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Stepped Frequency Division Multiplexing: A
Jump-Free Continuous-Time AFDM Waveform

Yewen Cao and Yulin Shao

Abstract—Affine frequency division multiplexing (AFDM) has
emerged as a promising modulation scheme for doubly selective
channels, but its canonical continuous-time realization, referred
to herein as piecewise continuous AFDM (PC-AFDM), has been
observed to exhibit high out-of-band emission (OOBE) whose
mechanism has not been analytically characterized. This paper
shows that the underlying cause is frequency wrapping, which
introduces internal envelope jumps between AFDM sampling
instants and generates a high-frequency spectral tail distinct
from ordinary block truncation. To eliminate these discontinuities
without altering the inverse discrete affine Fourier transform
(IDAFT) output sequence, we propose stepped frequency division
multiplexing (SFDM). In SFDM, the instantaneous frequency
is kept constant at the midpoint of the wrapped chirp within
each sampling interval, while the phase is continuously ac-
cumulated across interval boundaries. We prove that, under
continuous phase accumulation and without additional phase
correction, the midpoint choice is the unique sample-preserving
choice for arbitrary chirp-rate parameter. The resulting waveform
is continuous within each AFDM block, reduces OOBE, and
preserves the standard AFDM modulation matrix, guard-interval
structure, and receiver processing. Moreover, under fractional-
delay propagation, SFDM mitigates the receiver sensitivity that
arises when delayed sampling points fall near wrapping-induced
discontinuities in PC-AFDM. Numerical results verify the theo-
retical tail coefficients, demonstrate OOBE reduction, and show
improved receiver robustness in the high-percentile and worst-
case regimes. These findings establish SFDM as a spectrally
cleaner and more reliable physical layer for AFDM systems.

Index Terms—SFDM, AFDM, continuous-time waveform, out-
of-band emission, frequency wrapping.

I. INTRODUCTION

Doubly selective channels have motivated renewed interest
in modulation schemes that spread data symbols over time,
frequency, or delay-Doppler domains [1]–[4]. Representative
examples include orthogonal time-frequency space (OTFS)
modulation [5], [6], orthogonal chirp division multiplexing
(OCDM) [7], Doppler resilient orthogonal signal division
multiplexing (D-OSDM) [8], and affine frequency division
multiplexing (AFDM) [9], [10]. Among them, AFDM uses
the discrete affine Fourier transform (DAFT) to generate chirp
basis functions whose parameters can be adjusted according to
the delay-Doppler spread of doubly selective channels. Recent
studies have further investigated AFDM for integrated sensing
and communications (ISAC) [11], [12], channel estimation
[13], radar parameter estimation [14], and ambiguity function
analysis.

A shared thread running through these works is that they
treat AFDM as a discrete modulation transform: an AFDM
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block is generated by the inverse DAFT (IDAFT), which
produces a sequence of N Nyquist-rate samples. When the
channel input-output relation is purely discrete, this view is ad-
equate. However, once the modulation block leaves the digital
baseband and becomes a physical continuous-time waveform,
the IDAFT samples no longer tell the full story. Infinitely
many continuous-time waveforms can interpolate the same
N samples, and these realizations differ in their inter-sample
trajectories, their spectral containment, and, crucially, in how
they respond to fractional-delay propagation. In other words,
equality at the AFDM sampling instants is insufficient to
characterize the transmitted waveform.

This leads to the following question: Given a discrete
AFDM block defined via the IDAFT, how should one realize
it as a continuous-time waveform while retaining the exact
IDAFT output sequence, and what are the spectral and receiver
consequences of different choices?

The canonical continuous-time AFDM waveform, denoted
herein as piecewise continuous AFDM (PC-AFDM), is formu-
lated by the proposers of AFDM in [15]. In this construction,
the instantaneous frequency of each chirp subcarrier is folded
into the nominal bandwidth through frequency wrapping, and
a phase correction is applied so that the waveform values
at the sampling instants coincide with the IDAFT output
sequence. Variants of this wrapped chirp realization have been
adopted in recent AFDM studies on sensing waveform analysis,
ambiguity function analysis, matched filtering, and continuous-
time channel modeling [15]–[17]. However, the ambiguity
function analysis in [16] observed unexpectedly high out-of-
band emission (OOBE) from continuous-time AFDM signals.
The mechanism behind this behavior has not been analytically
characterized. This motivates a systematic examination of
the wrapped chirp realization itself, before external spectral-
shaping measures are applied.

Our analysis shows that the observed OOBE is caused by
internal discontinuities in PC-AFDM. The frequency wrapping
operation partitions the time axis into segments with constant
wrap count. At each wrapping instant, the phase correction that
preserves the discrete AFDM block can introduce an abrupt
jump in the complex envelope between sampling instants.
These jumps disappear only for a discrete set of chirp-rate
parameters. In the generic case, they create a high-frequency
spectral tail beyond the nominal occupied bandwidth. This tail
is not the ordinary endpoint truncation effect of a finite block.
It is an additional contribution caused by wrapping-induced
jumps inside the block.

This issue is different from conventional spectral shaping
[18]. Pulse shaping, windowing, and filtering are standard tools
for reducing spectral leakage [19]–[23], but they operate by
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modifying the transmitted waveform or the observed samples.
A continuous window applied to PC-AFDM can only scale an
internal jump by the window value at the jump location. It
cannot eliminate a nonzero jump unless the window vanishes
there. This observation motivates a different construction that
removes the internal jumps during waveform realization, while
still preserving the discrete AFDM block.

To this end, this paper proposes stepped frequency division
multiplexing (SFDM), a continuous-time AFDM realization
that preserves the IDAFT output sequence and maintains a
continuous complex envelope. The term “stepped” refers to
the following construction. Within each sampling interval,
the instantaneous frequency is held constant at the midpoint
value of the wrapped affine chirp. The phase is accumulated
continuously across adjacent intervals. This construction alters
only the waveform between sampling instants. Its values on
the sampling instants remain exactly those of the IDAFT
output sequence. Within the class in which each sampling
interval uses one representative frequency and the phase is
accumulated continuously, we prove that the midpoint choice
is the unique one that preserves the IDAFT output sequence
uniformly over the chirp-rate parameter. SFDM is not the only
possible continuous-time AFDM realization. It is, however,
a principled candidate that retains the wrapped instantaneous
frequency interpretation while eliminating the internal envelope
jumps of PC-AFDM.

The choice of continuous-time realization also affects the
sampled receive signal [4]. When every propagation delay is
an integer multiple of the sampling period, PC-AFDM and
SFDM lead to the same sampled channel matrix. The receiver
observes only the sampling instants where the two waveforms
coincide. The situation changes under fractional delays, which
are common in wideband and sensing receivers. In this case,
the receiver samples the transmitted waveform between grid
points, and different continuous-time realizations generally
lead to different sampled input-output relations [17], [24], [25].
SFDM therefore affects not only out-of-band leakage, but also
the sampled receive signal under fractional delay propagation.

