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Abstract

The generalized labeled multi-Bernoulli (GLMB) filter is the first gen-
eral and exact-closed-form approximation of the labeled multitarget re-
cursive Bayes filter. It is, like almost all single-target tracking and mul-
titarget tracking algorithms, based on hidden Markov models (HMMs).
Unfortunately, HMM assumptions are physically unrealistic for many tar-
get tracking applications. For this reason, Pieczynski’s generalization of
the HMM, the pairwise-Markov model (PMM), has attracted interest in
the target-tracking community. This paper answers in the affirmative the
following question: Is there a theoretically rigorous PMM generalization
of the GLMB filter? The update equation for this generalization is simi-
lar in form to the measurement-update equation for the GLMB filter, and
the derivation of the former is closely patterned after a cleaner probability
generating functional (PGFL) derivation of the latter.

1 Introduction

The generalized labeled multi-Bernoulli (GLMB) filter [22], [23], [24], [7, Chapt.
15] is the first general—and computationally tractable—exact-closed-form ap-
proximation! of the labeled multitarget recursive Bayes filter (LMRBF)—which
is to say, of the labeled random finite set (LRFS) time-sequence of labeled mul-
titarget probability densities (LMPDFs)

= fk71|k71()2'k—1|Z1:k—1) — J@k\kfl()%ﬂzl:k—l) - fcklk()o(k|Zl:k) — .

where: )O(M. : )0(0,)0(1,....,)D(k is the sequence of multitarget state-sets at
times to,t1,...,tx; Z1.k : Z1, ..., Zk is the sequence of multitarget measurement-
sets collected by the sensor at times tq,...,t5; and fk‘k_l()o(ﬂZl:k,l) resp.
x| k()o(k|Z1:k) are the predicted resp. posterior probabilities that the multitar-
get state at time ¢ is )c(k.

The latest Gibbs-based GLMB filter implementations [1], [4] can simulta-
neously track over a million 3D targets in real time in significant clutter using
off-the-shelf computing equipment. GLMB-type filters have: a) quantifiable

!Tn the sense of [8].



approximation errors [23]; b) linear complexity in the number of measurements
[23]; ¢) log-linear complexity in the number of hypothesized tracks [20]; and d)
linear complexity in the number of scans in the multi-scan case [21].

An overview of the LRFS approach and GLMB filter can be found in [24].

The GLMB filter is, like almost all single-target tracking and multitarget
tracking (MTT) algorithms, based on hidden Markov models (HMMs). That
is, the states of targets can be determined only indirectly via measurements
collected by a sensor, assuming Markovian target motion and statistically inde-
pendent sensor and motion noise.

Unfortunately, in many target-tracking applications HMM assumptions are
physically unrealistic [27, p. 1, col. 1]. For this reason, W. Pieczynski’s
clever generalization of the HMM, the pairwise-Markov model (PMM) [16], has
attracted interest in the target-tracking community. This is because it a) has
an underlying HMM structure—see Eq. (56)—and yet allows b) non-Markovian
target motion; ¢) correlated (“colored”) measurement noise; and d) estimation of
the sensor measurement and target state-transition densities (which are usually
assumed a priori) from the measurements.

The following question then naturally arises:

e Is there a theoretically rigorous PMM generalization of the GLMB filter?

PMM has been applied to single-target tracking [19], [27], as well as other
applications [2], [3], [L7]. As for MTT, the following publications are relevant:

1. Mahler, 2020: tracking n = 0,1 targets using a PMM generalization of
the Bernoulli filter [15], [9, Sec. 14.4].

2. Petetin and Desbouvries, 2013: a PMM generalization of the probability
hypothesis density (PHD) filter [18].

3. Liu et al., 2019: A particle implementation of a PMM-PHD filter [5].

4. Zhou et al., 2025: a PMM generalization of an approximation of the
GLMB filter, the labeled Bernoulli (LMB) filter [26].

5. Zhou et al., 2024: a PMM and jump-Markov generalization of the GLMB
filter [25, Sec. 3.1].

The PMM-GLMB filter approach described in [25, Sec. 3.1] is, unfortunately,
theoretically unclear. Like the GLMB filter, it consists of a sequence of time-
update steps followed by measurement-update steps [25, Eqs. (16,17)].> But as
will be noted in Section 4, a Pieczynski-consistent multitarget PMM filter must
consist of a single step fy_1jx—1 — fir (see Eq. (64)) rather than two steps
ka—l\k—l — fk‘k_l — fck‘k. Moreover, the theoretical basis of the derivations
of the two steps fk,”k,l — fk“g,l and fk|k,1 — fk“c in [25, Sec. 3.1] is, at

2In the most recent GLMB filter implementations, the time-update and measurement-
update steps are consolidated into a single step in order to improve computability.



least to me, unclear. In particular, it cannot rely on single-target PMMs since
these require single-step updates, fi_1jx—1(2) — frx(2), see Eq. (60).

The purpose of this paper is to propose a different approach. The original
GLMB filter in [23] was derived directly by deducing an exact-closed-form so-
lution of the sequence of LMPDFs. An alternative approach would have been
to instead deduce an exact-closed-form solution of the corresponding sequence
of probability generating functionals (PGFLs, see Eq. (16)):

= ékq\kq[ilk—ﬂzm—l] — Gok\k71[;lk|21:k—1] — Gok|k[ilk|lek] — ..

This goal was accomplished in [6]. In this paper we will similarly adopt a
PGFL approach, one based on a more polished version of the approach in [6],
to derive a proposed “PMM-mGLMB filter.” This is because it is far more
algebraically straightforward than an LMPDF approach (though, of course, still
rather complex).

1.1 Summary of Main Results

The following six claims will be demonstrated:

1. A cleaner version of the PGFL derivation of the measurement-update step
of the GLMB filter in [6]—see Section 2.10. This offers two advantages: a)
It permits apples-to-apples comparison of the GLMB and PMM-mGLMB
filters; and b) examination of the derivation of the PGFL derivation of the
measurement-update of the former in Section 6.2 should clarify the deriva-
tion of the latter in Section 5.2. This is because the latter is essentially
just a more complex version of the former.

2. The proper form of the general multitarget PMM (MPMM) recursive
Bayes filter is a direct generalization of Pieczynski’s original single-target
PMM recursive Bayes filter—see Eq. (64).

3. In particular, an MPMM transition function that is consistent with the
“standard” GLMB multitarget motion and measurement models is given
in Eq. (89).

4. This general MPMM filter is exact-closed-form with respect to the family
of “modified GLMB” (mGLMB) LMPDFs (see Eq. (24)), thus resulting
in a “PMM-mGLMB filter” (Section 5).

5. An mGLMB LMPDF is actually a GLMB LMPDF written in different
form—see Section 6.1. This means that the general PMM-mGLMB filter
is also exact-closed-form with respect to the family of GLMB LMPDFs.

6. Nevertheless, the PMM-mGLMB filter appears to be preferable to the cor-
responding PMM-GLMB filter since it is so similar in form to the GLMB
filter’s measurement-update step (compare Eq. (1) to Eq. (41)).



To briefly summarize (with terminology and notation to be explained later),
in Section 5.1 we will demonstrate the following. Let the prior PGFL be
mGLMB—that is, it has the form of Eq. (24):

Gioalhi—1|Zin—al = D D> wi (L) [ o7silhr-i] (1)

0€0y -1 LCLy_1 leL

with label-set Li_1 and “Bernoulli spatial densities” (qﬁk_l, sﬁk_l) with
corresponding PGFLs

°

o palhe—1] =1 =@ 1 + @150 k—1[Pr—1]- (2)

Then we demonstrate that, if Z; is the new measurement-set at time t, the
posterior PGFL is also mGLMB:

GelhalZoal = > D7 wp™ (L) [ o7 [l (3)

(0,0lk)eok LCLy leL
where:

1. Ly = LkB‘k_1 W Lg_1, where L]Iflk_l is the set of labels of newly-appearing
targets and “&” is disjoint union (i.e., LWLy = L1ULy with LiNLy = ().

2. O = Op_1 X A, where Ay, is the set of label-to-measurement associations
(LMAs) i.e., functions oy : Ly — {0,1,...,|Zx|} such that ax(l1) =
ak(le) > 0 implies 1 = Io.

3. The PGFL of the updated Bernoulli spatial density (g;s™",s)%"*) is

o b = 1= a7 4 a7 s ] (4)

0,Qf

where w ™, ¢/ Dk

* and s;3.* are given in Section 5.1.

1.2 Organization of the Paper

The paper is organized as follows: labeled random finite sets (Section 2); single-
target labeled PMMs (Section 3); multitarget labeled PMMs (Section 4); the
PMM-mGLMB filter (Section 5); mathematical derivations (Section 6); and
Conclusions (Section 7).

2 Labeled Random Finite Sets (LRFSs)

This section is organized as follows: basic concepts (Section 2.1); spatial den-
sities and labeled integrals (Section 2.2); unlabeled set integrals (Section 2.3);
labeled random finite sets (Section 2.4); labeled set integrals (Section 2.5); prob-
ability generating functionals (Section 2.6); functional derivatives (Section 2.7);
the labeled multitarget Bayes recursive filter (Section 2.8); the “standard” LRFS
multitarget motion and measurement models (Section 2.9); and the GLMB filter
(Section 2.10).



2.1 Basic Concepts

In LRFS theory, the single-target state space is X =X x L where X is the
kinematic state space (typically, a region of a Euclidean space) and L is a
countability infinite set of “labels” [ € I (typically, the Vo-Vo label space?).
Labels are provisional stand-ins for a discrete state variable: unique target
identity. 'The elements of X therefore have the form % = (z,l), which is
interpreted as the state of the target with label [. A single-target trajectory
is therefore a time-sequence of single-target states that have the same label.
The single-target measurement space is Z with elements y,z € Z.
Labeled HMM theory requires the following items:

o

1. A measurement density (a.k.a. likelihood function) fi(zx|Zk) = L2, (Tk).

2. A Markov transition density

Pkt (@hs el i1, lem1) = S ity Frho (Tk|Th—1) (5)

where 0, is the Kronecker delta.

lk—1

3. A target probability of detection pp(zx) with
B " 1= (). (0

4. A target probability of survival pg(@r—1) with

bbr

Ps(Tr-1) "= 1 = ps(Tk—1)- (7)

5. A clutter density distribution ky(Zy), which in this paper will be assumed
to be Poisson (see Eq. (17)).

2.2 Spatial Densities and Labeled Integrals

Let f(x) >0 with # € X be a labeled density function. That is, the unit of
measurement (UoM) of f(#) is «x' if the UoM of X is tx; and [ f(z,l)dz =0
for all but a finite number of [ € . The labeled single-target integral is

/f(;;)d;: - Z/f(ax,l)dx < 0. (8)
leLL

Suppose that §(z) is a labeled density function such that, in addition,

/sl(sc)dm = /é’:(m,l)dw =1 9)

3This is the space of pairs 1 = (k,4) where k =0,1,... represents the time #; that the
target with label [ appeared and 7 =1,2,... is the index of the specific target [ (among
possibly many targets) that appeared at that time.




whenever [ §(x,l)dz > 0, where
si(z) = §(z,1). (10)

Then s;(z) is called a spatial density of the target with label 1.4
Let 0 < h(z) <1 be a unitless function (a “test function” on X). Then
quantum-physics functional notation will be used in the sequel:

o

fli) = / (x) f(#)d. (1)

That is, f[h] is a functional (a function whose arguments h are ordinary
functions), and brackets “[-]” are used instead of parentheses “(-)” to emphasize
that fact.” Note that f[h] is unitless.

