 120MHzLgh\ = 1/4.

The maximum is fora = +7/2, so usinga = 7/2, results

according to Figure 3 in @ polarisation which is—z at

6 = ¢ = 7/2, as shown in Figure 15. We note that this is theame plane wave shown in Figure 9, so that here the path on



15 15

»Z | | ol ]
1 ! : . . | AR IS5
-lL 0 L S 05 Pt S 05
K] ot 12 or E
X .05t 1 E o5t —
-1+ . 1+ 4
Y a5 Lo s s s s 15 s s s s
E 0.1 -0.05 0 0.05 0.1 0.1 -0.05 0 0.05 01
z/\ zIN
15 ‘ 15 ‘
Fig. 15. Matched TL illuminated by a-x polarised plane wave fror9 = 1r b 1r b
w/2,¢ = m/2) (as also shown in Figure 9). The view is from the positive = o5 | = o5t
axis direction, so that only the “upper positive” condud®iseen. 3 0 M g 0 M
4 E
N 05 1 N 05 1
i -1k E -1k E
which one measures the voltage matters and must begath s
in Figure 9 “ 01 005 0 005 01 ~ 01 005 0 005 01
? ) . I\ /A
UsingV* = 1V and o = 7/2 in Egs. (65) and (66) result
in Fig. 17. Same as Figure 16, for frequency 60MHzIg\ = 1/8.
V(z)=1—e " cos(kz) (67)
kL 1.5 ‘ \ \ 1.5
Zol(z) = je sin(kz), (68) I —— v i i
Figures 16-18 show the voltage and normalized current f@& °°[ 12 % M
~ . . T Ot 19 o0
the —z polarised plane wave frot = 7/2 andp = /2 in ¢ | | E el |
Figure 11 for frequencies 30, 60 and 120MHz g = 1/16, 4l | S |
1/8 and 1/4, respectively. sl asl
02 -04 0 01 02 02 01 0 01 02
z/\ z/IN
15 15 15 15
1t 1 1L 1 I 1
S 05f 1 s 0.5 b e HHIHIRAAANK el c % 05 | B
T o § o 13 R —
© g e £ 0 [Pttt
@ o5t 4 = 05t f N No05 ,
At 1 1+ 1 ERS 1
-15 U L L L L L L -15 Y L L L L L L 15 | | | | | 15 | | | | |
-0.06-0.04-0.02 0 0.02 0.04 0.06 -0.06-0.04-0.02 0 0.02 0.04 0.06 0.2 -01 0 01 02 02 -01 0 01 02
z/\ z/IN zI\ I\
15 15
1+ 1 1t 1 Fig. 18. Same as Figure 16, for frequency 120MHzIgh\ = 1/4.
S o5t B % 05 - B
§ 0 W g 0 M
05 | 1 F o5l 1 Forthis direction Egs. (37) and (53) (normalizedXy) reduce
ERs B 1r N to
1. 1 1 1 1 1 1 1 1. 1 1 1 1 1 1 1 _ . + . _.'kL L
12006004002 0 002 004 006 12006004002 0 002 0.04 006 V(z) = —jV T cosae™ " sin(kz) (69)
z/I\ zIN )
Zol(z) = =Vt cosall — eI cos(kz)]. (70)

Fig. 16. Real and imaginary parts of the voltdgéz) and normalized current
ZoI(z) for the plane wave incidence _shown in Fig_ure 15,‘at frequ@@MHz Here the maximum is obtained for = 0 or 7. Using a=Tm
?ésg/a’\nd: tﬁélft'ajshzr?{ﬁg‘ioﬁg\l,'gesziﬂ}gtg;axéﬁg lution in Egs. (67 an yofines according to Figure 3-af polarisation which equals
zatfd = /2 andp = 0, as shown in Figure 19. This is
As expected, the voltage is an even functionzoéind the the same plane wave mentioned in Figure 10, which requires
current an odd function of. Specifically, the voltages at thecurrent measurement by integrating on the tight trajeesoti
terminations at = —L and L are0.146 + j0.354, 0.5+ ;0.5 andB in Figure 10, using Eq. (60) to determine the differential
and 1 for the caseb/\ = 1/16, 1/8 and 1/4, respectively. Thecurrent.
normalized currents have the same values at L, satisfying UsingV* = 1V and @ = 7 in Egs. (65) and (66) result in
the termination conditiorV/ (L) = ZyI(L), and minus the kL
above values at = — L, satisfyingV (—L) = —ZyI(—L). V(z) = je™ """ sin(kz) (71)
The _voltage in the middle of the TL_ at = 0 are ZoI(z) = 1 — e %L cos(kz), (72)
0.076+j0.383,1 — 1/v/2 + j/v/2 and 1+j for the cases
L/Xx = 1/16, 1/8 and 1/4, respectively, and the current at Figures 20-22 show the voltage and normalized current for
z =0 is of course 0. the z polarised plane wave frod = 7/2 and¢ = 0 in
In the next example we use a plane wave incident froFigure 19 for frequencies 30, 60 and 120MHz o\ = 1/16,
6 = m/2 and ¢ = 0, with phasee’** as shown in Figure 19. 1/8 and 1/4, respectively.
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S 2 05 B
s ® o
& g 0.5 [ b
ZO ZO tr 1
sl S
0.2 0.1 0 0.1 0.2 -0.2 0.1 0 0.1 0.2
} t § > 7 z/IA z/
-L 0 L 15 T 15 T
1 == T 1r N
. . . ~ . £ 051 41 £ o5t g
Fig. 19. Matched TL illuminated by & polarised plane wave frord = K| ol | 7 o A
w/2,¢ = 0) (as also shown in Figure 10). 4 E
N 05 1 N 05 1
1+ B -1+ 4
15 15 15 Lo s s s s 15 L ‘ ‘ ‘ ‘
1l | 1l | 0.2 0.1 0 0.1 0.2 -0.2 0.1 0 0.1 0.2
z/\ z/I\
S 05 - B E 05 [ ol
T 0 TR B < S / Fig. 22. Same as Figure 20, for frequency 120MHzLg\ = 1/4.
@ 05t 4 E 05T —
-1+ . -1+ -
45 A5 b 2) Non matched transmission line: We compare here sev-
-0.06-0.04-0.02 0 0.02 0.04 0.06 -0.06-0.04-0.02 0 0.02 0.04 0.06 e .
2I\ 2I\ eral unmatched cases for ther polarised plane wave from
15 | 15§ ‘ 60 = n/2, andp = 7 /2, shown in Figure 15 for frequency
1r ] ir 1 60 MHz. The matched solutions are given in Egs. (67) and
% 0-2 5 O'E (68), and for this frequency = 7 /4) are:
o £ —
05| 1 5 0sp 1 V(z) =1—e /4 cos(kz) (73)
-1k B -1+ 7 P '71-/4 .
e ‘ e Zol(z) = je /™" sin(kz), (74)