Building on this framework, the main contributions of this
paper are summarized as follows.
1) We reveal that the widely used continuous-time AFDM

realization, PC-AFDM, exhibits internal envelope disconti-
nuities. These discontinuities occur at frequency-wrapping
boundaries for generic chirp rates. They have been over-
looked in prior AFDM studies because they fall between
Nyquist sampling instants and therefore leave the standard
IDAFT output samples unchanged. We derive the exact
temporal locations of these jumps, quantify their magnitudes
in closed form, and establish the parametric condition under
which they vanish.

2) We resolve the previously unexplained high OOBE ob-
served in continuous-time AFDM by tracing it directly to
the internal envelope discontinuities identified in this work.
Through exact subcarrier spectra and a high-frequency
asymptotic expansion, we prove that these jumps generate
an additional spectral tail that decays inversely with the
square of frequency and persists far beyond the nominal
occupied bandwidth. The analysis thus uncovers the root

cause of the anomalous OOBE and provides a quantitative
tool for predicting and controlling out-of-band leakage in
wrapped-chirp realizations.

3) We propose SFDM, a continuous-time AFDM realization
that is structurally free of internal jumps. The key idea
is to hold the instantaneous frequency constant at the
midpoint value of the wrapped affine chirp within each
sampling interval while accumulating phase continuously
across interval boundaries. We prove that this midpoint rule
is the unique sample-preserving choice uniformly over the
chirp-rate parameter within the class of realizations with
one constant instantaneous frequency over each sampling
interval. SFDM thereby delivers three advantages over PC-
AFDM.
• First, its complex envelope is continuous, directly elimi-

nating the internal-jump spectral tail without any sample
distortion.

• Second, because the IDAFT samples are exactly pre-
served, SFDM requires no change to the discrete modula-
tion matrix, guard-interval structure, or standard receiver
processing.

• Third, under fractional-delay propagation, SFDM’s
smooth inter-sample trajectory suppresses the high-
percentile and worst-case error vector magnitude (EVM)
degradation that PC-AFDM suffers, yielding more robust
receiver performance.

4) We clarify the relation between waveform realization and
conventional postprocessing. Windowing reduces OOBE
mainly by smoothing endpoint transitions at the cost of sam-
ple distortion, whereas SFDM eliminates internal wrapping-
induced jumps with zero perturbation to the IDAFT sam-
ples. This establishes SFDM not as an alternative to win-
dowing, but as a new, complementary degree of freedom in
AFDM waveform design, compatible with all conventional
post-processing methods.

II. CONTINUOUS-TIME REALIZATIONS OF AFDM

To study the continuous-time behavior of AFDM, we start
from its discrete model and analyze PC-AFDM as a reference
realization. We show that while PC-AFDM reproduces the
exact IDAFT output sequence, its frequency-wrapping structure
generally introduces internal envelope jumps. This limitation
leads us to propose SFDM, which preserves the IDAFT output
sequence while removing these jumps and maintaining phase
continuity.

A. Discrete AFDM

Consider an AFDM block with N input symbols and total
bandwidth B. Let x = [x[0], x[1], . . . , x[N − 1]]T denote the
data symbol vector in the DAF-domain. The block duration
is T = N/B, and the sampling instants are tn = n/B, n =
0, 1, . . . , N−1. The corresponding discrete-time AFDM block
is [9], [10]

s[n] =
1√
N

N−1∑
m=0

x[m] exp
{
j2π

(
c2m

2 + c1n
2 +

mn

N

)}
,

(1)
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where c1 and c2 are the time-domain and DAF-domain AFDM
chirp parameters, respectively. Throughout this paper, we focus
on the case c1 > 0. The case c1 < 0 corresponds to the
opposite chirp direction and can be treated by reversing the
wrapping direction. The same mechanism applies, but the index
sets in the spectral analysis need reversed inequalities.

Eq. (1) can be written in a more compact form as s =
AIDAFTx, where

[AIDAFT]n,m =
1√
N

exp
{
j2π

(
c2m

2 + c1n
2 +

mn

N

)}
.

The discrete AFDM model in (1) specifies only the sequence
{s[n]}N−1

n=0 at the sampling instants. A continuous-time real-
ization must reproduce these samples at {tn}N−1

n=0 , but this
condition does not uniquely determine the waveform over 0 ≤
t < T . Therefore, different continuous-time realizations can
have the same discrete AFDM block but different trajectories
between sampling instants and different spectra.

B. Piecewise Continuous AFDM

The continuous-time AFDM waveform, as originally for-
mulated by the proposers of AFDM in [15], is obtained by
rewriting their model in the notation used here. Its phase is
specified piecewise according to the frequency wrapping index,
and we therefore refer to it as the PC-AFDM waveform. This
is the canonical continuous-time realization associated with
the AFDM literature [15]–[17]. However, as we analyze in
Section III, this construction introduces internal discontinu-
ities in the complex envelope at wrapping instants, which
vanish only for special values of α and otherwise produce
a pronounced high-frequency spectral tail. Recognizing this,
we propose an alternative continuous-time realization, SFDM,
that removes these internal jumps while preserving the IDAFT
output sequence of the original AFDM formulation.

In the notation of this paper, the sampling period is ∆t =
1/B, the block duration is T = N∆t = N/B, and the
continuous-time chirp rate is K = 2c1B

2. We define the
normalized chirp-rate parameter as

α ≜ c1N =
KN

2B2
. (2)

The m-th PC-AFDM phase can be written as

ϕ(pc)
m (t) =

K

2
t2 +

m

T
t− q(pc)m (t)Bt, (3)

where

q(pc)m (t) =

⌊
Kt+m/T

B

⌋
(4)

is the frequency wrapping index. Whenever a wrapping instant
is used in a jump expression, t− and t+ denote the corre-
sponding one-sided limits. The value assigned at an isolated
wrapping instant does not affect the finite block spectrum.

For the m-th subcarrier, the unwrapped instantaneous fre-
quency is f

(raw)
m (t) = Kt + m/T for 0 ≤ t < T . On any

open interval where q
(pc)
m (t) is constant, the PC-AFDM phase

is differentiable and its derivative is

f (pc)
m (t) =

dϕ
(pc)
m (t)

dt
= Kt+

m

T
−Bq(pc)m (t).

Away from the wrapping instants, the wrapping term in (3)
confines the instantaneous frequency to [0, B). The ordinary
derivative is not used at the wrapping instants. The correspond-
ing PC-AFDM waveform is

s(pc)(t) =
1√
N

N−1∑
m=0

x[m]ej2πc2m
2

ej2πϕ
(pc)
m (t). (5)

At the sampling instants, the wrapping correction contributes
an integer phase term because Btn = n ∈ Z. Therefore,

ej2πϕ
(pc)
m (tn) = ej2π(c1n

2+mn/N), n = 0, 1, . . . , N − 1. (6)

As can be seen, PC-AFDM reproduces the standard IDAFT
output sequence at the sampling instants. The waveform be-
tween adjacent sampling instants is determined by the wrap-
ping operation in (4).