If $(Z) is a spatial density then the following abbreviation will be employed
in what follows:

si[h] = /h(a:,l) si(z)dx. (12)

In the measurement-space case, let f(z) > 0 and 0 < g(z) < 1 be,
respectively, a density function and a test function on Z. Then

flg) / £(2) £(2)d=. (13)

2.3 Unlabeled Set Integrals

A multitarget measurement-set is a finite subset Z C Z. A random measurement-
set 3 C 7 is a random variable whose realizations are finite subsets of 7Z. It
has a probability distribution f5(Z) > 0 such that the UoM of fx(Z) is ¢, 2]
if the UoM of Z is tz. If f(Z) >0 is any function of an finite-set variable
Z C 7. with these properties then its set integral is

[1@02=3 - [ fta iz d (14)

m>0

where if m = 0 then f({z1,...,2m}) = f(0). Thus f(Z) is a multi-
measurement probability distribution if and only if [ f(Z)6Z = 1.

4Rigorously speaking, §(#) should be replaced by & (z1,11) def. 01,1, si(x1), so that it

is consistent with labeled integration—i.e., so that [ §(#1)d#1 = 1. To avoid unnecessary
notational complexity, the informal definition, Eq. (9), will be adopted hereafter.

5Functional notation is used for the following reason. In the LRFS literature, f[h] is
often notated as <f, h) Strictly speaking, this is misleading since “(-,-)” is the preferred
notation for a scalar (a.k.a. inner) product but f and h belong to very different function
spaces. In particular, h(ac, 1) is unitless whereas f(:p,l) is not.



2.4 Labeled Random Finite Sets

Let X C X be finite, let |X]| denote the number of elements in X, and, if
X = {@1,l0)s s (T ln) ), let Xy = {ly,...,1n} denote the set of labelb in X
Then X is a labeled finite set (LFS) if |X]L| = |X|—i.e., if the elements of X
have distinct labels.

If X is not an LFS then it is physically impossible—for example, X =
{(z1,1), (x2,0)} with x; # xo represents a target that is in two different
locations at the same time. The states of a multitarget system are the LFSs.

A labeled random finite set (LRFS) Z is a random variable whose realiza-
tions are LFSs. It is characterlzed by its probablhty distribution fH( ) >0,
which has the property that fE( () =0 if |Xy|# |X|ie,if X is physically
impossible. If [,...,1, are not distinct then f=({(z1,l1),...,(zn,ln)}) = 0.

Also: the UoM of fE(X) is L;)D(l if tx is the UoM of X.

2.5 Labeled Set Integrals

Let f(X) > 0 be any function of an LFS variable X C X with these properties.
Then its labeled set integral is

/f(f()fﬁ( (15)

SED % T DI I (C(CON A EN e

nso (I1,..,ln) €L

where if n =0 then f({(z1,01), ..., (@n,1n)}) <L F(). Thus f(X ) is a labeled
multitarget probability density function (LMPDF) if and only if f f 6X =1.

2.6 Probability Generating Functionals

Let f(X) be an LMPDF and A a test function. Then its probability generating
functional (PGFL) is

0<Glh) = /if”f F(X)5X < /f()%)(s)% =1 (16)

where the functzonal exponential hX s defined by X =1 if X =10 and
hX = [Licx h(i) otherwise.

PGFLs are important because many PGFL formulas are algebraically far
simpler than their LMPDF counterparts—see, for example, Eqgs. (35,37).

The following PGFLs will be important in what follows:

1. Poisson RFSs:
Glg] = erlo1] (17)

where 0 < g(z) < 1 is a test function on Z and k(z) is a Poisson
intensity function. These are commonly used to model clutter and/or
false alarm processes.



2. Labeled Bernoulli RFSs:

alh] = 1-q+aqsih] (18)
= si[l—q+aqlh] (19)
— 1-ata [ bl s@d (20)

where 0 < q; <1 is the existence probability of the target with label [
and spatial density s;(x) = §(x,l). In what follows we will refer to a
pair (g, s;) with spatial density s;(x) and existence probability ¢; asa
“Bernoulli spatial density” and identify it with its Bernoulli PGFL o, [h].

3. Labeled Multi-Bernoulli (LMB) RFSs:

Gl = [10 — @ + asilil) (21)

leL

where L C L is finite and where 0 < ¢q; <1 forall [ € L. LMB RFSs
are the theoretically correct LRFS analogs of Poisson RFSs [12, Eqgs. (49-
51)].6  They are commonly used in LRFS theory to model a group of
newly-appearing targets with label-set L.”

4. Generalized LMB (GLMB) RFSs:

Glh) = > w(D) [T sth] (22)

0€0 LeL leL

o

where O is a finite index set; 0 < w®(L) < 1; sf[h] is as in Eq. (12);
and Y7 o> repw?(L) =1 (which means that w®(L) =0 for all but a
finite number of pairs o, L). The corresponding LMPDF is

FOX) =015 150 Do w0 (K) (30 (23)

0€O

where §°(z) is a spatial density and (SO)X is as in Eq. (16). These
LMPDFs are the basis for the GLMB filter. Note that if G[h] is known
then so are O, w°(L), and §°(&) and thereby also f(X). It follows
that derivations involving GLMB PDFs can be replaced by derivations
involving their corresponding PGFLs.

6This is because LMB RFSs, like Poisson RFSs, are completel)j characterized by their
first-order multitarget moment density (a.k.a. PHD): D(z,1) = %[1] =10 qsi(x).

"Poisson RFSs on X are commonly used to model target appearances in unlabeled RFS
theory. However, they cannot serve this purpose in LRFS theory since they are not LRFSs
even when defined on the labeled state space X =X x L [10]. Prior to LRFS theory [23],
heuristically labeled RFS filters and Poisson RFSs were necessary as stopgaps to avoid com-
putational intractability.



5. Modified GLMB (mGLMB) RFSs:
Glh =" w (L) [](1 = a + afs?[h]). (24)

0€0 LeL leL

GLMB RFSs are mGLMB RFSs and vice-versa (Section 6.1).

2.7 Functional Derivatives
The intuitive definition of the functional derivative of a PGFL G[h] is:®
5G s Glh+¢63] — G[h]

E[h] = gli% -

(25)

where 051y (21,01) = 01,1 0,(x1) is the Dirac delta function concentrated at
z = (z,1).

If X ={z1,....,2,} with |X|=n then the iterated functional derivative is
¢
6X

if X+#0 and G[h] if otherwise.

. G . 5 s G
[h] = I[P

5305, [A] (26)

0Ly, 0F1 -+ OFp—1

Remark 1 As a simple ezample, consider the functional derivative of Eq. (13):

Sf f[g} Zf Z=10
67[9] = f(z1) Z_f Z = {21} (27)
0 if [Z]=2

where, if G.lg] 2 g(z) then the Z ={z} case follows from

i = (9) =002 .
and then from
sol = [0 fte = [ sz = s @)

The functional f[g] is said to be “first-order” since all of its functional deriva-
tives of order m > 2 wvanish. Eq. (27) will be employed pervasively throughout
the paper.

The PGFL and LMPDF of an RFS are related by:

. . 8Ge 5G
(X)) = —E[0] = | —=
f=(X) 3 [0] 3%

(] (30)

h=0
This is the converse of the relationship in Eq. (16), so that set integrals and set
derivatives are inverse operations of each other.

Remark 2 There is an extensive “toolbox” of “turn-the-crank” rules for set
integrals and functional derivatives, see [14, pp. 383-889], [7, pp. 69-80).

8For a rigorous definition see [7, Appx. C].



2.8 Labeled Multitarget Bayes Recursive Filter

Given a time-sequence Zy. : Z1,..., Z of collected measurement-sets from a
single sensor, the labeled multitarget Bayes recursive filter (LMBRF) is defined
by the equations

Fetb—1 (Xl Z1g-1) (31)
= / fklk—l()%kp%kfl) ]gk—uk—l()%kﬂ|lek71)5)2'k71

(time-update) and
]gk-|k()°(k|Z1:k) o fr(Z1| Xr) fk|k—1(Xk\Z1:k71); (32)

(measurement-update); and where fkw_l()%k\)%k,l) is the multitarget state-

transition density and fy,(Zx|Xy) is the sensor multitarget measurement density
(multitarget likelihood function).
The corresponding PGFLs are

Grppr [l Xia] = /hf’“ Fripe1 (X Xp—1)0 X5, (33)
Grloe Xi] = /gfk Fu(Zi| X1)0 2. (34)
2.9 “Standard” Multitarget Models
The PGFL of the “standard” multitarget Markov density is [14, Eq. (13.62)]
Cyppear [ Xuor] = GB o ] (55 + psM;, ) ¥ (35)

o

where élﬁkq[hk] is the PGFL of the target-appearance process (typically
LMB, see Eq. (91)), and where

N, (1) "2 / () P (1) (36)
The PGFL of the “standard” multitarget measurement model is
Gilon Xa) = GFlox] (55 + P Ly, )™ (37)

where Gflgi] is the PGFL of the clutter process and where

o

Ly, (£1) = /gk(zk)fk(2k|57k)dzk (38)
and where it is typically assumed that Gf[gx] is Poisson [14, Eq. (12.151)], [7,

Eq. (7.19)]: ] o
Grlon|X] = e 9= (55, + pp Ly, ) *. (39)

10



2.10 The GLMB Filter
The PGFL GLMB filter has the form

- ékq\kq[ﬁkfﬂszl] — ék\kq[fobklzhkq] — Gok|k[ibklzlzk] — ..

where only the measurement-update step ékl h—1 — G k| is of interest in what
follows. Assume that the predicted PGFL is GLMB, i.e.,

Grpprlhel Zie—a] = Y Y @ (D) [ staplhe]  (40)

0€0g -1 LC Ly k1 leL

and let us be given the new measurement-set Zj.