-15 4 L -1.5 L
-0.06-0.04-0.02 0 0.02 0.04 0.06 -0.06-0.04-0.02 0 0.02 0.04 0.06
zIA z/\ as shown in Figure 17.

Fig. 20. Real and imaginary parts of the voltdgéz) and normalized current We generall_zg them for non.matChed cases using Eqs (.49)
ZoI(z) for the plane wave incidence shown in Figure 19, at frequ&tiyHz and (54), obtaining the correction terms due to non matching

or L/X = 1/16. The continuous line is the analytic solution in Egs. (71 an(Egs. (50) and (55))
(72) and the stars are the ANSYS simulation results. ) )
B e %% + T'ge?** — 24T T cos(kz)

AV(z) = (75)
) V2(1+TRT')
As expected, the voltage is an odd functionzofind the ' e=ik% _ T rei®s — 97 T'w sin(k
current an even function of. The voltage developed for  Z AI(z) = Le — Pre/™ — 2T U sin(kz) (76)
the incident field in Figure 19 (Eq. 71) has the value of V2(1+Tgly)
the normalized current developed for the incident field in Figures 23-25 show the voltage and normalized current for
Figure 15 (Eq. 68) and viceversa. the casesZy = Zy/2 andZg = 272y, Z1, = Zr = Zy/2 and
71, = Zr = 27, respectively.
15 15
tr 7 ir 1 B. Compatibility with previous works
= O'Z / > O'z / We show in this subsection that our analytic results are
g os | E 05 | compatible with the results obtained by other authors B[
al i al 1 hence satisfy Egs. (4) and (5).
asl asle 00 Using Egs. (50), (55) and (56), it is easy to check that
-01 -005 O 0.05 0.1 -01 -005 O 0.05 0.1 AV dAI
zIA z/\ d . .
15 15 4 +jk(ZoAI) =0 ; ZOE + jkAV =0, (77)
= 0: I | = O; M which is clear, because the induced sources depend only on
A e S B . X
g ol 1 g of | the incident field and not on the loads.
,Df? 05 1 2 o5 i Therefore, it is enough to show that Egs. (4) and (5) are
s 1 At {1 satisfied by the matched solutidi(z), I(z) in Egs. (37),
18 e B Y (53), for a general incident plane wave.
S S First we need the phase of the incident plane wave (Eq. (1))
on the TL atz ~ 0, y = 0 and—L < z < L, which comes
Fig. 21. Same as Figure 20, for frequency 60MHzIgt\ = 1/8. out

ej}’cz cos 07 (78)
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15 15— so the incident?, and H, fields along the TL are
1+ E 1+ ) )
S O e S 05 g Ey(2) = Eace]kz cosb ;o Hy(z) = Hye‘jkz Cosea (79)
© 0r 4 =3 0r 4
& o5l I 05 | where the value€’, and H, are understood as the values at
ak ] al 1 the origin. Using the unit vectors identify = T sin  cos ¢ +
B — B — e — 0 cos 6 cos p — @sin e, given the incident E field has only
-0.1 -0.05 0 0.05 0.1 -0.1 -0.05 0 0.05 01 . .
2\ 2\ and ¢ components, the component of the electric field (at
15 ; 15 ; origin) is
1r - 1+ 4
S ost 1 g osp E, =Fycosfcosp — E,sinp =
©
£ ol | E / Ey(cos acos b cos o — sinasin ) (80)
o055 q No-05 1
1 ] Ar 1 where for the second expression we used Eg. (3). Using
e -(;.1 -o.‘os 2) 0.65 0.‘1 e -(;.1 -0.‘05 (; 0.65 0‘.1 Egs. (11), (79) and (80)/o/; in Eq. (7) comes out
z/\ z/IN