C. SFDM

This paper puts forth a new continuous-time AFDM realiza-
tion dubbed SFDM. It preserves the IDAFT output sequence
while replacing the PC-AFDM trajectory between sampling
instants with a waveform whose phase is continuous and whose
instantaneous frequency is constant within each sampling in-
terval. Let In = [n/B, (n + 1)/B), n = 0, 1, . . . , N − 1. On
In, the instantaneous frequency is set to the midpoint value of
the wrapped chirp:

f (step)
m (t) = K

n+ 1
2

B
+

m

T
−Bq(step)m [n], (7)

where

q(step)m [n] =

⌊
K(n+ 1

2 )/B +m/T

B

⌋
.

The floor rule uses the half-open frequency interval [0, B).
Thus, if the midpoint value lies on a wrapping boundary, the
wrapped frequency is still uniquely specified.

Let f (step)
m,n denote the constant value of (7) on In. The phase

is accumulated continuously according to

ϕ(step)
m (0) = 0,

ϕ(step)
m

(
n+ 1

B

)
= ϕ(step)

m

( n
B

)
+

1

B
f (step)
m,n .

(8)

Hence, for t ∈ In,

ϕ(step)
m (t) = ϕ(step)

m

( n
B

)
+ f (step)

m,n

(
t− n

B

)
. (9)

The SFDM waveform is

s(step)(t) =
1√
N

N−1∑
m=0

x[m]ej2πc2m
2

ej2πϕ
(step)
m (t). (10)

Thus, the SFDM complex envelope is continuous over [0, T ),
although its instantaneous frequency may change at sampling
interval boundaries.

Theorem 1 (Sampling equivalence of SFDM). At the sampling
instants, each SFDM subcarrier coincides with the correspond-
ing standard IDAFT basis vector:

ej2πϕ
(step)
m (tn) = ej2π(c1n

2+mn/N). (11)
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Figure 1. Continuous-time realizations of the same discrete AFDM block. The left and right columns correspond to α = 0.5 and α = 0.8, respectively. The
top row shows the wrapped instantaneous frequency trajectories of representative subcarriers. The middle and bottom rows show the real and imaginary parts
of the transmitted waveform. PC-AFDM and SFDM coincide at the sampling instants, while their trajectories between sampling instants differ. For α = 0.8,
PC-AFDM contains internal envelope jumps, whereas SFDM remains continuous.

Moreover, consider the class of realizations in which the in-
stantaneous frequency on In is evaluated at the representative
time (n+ θ)/B:

fm,θ(t) = K
n+ θ

B
+

m

T
−Bqm,θ[n], t ∈ In,

qm,θ[n] =

⌊
K(n+ θ)/B +m/T

B

⌋
, θ ∈ [0, 1).

(12)

The phase is accumulated continuously and no additional
deterministic phase correction is used. Within this class, the
midpoint choice θ = 1/2 is the unique choice that preserves
the IDAFT output sequence uniformly with respect to α.

Proof. Evaluating (9) at tn = n/B gives

ϕ(step)
m (tn) =

n−1∑
i=0

1

B

[
K

i+ 1
2

B
+

m

T
−Bq(step)m [i]

]

=
K

B2

n−1∑
i=0

(
i+

1

2

)
+

mn

BT
−

n−1∑
i=0

q(step)m [i].

Using
∑n−1

i=0 (i+1/2) = n2/2, T = N/B, and c1 = K/(2B2),
we obtain

ϕ(step)
m (tn) = c1n

2 +
mn

N
− κm,n,

where κm,n =
∑n−1

i=0 q
(step)
m [i] ∈ Z. Exponentiating by j2π(·)

establishes (11).
For (12), the same summation gives

ϕm,θ(tn) =
K

B2

n−1∑
i=0

(i+ θ) +
mn

BT
−

n−1∑
i=0

qm,θ[i]

= c1n
2 +

mn

N
+ c1(2θ − 1)n−

n−1∑
i=0

qm,θ[i].

The final summation is integer-valued. Therefore, exact agree-
ment with the IDAFT exponential for all n and uniformly over

the normalized chirp-rate parameter α requires α(2θ− 1)n/N
to be an integer for every n. Since α can vary over a continuous
range, this condition can hold only when 2θ − 1 = 0, i.e.,
θ = 1/2.

Remark 1 (On the naming of SFDM). The term SFDM
deliberately omits “affine” to avoid a conceptual contradiction.
In PC-AFDM, the unwrapped instantaneous frequency of each
subcarrier is affine in time, and this affine dependence is
preserved on every open interval with constant wrap count,
producing genuine chirp segments of constant slope. SFDM,
by contrast, replaces this affine trajectory with a staircase of
constant instantaneous frequencies: on each sampling interval
the frequency is held fixed, the phase accumulates linearly, and
the frequency changes only at interval boundaries. The affine
time-frequency structure is intentionally set aside in order to
obtain a globally continuous complex envelope. Describing this
piecewise constant frequency waveform as “stepped affine”
would conflate two mutually incompatible characterizations
of the instantaneous frequency trajectory. The name SFDM
reflects this deliberate distinction.

Let Apc and Astep denote the matrices obtained by sam-
pling the PC-AFDM and SFDM basis functions at {tn}N−1

n=0 ,
respectively. For ξ ∈ {pc, step}, their entries are

[Aξ]n,m =
1√
N

exp
{
j2π

(
c2m

2 + ϕ(ξ)
m (tn)

)}
.

By (6) and Theorem 1,

Apc ≡ Astep ≡ AIDAFT. (13)

Thus, the sampled matrices of PC-AFDM and SFDM are
both equal to the standard IDAFT modulation matrix. Their
difference lies in how the waveform evolves between adjacent
sampling instants. This difference affects envelope continuity,
spectral behavior, and the sampled input-output relation after
continuous-time propagation.
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Fig. 1 illustrates this distinction. The two realizations have
identical values at the sampling instants, while their trajectories
between adjacent samples are different. For α = 0.5, the phase
reset in PC-AFDM corresponds to integer multiples of 2π,
and the wrapping-induced jumps vanish. For α = 0.8, PC-
AFDM exhibits internal complex envelope jumps at wrapping
instants, whereas SFDM remains continuous because its phase
is accumulated across sampling intervals.

Remark 2. The uniqueness statement in Theorem 1 applies
only to the class in (12). It does not exclude other continuous-
time realizations that reproduce the same discrete AFDM block,
such as realizations based on interpolation, pulse shaping, or
additional phase correction. This class is useful because it
keeps the wrapped instantaneous frequency interpretation of
AFDM and changes only the representative frequency used
inside each sampling interval. It also avoids an external in-
terpolation filter. Therefore, the result should be interpreted as
a uniqueness result for this phase accumulation construction,
not as a uniqueness result among all possible continuous-time
AFDM waveforms.

D. Local Relation Between PC-AFDM and SFDM

The spectral analysis in Section III will show that PC-
AFDM contains an additional OOBE contribution relative to
SFDM. Before focusing on wrapping-induced jumps, it is
useful to quantify the local difference between PC-AFDM
and SFDM on intervals where no wrapping occurs. On such
intervals, PC-AFDM has a quadratic phase, whereas SFDM
has a linear phase determined by the midpoint frequency.
The following proposition shows that this local difference is
uniformly bounded after a constant phase rotation.