As previously noted, in [6] it was shown, using PGFL methods only, that the
posterior PGFL is GLMB. This section summarizes the results of the cleaner
GLMB derivation presented below in Section 6.2. Specifically, the posterior
PGFL is

Guplhel 2wl = > > wie(m ] Sf,’;?\}l[;lk] (41)

(0,0 ) €Ok LE Ly, leL
where:
1. Lyjk = Lgj—1-

2. Oy = Opr—1 X Ag, where Ay, is the set of label-to-measurement asso-
ciations (LMAs) ay : Ly, — {0,1,..., | Zx[}.

3. The updated spatial distributions are

Pp (k1) Sﬁk|k_1($k)

sk () = - — (42)
S S7 klk—1PD]
if ap(l)=0 (i.e., target [ was not detected); and
o po(zr,1) L, o @k 1) 87 g1 (k)
Sl,’k|llz(mk) = p e T L (43)
Sl,k|k—1[pD P
if ax(l) >0 (ie., target [ was detected and generated z,, (1))
4. The GLMB weights are
o, wz k—l(L) Cz:(l):'k
(1) = ' (a4

E(mak)EOk‘k ZLQLW. wZ\k—l(L) Cr%"

11



where

O (45)
Lo R
= 1" H ki (2) H S?,k|k—1[pCD]
zeZk.—Z:k‘ l€L:ay (1)=0

o o 7 A
H Sl,klk—l[pDLZuku)] ;
l€L:ay (1)>0

and Z* = {z4, ) : | € L,ay(1) > 0} and where 12> is defined in Eq.
(266) below.

3 Labeled Pairwise Markov Models

Let the single-target state space be labeled: X =X xL. Then a labeled HMM
on X is defined as follows. The target is a time-evolving random variable
X, € X at discrete times to,t1, ..., tg, ... with realizations X = dp = (zk, lg);
and is measured at each time t; by a sensor that collects a realization Zj; = zj.
At time t; the target’s state xj; depends only on its previous state Zj_1, as
specified by a labeled Markov state-transition density

Fripo (@ns elze—1, k) = Sty Frpe—1 (@rlz—1), (46)

where the Kronecker delta §;, ;, , ensures that targets do not change labels
and where fyr_1(zx|zr—1) is a Markov density on X.

Also, the current measurement z; depends only on the current state oy,
as specified by the measurement density function (a.k.a. likelihood function)
fi(zltr) = Lz, (2r).

In labeled PMM, the target and its measurements are regarded as a joint
time-evolving system with a random joint state ()Q(k,Yk). The statistical
correlation between )D(k and Y} is an unknown that must be estimated along
with the unknown random state variable Xj.

The dynamics of a PMM are specified by a Bayesian Markov transition
function expressed in the following factorized form:

Jrpo—1( @k, Uk |Te—1, Yk—1) = frjk—1(Tr|Tr—1, Ye—1) fro(YrlZr, Tr—1,y6—1). (47)
To ensure that targets never change labels, it must be the case that
Srpe—1(@r, bey Y l@h—15 lo—1, Yr—1) = Su ey Srjp—1(@h, Yrl@e—1,96-1)  (48)

where  fij—1(Zr, Yx|Zr—1,yr—1) is a PMM transition function on X x Z.
In Section 6.3 it is shown that the marginal densities of the PMM transition
function are

Jelh—1(@]Zre—1,96-1) = Oty Frpo—1(T|Tr—1,Yr-1) (49)

Feir WrlEr-1,y6-1) = et Wkl Tr-1, yo—1)- (50)

12



A labeled PMM reduces to a labeled HMM if, for k > 1 [15, Eq. (35)],

Frieor @lFe—1,6-1) = Fappo1 (Ex|Er—1) (51)
Se(WklTr, Te—1, yr—1) Je(yrlTr)- (52)

Let Y C Z be a measurement-set. Then in the sequel the following
abbreviations will be employed:

2 . . 1 2 . .
frpe—1(Zk, yplEr-1,Y) = mekmfl@k,yH%k—hy) (53)
yey
1
Suk—1 (@, yrlor-1,Y) = mek|k—1($k7yk|$k—1,y)- (54)
yey

Note that if the labeled PMM is a labeled HMM then

Foto1 (s nlEr—1, V) = frppr (@xldn—1) fu(ynlir) (55)
is independent of Y.

Remark 3 A labeled PMM can be recast as a labeled HMM if its measurement
density (likelihood function) is defined in the obvious manner as

o

Ji(zrltr, ye) = Lz, (Zk, Yr) = 0y, (2k), (56)
where 6,(z) is the Dirac delta concentrated at y [15, p. 168232, col. 2.].

Remark 4 [13, Remark 2] The notations zp and yy differ in that yi is an
unknown realization Y = yr of the random state variable Y whereas zg
18 a known realization Y = zp collected by the sensor. The PMM literature
typically conflates the two so that only the notation vy, is used. Hereafter,
both notations will be used as appropriate to avoid confusion.

The Bayesian PMM update equation is [15, Eq. (32)]
Fe(@n, yelz1-1) (57)

I Frim1 @ Yl Er—1, 20m1) Foo1 (E1, 201|210 2)dE 1
fr—1(zk—1]21:k—2)

where
Jr—1(zk—1]21:6—2) :/fkfl(«%kflaZk71|21:k72)d5%k71' (58)
The initial PMM distribution can be chosen as fo(iro,yo) = fo(yolZo) fo(f’co)
|Z0)

where fo(ﬁo) is an initial target distribution and fo(yo|Zo) is an initial
measurement density.
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The measurement density at time ¢, can be estimated as [15, Eq. (33)]

) Dk ‘%kv k|21:k—
ffk(xkvyk‘zl:kfl)dyk

(59)

Note that this has the form of a general Bayes measurement density in the sense
of [14, Eq. (3.56)]. The Markov density at time ¢, can be estimated similarly
[15, Eq. (34)].

The posterior distribution fk (Zk|21.1) of a single target with state @) and
PMM dynamics can be propagated using the Bayesian recursion [18, Eq. (12)],
15, Bq. (37)]:

Frie|z10) (60)
L frk—1 (Er 2Tk, 26-1) o1 (Er1]21e-1)dER (61)
J Frpp—1GrlZr-1, 2k—1) foe—1(Tp—1]21:0—1)dEr—1
where
Trjk—1(2k|Tr—1, 26—1) :/fk|k—1(55k,Zk|5°6k—172k—1)di“k- (62)

4 Multitarget PMM (MPMM)

This section is organized as follows: multitarget pairwise Markov models (Sec-
tion 4.1); the “standard model” MPMM transition function (Section 4.2); the
GLMB-consistent LMPMM transition function (Section 4.3); and the PGFL of
the LMPMM update (Section 4.4).

4.1 Multitarget PMMs

LMPMM is a direct LRF'S generalization of single-target PMM. The multitarget
state and multitarget measurements are a joint time-evolving system with a
random joint state (Zj,X) where Zj C X is the multitarget-state LRFS and
3 € Z the measurement RFS. The dynamics of the LMPMM are specified
by a labeled multitarget Bayesian Markov transition function:

Pkt (X, Vi Xio1, Y1) (63)
= fk|k71()%k|)%k—1a Yie1) Frppr (Vi Xi, Xe—1, Yior)-

The posterior distribution fk ()D(k|Z1;k) of the multitarget state X, with
LMPMM dynamics is determined by the obvious generalization of Eq. (60):

( ffgc\k—1(0)o(k,Zk|)o(k—1onk—1) )

Sro1(Xp—1]Z1:6-1)0X k1

( j;fk|k—01(Zk‘kalazk:1) )
Sree1(Xp—1]Z1p—1)0 X1

Fe(Xil Z1r) = (64)

14



where
Feik1(Z| Xnm1, Zi—r) :/fk|k—1()o(kaZk|Xk71;Zk71)5)O(k- (65)

An obvious question is:
e What is an appropriate formula for the LMPMM transition function

Pt (X, Y| Xio1, Yio1)?

4.2 “Standard Model” LMPMM Transition Function

The purpose of this subsection is to answer this question. A basic property of
Srjk—1(Xp, Yi|Xp—1, Y1) should be the following. If
Fr1@rlEre1,yh-1) = fappor (ExlEr—1) (66)
Tek—1 Wkl T, To1,96—1) = frlyrlor) (67)
(i.e., if the underlying single-target PMM is an HMM) then

Fro1 (X Xom1, Yeor) = frpe 1 (Xl Xnm1) (68)
Foeo1 (Yl Xi, X1 Vimr) = fu(Yal Xa) (69)

(i.e., the LMPMM must be an LMHMM).

Such a formula was proposed in [15, Sec. V-C] for the case of a single
disappearing and reappearing target (specifically, for application to the PMM
Bernoulli filter). It can be generalized to the general multitarget case—see Eq.
(89)—as follows.

First, the PGFL of the LMPMM transition function is

éklk—l[ilkagkp%k—l,yk—l] = /hfk QZ/’“ fk\k—1(j(k,Yk|)o(k—17Yk—1)5)o(k5Yk-

(70)
Second, momentarily assume that the LMPMM is LMHMM and abbreviate

T, i ) = hin) {55 () + (@0 Ly, ()} (71)

Then employ the obvious generalizations of the unlabeled equations in [13, Egs.
(11-15)] to the labeled case, which results in:

ék|k71[;lka9k|)%k—lyyk—1} (72)

= /;lfk 9r* Frpp—1 (Xk, Ya | Xi1, Xpm1)0 X405

= /h?’“ 90 Frie— 1 (X Xnm1) Frpp— 1 (Y X)X 3,83 (73)

/;lka Grlgn | Xk] fupe— 1 (X Xo1)0 X (74)
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= Ggloe) [ (n@p+oLa) " fupo s (el Xa)oXe (79)

= Gilon] Grpor [ (5 + P Ly )| Xi—1] (76)
— K cB e N ° )a(k,1

= Giloe] Guinr [Ty, i) Mﬁg+ﬁsizk(ﬁg+ﬁ1)i%) (77)
= G [P, g Xp—1]. (78)

Eq. (75) follows from the standard multitarget measurement model, Eq. (37),
Egs. (74,76) follow from the definition of a PGFL, Eq. (16), and Eq. (77)
follows from the standard multitarget motion model, Eq. (35).

Third, define [15, Eq. (54)]:

Mﬁg-&-ﬁsitk(ﬁ%-&-ﬁng)(ik*l’yk*l) (79)

= [ {B5tnmn) + Bilonn) hun) (5 ) + po @) o))}

: fk|lc71(§3k7 Yr|Tr—1, Yr—1)dTrdyg

where

M, (Fr—1,Y6-1) = /'flk(-%k,yk)f?k|k71(-%k>yk|-%kflayk71>d307kdyk (80)

and where 0 < ﬁk(:%k,yk) <1 is a test function on X x Z.
Note that:

e Eq. (79) is first-order in both g and hy in the sense of Eq. (27).