Zol, = jkV* (sin assin ¢ — cos a cos f cos @)e?** ¥ (81)
Fig. 23. Real and imaginary parts of the voltdgéz) and normalized current
Zo1(z) for the plane wave incidence shown in Figure 15, at frequé@Hz T derive theHy component of the incident field we note that

(or L/X\ = 1/16), but for loadsZ;, = Zp/2andZp = 2Zy, orT', = —1/3 Lo .
andI'r = 1/3. The continuous line is the analytic solution, i.e. Eq. (@Bis the H components of the incident pIane wave are:
E, Fy

correction (75) and Eg. (74) plus correction (76) and thessiee the ANSYS

simulation results. Hy =2 Hga __*0 (82)
Mo o
15 15 ) . A N N
L , L Using the unit vectors identityy = Tsinfsing +

05 bossmmmnsinanun o | Bcosfsinp + @cosp, given the incident H field has only

< 05 7 ’; .. .
%’ otc~—e1 % 0p 4 0 andy components, thg component of H (at origin) is
X o5 1 E o5l i
al | al i Hy, =HpcosOsiny + H,cosp =
15 1 1 1 1 1 15 1 1 1 1 1 1
01 -005 0 005 01 01 -005 0 005 01 —[E, cos@sinp — Eg cos ], 83
o o 770[ e ¢ — Eg cos ] (83)
15 15
L i L where in the second expression we used Eq. (82). Using

Egs. (3) and (11), this can be rewritten as

05 - 4

ZgReal(l)
Zglmag(l)

noH, = V*[sina cosfsin ¢ — cos acos ), (84)

05 [

Al P Using Egs. (79)V; in Eq. (6) comes out
-0.1 -005 O 0.05 0.1 -01 -005 O 0.05 0.1

zIA ziA Vi = jkV ¥ [sin o cos B sin ¢ — cos arcos p]el*= s (85)

Fig. 24. Same as Figure 23 faf;, = Zr = Zp/2 or ', =T'gp = —1/3.

Here it is left to show that Eqgs. (81) and (85) equal to the
LHS of Egs. (5) and (4) respectively, applied on the matched

Li | | 1’? | | solutionV(z), I(z) given in Egs. (37), (53). We start with two
< o0s I S 05 pmee intermediate results for the functiorfs(z) and f2(z) defined
5 of 1% of 1 in Eq. (22):
¥ o5l 4 E osp 1 2 ik 3 0

al | Al | df1/dz + jkf1 = kcos®(0/2)e?"*

e -(;.1 -o.‘os 2) 0.65 0.‘1 e -(;.1 -0.‘05 (; 0.65 0‘.1 de/dZ —Jjkf2 = —ksin® (9/2)€jkz Cose’ (86)

z/A zIA .
15 : 15 ‘ and obtain
tr ] tr ] dv
S os| 4 = o5t 1 = + jk(ZoI) = —jkV ' [cos?(0/2) cos(p + a)+
< | 1 8 L e Z )
Lo % sl , sin?(0/2) cos(ip — @)= (87)
1+ - 1k 4
e -(;.1 -o.‘os 2) 0.65 0.‘1 e -(;.1 -0.‘05 (; 0.65 0‘.1 dl . T 2
) ) Zo— + JkV = jkV [sin”(6/2) cos(p — a)—

2 jkz cos 0
Fig. 25. Same as Figure 23 f&f, = Zr = 27 or 'y, =I'g = 1/3. cos”(0/2) cos(p + a)le (88)

Using simple trigonometric identities one finds that res(8{7)
and (88) are identical to Egs. (85) and (81), respectively.



V. THE POWER TRANSFERRED TO THE LOADS
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Those results may be understood from the radiation prop-

We calculate here the power transferred to the loads for tAgies of the TL in [1]. We remarkP(—L) is proportional
general case of loadg;, andZr as shown in Figures 1 and 2.10 sin“[2kLsin”(6/2)], according to the radiation pattern of

We need first the voltage and current for tinatched at both

a TL carrying a forward wave only and maximised for the

teminations case at the terminations & +L). From Eqs. (37) Polarisation radiated in this case:

and (53) we obtain
V(—=L) = jVte I*E sin[2k L sin?(0/2)] cos(p — a)  (89)
V(L) = —jV e % sin[2k L cos?(0/2)] cos(p + «)  (90)
and

ZoI(~L)=—=V(=L) : ZyI(L)=V(L) (91)

satisfy the boundary conditions. From Egs. (89)-(91), the

powers on the “left” and “right” loads for thmatched at both
teminations case, are

P(-L)=—-V(-L)I*(-L)

VA2 o 2 2
sin“[2kLsin“(0/2)] cos*(¢ —a)  (92)
0
P(L)=V(L)I*(L) =
VA2 o 2 2
—— sin [2kL cos®(0/2)] cos® (¢ + ) (93)

0

ﬁ+(9,tp):§cos<p+$sin<p = a=p, (100)

see Section 2.1 in [1]. Also, we seB(—L) = 0 for a
polarisation orthogonal tp™*. This suggests tha?(—L), i.e.

the power into the left load for the matched on both sides TL
is closely related to transmitting properties of a sourcthat
left termination, issuing a forward wave.