To formalize this idea, define the complex envelope basis
function of realization ξ ∈ {pc, step} as g

(ξ)
m (t) = ej2πϕ

(ξ)
m (t),

0 ≤ t < T . Because the two realizations share the same
samples at tn = n/B, a natural way to compare them locally is
to examine the difference between g

(pc)
m (t) and a phase-rotated

version of g(step)m (t) on each sampling interval where the PC-
AFDM wrap count is constant. Proposition 2 below provides
a precise bound.

Proposition 2 (Local relation between PC-AFDM and SFDM).
Consider an interval In on which the PC-AFDM wrap count
of the m-th subcarrier is constant and equal to qm,n. Then,
for all t ∈ In,

ϕ(pc)
m (t)− ϕ(step)

m (t) = Cm,n +
K

2
(t− tc,n)

2, (14)

where Cm,n is independent of t and tc,n = (n + 1/2)/B.
Consequently,∣∣∣g(pc)m (t)− ej2πCm,ng(step)m (t)

∣∣∣ ≤ πK(t− tc,n)
2 ≤ πα

2N
. (15)

Proof. On In, the derivative of the PC-AFDM phase is
dϕ

(pc)
m (t)/dt = Kt + m/T − qm,nB. Since the wrap count

is constant on In, the SFDM frequency is f
(step)
m,n = K(n +

1/2)/B +m/T − qm,nB. Therefore,

d

dt

[
ϕ(pc)
m (t)− ϕ(step)

m (t)
]
= K(t− tc,n).

Integrating over In gives (14). The bound (15) follows from
|ejx − 1| ≤ |x| and |t− tc,n| ≤ 1/(2B).

Proposition 2 shows that, on intervals without wrapping, the
two basis functions differ only by a bounded local phase curva-
ture term after a constant phase rotation. When α/N is small,
this local difference is much smaller than the possible unit-
order envelope jumps at wrapping instants. This supports the
subsequent focus on wrapping-induced jumps as the dominant
source of the additional high-frequency tail.

This local analysis justifies treating the smooth interpolation
error as a secondary effect in the subsequent OOBE analysis:
the spectral leakage contributed by these intervals cannot
explain the strong high-frequency tail observed for PC-AFDM
at generic values of α. With this local smoothness verified,
we can safely attribute the OOBE advantage of SFDM to the
removal of internal jumps, a topic to which we now turn.

III. DISCONTINUITY-INDUCED SPECTRAL TAILS

This section analyzes how the waveform between sampling
instants affects the spectrum. The main result is that PC-AFDM
can introduce internal jumps in the complex envelope. These
jumps create an additional contribution to the high-frequency
spectral tail, which is absent in SFDM. Both realizations still
contain the finite block endpoint contribution. The tail analysis
therefore isolates the effect of the internal jumps, while the full
OOBE also depends on the spectrum near the nominal band.

A. Spectral Measures for Continuous-Time AFDM

For ξ ∈ {pc, step}, define the finite block spectrum as
S(ξ)(f) =

∫ T

0
s(ξ)(t)e−j2πftdt. Using (5) and (10), and with

g
(ξ)
m (t) = ej2πϕ

(ξ)
m (t), both waveforms can be written as

s(ξ)(t) =
1√
N

N−1∑
m=0

x[m]ej2πc2m
2

g(ξ)m (t). (16)

Assuming mutually independent, zero-mean, unit-variance
symbols, the average energy spectral density (ESD) [26] is

Φ(ξ)(f) = E
[
|S(ξ)(f)|2

]
=

1

N

N−1∑
m=0

|G(ξ)
m (f)|2, (17)

where G
(ξ)
m (f) =

∫ T

0
g
(ξ)
m (t)e−j2πftdt. The averaging in (17)

is only over the data symbols. The functions g
(ξ)
m (t) are

deterministic for fixed N , B, c1, and c2. The factor ej2πc2m
2

is a constant phase for the m-th subcarrier, so it does not affect
|G(ξ)

m (f)|2 in the average ESD.
The normalized OOBE ratio with respect to the nominal

occupied frequency interval [0, B) is defined as

η
(ξ)
OOBE =

1

T

∫
R\[0,B)

Φ(ξ)(f)df. (18)

By Parseval’s identity,
∫∞
−∞ Φ(ξ)(f)df = T . The OOBE ratio

in (18) integrates the entire out-of-band region. It is therefore
not determined only by the high-frequency tail coefficient
derived later.

The following analysis separates two spectral contributions.
A finite block always produces endpoint terms at t = 0 and
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t = T , which are common to PC-AFDM and SFDM. The
distinguishing term is the possible internal jump of the PC-
AFDM complex envelope. We therefore first locate the internal
wrapping instants and their jump magnitudes, and then relate
these jumps to the high-frequency spectral tail.

B. Wrapping-Induced Discontinuities in PC-AFDM

We first identify where PC-AFDM may lose continuity.
These points occur when the unwrapped affine instantaneous
frequency crosses an integer multiple of the bandwidth. The
normalized chirp-rate parameter α is defined in (2). To dis-
tinguish the time-varying wrap count q(pc)m (t) from the integer
boundary crossed by the unwrapped instantaneous frequency,
let r denote the wrapping boundary index. For c1 > 0, the
admissible internal boundary index set is

Rm =
{
r ∈ Z :

m

N
< r < 2α+

m

N

}
. (19)

The number of internal wrapping instants is

Jm = |Rm| = max
{
0,
⌈
2α+

m

N

⌉
− 1
}
.

Lemma 3 (Internal wrapping instants and jump magnitudes).
For the m-th PC-AFDM subcarrier, each r ∈ Rm gives an
internal wrapping instant

tm,r =
rB −m/T

K
=

Nr −m

2αB
. (20)

At an internal wrapping instant tm,r, the jump satisfies

∆gm,r = g(pc)m (t+m,r)− g(pc)m (t−m,r)

= g(pc)m (t−m,r)
(
e−j2πBtm,r − 1

)
,

(21)

and

|∆gm,r|2 = 4 sin2(πBtm,r) = 4 sin2
(
π(Nr −m)

2α

)
. (22)

Proof. The internal wrapping instants occur when the floor
operator argument in (4) crosses an integer boundary, namely
Kt+m/T = rB. Solving for t gives (20). The condition 0 <
tm,r < T = N/B is equivalent to 0 < (Nr − m)/(2αB) <
N/B, which yields (19). Counting the admissible integers
gives the expression for Jm.

At a wrapping instant, the wrap count increases by one.
Hence, the phase in (3) changes by −Btm,r, giving

g(pc)m (t+m,r) = g(pc)m (t−m,r)e
−j2πBtm,r .

This proves (21). Since |g(pc)m (t−m,r)| = 1, we have |∆gm,r|2 =

|e−j2πBtm,r − 1|2 = 4 sin2(πBtm,r). Substituting (20) gives
(22).