Fourth, if the single-target PMM is HMM then it is shown in Section 6.4
that Eq. (79) reduces as

Mﬁcs-‘rﬁsizk (b5 +PDgk) (&r-1,58-1) = Mﬁ%-‘rﬁsitk(ﬁ%-ﬁ-ﬁDigk ) (r-1), (81)

where M;Lk (Zr) was defined in Eq. (36) and f/gk (2) in Eq. (38).
Fifth, define the “evolution PGFL” by

GokE|k71[iLkagk|)o(k717kal] (82)
= Mﬁ‘s'Jrﬁs;lk(ﬁcDJrﬁng)(ik_l’Yk—l)
Er_1€Xp_1
o Xp—1
H;lk,ygkvylc—l (83)
where
H;Lk,gk,yk—1('%k_1) (84)
abbr. v 3 °
o Mﬁ§+ﬁshk(ﬁcp+ﬁng)($k*1’Yk*l)
1 .
def. . .
Y] D My ipoin oo -1 Us-1) (85)
T yp—1€YR
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is first-order in both g5 and hi in the sense of Eq. (27), and where
M;Lk(i’k_l,Yk_l) was defined from  fijx—1(Zx, Yx|Tr—1,Ye—1) in Eq. (80).

Remark 5 In principle, any definition of frx—1(Tr, Yx|Tr—1, Ye—1) will satisfy
the property described in Eqs. (66-69), provided that it reduces to

TeWrltr) frpp—1(TrlTr—1)

if the single-target PMM is an HMM. But as noted in [15, Eq. (64)], Eq. (84)
and thus fk|k,1(§3k,yk|ik_1,Yk_1) have an intuitive physical interpretation—
namely, that the MPMM state-transition ({zp—1},Ye—1) — ({xx}, {yx}) is
the average of the MPMM state-transitions ({zr-1},{yr-1}) — {zr}, {yx}),
taken over all yi_1 € Yir_1. Given this, it is unclear what a plausible alternative
to Eq. (85) might be.

Sixth, in Egs. (77,78), i.e., in

o o o e B ) ° Xk—l
Grig—1lrs 9| Xi—1] = GElor | G [Ty, ] Mﬁngﬁs,;k(ﬁ%JrﬁDi%)v (86)
substitute
Mﬁgwsim(ﬁyﬁmi%)(“%’H) - Mﬁgwshk(ﬁgwww(&k*hY’H) (87)
Grik—1[Pk, gkl Xk-1] = Grpp—1lhi, 96| Xk—1, Yi-1] (88)

which results, finally, in:

e the definition of the PGFL of the “standard model” LMPMM transition

function:
ék|k—1[ilk,gk|)ﬂ(k—1,Yk—1] (89)
= GZ[gk‘]Glﬁk—l[Tgkﬁk]Gf\k—l[hkagk‘Xk—hYk—l]

where Gflgr] is the PGFL of the clutter process; Goﬁkfl[folk] is the
PGFL of the target-appearance process; ékE‘k_l[;lk,gk‘Xk_l,Yk_l] =

T is the PGFL of the LMPMM evolution process; and where
i gk, Yi—1 )
. ' . % '
T, , was defined in Eq. (71) and ft:,gkl,Ykﬂ in BEq. (84) and
ékE|kf1[;Lk,gk|)%k717ka1]
in Eq. (82).

Because of Eq. (81), it follows that if Eqs. (66,67) are true—i.e., if the
single-target PMM transition density is HMM—then Eqs. (68,69) are true—i.e.,
the “standard model” LMPMM transition density reduces to the corresponding
MHMM density and thus, as claimed, defines a proper LMPMM.
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4.3 The LMPMM-GLMB Transition Function

In order to be applicable to GLMB filtering, the formulas for the PGFLs G [gx ]
and éﬁk_l[hk] in Eq. (89) must conform to GLMB assumptions:

1. The clutter/false alarm process is Poisson:
Gilgr] = el (90)

where kilg] = [ g(z z)dz and kg(z) is the intensity function of the
Poisson clutter process

2. The PGFL of the target-appearance process is LMB:
Gk\k 1B = H GP klk—1[he] (91)

leLMk 1

where, if Lﬁkfl C L is the finite set of labels of the newly-appearing
targets at time g,

GlBk\k—l[hk] =1- qlBk|k—1 + qlBklk—lsfkw—l[hk] (92)
is the PGFL of the target with label [ € Lk|k 1
It follows from Egs. (71,92) that

Gk|k 1Tgk hk = H Gl k|k— ngkij] (93)
leLy,
where
2B 0
Gl,klkfl[Tgkij} (94)
= 1- ql?k\kq + QEk\quﬁk\kq[Tgk,hk]
= 1= @1 + Grpp15 k1 PR (B5 + P Ly, )] (95)
and so
Gﬁk\kq[To,i’Lk] = 1= qu,}k|k71 +ql?k|kflsl3ik|k71[hkﬁ(l:)} (96)
0 =Bl % B B Poo 7
EGk\k_l[Tgk,i}k] = qz,k\kqsz,k\kq[hkaLz]- (97)

4.4 PGFL of the LMPMM Update

The updated MPMM tracking distribution was given in Eq. (64). Its PGFL is
15, Eq. (42)]:
Glhk| Z1:4] (98)
I Grpp—r [l Zi| X1, Zi—1] frm1 (X1 | Z1i—1)0 X1
I Frte—1(Zul Xi—1, Z—1) foo1 (Xi—1]Z10—1)0 X1
I Grp—1 i, Z| X1, Zi—1] foo1 (Xn—1]Z1—1)0 Xk

- D - — - (99)
J Grjp=1ll, Zr| X—1, Zi—1] fe—1(Xp—11Z1:6-1)0 X i1
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and thus from Eq. (89):

. . . Xy . 5 5
J K%Gk[gk] Gl 1 Toen H " )L’k:o Sr—1(X—1|Z1:6-1)0 Xk

iG> Zk—1
K, o o o )"( _ o o o
/ [ﬁ (Gk[gk] G Lo Hl,gk,lzk,l)Lk:O foo1(X1|Z1-1)0 X1
(100)

. . . o X%, o . .
e (T s, st

{6Zk (Gn[gk] Gk‘k 1 Tgi 1 fHnglZA 1fkf1(Xk71|Z1:k71)5)%k71>]

gr=0
(101)
and so, from the definition of a PGFL,
1| 6 .
- Kk (5Z (G [gk] Gk|k 1[T(]k7;7zk} Gk 1[ e, g1, 21— 1|Zlik—1]> 0
gr=
where
6 o B 5 . .
Ky = A (Gk[gk] Gk|k71[Tgk,1] Gk71[H1’gk,zk,1|Z1;k,1]) ) (103)
9,=0

5 The PMM-mGLMB Filter

The purpose of this section is to determine the formula for the updated PGFL
Gilhk|Z1:x) given that the prior PGFL Gp_1[hx—1|Z1.k—1] is mGLMB. Tt
is organized as follows: a summary of the main result (Section 5.1); and its
demonstration (Section 5.2).

5.1 Summary of the Main Result
Suppose that at time t¢x_; the LMPMM PGFL is mGLMB as in Eq. (24):

Gralhn1|Ziea]= Y > wia(D) [[ofuilhn] (104)

0€0y_1 LCLk 1 leL

where Lji_; is the set of labels for the targets present at time ¢x_; and where
o plhe—1] = 1—qlp1+ @ k15 5—1[Px—1] (105)

= 1- qzk,l + qlo,k—l /ikal(.’L‘kfl, 1) S?,kfl(xk*h l)d.%‘k,{106)

with [ € L1 are the PGFLs of the Bernoulli spatial densities (g7;_1,575_1)
at time fp_1.
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Further suppose that a new measurement-set Z; has been collected and
that new targets have appeared with label set Lf‘ w—1 and Bernoulli spatial

densities (qfk‘k_l, sfklk_l). Then the PGFL at time ¢ is also mGLMB:

Cilhel Zra) = > D wi™ (L) [T ot ), (107)

(0,ax)€0, LC Ly leL

with label set Lj = L,ﬁkfl W Ly_1; index set O = Op_1 X A, where A 1is
the set of label-to-measurement associations (LMAs) «y : Ly — {0,1, ..., | Zk|};
and o7 [hx] is the PGFL of the Bernoulli spatial density (a/"* s ") The
formulas for these items are:

Updated GLMB weights. These are

wi_1(L) CZ’,?

wy (L) = - oa (108)
F Z(o,ak)eok ZLng wi (L) CL,k-k
where?
. L(!~
Cpor = 1, II # (109)
ZEZ};—Z;IZ
: SFY,
£2,00,1 k£ 10,1] | ;
[I fon){ I 5o
l:ak(l)=0 L (1)>0 Y
where
Z;:’]z def. {Zak(l) e L,ak(l) > 0}, (110)
where lia’“ is defined in Eq. (266) below; where (see Eqgs. (165,169))
1=l 515 k1 1PD)] if 1eLf,
. L= qp1 + @
F[0,1] = [ Pk, k) . ; (111)
’ ’ if e lg_
frp—1(@klTR—1, Zr—1) ot
-sﬁk_l(xk,l)dmkdmk,l
where
Pi(zp_1,21) = 1—ps(zr_1.0)pp(ar,l) (112)
1
Jre—1(Tr|Tr—1, Zr—1) —_— (113)
| Zk—1]

> /fk-\k—l(xkayk|mk71,zk71)dyk§

Zp—1€ZK—1

k—1 -1
Section 2.10. Their respective definitions are clear from context.

9The items wy'*F (L) and C7'9* should not be confused with wy“F(L) and C7'%F in
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and where (see Eqs. (181,185))

0,1 114
52%(1)[ ] (114)
9k lk—15Tklk—1 {ﬁDLzuku)] it e Lf,
— @1 Ps(xu—1,1) pp(zK,1)
Frlk—1(Ths 2oy 1) | Th—1, Zh—1) if €Ly

'S?,k—l(l’k—l)dxkd:pk_l

Updated Bernoulli spatial densities. The definition of the Bernoulli spatial
density (q;%", s/} ") with PGFL

o7 ] = 1= a4 q) e sy ] (115)
has four cases:

Case 1:  Undetected newly-appearing target (ax(l) =0 and [ € Lk|k 1) see
Eqs. (193,194)).

B B o

oan qz,k|k—1(1*51,k\k—1[pD]) 116

Q. - 1_¢B B [] ( )
9 k|k—151k|k—1PD

Pp (k1) SlBk\kfl(xk)

0, 3
spy (@) = " . (117)
sfk\kq [pp)]

If pp is constant then

B o
oo = 4 g5—1(1 = PD) 118)
L 1- qlt);k‘k,lﬁD

Slol?k (zx) = 55k|k71(95k)' (119)

Case 2: Undetected surviving target (op(l) =0 and [ € Li_1), see Egs.
(213,222).