Similarly, P(L) is proportional tasin®[2k L cos?(6/2)], ac-
cording to the radiation pattern of a TL carrying a backward
wave only and maximised for the polarisation radiated is thi
case:

ﬁ*(O,tp):é\coscp—gEsingo = a=—gp, (101)

see Section 2.2 in [1], and®’(L) = 0 for a polarisation
orthogonal top~. This suggests thaP(L), i.e. the power
into the right load for the matched on both sides TL is closely
related to transmitting properties of a source at the right
termination, issuing a backward wave.

The general non matched case given in Egs. (97)-(98)

We now generalise the powers for a TLl with ané/_ Ioa?j:?s affected by both radiation patterns and polarisations,, a
We setz = +L in Egs. (49), (54), or simpler, use directlyyneir combination found in the mixed term in Eq. (99). We

Egs. (47), (48), (C.28) and (C.29), obtaining
Tre 2LV (L) + V(-L)
1 —T T re J4kL
Lre 72V (—L)+ V(L)
1 =TT re 4kl

VNM(—L) = (1 + FL)

(94)

Vam (L) = (1 + FR)

(95)
and

ZrIw(=L) = =Vam(=L) ; ZrIw(L) = Vam(L)
(96)
satisfy the boundary conditions.

Now we express the power on the “left” load; by
Puw(—L) = Re{—Vam(—L)Iu(—L)} and on the “right”
load Zr by Pum(L) = Re{Vam(L) 5 (L)}. Using Eqgs. (94)-
(96) one obtains

1|y f?
- |1 — FLFRe_j4kL|2

2 PrixRe{T re~72kL}]

Pwm(—L) [P(—L) + [Tr[*P(L)—

(97)

_ 1—[Tp?
"1 =T LgeJ4kL2
2 PrixRe{T e 2],

P (L) [P(L) + [TL|*P(—L)—

(98)

The generalised results for the powers are expressed l{)cg

terms of the matched-TL powerB(—L) and P(L) (given
in Egs. (92)-(93)) plus an additional “mixed” terfyx given
by
Puix =V(L)I*(-L) = -V (-L)I*(L) =
VEP

sin[2k L sin?(0/2)] sin[2k L cos®(0/2)]

cos(p — @) cos(p + ) (99)

remark that for a polarisation orthogonal to eitlger or p—,
Pnix = 0 and eitherP(—L) or P(L) are 0, in which case the
received powers are either accordingsia®[2kL cos?(6/2)]
or sin®[2k L sin®(0/2)].

The formal connection between the transmitting and receiv-
ing properties of TL is analysed the next section.

VI. CONSISTENCY BETWEEN TRANSMITTINGRECEIVING
RADIATION PROPERTIES

To analyse the connection between the results of receiving
electromagnetic radiation shown in this work and the result
of transmitting (radiating) electromagnetic radiatiorj1h, we
have to summarise below some results from [1] and rewrite
them in a convenient form.

The far electric field radiated by a TL carrying a forward
wave only as in the upper panel of Figure 26, is given in

A ke
L,

$ 4 $ > Z
-L 0 L

Fig. 26. Upper panel: radiating TL fed by a current soufcat z = —L,
matched atz = L. Lower panel: the same TL in receive mode, with a
voltmeter atz = — L measuring the open circuit voltagéc.

Section 2.1 of [1] in terms of the value dft in the middle
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of the TL atz = 0. We rewrite it here in terms of the currentDividing this by the Poynting vecta$ = EZ /n, results in the
sourcel in the standard form for a radiating antenna fed bgffective receiving cross section argla™ (for receiving into

a current the left termination - the equivalent of transmitting a farel
Et = jknoG(r) I, (102) wave)
+ i iati P d?
wherely is the effective antenna length for the radiation of a At — frec _ @70 o 2 2k L sin®(6/2)]. (110)
TL carrying a forward wave only, is given by S Zy
Iy = 2jde™ 7% sin[2k L sin®(0/2)]p™ (103) which equals exactly tg-G+.

where the polarisation vectgi* is defined in Eq. (100). A similar analysis for the backward wave, using the current

o : . : . urce at thes = L termination (pointing upward) and the
[1]-;?56 radiation resistance for this case (given in Eq.(36) §1Patched load at = — L in Figure 26 yields the field radiated

Frad = ;7—0(kd)2 [ — sinc(4kL)], (104) by a backward wave current:
v

E™ = jknoG(r)Il 111
which does not need a “+” superscript, being valid also for a Ik G () et (111)

backward wave only. The radiation pattern (directivityj o wherely is the effective antenna length for the radiation of a

forward wave only is TL carrying a backward wave only, is given by
2 202 22 — .7 —GkL - 2 o~
to Mok® oo sin®[2kLsin®(0/2)] o = —2jde "% sin[2k L cos®(0/2)]p~, (112)
D7) = 4mradlleff| =2 [1 — sinc(4kL)] (105)