Lemma 3 separates the occurrence of internal wrapping
from the jump magnitude. The former is determined by the
unwrapped affine instantaneous frequency. The latter depends
on whether the phase reset at a wrapping instant corresponds
to an integer multiple of 2π.

Corollary 4 (Jump of the transmitted PC-AFDM waveform).
Let t0 be an internal wrapping instant of at least one PC-
AFDM subcarrier, and let ∆gm(t0) = g

(pc)
m (t+0 )−g

(pc)
m (t−0 ) if

the m-th subcarrier wraps at t0 and ∆gm(t0) = 0 otherwise.
Then the jump of the transmitted PC-AFDM waveform at t0 is

∆s(pc)(t0) =
1√
N

N−1∑
m=0

x[m]ej2πc2m
2

∆gm(t0). (23)

If the data symbols are mutually independent, zero mean, and
unit variance, then

E
[
|∆s(pc)(t0)|2

]
=

1

N

N−1∑
m=0

|∆gm(t0)|2. (24)

Proof. Equation (23) follows directly from (16). For (24),
expand |∆s(pc)(t0)|2. The cross terms vanish because the data
symbols are mutually independent and zero mean, while the
diagonal terms have unit variance.

Corollary 4 clarifies the relation between subcarrier jumps
and the transmitted waveform. For a particular data block,
jumps from different subcarriers may cancel at a specific time.
In the average ESD considered in (17), the jump contribution
is determined by the squared jump magnitudes of the basis
functions.

The next result identifies the parameter regimes in which
the PC-AFDM basis functions remain continuous. It follows
directly from the wrapping condition and the jump magnitude
in Lemma 3.

Theorem 5 (Continuity condition for PC-AFDM basis func-
tions). The PC-AFDM basis functions are continuous over
[0, T ) for all subcarriers if and only if one of the following
two conditions holds:

α ≤ 1

2N
, (25)

or

α =
1

2k
, k ∈ Z>0. (26)

Proof. No internal wrapping occurs for any subcarrier if and
only if Rm = ∅ for all m. The most stringent condition is
obtained at m = N−1, which gives 2α+(N−1)/N ≤ 1. This
is equivalent to (25). In this regime, each wrap count is constant
over the whole block, and all PC-AFDM basis functions are
continuous.

For α > 1/(2N), internal wrapping occurs. In particular,
r = 1 belongs to RN−1, and the corresponding wrapping
instant is tN−1,1 = 1/(2αB). If all basis functions are
continuous, the jump at this instant must vanish. By (21), this
requires e−j2πBtN−1,1 = 1, or 1/(2α) ∈ Z. Thus α = 1/(2k)
for some k ∈ Z>0.

Conversely, if α = 1/(2k), then Btm,r = (Nr−m)/(2α) =
k(Nr −m) ∈ Z for any admissible internal wrapping instant.
Therefore, every internal jump in (21) vanishes. This proves
the necessity and sufficiency of (25) and (26).

Theorem 5 shows that the PC-AFDM basis functions are
continuous only in special parameter regimes. Apart from the
regime with no wrapping and the discrete values α = 1/(2k),
at least one subcarrier contains a nonzero internal jump in the
complex envelope.
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C. High-Frequency Spectral Tail Analysis

We now connect the time-domain jumps to the spectral tail.
For a finite duration piecewise smooth waveform, integration
by parts shows that endpoints and jumps contribute the leading
1/f terms to the spectrum. The smooth parts of the waveform
only affect higher-order terms. For fixed N , B, and α, each
subcarrier waveform is smooth on a finite number of intervals.
A finite block always contributes endpoint terms at t = 0 and
t = T , whereas PC-AFDM may additionally contribute internal
jump terms.

Lemma 6 (High-frequency expansion). As |f | → ∞, the
subcarrier spectra satisfy

G(pc)
m (f) =

A
(pc)
m (f)

j2πf
+O(f−2),

G(step)
m (f) =

A
(step)
m (f)

j2πf
+O(f−2).

(27)

where

A(pc)
m (f) = g(pc)m (0+)− g(pc)m (T−)e−j2πfT

+
∑

r∈Rm

∆gm,re
−j2πftm,r , (28)

and

A(step)
m (f) = g(step)m (0+)− g(step)m (T−)e−j2πfT . (29)

Proof. For PC-AFDM, partition [0, T ] by the ordered boundary
sequence {ϑm,j}Jm+1

j=0 . On each open segment, g
(pc)
m (t) is

smooth. Integration by parts gives

∫ ϑm,j+1

ϑm,j

g(pc)m (t)e−j2πftdt

=
g
(pc)
m (ϑ+

m,j)e
−j2πfϑm,j − g

(pc)
m (ϑ−

m,j+1)e
−j2πfϑm,j+1

j2πf

+
1

j2πf

∫ ϑm,j+1

ϑm,j

dg
(pc)
m (t)

dt
e−j2πftdt.

Summing over all segments telescopes the interior boundary
terms except at the jump locations. This gives (27) and (28).
The remaining integral is O(f−2) after applying integration
by parts once more on each smooth segment. For SFDM,
the subcarrier is continuous over [0, T ) and smooth on each
sampling interval, so the same argument produces only the
endpoint terms in (29).

The high-frequency expansion separates the common end-
point contribution from the additional internal jump contri-
bution. Squaring the expansion and integrating over a high-
frequency interval gives the following tail coefficients.

Theorem 7 (High-frequency spectral tail). For each subcarrier
m, as F → ∞ with fixed waveform parameters,∫ ∞

F

|G(step)
m (f)|2df =

1

2π2F
+O(F−2),∫ ∞

F

|G(pc)
m (f)|2df

=
1

2π2F
+

1

4π2F

∑
r∈Rm

|∆gm,r|2 +O(F−2)

=
1

2π2F
+

1

π2F

∑
r∈Rm

sin2
(
π(Nr −m)

2α

)
+O(F−2).

(30)
Averaging over the subcarriers gives the one-sided positive-
frequency tails∫ ∞

F

Φ(step)(f)df =
1

2π2F
+O(F−2),∫ ∞

F

Φ(pc)(f)df =
1

2π2F

+
1

π2NF

N−1∑
m=0

∑
r∈Rm

sin2
(
π(Nr −m)

2α

)
+O(F−2).

(31)
Furthermore, for the two-sided high-frequency tail T (ξ)(F ) =∫
|f |>F

Φ(ξ)(f)df , F ≥ B, we have

T (step)(F ) =
1

π2F
+O(F−2),

T (pc)(F ) =
1

π2F
+

2

π2NF

N−1∑
m=0

∑
r∈Rm

sin2
(
π(Nr −m)

2α

)
+O(F−2).

(32)

Proof. By Lemma 6,

|G(ξ)
m (f)|2 =

|A(ξ)
m (f)|2

4π2f2
+O(f−3), ξ ∈ {pc, step}.

For any fixed τ ̸= 0, a single integration by parts gives∫ ∞

F

e−j2πτf

f2
df = O(F−2), F → ∞.