( @1 Ps(@r-1,1) % (k1) )
s .fk|k—1($k;|1'k717Zk71)Sick_l(fbk 1)dxgpdzr_ (120)
’ L—qPp g+ Py J{1 = Ps(@r—1,1) o2k, 1)}
Trik—1(@TklTE—1, Zk—1) 871 (Th—1)dpdT)—1
( PD T, fps Tp— 171) >
. _1(xk|rr—1,Z s?, (wp_1)dxK_
fejp—1(@x|Tp—1, ZK—1) 87 )1 (T—1)dTR—1 (121)

“Tuloe) = ( S Ps(@r—1,1) pp (2, 1) >
frp—1(@r|Tr—1, Zk—1) 87 1 (Tr—1)dardz)—1
where
1

Jrpp—1(@k|TR—1, Zr—1) =
| [Zia]

/fk|k (ks Yr|Tr—1, 2k—1)dyk-

(122)

2k—1€Z4K 1
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If ps and pg are constant then

o 4/ x—18s(1 —Pp)
WL = A e (123)
— 4] 1PsPD
sip(zr) = /fk|k71($k|33k—17zk—1)82#1(%—1)65»’%—1- (124)

Case 3: Detected newly-appearing target (ax(l) >0 and [ € LkBkal), see
Eq. (227).

@t =1 (125)

ﬁD(xk'? l) Lzuk(l) ($k, l) ka;lk;—l(xk:)

stk (2r) = R (126)
SLklk—1 [pDLzak(l)]
If pp is constant then
o, IO’Za (k1) SlBk k—1(Tk)
s () = k(l)B f’ | ; (127)
Sl,k\k—l[ zakm]

which is a conventional single-target Bayes’ rule measurement-update.
Case 4: Detected surviving target (a (1) > 0 and [ € Li_1), see Eq. (235).

@ = 1 (128)
( P (@i, 1) [ Ps(Tr—1,1) )
Trie—1(Tr, Zap @) [Tr-1, Zr-1) 8741 (T —1)dTE 1 (129)

( [ Bs(zr—1,1) pp(zk,1)
frpr—1(

\
Ty Zay, ()| Th—15 Zk—1) 87 )1 (Th—1)dapdrs—1 )

»
R
E
—
8
=
~—
Il

If ps and pp are constant then

_ I Frtk—1 @k 2oy )| Th—1, Zi—1) 871 (Tr—1)dzp 1

sP R (zg) = (130
vk () I frpe—1 oy [Tr—15 Zr—1) 87 (2—1)dzg 1 )
If the single-target PMM is an HMM then this reduces to
Zan ()| Tk _1(@klrr_1)s? . (xp_1)dxs_
S0 () — FeCarlor) [ frp—1(@rlzr—1) 575 (Tr—1)dar— as1)

S e Garwlzr) frpp—1 (@r]ze—1) 87 j_1(Tr—1)drg_1dry

This is the consolidation, into a single step, of the single-target Bayes filter’s
time-update and measurement-update steps. Thus the PMM-mGLMB filter is
consistent with conventional single-target tracking.

5.2 Demonstration of Main Result

For future reference recall the following:
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1. The following special cases of Eq. (84):

o

Slo,kfl[Hﬁ,v,o,Zk,l] (132)

Mﬁ%+ﬁsilk:ﬁ(b (@h—1,1, Zk—1) 87 1 (Th—1)dwp—1

o

ste-1H, i z,_,) (133)

/Mﬁsfzkﬁpiz(xkflal’zkfl)S?,kﬂ(fkfl)dwkﬂ-

2. The formula for the single-target labeled PMM transition density, Eq.
(48).

3. The definition a labeled integral, Eq. (8).

As previously noted, the derivation is closely patterned after the PGFL
derivation of the GLMB filter’s measurement-update step in Section 6.2. It has
the following major steps:

1. Section 5.2.1: From the PGFL formula for the generic PMM GLMB filter
update, Eq. (102), and the formula for the “standard model” LMPMM
transition function, Eq. (89), derive a set-theoretic formula for the PGFL
of the PMM-mGLMB filter update: Eqs. (134-136).

2. Section 5.2.2: Recast this second version into a version that is amenable
for application of the general product rule for functional derivatives: FEgs.
(137-147).

3. Section 5.2.3: Recast this third version into a more intuitive LMA version:
Eqgs. (148-158).

4. Section 5.2.4: Recast this fourth version into a version that is similar
in form to the PGFL form of the GLMB filter measurement-update in
Section 2.10: Egs. (161-162).

5. Section 5.2.5: Derive formulas for specific factors in this fifth version:
Egs. (163-235).

5.2.1 Set-Theoretic Version
From Egs. (102,91,92,89) the updated PGFL is
Grlhi| Zy] (134)

X

i GZ[gk] ékB\k—l[qu,;Zk} .
0Zy, : ZOEOk—l ZLngfl wzfl(L) HlEL O.Zkfl[Hilk’gmzkfl] 9r=0

LY Y wpw | G Gl T (135)
- 0Z ’ HlEL Ulo,k—l [H;Lkvybzkfl] gx=0

0€0;_1 LCLy_1
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GZO (g% )
= Y Y v |y | (e, Gl i)

0€0;_1 LCLj_ . o o
e ier 071l 90,2, ] -
=

(136)

5.2.2 Product Rule Version

Eq. (134) can therefore be rewritten as
GrlhilZik) o D0 Y wi (L) Felhw] (137)

0€0, 1 LCLy_1

é&%mﬂﬁm@@]o

leL

where L = ij-3|k-—1 W L1 is the set of labels for the targets present at time
tr; and where
Py gn, hiel

Foylgn ] = —2——— (138)
’ Flo,k[ovhk]

: i GP T ] if leLB
FP [gk,hk} — . Lk|k—11" g hy ' k|k—1 (139)
I,k Jl,k—l[HiLk,gk,Z;‘.,l] if l e Lk,1
Felie] =TT Fulo,hul (140)
leL
so that . )
Crwmally i B
o o1 él’?mkq[foﬁk] if le Lklk'—l
Felgr bl = 8 oo " | (141)
’ Vk—11hy g, Z 1)
7 lf l S kal
a?,k—1[Hi1k,o‘zk71]

Thus since G4[gx] = #1911 we must derive the formula for the factor

P A A
Fy [hk]m (6 bl =] HFz,k[gk,hk]> (142)
leL
in Eq. (137).
First, note that Fl"k [gk, hi] is first-order in g (in the sense of Eq. (27))
and thus

0 = .
— Iy [gk7hk]:| (143)
[6Z . 9k =0
1 if Z=0
= {%Fﬁk[gkvhk]}g it z={z)
0 it 2] =2
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Second, for a fixed L = {ly,...,l,} with |L| = n, note that by the general
product rule for functional derivatives, [14, Eq. (11.274)],

5 n
ha% [hk](; ( wklox—1] H gk,hk> (144)

. . no§Ee .
= emlam U fof,] S e 5%/ (95, P
WowWh .. uW,, =2 =1

— kaeﬁk[gk—l]ﬁg[ﬁk] Z l“

WodWi .. wW,, =2}, i= 1

kg hi] (145)

where the summation is taken over all possibly empty and mutually disjoint
subsets Wy, W1,...,W,, C Z;, such that Wow Wi ... W, = Zx.

By Eq. (143), any factor involving W; with |W;| > 2 and ¢ > 1 vanishes,
so after setting gp =0 we get

= eink[l]lifk ﬁf [;Lk] Z H [ Ly (9% Ek]] (146)
Wi, W, CZpi=1 1 gr=0
where
L 5Fl(z h 1 147
K/E/i 5W1 [gk)a k] - ( )
gr=0
if W; =0.

5.2.3 LMA Version

Third, recall the procedure used to construct the multitarget likelihood function
for the L/RFS standard measurement model (originally presented in [14, pp.
742-745] and later summarized in [11, p. 6, Sec. 9]). We emulate the version
of it presented in the PGFL derivation of the measurement-update step of the
GLMB filter in Section 6.2 below.

As before, fix L = {l3,...,l,} with |L|] = n. Then given each W;
in Eq. (146) define a label-to-measurement association (LMA) apy : L —
{0,1,...,1Z;|} by arpk(l;) =0 if W; =0 (target undetected) and ay, x(l;) = j
it W, = {z;} (target detected). Conversely, given an LMA «y , define
Wi = {zap a0t if arx(li) >0 and W; = 0 otherwise. It follows that
there is a one-to-one correspondence between LMAs on L and lists of mutually
disjoint subsets Wi, ...,W,, of Zj such that |[W;| <1 for i=1,...,n

Let Arj denote the set of all LMAs on L at time tj.

Given this, the right side of Eq. (146) can be rewritten in LMA form as

D SR |

ar k€AL k Loy 1 (1)>0

1 SEp),

Kk (Zag (1) 0Zay (1)

[0, h] (148)
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where the product is taken over all [ € L such that af x(I) > 0.
Note from Egs. (138-140) that the rightmost part of Eq. (137) becomes

= el (HE‘,’AQ%]) (149)

leL

SR |

Kk (z 0z
ap k€AL k Liar k(1)>0 k( aL’k(l)) ar.k(l)

[0, ).

This formula is problematic because it involves LMAs ar , : L — {0,1,..., | Z|}
rather than, as should be the case, LMAs ay : Ly — {0,1,...,|Z|}.
Define [6, Eq. (69)]

Oék(l) _ { OzL’k(l) if le L, aL7k;(l) >0

0 if otherwise (150)

As noted in Section 6.2.4, this «j is distinguished from other « : L —
{0,1,...,]Zx|} by Eq. (150) and, in particular, by the identity!'®

L, def {l € Ly : Oé(l) > 0} = {l cL: OtL}k(l) > 0} del CYL’]{;(L). (151)

This, as noted in Eq. (266) below, is equivalent to the identity li% =1.
Given this, let Aj denote the set of all LMAs «y : Ly — {0,1,...,|Z|}
and for L C Ly let

Zi% = {za 11 € Ly, on(l) > 0}, (152)

This is equivalent to the identity 1%* =1 where 1= is defined in Eq. (266).
Then Eq. (137) becomes

Grlhil Z1.1) (153)

x e‘ﬂk[l]/@fk Z Z wi_1(L) (H ﬁ’fdo,ﬁd)

0€0y_1 LCLy leL
La 1 SE¢ .
xut I (K LT [o,hk]>
ap €A leL:ap(1)>0 k\Zan (D) ar(l)

LT N N N SN0 ) T Eoulo.hi] f154)

0€0_1 ar €A LCLk_1 ZGL:ak(l):O

L 1 OFY,
1k —[0, h
: 1 (“k(zaka)) 02k (1) 0

le€L:a(1)>0

10 Brrata: Eqs. (70,71) in [6] have typos. The correct definition is in the line immediately
following Eq. (69).
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= e_m“[l]ligk Z Z szq(L) (155)

0€0y 1 ar€A LCLy,

H H/k:(Z) H ﬁlo’k[o,;lk]
2€2,—2Z, %, 1€ L:a (1)=0

S

'12% H 1,k

[07 iLk]
l€ L (1)>0 0Zay (1)

Consequently,

Glhi| Z1:4] (156)

oc el T T Y wia(D)