] ] . ] ] _and the polarisation vect@— is defined in Eq. (101). For this
as given in Section 2.1, Eq. (13) in [1]. When dealing withase, the gain is the directivity functidd~ given in Eq. (17)
radiation from TL, which is usually small relative to the pew o [1] multiplied by the efficiency in Eq. (106), yields
carried by the TL, we may use the term “radiation losses” for

the power lost to radiation. So in the upper panel of Figure 26 G (0) = (kd)*no sin®[2k L C052(9/2)]7 (113)
the radiated power i$|?rag, and the power transmitted by A

the TL is |I|*Zo, and clearlyraq < Zo. But in the context The effective receiving cross section acéa comes out
of the radiating properties we have to consider the radiatio

efficiency, defined as the radiated power, divided by thel tota A= = 1o cos?[2k L cos2(8/2)), (114)
power into the antenna. In our case this is 0
ep = —rd . Trad (106) satisfying the relatiord~ = Xa
Trad + Z0 Zo
which is small, meaning that the (matched) TL is not an VIl. CONCLUSIONS

efficient antenna. Eq. (106) is valid for both forward only or We derived in this work the voltage and differential current

backward only wave, hence does not need a superscript. m(?/eloped on an ideal two-conductors TEM transmission line

antenna gain is the directivity multiplied by the efficiency (TL) of any small electric cross section, connected to passi
) 2 i 2 . . .
G*(0) = DH(B)er (kd)?no sin®[2k L sin (9/2)]7 (107) I:_ads and hit by a monochromatic plane wave, as shown in
720 igure 1_. o .
Now, in receive mode, calculating the scalar product be- For this derivation we used our knowledge on the radiation

tween the incident plane wave (Eq. (2)) and the effectivgtien properties of TL [1] to build S matrices which describe the
gdiating system and used the reciprocity to derive theeaiirr

in Eq. (103) yields the open circuit voltage measured in tH ) ,
lower panel of Figure 26 and voltage m_duced on the TL. This methodology allowed
_ us to derive first the voltage and current on a matched at
Voc = E - Iy = 2jEq de 7% sin[2k L sin®(0/2)] cos(¢ — ),  both teminations TL, yielding the relatively simple exsiesis
(108) given in Egs. (37) and (53). The generalisation to any loads
which is compared with the open end voltage obtained froj then obtained, using the S matrix.
the formalism developed in this work. So using Eq. (94) with We validated our analytic results in Section IV-A for both
I'r = 0 andT'; = 1 (open) yield exactly the result (108)the matched on two sides TL case and the non matched
where we identify’ * = Ej d according to Eq. (11). Also, the case for different plane wave incidences. We also showed in
absolute value oo is maximal for a matched polarisation,Section I1V-B that our analytic results are compatible whk t
i.e. fora = ¢. methodology used in previous works [2]-[6]. The simplicity
We replace now the voltmeter in the lower panel of Figof this proof, requiring the application of Egs. (4) and (5)
ure 26 by a loadZ,, (left). Eq. (97), reduces fof'r = 0 only on the matched at both teminations solution (see Eq. 77),
to Pum(—L) = (1 —[T[*)P(~L), so maximum power is emphasises the added value of this work.
obtained forl', = 0 (Z, = Zo), yielding Eqg. (92). Using the  In Section V, we derived the powers on the loads and
matched polarisatiom(= ) in (92) results in the maximum showed the connection between those powers and the ragliatin
received power: properties of the TL. For the matched at both teminations TL,
vV+H2 ., .y the power on the “left” load has the same spatial depencence
Prec = 7, S [2kL sin®(6/2)]. (109) on the incident plane wave direction as the radiation patter
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of a forward wave, and is maximised for the polarisation of oltages V,” and V,; at the portsé and ¢ (Section lI),
radiating forward wavg™ (see Eq. (100)). Similarly, for the or to outgoing currents, and I, (Appendix C). Those
matched at both teminations TL, the power on the “right” loagorts have been defined for the impedattg which is the
has the same spatial depencence on the incident plane weivarateristic impedance of the analysed TL. To make those
direction as the radiation pattern of a backward wave, andgerts matched, we use the antenna model shown in Figure A.2.
maximised for the polarisatiop~ (see Eq. (101)). The generalThe model assumes a real antenna impedafgematched
non matched case is affected by both radiation patterns and
polarisations, and their combination found in a mixed term.