Therefore, after integrating over [F,∞), only the squared
magnitudes of the diagonal terms in |A(ξ)

m (f)|2 contribute to the
1/F coefficient. For SFDM, the two endpoint coefficients have
unit magnitude, giving the first line of (30). For PC-AFDM,
the endpoint contribution is again 2, and the internal jumps
contribute

∑
r∈Rm

|∆gm,r|2. This proves the second line of
(30). Substituting (22) gives the explicit sine form. Averaging
over m via (17) gives (31).

The same argument applies to the negative frequency in-
terval (−∞,−F ]. Its 1/F coefficient is identical, while the
oscillatory cross terms remain O(F−2). Adding the positive
and negative frequency tails gives (32).

Theorem 7 identifies the source of the asymptotic difference
between the high-frequency spectral tails of PC-AFDM and
SFDM. The common term comes from finite block truncation,
while the additional term in PC-AFDM comes from internal
jumps in the complex envelope. Three regimes follow directly:
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• If α ≤ 1/(2N), no internal wrapping occurs, and the
high-frequency tail coefficients of PC-AFDM and SFDM
coincide.

• If α = 1/(2k) for some k ∈ Z>0, internal wrapping may
occur, but every internal jump vanishes. The high-frequency
tail coefficients again coincide.

• For generic values of α, at least one internal jump is
nonzero, and the PC-AFDM high-frequency tail coefficient
is strictly larger than that of SFDM.

We emphasize that Theorem 7 characterizes the high-
frequency tail only. It does not imply that the full OOBE
integral is determined solely by the jump term, because the
full OOBE also includes the spectrum near the nominal band.
The next subsection therefore derives exact continuous-time
spectra for evaluating the full OOBE.

D. Exact Spectral Evaluation of OOBE

The full OOBE cannot be obtained from the high-frequency
tail coefficient alone. It also depends on the spectrum near
the nominal band, where the asymptotic expansion is not
sufficient. For this reason, we evaluate the finite block spectra
[26] exactly. For SFDM, the phase is affine on each sampling
interval, so the spectrum is a sum of sinc terms. For PC-AFDM,
the phase is quadratic on each interval with a fixed wrap count,
so the spectrum is a sum of Fresnel integral terms.

Proposition 8 (Exact subcarrier spectra). For SFDM, the m-th
subcarrier spectrum is

G(step)
m (f) =

1

B

N−1∑
n=0

exp

[
j2π

(
ϕ(0)
m,n − fn

B

)]

× exp

[
jπ

f
(step)
m,n − f

B

]
sinc

(
f
(step)
m,n − f

B

)
,

(33)
where ϕ

(0)
m,n = ϕ

(step)
m (n/B) and sinc(x) = sin(πx)/(πx).

For PC-AFDM, let 0 = ϑm,0 < ϑm,1 < · · · < ϑm,Jm <
ϑm,Jm+1 = T denote the ordered boundary sequence formed
by the internal wrapping instants of the m-th subcarrier, and
let qm,j be the constant wrap count on [ϑm,j , ϑm,j+1). Then

G(pc)
m (f) =

Jm∑
j=0

∫ ϑm,j+1

ϑm,j

exp

{
j2π

[
K

2
t2

+
(m
T

− qm,jB − f
)
t

]}
dt.

(34)

For K > 0, this is equivalently

G(pc)
m (f) =

1√
2K

Jm∑
j=0

exp

(
−jπ

β2
m,j(f)

K

)
× [FFr (um,j+1(f))−FFr (um,j(f))] ,

(35)

where
βm,j(f) =

m

T
− qm,jB − f,

um,j(f) =
√
2K

(
ϑm,j +

βm,j(f)

K

)
,

and FFr(u) =
∫ u

0
ejπv

2/2dv is the Fresnel integral [27].

Proof. For SFDM, the phase is affine on In, namely

ϕ(step)
m (t) = ϕ(0)

m,n + f (step)
m,n

(
t− n

B

)
.

Substituting this expression into G
(step)
m (f) gives

G(step)
m (f) =

N−1∑
n=0

∫ (n+1)/B

n/B

exp

{
j2π

[
ϕ(0)
m,n

+ f (step)
m,n

(
t− n

B

)
− ft

]}
dt.

Using t = n/B + t′ yields

G(step)
m (f) =

N−1∑
n=0

exp

[
j2π

(
ϕ(0)
m,n − fn

B

)]
×
∫ 1/B

0

ej2π(f
(step)
m,n −f)t′dt′.

The identity∫ 1/B

0

ej2πat
′
dt′ =

1

B
ejπa/B sinc

( a

B

)
proves (33).

For PC-AFDM, the wrap count is constant on
[ϑm,j , ϑm,j+1), so ϕ

(pc)
m (t) = Kt2/2 + (m/T − qm,jB)t.

Substitution gives (34). With βm,j(f) = m/T − qm,jB − f ,
completing the square gives

K

2
t2 + βm,j(f)t =

K

2

(
t+

βm,j(f)

K

)2

−
β2
m,j(f)

2K
.

Applying u =
√
2K(t + βm,j(f)/K) to each segment gives

(35).

The exact forms in Proposition 8 are used to evaluate the
ESD and the full OOBE without relying on a sampled time-
domain approximation.

IV. RECEIVER SAMPLING UNDER CONTINUOUS-TIME
PROPAGATION

Sections II and III show that PC-AFDM and SFDM have the
same values at the sampling instants but different continuous-
time trajectories. This section studies the same distinction
after continuous-time propagation and sampling at the receiver
[4]. The main result is that the two realizations induce the
same sampled channel matrix when all path delays are integer
multiples of the sampling period, but generally induce different
sampled channel matrices under fractional delays.

A. Continuous-Time Channel and Receiver Sampling

Let s(ξ)(t), ξ ∈ {pc, step}, denote the continuous-time
block over 0 ≤ t < T . Before transmission, a chirp periodic
prefix (CPP) [12] of duration Tcpp is prepended:

s
(ξ)
tx (t) =

{
s(ξ)(t+ T )e−j2πc1N(N+2Bt), −Tcpp ≤ t < 0,

s(ξ)(t), 0 ≤ t < T.
(36)
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The prefix duration is assumed to exceed the maximum path
delay. The received signal over a continuous-time doubly
selective channel with L paths is

r(ξ)(t) =

L∑
ℓ=1

hℓs
(ξ)
tx (t− τℓ)e

j2πνℓt + w(t),

where hℓ, τℓ, and νℓ are the path gain, delay, and Doppler shift
of the ℓ-th path, and w(t) denotes additive noise. After CPP
removal, the receiver samples r(ξ)(t) at tn = n/B.

Define the m-th subcarrier waveform on the data block as

u(ξ)
m (t) =

1√
N

ej2π(c2m
2+ϕ(ξ)

m (t)), 0 ≤ t < T.

The corresponding waveform after CPP insertion is

u
(ξ)
m,tx(t) =

{
u
(ξ)
m (t+ T )e−j2πc1N(N+2Bt), −Tcpp ≤ t < 0,

u
(ξ)
m (t), 0 ≤ t < T.