0€0K_1 €A LC Ly

SV I || QG 1 Folo

2E€Z,— Zak leL:a(1)=0
5P
. Lk [0,1]
leLian(1)>0 ©Fard)
o . SFP o
11 Fiul0, ] I M
) _. Fr.0,1] SF
l€Liay (1)=0 * Lk l€Liar()>0 5 <z> 10, 1]
Define
0,x Lo °0
Cryt = 1.7 H Kk (2) H F700,1] (157)
2€Z,—2Z. %, vy, (1)=0
SE°
H #[07 1]
L (1)>0 an(l)
and . )
£25[0,h] . o
) li?k[o’l] if Ozk(l)—o
o] he] = 9 5oL [o,] . (158)
T T i (1) > 0
5z L [071]
ap(l)
Then

GrlhalZual o > Y > wi (L) Ot [T ove (). (159)

0€0y_1 ar€A LCLy, leL
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5.2.4 GLMB Version
From Eq. (137) the updated PGFL becomes

Grlhwl Z1.1] (160)
D 0cOs_s oane Ay 2oncry Who1(L) CLY e a7 (]
ZOEO;C,1 ZakGAk ZLng wZ—l(L) CZ:%IC

Yoo D> Wt (@) [T ot ] (161)

(o,ak)eOk LCLy, leL

where Op = Op—1 x Ay and where
- wi_1(L)CP%"
Z(o,ak,)eok ELng Wifl(L) C’Z:‘;k

As will be seen momentarily, o%*[hz] is the PGFL of a Bernoulli LRFS, Eq.
(18). Thus the right side of Eq.7(161) is not only a mGLMB PGFL, it is quite
similar to the measurement-update step of the conventional GLMB filter, see
Eq. (41). The main conceptual differences are that Bernoulli spatial densities
(/3" s ") have been substituted in place of spatial densities s;;"* and that

the mGLMB constant C7'%* is more complex than the GLMB constant C7'%*.

wy**(L) (162)

5.2.5 Factor Formulas

Inspection of Eqgs (157,158) shows that Eq. (161) is incomplete in the absence
of explicit formulas for the following factors:

1. Fg[0,1) if ax(l) =0, and L€ LP, , or L€ L.

SEY,
62(%(1)

[0,1] if ar(l) >0, and ZGL,ﬁk_1 or €Ly

3. Ulo,f’“[hk] if 1€ LkB|k—1 or 1 €L, 1, and ai(1) =0 or ag(l) > 0.

These eight possibilities are considered each in turn.
Case la: (F[0,1] for ax(l) =0 and 1€ Ly, ). From Egs. (139,94,95)
we have

ﬁlo,k [O, 1] = éﬁmk—l[ﬁ),l] (163)
= 1- qfkm—l + qﬁkm—ﬁfmk—ﬂfm] (164)
= 1= qfk|k—1 + qﬁk|k—1sfk|k—1[ﬁ%] (165)
= 1= 1501 1PD)- (166)
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Case 1b: (}%'l‘fk[O, 1] for ax(l)=0 and ! € Ly_1). From Egs. (139,84,36)

(167)

(169)

(170)
(171)

(172)

we get
Fpyl0,1]
= of [ Hioz, ]
= 1—qﬁk_l+qzk_1/fo{1707zk71(mk_1,l) szk_l(xk_l)dxk_l (168)
= 1-¢q +Qz°,k_1/Mﬁg%sﬁg(xk—ul,zk—l)
8] p—1(Tp—1)drR 1.
Abbreviate
Py, dr) = pG(En-1) +Ps(Ee1) pp(dr)
= 1—ps(Tx—1)Pp(T).
Then
ﬁ‘l?k[oﬂ 1] = 1*‘110,1@—1+‘If,k—1/M15(zk—1alaZk—l)

Sl k1 (Tr—1)dTR—1

= 1-q) +qzk71/P($k717l,ik)

Sk @y Ykl Tro1, 1, Zim1) 87y (1) dEpdydzy

= 1=@ra+ @k Z /ﬁ(wk,l,l,xk,lk)

Ir€Ly
Sro—1(@k, ley YrlTr—1,1, Zr—1)
8] p—1(Tp—1)drrdyrdry 1

= 1t Y [Pl banb)

k€L
0130 frlk—1(Ths Yr|TR—1, Zp—1)
81 k—1(Th—1)drpdyrdTy 1

1= s+ oy / Pn_y, 24)

Trpk—1(Th, Yr|Tr—1, Zi—1) 87— 1 (21— 1) dopdyrday

N / PP (rr, 2)

Trje—1 (@l Th—1, Zk—1) 8 g1 (T—1)dzpd)—1
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(174)

(175)

(176)

(177)



where from Eq. (170)

Pi(wp—1,2x) = 1 = ps(ar—1,1) pp(zx, ). (178)
Case 2a (5; F’ . [0 1] for a(I) >0 and [ € Lﬁkfl). From Eqgs. (139,94,95)
1) o
0,1 = GP T, 179
52’%(1) [ ] |:5Zo¢k(l l,k|k—1 |: gk,1j|:|gk_0 ( )
1) o
= qﬁk\k—lsﬁk\k—l |:5Tgk71:| (180)
Zau (1) grk=0
= qﬁk\k—ﬁﬁk\k—l {ZO’Dzzakm} : (181)
Case 2b (5 Fl b [0 1] for ag(l) >0 and I € Ly—1). From Eqgs. (139,84),
(5F0
[0, 1] (182)
520&1«(1)

02 (1) k- 1[ Lo Z—r

= Qr- 1/ PsPoidz,, () Cﬂk—l,l,Zk—l)5?,k--1($k—1)d17k—1 (183)

= dfur [ s D (i) by (1) (184)
'fk\kfl(%kvyk‘xkflalaZlcfl)Szf1<xk71)d«%kdykd$k71
— i [Pt o) (185)

Stk (ks Zay ) [Th—1 1 Zi—1) s_q (211 )dd 1.

= r1 Y / (@k—1,1) PD (T, lk) 01, (186)
lp€Ly

'fk\k—l(xku ks Za )| Th—1,1, Zi—1) 87 g1 (Tp—1)dwgday

= qlk 1 Z /ps Tr—1,1) Do (T, L) (187)

lk€Lg
Ot Frlke—1(Ths Zay ()| Th—15 Zk—1) 87 p—1(Th—1)dTrdT) -1

i /ﬁS(xkfl,l)ﬁD(xk,l) (188)

Trlk=1(Ths 2oy ) |Th—1, Zk—1) 87 1 (Th—1)dTpdzy 1.

30



Case 3a: q))* and s;"" for an undetected newly-appearing target I
(ap(l)=0 and 1€ LB ). From Egs. (158,139,94,95),

o

_ Fl(,)k [0, hi] Gﬁklk—l[Toﬁk]

0,k
o0 ] = — = . (189)
Fl?k[oa 1] Gfk\kfl[TO,l]
B B B -
_ L= -1 + ql,k|kflsl,k|k—1[hkpcD] 190
- 1—gB + B B Lﬁc } ( )
9 kik—1 T 9. kk—151,k|k—1PD
B
_ 1- 4 k|k—1 (191)
= B B B o
L— Q-+ ql,k|k—lsl,k|k—1[pcD]
B B o B 7 o
N Qo k—157 kjk—1 PD)] S plk—1MePD]
B B B o B o
1- Grp—1t ql,k\k—lsl,k\k—l[pcD] Sl,k|k—1[pCD]
= 1=k + @5kl (192)
where
B B oC
: Gl k—151 k| k—1PD]
qlo,fk def. U,k|lk—1°1,k|k—1W D (193)

B B B oc
1 ql,k\kfl+ql,k\k718l,k\k—1[pD]

ﬁc ZCk;,l SB 1\ Tk
st (k) = QCD( )Bl’k”“ 1) (194)
’ S 05 @n, 1) 57y (@x)dak

and where Eq. (194) follows from

Sll,ak\k—l[hkﬁcD]

- (195)
Sﬁk\k—l[pp]
[ (@1, 1) 55 (h—1,1) 88, oy (Th1)dap—
_ k|
fﬁ%txk*lvl) ka‘k_l(l‘kfl)dmk,l
° ﬁ%(xk—l,l) Ssz|k71($k—1)
= [ he(zp-1,1) 7= ’ dxy,— 196
/ k(Th_1 )fpi)(xkfl’l)ka|k71($k71)d$k71 k-1 (196)
= /ilk(l“k—hl)8?,’5k(33k—1)d$k—1 (197)
where ( ) . ( ;
PD(@r—1,1) 8771 (Th—1
SO (wp) = o LM . (198)

ka|k—1[ﬁf)]
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Case 3b: g3 and s;;" for an undetected surviving target | (ax(l) =0
and [ € Ly_1). From Eqs. (158,139,84,36),

. EFe.[0,h 0%, |H; ]
ok ] = f’f[ d s DL (199)
Flk[o 1] Ol k— 1[H10Zk 1

( L= qpp 1 + a7 1f PE+Pshri$, (h—1,1, Z—1) )

87 k-1 (Tr—1)dzr 1 (200)
= o o v \
( L= qPq + @ p1 | Mpgipsps, (Th—1,1, Z—1) )

-Sﬁk_l(.%'kfl)dxkfl

B 1=y 1+ @1 Mg (1,0 Zi1) 87y (@h—1)dag (201)
A o/ f Mg tpops, (Th—1, 1, Zk—1) 87,1 (T—1)dzg—1
qlk 1f Shkp (wkflal»Zk—l)Sﬁk_l(xkfl)dxk,l

U= Py + @y [ Myeapope, (@r—1,1, Zr1) 74y (wr-1)dag_1

= 1= q7p + a7yt ] (202)
where
( . e o )
ql()lélk de:f‘ 1— . f Mﬁg (-Tk717 l; Zkfl) sﬁk_l (wkfl)dxkfl (203)
< L =@y T @i )
f Ps+PsPhH xk 1,0, Zi— 1)Slk 1($k 1)da?k 1
— qlo,k’—l fMPSPB (xk*17l7Zk:71)Sl7k_1($k71)d$k,1 (204)

< . L=qp a0k )
S My psps, (Tr-1,1, Zi—1) 87, 1 (Th—1)dp—1

and where the numerator of Eq. (204) is

(Jm 1/ PsPE mkfhlvzkfl)3?,k-1(=’5k71)d$k71 (205)

qlo,kfl/];S(xkflal)pD( k) Feko (Enlzro1, 1, Zye 1) 8] g—1(—1)dTrdr) 1

= a1 Y /Ps T—1,0) P (@k, be) 01yt frjo—1(@k|Tk—1, Zi—1) (206)
lp €Ly

8] jp—1(Tp—1)drpdr) 1

=q k-1 /ﬁs(xkflJ)ﬁ%(ka) Juj—1(@rlTre—1, Zr—1) 87— 1 (Tp—1)drrdr) s .
(207)
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Similarly, as in Eq. (170) define ﬁ(xk,l, Lk, lp) = 1-ps(ak—1,1) pp(ak, Ik).
Then the denominator of Eq. (204) is