In Section VI we showed that the formal relations betwee
receiving cross section area and antenna gain are satisfied

the TL.
Ideal transformer p——————e 0 or ")
APPENDIXA VZA : VZO port

FAR RADIATED E FIELD AND ITS NORMALIZATION

To derive the S matrices we need the contribution of currer
shown in Figure A.1 to the far field. Based on [1], a currer
elementid in the z direction (wherel is the current and
d the separation distance in the twin lead representatidn),F&. A.2. The antenna model assumes a real antenna impedanoeatched
2 = 2, (W=wire) contributes the following E field il and, DY a" ideal transformer to théor  port of impedanceZo.
polarisations (see left panel of Figure A.1).

via an ideal transformer to th or o port of impedanceZ,.
Using the effective length of the antenha (for the given
incidence direction), one expresses the open circuit geltan

+ X +X the antenna [9]
- i’ - - i - I i - where E is Ey or E,. The § or ¢ port being matched, the
1 | &~ 1 “ "
1 ' 1 antenna “sees” a matched load, so that the actual voltage on
1 I‘_ h —ly

the antenna terminals 1§,./2, and the outgoing voltage at the

ort is
»z P o
1% :2Elem/Z0/ZA. (A.5)

Now to activate the antenna in transmit mode, we feedfthe

Fig. A.1. Currents contributing to radiation. The left phsleows az directed  or o port by VT, obtaining the current feeding the antenna
current/ at locationz,, on the TL (which may represent a parallel port or

a load), contributes to the far E field according to Eqgs. Bqg)(and (A.2). Ia=ValZa =Vt /\/ZaZ A.6
The right panel shows a TL segment of widthcarrying a forward and/or A A/ A / 420 ( )
backward current wavd,* evaluated at the middle location,,, contributing
to the far E field according to Eq. (A.3).

Using the well known formula for the far E field radiated by

a dipole [9]

; Ey = jknoG(r)1al A7

Ey @) = —jkG(r)nodIe?™*w <39 cos 6 cos ¢ (A1) 0 = JknoG(r) Lalet (A7)

. k2 cos O whereles is the effective dipole length discussed before, into

Ep @) = jkG(r)modle SULe (A-2) the same direction [9]. The field radiated from the antenna(s

where the subscrigtr) shows that this is a directed current has been nameds, to distinguish it from the previously

contribution. discussed field travelling toward the antenna(s). Expngssi

A TL section of lenghth aroundz = z, (m=middle) it as function ofV’*, we obtain

carrying a forward and/or backward current contributeddihe

— SN
lowing far 6 polarised E fields (see right panel of Figure A.1). Eo = jkmoG(r)letV™ /N ZaZo (A-8)
By (2) = — 2kG(r)nodI* (z,)e"* “50(1 & cos 0) cos o 'Thi% fietld E(t)hra_tlj_ilia\ted from ]tchf far antenn?(s), is ttr_le figl(_j
sin[kh(1 F cos€)/2] (A.3) incident on the (or one of its components), mentioned in

Figure 3. We want to normalise it so th&hyd = VT (see
where the upper and lower signs are for forward and backwdrd. (11)), co_nsidering_ f[he field incident on the TL as a plane
waves respectively, and the values used for the forward Wwave. Imposing condition (11) on Eq. (A.8), results in

backward currents are in the middle of the linezat, both N/
currents defined in the-z direction. The subscriptz) shows leff = —F5—— (A.9)
that this is az directed current contribution. JhmG(r)d
In the final result,Ey = Ey (,) + Ey () and E, = E (). Given the far antennas are only tools to build the S matrices

To work out the S matrices (Section Il and Appendix C), onand from them infer the voltage and current along the TL, the
needs to scale the radiatdty and E, fields to outgoing “actual” value ofler iS of no interest, so to express the fields
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radiated by the TLEy and E,, as voltages, we sdty from which define the (ordinary) scattering matrix, for which we

(A.9) into Eq. (A.5), obtaining use a lower case “s”
- ZoEgory s=VZ1SVZ. (B.6)
=————r A.10
Voore 25knoG(r)d ( )

It is known [7]-[12] that the reciprocity condition for the
For the case we need to express the fields radiated by 8iflinary scattering matrix is

TL Ey andE,, as outgoing currents (Section C), we use=

—V~/Zy, obtaining: Sij = Sji- (B.7)
B Eoory Using this in Eq. (B.6) results in the reciprocity conditifor
Iy = =57 (A.11) the generalized scattering matrix
@ 25knoG(r)d g g
SiiZ; =87; B.8
APPENDIX B I (B:8)
GENERALISED SCATTERING MATRIX Scattering matrices are usually defined for voltage wavess, b

. . ) . . in this work we need to define a generalized scattering matrix
In this appendix we define the generalized scattering M Lrrent waves as follows

trix and explain its reciprocity properties. The generdiz
scattering matrix [7] for an arbitrary network (as shown in I =S,I", (B.9)

Figure B.1) is defined by the following matrix equation . L .
g ) y g d and we name iS; to distinguish it from the regular scattering

matrix in (B.1). Using Eq. (B.2), one obtains

Z; V™ =-ZS,;Z7'V*, (B.10)
Comparing it with (B.1) we get the relation

S=-7ZS;Z° % (B.11)

Setting it in (B.6) results in
) s=—VZSVZ1, (B.12)

z, Arbitrary and using (B.7) we obtain
network 102 = Si1iZ, (B.13)