Thus, s(ξ)tx (t) =
∑N−1

m=0 x[m]u
(ξ)
m,tx(t). The sampled noiseless

input-output relation is

r̄(ξ) = Hξx,

where r̄(ξ) = [r̄(ξ)[0], . . . , r̄(ξ)[N − 1]]T and

[Hξ]n,m =

L∑
ℓ=1

hℓe
j2πνℓtnu

(ξ)
m,tx(tn − τℓ). (37)

Thus, the sampled channel matrix depends on the continuous-
time realization through the delayed waveform values in (37).
Define ∆H = Hstep −Hpc. Its entries are

[∆H]n,m =

L∑
ℓ=1

hℓe
j2πνℓtn

×
[
u
(step)
m,tx (tn − τℓ)− u

(pc)
m,tx(tn − τℓ)

]
.

(38)

Equation (38) shows that equality at the sampling instants
before propagation does not automatically imply equality after
continuous-time propagation.

B. Sampling Equivalence and Fractional Delay

Proposition 9 (Sampling equivalence under integer delays).
Write each path delay as τℓ = (dℓ + ϵℓ)/B, where dℓ ∈ Z≥0

and ϵℓ ∈ [0, 1). Suppose every path delay is aligned with the
sampling grid, i.e., ϵℓ = 0 for all ℓ, and the CPP is long
enough to cover all delays. Then

∆H = 0. (39)

If at least one path has a fractional delay, i.e., ϵℓ ∈ (0, 1) for
at least one ℓ, then

[∆H]n,m =

L∑
ℓ=1

hℓe
j2πνℓtn

×
[
u
(step)
m,tx

(
n− dℓ − ϵℓ

B

)
− u

(pc)
m,tx

(
n− dℓ − ϵℓ

B

)]
,

(40)
which is generally nonzero.

Proof. When ϵℓ = 0, the argument tn − τℓ = (n− dℓ)/B lies
on the sampling grid of the data block or the CPP. By (13), PC-
AFDM and SFDM have identical samples on the data block.
The CPP construction in (36) applies the same deterministic
phase factor to both realizations, so their CPP samples are also
identical at the sampling instants. Hence,

u
(step)
m,tx (tn − τℓ) = u

(pc)
m,tx(tn − τℓ)

for all m, n, and ℓ, which proves (39).
For a fractional delay, the argument (n− dℓ − ϵℓ)/B is not

a sampling instant. The received sample then depends on the
waveform between sampling instants, and (40) follows from
(38). Since PC-AFDM and SFDM differ between sampling
instants in general, the sampled channel matrices are generally
different.

Proposition 9 shows that equality at the transmitter samples
is sufficient for receiver equivalence only when all propagation
delays remain on the sampling grid. With fractional delays, the
receiver observes the values of the delayed waveform between
sampling instants. The resulting mismatch depends on the
fractional delay locations. By Proposition 2, the difference is
small on intervals where no PC-AFDM wrapping occurs. Near
an internal wrapping instant, the difference can be dominated
by the PC-AFDM jump term.

C. Receiver Mismatch Metric

After standard AFDM demodulation, the DAF-domain
noiseless received vector is z̄(ξ) = AH

IDAFTr̄
(ξ) = Gξx,

where Gξ = AH
IDAFTHξ. The DAF-domain mismatch is

∆G = Gstep−Gpc = AH
IDAFT∆H . Since AIDAFT is unitary,

∥∆G∥2F = ∥∆H∥2F. For E[xxH ] = I , the mean square
mismatch between the two noiseless DAF-domain received
vectors is

Ex

[
∥z̄(step) − z̄(pc)∥2

]
= ∥∆H∥2F.

Accordingly, we use the following normalized channel matrix
mismatch:

NMSEch =
∥∆H∥2F
∥Hpc∥2F

=
∥∆G∥2F
∥Gpc∥2F

. (41)

This metric measures the normalized mismatch between the
channel matrices induced by the two continuous-time realiza-
tions.

D. Windowing Baseline

Windowing is a common method for reducing spectral
leakage. In the present problem, it should be interpreted as
a postprocessing baseline rather than as a continuous-time
realization of the discrete AFDM block. Let ω(t) be a contin-
uous and piecewise continuously differentiable window over
[0, T ], and define g̃

(pc)
m (t) = ω(t)g

(pc)
m (t). At an internal PC-

AFDM wrapping instant tm,r, the jump of the windowed basis
waveform is

∆g̃m,r = ω(tm,r)∆gm,r.

Thus, a continuous window scales the internal jump by the
window value at the wrapping instant. It does not remove a
nonzero internal jump unless ω(tm,r) = 0.
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The same relation appears in the high-frequency tail. Define

Cm,ω = |ω(0+)|2 + |ω(T−)|2 +
∑

r∈Rm

|ω(tm,r)|2|∆gm,r|2.

Using the same integration by parts argument as in Lemma 6,
for the positive-frequency tail, we have∫ ∞

F

|G̃(pc)
m (f)|2df =

Cm,ω

4π2F
+O(F−2), F → ∞.

The endpoint terms are weighted by ω(0+) and ω(T−), while
the internal jump terms are weighted by ω(tm,r).

Windowing can also change the discrete AFDM block. Let
ωn = ω(n/B) and Wω = diag(ω0, . . . , ωN−1). If the receiver
applies the standard AFDM demodulator to the windowed
samples, the noiseless output is

ỹ = AH
IDAFTWωAIDAFTx.

For E[xxH ] = I , the resulting sample distortion induced by
the window is

EVM2
win =

1

N
E
[
∥ỹ − x∥2

]
=

1

N

N−1∑
n=0

|ωn − 1|2. (42)

This distortion metric is used only for the windowing tradeoff
and is separate from the LMMSE receiver EVM. Therefore,
ordinary edge windowing can reduce OOBE, but the reduction
is obtained by changing endpoint behavior and, in general,
by modifying the sampled AFDM block. If the window is
constrained by ω(n/B) = 1 for all n, then the AFDM samples
are preserved, but the window cannot generally eliminate the
internal PC-AFDM jumps because their locations depend on
m and the wrapping boundary index. SFDM instead removes
the internal jump term through the continuous-time waveform
construction while preserving the discrete AFDM block.

V. NUMERICAL RESULTS

This section validates the spectral and receiver consequences
of the continuous-time realization. The waveform illustration
has already been given in Section II-C. The simulations here
focus on performance metrics and postprocessing baselines.
We first verify the high-frequency spectral tail coefficient in
Theorem 7. We then evaluate the ESD and the full OOBE over
the nominal out-of-band region. Next, we examine the receiver
sensitivity caused by fractional delay mismatch. Finally, we use
edge windowing as a postprocessing baseline to quantify the
OOBE and distortion tradeoff.