L= g1+ e / Ny vpeps (hrs1s Zo) (208)
Spy k1 (Th—1)dTR 1

R N / N p (@b, Zoos) 55y 1y (2po1)dziy (200)

o

= 1- qlo,k,1 +qlo’k71 /P(mkflalylk,i%k) (210)
Frppor1@rlzro1,1, Zio1) 75—y (2h—1)dirdzy

= 1—=qk +Qik712/ﬁ($k717l7xkvlk) (211)
Iy

Ot 1 frjk—1(Tr|Tr—1, Zr—1) 8] p—1(Th—1)dTrdr) 1

= 1=qlp 1+ @k /ﬁl($k—17xk) (212)

Srpp—1(@rlrr—1, Zu—1) 871 (Tp—1)drpdrr 1

where as in Eq. (170), Fo’l(wk_l,a?k) =1—ps(ak_1,1)pp(xk,1). So we get

@1 Ps(@r-1,1) % (k1)
oo = Sfrp—r(@rlTr_1, Zp 1) 87y (xr—1)drrday (213)
Lk = " ” 5 - )
( L=qPp s +@py [ P, 2r) )
Trik—1(Tk|Th—1, Zk—1) 8741 (Th—1)dzRdT) 1

Now from Egs. (201,202) we must have, for some ;3™ [hi] (the formula
for which is to be derived),

Gr1 S My jpe (@e-1:1 Zu1) 87y (@h—1)dr 1 o 000k (8
=k Sik [k

U= g2y + a0y | Mg rpsps, (@h1, 1 Z1) 87y (-1)dag

(214)
From this follows
So’ak[fol ] fMI}S;Lk[jCD (xk—lvl’Zk—l)sZkfl(xk—l)dwk—l (215)
k = o
bE J Migpe, (xr-1,1, Zk—1) 87—y (Th—1)dTpp1
) [ Bs(@ro1, 1) hio(@r) 55 (Er)
Trle—1 (@ YglTr—1,1, Zi—1) 87 1 (Tr—1)dT R dygdy—
_ (216)

[ Bs(zr—1,0) pp (k) )

< 'fk\kfl(!%kyykmkfl»lyZkfl)Sf,k_l(xkfl)di'kdykdxkfl
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) Yoer, S Ps(@r-1,1) ilk(xkylk)ﬁ%)(a%alk)
Trik—1(@n, ey Yrl e 1,1, Zi—1) 874,y (Th—1)dwpdyrday—1
- - — (217)
< . Z[keLkfps(xk—l7l)pD(mk7lk) >
Trik—1 @k, ey Yr|Th—1, 1, Zi—1) 87 4y (Tp—1)dzp dyrday—1
( Sier, J ps(zr-1,1) hio(@res ) 5% (2, 1) )
Oty frlk—1(Ths YrlTr—1, Zr—1) 57 1 (Tp—1)dzrdyrdrr 1
- o o) s 213
( Soen, S Ps(@h—1,0) pH(xr, Ik) )
Ot Frlk—1(Ths Y| Th—1, Zk—1) 87 jp 1 (Th—1)dpdyrdrs—1
( [ Ps(zr-1,1) hi (5, 1) 5% (2, 1) >
Trpp—1(@k|TE—1, Zk—1) 87 1 (Tp—1)dTRdT)—1 (219)
S ps(zr—1,1) pp (2, 1)
Trle—1 (@l Th—1, Zk—1) 87 1 (T—1)dpd )1
= [iutann (220)
I ps(@e—1,1) pH(xk, 1)
Trpp—1(@k|Tr—1, Zk—1) 87 g1 (Th—1)dT) 1
: - " dxy,
[ Bs(@r—1,1) pH(xk, 1)
Frik—1 (@l Th—1, Zk—1) 87 1 (Th—1)dTrdT) 1
— / hio(xr, 1) 730" () dag (221)
where
ﬁcD (xk’a l) fﬁs(mk—la l)
o B Srp—1 @kl k-1, Zi—1) 87 )1 (Tp—1)dT)—1
sir - (Tk) = : — L (222)
I Ps(@r—1,1) pp(2r, 1)
Frle—1 (@l Th—1, Zk—1) 87 1 (T—1)dzpdT) 1
Case 3c: q)}"* and s7}"* for a detected newly-appearing target | (cy (1) >0

and | € L, ). From Eqs. (158,139,94,95),

SEY),

: B 5 B 5
or0up 13 Fomr [0,hr] k-1 {5%“1) S k|k—1 {Tgk,hkﬂgkzo
ol he] = = (223)

SEe B s IS 5
6za::c1) [0’ 1} 9 k-1 |:5zak(z) Sl,k‘lk—l [Tgml:Hgk:O
B B s, e
B k—15 k|k—1 [hkaLza }
= Bl 0 (224)
1, k—151 k|k—1 [pDLzak(l):|
) po(ae, ) L., o (zx, 1) B, (k)
= /hk(xk, L 7 Lklk—1 dz (225)
B o
SLklk—1 |:pDLzak(l):|
= P[] (226)
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where i 5
0.0 ﬁD(JCk, l) Lza, (xk, l) Sk k_1(xk)
sy (ax) = e LA ; Ll . (227)
Slk|k71[pD —

Case 3d: ¢)* and 7" for a detected surviving target I (ax(l) >0 and
l € Ly_1). From (158,139,84,36)

SEP), o 0 [ §__go [H H
5] = 6zaf(l)[0,hk]:ql,k71 S SLh—1 (i g, Zi s 50 (98)
Lk OFP, o 1) 1) )
Soar ) [0,1] q1,k—1 {52;%(1) Slk—1 |:H17gk7Zk—1:|:|qk:0
fMﬁS;,kﬁD(; (Th—1, k1,1, Zg—1) 87,1 (T—1)dT)—1
- . T ® £229)
fMﬁsﬁD(izak(l) (Tr—1,Th—1,0, Zi—1) 87 1 (T—1)dT 1
[ Bs(zr-1.1) hie(@x) B (&) 0=, ) (uk)
_ fk\k 1@k Y| Th—1, 1, Zi—1) 87 1 (Th—1)dTrdypdzy—1 (230)
[ Ps(@r-1,0) pp(2k) 02, ) (UK)
fk\k V(@ YrlTh—1,1, Zi—1) 75— 1($k 1)dZpdyrdry 1
( Suer, S Ps(@r—1,0) hu(zi, l) o (@ i) )
Ot frle—1(Ths ey Za () |TR—15 Zr—1) 87 jp_1 (Tp—1)dopdy o
= - — (231)
Soen, S Ps(@k—1,0) pp 2k, k)
Tele—1(@hs Uy 2o () [Th—15 15 Z—1) 87 gy (Th—1)dapdT)—1
< J ps(r— 1, 0) hy (k1) pp (2, 1) )
_ Frih—1(Thy Zay ) [Th—15 Zi—1) 87 1 (Tp—1)dopdTs—1 (232)
< [ Bs(@r_1,1) hi(x, 1) o (s, 1) )
i1 (T, Zap @) [Tr—1, Zi—1) 87 1 (Th—1)dTRdT) 1
[ Bs(xr—1,1) pp(zk, 1)
0 Trik—1(Tks Zay ) [Th—15 Zi—1) 87 1 (Tp—1)dTR—1
= [ hi(xg,1) . . dzy,
[ Bs(@r—1,1) pp (k. 1)
Trlk—1(Tks Zay ) [Th—1, Zk—1) 87—y (Th—1)dTrdrr—1
(233)
:/lozk.(:rk,l) 1% " (e )day, (234)
where
< Pk, 1) [ Ps(zr— 1’1) >
Srte—1(Tky Zar )| TE—1, Z 8§72 _(xk_1)dx)_
SOk () = rir—1(z kf)| k-1 kol) Lk 1 (@h—1)dzi—1 (235)
’ [ Bs(zr—1,1) pp(xk,1)
Trih—1 (ks Zay ) [Th—1, Zi—1) 87 1 (Tp—1)dwpdTs—1
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6 Mathematical Derivations

6.1 Proof that mGLMB = GLMB

It is trivially true that a GLMB PGFL is an mGLMB PGFL. Conversely, let
us be given an mGLMB PGFL:

=3 > w (I (1 - af +arsiiin) (236)

LelL ocO leL

If L,JCL are finite define

L (1 JCL
J _{ 0 if otherwise - (237)

Then from the generalized binomial theorem for finite sets L,

[T +o)=>" <Ha> < 1T ) (238)

leL JCL \leJ leL—J
we get
GIh) (239)
= XX w@IT (1ot +apsilh)
LCL0€O leL
- S wwy (I a-a) () () e
LeL oeO JCL \leL—-J leJ leJ
- s s sww (T =) () (i) en
JCL o€O LCL leL—J leJ leJ
N IC (242)
JCL ocO leJ
where

= Z5§WO(L)< IT a-a ) (qu> (243)

LCL leL—J leJ

Note that G[h] is GLMB since

Y w)) = ZZZ&W(L)( IT a-a ) (Hq,> (244)

JCL 0O 0€0 JCL LCL leL—J leJ

- sy yow( o) () oo

0€O LCL JCL leL—J leJ
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= ZZWDZ( IT a-a ) (qu> (246)

0€0 LCL JCL \leL—J leJ
= > > wW][a-a+q) (247)
0€0 LCL leL
= > > wL)=1 (248)
0€O LCL

6.2 Proofs of Egs. (41-45)

This section provides a more polished version of the PGFL-based derivation of
the measurement-update step of the GLMB filter, which originally appeared in
[6, Sect. ITI-C]. The results are summarized in Section 2.10.

The derivation consists of five steps: set-theoretic (Section 6.2.1), product-
rule (Section 6.2.2); first LMA (Section 6.2.3); second LMA (Section 6.2.4); and
GLMB (Section 6.2.5).