APPENDIXC

DERIVATION OF THE CURRENT ALONG THETL

We define a system af/ + 2 ports, the firstA/ ports are
serial ports on the TL (shown in Figure 6) and 2 additional
ports are far antennas at polarisatighand .
Fig. B.1. An N ports arbitrary network interfaced to transmission linés o Qyr purpose is to determine the TL current for an incidence
characteristic impedances;, Za, ... Zyn. . .
of a plane wave, we therefore calculate the maffidefined
by
V- =SV*, (B.1) I~ =SIT, (C.1)

whereV+ are column vectors for the incoming and outgoinglthough this is not the usual definition of the scatteringrina
voltage waves at the ports of the network, where each p¢see Appendix B). For simplicity, we still call &, but take into
has its own characteristic impedance, as shown in Figure Bcbnsideration that any reflection coefficient has an opgosit
The voltage and current waves at the ports satisfy sign.
Vo ZIt . V- = —7ZI- (B2 Fee_ding portl < n < M, !ocgted atz, with a forward
- ’ - ’ ' (entering) currenf;r and terminating the other TL ports<

whereZ is a diagonal matrix of the characteristic impedancds< M by the impedances defined for those ports (kg.

in Figure B.1: for ports 1 andM, and Z for the middle ports) results in a
s forward wave fromz = z,, to z = L and a backward wave
Zij = Z;0ij, (B.3)
_ _ from z = z,, to z = —L, because the waves encounter at the
so one can easily apply functions on them, as follows. intermediate ports a very small serial impedatige— 0.

Normalising the voltages and currents at each port accgrdin The reflection coefficient at port is S, = ngggo ~
to —1+ Zz, so the port current,, = IF (1 + S,,,) ~rZr
70! n n nn) — 4n 75"

at =VZ-1V* ; bt =VZIF (B.4) The current waves at ports# n give rise to outgoing currents

and setting into Eq. (B.1), result in at the ports given by:

— —jkAz|i—n ZT —jkAz|i—n
a~ =VZ 1SVZa", (B.5) I, = Ine jkAzli—n| _ ];ere jkAzli—n| (C.2)
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and fori =n wave we use the current in the middle point,, having the
phase:—7%2/2 for a TL lengthh = I, while for the backward
> (C.3) wave we use the current at,;, having the phase—7*1/2,
) ) ) ) for a TL lengthh = 11, both currents are defined in thez
Th_|s results in the following (partial} column of the S direction, hence taken with plus sign. Using; » in Eq. (25),
matrix after scaling with (A.11), we obtain:
. AN (cd) I = —24L (Zr/Z0)f2cost(0/2) + fisin(6/2)] cos o
—1—|—Z—T2—1 1=n (C8)
0 .
see lower sign in Figure 5. For column= 1 or M, the results NOW we add ther and > directed currer?tSQ contributions to
are similar, only replacér by 1, hence Iy = Iypy + 15 (., usingl — cos(6) = 2sin"(6/2) and1 +
’ cos(f) = 2cos?(6/2), after some algebra we obtain:

z
I; =1 Sy, =1IF (—1 + 2L
’ ZO

Zr e—jkAz|i—n|
S — Zo
1<i<M,1<n<M =

efjkAz\ifn\ i 7& n
SLisat n=121 = | icn (C.5) Iy = =il (Zr/Z0)[f1 + f2] cos (C.9)

Egs. (C.4) and (C.5) define the upper left square of thel$ has only the contribution of the directed currents, given
matrix, i.e. all the elements connecting the TL ports 1Mo in Eq (C.7), so that
and now we calculate the two additional elements belonging t I, =1,

C.10)
o (@) (
portsf andy (last two columns in Figure 5), using Egs. (A.1)- - -
(A.3) and scaling the fields with Eq. (A.11). Results (C.9) and (C.10) define thfg , and S, , matrix

. . : elements respectively, for the columhs< n < M:
Feeding amiddle port 1 < n < M with the current P y "

I7 and terminating all other ports with matched loads, we So, 1<n<M = —3(Z1/Z0)[f1 + f2] cosp (C.11)
calculate the far fields given in Eqgs. (A.1)-(A.3), scaledhe . .
currentsl, and/; according to Eq. (A.11). As in the voltage S 1<n<m = j(Zr[Zo)lf1 = fo]sine (C.12)
calculation SeCtion, the value afis hidden in the parameterSFor columnn =1 or M, the results are Sim”ar' On|y rep|ace
[y andly (Eq. (21)), see Figure C.1. é—T by 1, hence

We start with the contribution of the currents given in "
Egs. (A.1) and (A.2). Ther directed currents are shown in So,n=1,m = —j[f1 + f2] cosp (C.13)
Figure C.1. Using Egs.(A.1) for the two currents atand S netar = jlf1 — fo] sing (C.14)