6.2.1 Set-Theoretic Step
From [14, Eqgs. (14.280-14.281)], [7, Egs. (5.58-5.59)] the posterior PGFL is

. 910, oy
Grplhi|Z1a] = 22— (249)
82:10,1]
where
Filgk, hi] = /hf Grlor| X] frpp—1(X[Z1:1-1)0X. (250)

From the PGFL form of the standard multitarget measurement model, Eq.
(39), we have

Grlgr| X] = el =1 (56 4 pp Ly )% (251)
From this we get
G [;L\Z]cxé [0, A (252)
k|k k| Z1:k 57 k
5G . . .
/hX = gka]l Trpk—1(Xe| Z1:p—1)0 X
gr=0
5 . % . .
_ _Y | oerlgr—1] (X (3¢ o X
/[6Zk (6 (h™ (6D + PpLy,)) )Lk_o (253)
’fk|k—1(Xk|Z1:k71)5)o(k
1) o lar—11 2 s e Lo
— /[m (e klgrx—1] Gk|k71[hk(p[) +pDLgk)|Z1:k_1])]gk_0 (254)
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where Eq. (254) follows from the definition of a PGFL, Eq. (16).
Now note that

errlon—1] ék\kfﬂilk(ﬁ% +ﬁDigk)|ZI:k—1] (255)
= errlon—1] Z Z UJZU@—I(L) H Sﬁkw_l[hk(ﬁcp +Z§Dlo’gk)]

0€0k -1 LCLyk—1 leL
and so
ék|k[/ibk|Z1;k]
Krlgr—1 o
0 ( € klox =1l ZOEOk—l ZLng\kfl wok|k'—1(L) ) (256)

02k, Tlier 7 kp—11he(Bp + PpLg, )]

= > > W) (257)

0€0gk_1 LCLy -1

X

5 errlgr—1]
07 \ - Tlies Sy kk—1 Lk (PD + PoLg,)] |-

6.2.2 Product-Rule Step

For a fixed L, let L = {ly,...,n} with |L| = n. From the general product
rule for functional derivatives [14, Eq. (11.274)],

4 K — o 1 (ec o T
7 (6 Klow=1] Hsl,klk—l[hk(pD +PDL%)]) (258)
leL

_ g errlgr—1]

oW,
WowWi .. wWn=2) 0

n
5 o 7 oc . °
' H Wsli,k\k—l[hk(pD +ppLyg,)]
i=1 4

= erlon=l] > e (259)
WoWid..wW,,=Z
n

5 S
: H rwsi,mkﬂ[hk@% +ppLy,)]
i=1 v

where the summation is taken over all possibly empty and mutually disjoint
subsets Wy, W1, ...,W,, C Zy such that WoWw Wi w...w W, = Z,. Thus:

= errlon—1] Z ,‘@Z/O (H S?hk“cl[]acp]) (260)
i=1

WowWh .. eW,,=Z;
6 sz,k\k—l[hk(ﬁ% +ppLg,)])
OW; 57 kelk—1PD]

i=1
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= Rfkeﬁk[!]k—l] <H sz,kkl[ﬁkﬁ%]> (261)

=1
3 ﬁ 1§ S g [ + Pp Ly, )
Wi ST1/. , —
Wi W C 2 i=1 Tk oW sli7k|k—1[hka]
where for any [ € Ly_1,
0 P (56 + B L 1 it W=0
0 Sl +P0La D | ) stuliniob) oy
ow ST i) T e Rpp]
e =0 0 if (W] >2
(262)

6.2.3 First LMA Step

Recall the procedure used to construct the multitarget likelihood function for the
standard measurement model (originally presented in [14, pp. 742-745] and later
described in more detail in [11, Sec. VIII]). This procedure will be emulated
with the aim of transforming Eq. (261) into a conceptually more useful form.

Given each W;, define a label-to-measurement association (LMA) ayp k :
L — {0,1,....1Zx|} by apk(l;) =0 if W, =0 (target undetected) and
ark(l;) =j if W; ={z;} (target detected). Conversely, given an LMA ay, x,
if apk(li) >0 define W; ={z,, ,a,} if arx(l;) >0 and W; =0 otherwise.
It follows that there is a one-to-one correspondence between LMAs on L and
lists of n = |L| mutually disjoint subsets W7y, ..., W,, of Zj such that |W;| <1
for i=1,..,n.

Thus after setting gr = 0 and using Egs. (261,262), Eq. (257) can be recast
into LMA form:

Griwlhi|Z11] (263)

o e YT W (D)

0€0,_1 LC Ly 11

‘“fk (H Sikkl[hkﬁcD]>

leL

> I

ark lar k(1)>0 Kk (ZO‘L=’°(Z)) siklkfl [hkﬁ%}

Y o L o
Sl7k|k*1[hkaLZaL,k(l)]

6.2.4 Second LMA Step

Eq. (263) is problematic because it involves LMAs ar : L — {0,1,...,|Z|}
rather than, as should be the case, LMAs ay : Ly, — {0, 1, ..., | Zx[}.
To remedy this, given ar i : L — {0,1,...,|Zx|} define [6, Eq. (69)]

foapkl) if leL,api(l)>0
o (l) = { 0 if otherwise (264)
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The choice a = ay is distinguished from all other « : Ly, — {0,1,...,[Zy|}
by the fact that «(l) > 0 if and only if «y () > 0. Specifically, o must
satisfy the identity'!

L, et {l € Lk|k : a(l) > 0} = {l elL: CYL’}C(Z) > 0} et OZL’;C(L) (265)

This is equivalent to L, = L N Ly, which is equivalent to L, C L, which is
equivalent to

e T 10 =1, (266)
leL,

which, finally, is equivalent to the factor [7, Eq. (15.185)]

M) T dawo=1 (267)
leLx—L

in the original GLMB filter’s measurement update step—i.e., A\¢(L) = 15=.
Let A denote the set of all LMAs ay : Ly, — {0,1,...,|Zx|} and for
L - Lk\k let
Z5 " 2o,y 1€ Lo (1) > 0} (268)

Then
ék\k[ibk\zm]
oc e NN W (D) (269)

0€0k_1 LCLyk-1

'“fk <H 5?,k|k;1[hkﬁ%]>

leL

) o
) 15 Sz,k\kq[hkaLzak(z)]
E L

ar€A, teLiap(y>0 [k (Zar®) ST gy [PD)]

= NN Y WD) 1, (270)

0€0y 1 ap €A LCLy 1

H rk(2) H S;),k|k71[;"kﬁcll)]

2€Z,— 7%, l€ Lo (1)=0

. .
H L kik—1ePp Lz, )]
l€L:ay (1)>0

1 Brrata: Eqs. (70,71) in [6] have typos. The correct definition is in the line immediately
following Eq. (69).
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S DD DD SRR
0€0k—1 ap €A LCLy k1
H Kk(2) H S?,Jc\kq[ﬁpb]
2€ZK—Z K, le€L:ay (1)=0
H S?,k\k—l[ﬁDLzak(l)]
l€L:ay(1)>0
Slo,k|k—1[hk75%] Szk|k—1[hkﬁDLzak(1)}
o °c o 7T
leL:a (1)=0 sl7k\’f—1[pD] l€L:ay(1)>0 S?,k\kfl[pDLZakm]
el 3OS wg (@ op [T sll
0€0K_1 ax €Ay Lng\k—l leL
where
. Lo o
Cryt = 1™ H ki (2) H S ik—1[PD]
ZEZk—Zg,kL le€L:ay(1)=0
H S?,k|k71[15DLzak(z)]
I€L:u (1)>0
and .
Slo,k:\k—l[hkﬁcD] : _
0,k iL o S?,kLk—l[ﬁjf)] i ak(l) =0
SURk] = s lheinde, o]
> — k if Ozk(l) >0
Sl,k\k—l[pDLzak(l)]
From Eq. (274) and Eq. (8) it is easily shown that
Poer D) s ap s o) it ar(l)=0
Uelk (:I: ) = o 7 Sl:k‘k_l o o
S1,k|k \ Tk pD(rk,l)anak(L‘ka’l) 57 ki—1(Tk) if () >0
sl,klk—l[pDLzak(l)]
6.2.5 GLMB Step
From Eq. (272) the posterior PGFL is
Grjrlhel Z1:1]

ZOGO;C,1 ZLng Wz|k—1(L) ZakEAk Cz:%k HlGLk sz’]?lz[hk]
Y 0€Oy_1 2-LCLy WZ\kA(L) > enea, Cr%t
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(271)

(272)

(274)

(275)

(276)



w1 (B) O

Z Z Z Y 0cOn s ZLng DaneAy wmfl(L) Cztlj:k

0€0k_1 LCLy apeAx

oak
H 5 k\k

(277)

leL
P IREO] | BV (278)
LCLy (0,ak)EO) leL

where Ok = Ok—l X .Ak and

wg 1 (L) %"

W ek (L) = - oo (279)
F E(o,ak)eok ZLng wk|k~—1(L) CL,kk
6.3 Proofs of Eqgs. (49,50)
These are as follows:
Frior (|1, 6-1) = /fk\k—l(wkalkayk|$k—1>lk—1,yk—1)dyk (280)

/5zk,lk,1fk\k—l(xkayk\xkq,ykq)dyk (281)

= 5lk7lk71fk|k71(xk|mk—17yk—1)- (282)
Frpk—1 Wkl Th—1, yr—1) (283)
= Z/fk\k 1@k Uy Yre|Th—1, l—1, Y—1) g
leLy,
= /6lk;lk 1fk|k 1(zk, Y| Th—1, Yyp—1)dz) (284)
€Ly
= fre—1(YelTE—1,Yk-1)- (285)

6.4 Proof of Eq. (81)

This result originally appeared in [15, Eq. (56)]. The following is a cleaner
derivation. We are to show that

Mise sty +ppge) Er—1Yb=1) = Mye 5 i 35, 45 Ly, ) (Er=1)- (286)
Since
Me + pshnpsy+ipan) (Er-1,¥6-1) = Mpg (Tr-1, Y1) (287)

JFM;;S}”L“;% (Lr—1,Yk—1)

My g (Fh—15Yk—1)
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and
Mpe shn (ot tppbo) (Th-1) = Mpg (Er—1) + My, e 151, ) (T6-1]288)
My e, (Ee1) + My s, (Fr1)
it is enough to show that
(Eh—1,90—1) = M (&k-1)- (289)

PshkPp gk PshkpPpLg,

From Eq. (79) we have, assuming that the PMM is HMM,
Mg Eornt) = [ s(n) bu(on) (i) gnun)  (290)
Skt F YrlEr—1, Y1 ) dE i dys,
- / Ps(r1) b (e) Po () gu(r)  (291)

Fre(ynlin) fep—1 (@xldn—1)dErdy

o

— p(Een) / o) B0 () Loy (81) Fapeor (Brlden)din (292)

= ﬁS(ik—l)Mi’lkﬁDi%(i’k—l) (293)
= Mf’sfolkﬁDlozgk('%k_l) (294)

where Eq. (292) follows from Eq. (38) and Eq. (293) from Eq. (36).

7 Conclusions

This paper has demonstrated:

1. a more polished probability generating functional (PGFL)-based deriva-
tion of the measurement-update step of the generalized labeled multi-
Bernoulli (GLMB) filter;

2. a general multitarget pairwise Markov model (MPMM) recursive Bayes
filter, formulated as a direct generalization of Pieczynski’s original single-
target PMM recursive Bayes filter;

3. an MPMM transition function that is consistent with the “standard”
labeled random finite set (LRFS) multitarget motion and measurement
models; and

4. a PMM generalization of the GLMB filter, the “PMM-mGLMB filter,”
which is similar in form to the GLMB filter’s measurement-update step,
and the derivation of which is closedly patterned after the new PGFL
derivation of the latter.
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