The transpose elements are found by the reciprocity camditi
n Si;Zy = S;:Z; (see Appendix B, Eq. B.13), wherg andZ;
are the impedances for which poitand;j have been defined,
-jkly - — -jkl2 respectively. Note that this reciprocity condition is diént
from the one used for the voltage calculation in Section I
Zy Zy (see Appendix B).
Given the ports I/ ,0 and ¢ are defined forZ, of the
; : » 7z TLandports 2 .M — 1 are defined forZr, the transposed

mL Zn O Zo L relationssS,, ¢ and S, , are given by Egs. (C.13) and (C.14),
for all n:
Fi+g. C.1. Currents in the TL while feeding pont with I;7". Defining I = Sno = —jlfi + fo] cosp (C.15)
It Zr/Zy, the z directed currents arde—7%!1 in port 1 atz = —L and . .
—Te~7%!2 in port M atz = L. Thez directed current waves are the forward Sne = jlf1 — f2]sing (C.16)

wave in the region[z,, L] and the backward current wave in the regio . . o .
[~L, zx], to be used in Eqg. (A.3). For the forward wave we use the cUrré}Nhen ISsuing an eXC'tat'Obe from thef port and matCh'ng
at the middle point,2 = (2 + L)/2, which is Te—72/2 while for the ~all other ports, the currents at portson the TL arel, =

backward wave we use the currentat; = (z,—L)/2 which usle—Jkl1/2, I;Smg. Given the numbed/ is not limited, one can get the
continuous current on the TL for the excitation of theort:

Ip(2) = —jIg [f1(2) + fa(2)] cos ¢ (C.17)

—L, scaling with (A.11), we obtain after some algebra:

Iy = JILN(Zr ) Zo) | f2 — f1] cos 6 cos g, (C.6)
d similarly for th t:
where f; o are defined in Eq. (22). As evident from Eqs.(A.ljfjm simiiarly for thep por
and (A.2),I;(z) is identical to the above, up to replacing I,(2) :jlgf[fl(z) — fa(2)]sinp (C.18)

cosfcosp by —sinp, we therefore have where thez dependence irf; » (See Eq. (22)) is iy andls,

I = JLY(Z7)Z0)[f1 — fo] sing (C.7) defined according to Eq. (21), usingfor z,.

Expressing those in terms &f" = Zo1;, andV,} = ZoI}
sults in Egs. (51) and (52) in the main text.

The total current developed on the TL is

Next we calculate the contributions of the forward current,
wave in the regionr = [z,, L] and the backward current wave
in the regionz = [—L, z,,] (see Figure C.1), using the upper
and lower signs in Eqg. (A.3), respectively. For the forward I(z) = Ip(z) + I,(2) (C.19)
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This concludes the results on a TL matched on both endsWe need the total (non matched) currégg (z,) = I;T+1;
We generalize the above results for TL terminated with arfigr ports 1 toM on the TL, i.e. the outgoind— plus the
loads at ports 1 and/: Z;, (left) andZy (right), respectively. incoming™. For ports 1 or M, this current is
We express the generalized results in terms of the reflection
coefficientsI';, andI'g, given in Egs. (38). For currents they
are used with the minus sign.

At ports 1 andM we have:

Iw(=L)=1I7(1-Ty) (C.28)
Inm (L) = I;I(l — I‘R). (C.29)
0 (C.21), therefore

For the ports2 < n < M — 1, I}

I = -Tly and Ij; = ~Trly,, (C.20) Eq. (C.25) describes the total current on those ports. Takia
and at ports: = 2.. M (matched withZz), limit z — —L. of Eq. (C.25_),_using (C.23) we find it reduces to
(C.28) and similarly the limit — L of Eq. (C.25) reduces to
Lencrio1 =0. (C.21) (C.29), therefore Eq. (C.25) describes the non matchedgelt

We use the general connection for< n < M (i.e. on TL)
butl <i < M + 2, i.e. all excitations including and :

on the TL at all ports (in the continuum, for al). Hence,
Inv(2) = I(2) + AI(2), whereAI(z) is the correction term

due to non matching:

M2
i=1

—Spl'nd; — SnyMFRI;[ +I(Z) (C.22)

where the only non zero terms aie= 1, M,0 and ¢ (see

Eq (C.21)), and the last two terms= 60, ¢ represent the

matched currents at = z,, given in (C.17), (C.18), summed

in (C.19). In the last form of Eq. (C.22), we used (C.20).
Forn =1, Eq. (C.22) becomes

(1]
[2]

I = —Tgrlye %L 4 [(~L). (C23) 4
becauseS; 1 =0, S1,p = Sum1 = e %L andz, = — L.
Forn = M, Eq. (C.22) reads [4]
Iy, = -Tplye 7%E 4+ [(L). (C.24)
(5]
becauseSy; i =0 andz, = L.
Using S,1 = e 7k S, = e k2 for2 <n < M — 1, 6]

Eq. (C.22) becomes

Lcpersn = —e "D I — e 2T p1 4+ 1(2), (C.25)
- 7
where in principlel (z) here excludes the terminations, but a[ﬁa%
we shall see this exclusion is not necessary. ]
We solve now Egs. (C.23) and (C.24) foy and/,, and
obtain: .
~Tre 72 L(L) + I(—L)
1-— FLFReszlkL

—Tpe 2L[(—L) + I(L)
1-— FLFReszlkL '

Iy

(C.26)

Iy (C.27)

Al(z) = —e M 17 — e M2 Rl (C.30)

andI; andI,, are given in Egs. (C.26) and (C.27).
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