A normalized bandwidth B = 1 is used throughout the
simulations. This normalization does not affect the relative
spectral or receiver comparisons between PC-AFDM and
SFDM. Unless otherwise specified, we set N = 64 and c2 = 0.
The normalized chirp rate parameter is α = c1N . The average
ESD and OOBE are evaluated according to Section III. For
FFT based spectral evaluation, a zero padded FFT is used on
an oversampled continuous-time grid, and spectral integrals
are approximated by numerical integration over the stated
frequency ranges. The same numerical integration settings are
used for PC-AFDM and SFDM in each comparison. For the
receiver experiments, the continuous-time channel is sampled
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Figure 2. Verification of the high-frequency tail coefficient. The normalized
finite interval coefficient Ĉξ(F ;Fmax) is plotted against F/B. At the special
chirp rate α = 0.5, PC-AFDM and SFDM converge to the same normalized
endpoint contribution because the internal jump contribution vanishes. At the
generic chirp rate α = 0.8, PC-AFDM converges to a larger coefficient due
to nonzero internal jumps, while SFDM remains at the common normalized
endpoint contribution.
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Figure 3. ESD comparison between PC-AFDM and SFDM. Top row:
normalized ESD over f/B ∈ [−3, 4]. Bottom row: f2 compensated ESD
over f/B ∈ [−3,−0.5] ∪ [1.5, 4]. The spectra are almost identical at the
special chirp rate α = 0.5, while PC-AFDM has a larger compensated ESD
at the generic chirp rate α = 0.8.
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parameter α. SFDM reduces the OOBE of PC-AFDM over most generic chirp
rate values. Around the special continuity points α = 1/(2k), the gap is
reduced because the PC-AFDM phase resets do not produce nonzero envelope
jumps.

after propagation as described in Section IV. The purpose is to
quantify how different trajectories between sampling instants
affect spectrum containment and receiver robustness.

A. Spectral Tail and OOBE

We first verify the high-frequency spectral tail coefficient
in Theorem 7. Since the theorem characterizes the high-
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reduces the sharp EVM peaks caused by the discontinuous trajectory between sampling instants of PC-AFDM. The main gain is observed in the high percentile
and worst case EVM rather than in an unconditional average improvement.
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Figure 6. Receiver EVM distribution under random three-path channels
with fractional delay estimation errors. The box plots summarize the EVM
over random channel realizations, and the triangle markers indicate the 99th
percentile. SFDM mainly reduces the high EVM tail, which is the relevant
regime when fractional delay uncertainty places PC-AFDM samples near
internal wrapping discontinuities.

frequency tail rather than the full OOBE integral, we evaluate
the normalized tail coefficient over a finite frequency interval,

Ĉξ(F ;Fmax) =
π2
∫
F<|f |<Fmax

Φ(ξ)(f) df

1/F − 1/Fmax
.

According to Theorem 7, Ĉξ(F ;Fmax) approaches the normal-
ized coefficient multiplying 1/(π2F ) in the two sided high-
frequency tail as F increases. We evaluate α = 0.5 and
α = 0.8, which represent a special continuity point and a
generic chirp rate, respectively.

Fig. 2 confirms the tail coefficient analysis. For α = 0.5, PC-
AFDM satisfies the continuity condition in Theorem 5. Hence,
its internal jump contribution vanishes and both realizations
converge to the same normalized coefficient. For α = 0.8,
SFDM still converges to the normalized endpoint contribution,
whereas PC-AFDM converges to a larger normalized value
caused by the internal envelope jumps. This verifies that the
additional high-frequency tail of PC-AFDM is not merely a
finite block endpoint effect.

We next examine the full spectral behavior. The high-
frequency coefficient isolates the asymptotic tail, while the
OOBE metric in (18) integrates the complete nominal out-of-
band region and therefore includes both near-band leakage and
high-frequency spectral tails.

Fig. 3 shows representative ESD plots. At α = 0.5, the
spectra of PC-AFDM and SFDM are nearly identical, which
is consistent with the disappearance of internal jumps. At α =
0.8, PC-AFDM has stronger high-frequency leakage, and this
difference becomes clearer in the f2 compensated plots. The

compensated spectra therefore provide a direct visual check of
the 1/f2 tail coefficient derived in Theorem 7. The full OOBE
behavior is evaluated separately below, because the full OOBE
also includes near-band leakage.

Fig. 4 shows the normalized OOBE ratio as a function of α.
SFDM yields lower OOBE than PC-AFDM over most of the
evaluated range. In the small α regime, the two curves are close
because internal wrapping occurs only for a limited number
of high-index subcarriers. As α increases, internal wrapping
events become more frequent and more widely distributed
across the block, which creates additional spectral leakage
in PC-AFDM. Around the special points α = 1/(2k), the
gap is reduced because the corresponding phase resets are
integer multiples of 2π. These results agree with the continuity
condition in Theorem 5.

B. Single-Path Fractional Delay Mismatch

The preceding spectral results validate the OOBE advantage
of SFDM. We next examine whether the different continuous-
time realizations also affect receiver robustness. This question
is relevant because PC-AFDM and SFDM are equivalent only
at the transmit sampling instants. After a continuous-time frac-
tional delay channel, the receiver samples delayed waveform
values that generally lie between the original sampling instants.

We consider a single-path channel with gain h = 1, zero
Doppler shift, and delay τ = (d + ϵ)/B, where d = 4
and ϵ ∈ [0, 1). The receiver forms a mismatched parametric
sampled channel matrix using ϵ+∆ϵ, while the true received
signal is generated using ϵ. Unless otherwise specified, ∆ϵ =
0.005 and the SNR is 35 dB. The sampled noise variance
is normalized with respect to unit average received signal
power, and the noise variance used in the LMMSE receiver
is σ2

w = 10−SNR/10. For each realization ξ ∈ {pc, step},
the noiseless sampled input-output relation is r̄(ξ) = Hξ(ϵ)x.
The LMMSE receiver is built from the mismatched matrix
Ĥξ = Hξ(ϵ+∆ϵ) as

Wξ =
(
ĤH

ξ Ĥξ + σ2
wI
)−1

ĤH
ξ .

The corresponding receiver EVM is computed analytically as

EVM2
ξ =

1

N
∥WξHξ(ϵ)− I∥2F +

σ2
w

N
∥Wξ∥2F . (43)
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Figure 7. OOBE and sample distortion tradeoff for edge windowed PC-AFDM and SFDM at α = 0.8. (a) Full OOBE over the nominal out-of-band region.
(b) Far-out OOBE. Edge windowing can reduce OOBE for both realizations, but the reduction is obtained by perturbing the AFDM samples. Raw SFDM
already has a lower OOBE level than raw PC-AFDM, and windowing provides an additional postprocessing option at the cost of sample distortion rather than
a replacement for the proposed continuous-time realization.

Fig. 5 shows the resulting receiver EVM. PC-AFDM exhibits
sharp EVM peaks at certain fractional delay values. These
peaks occur because a small delay perturbation can move the
receiver sampling point across a wrapping-induced envelope
jump. SFDM varies more smoothly because its phase is accu-
mulated continuously across sampling intervals. The distribu-
tion summary confirms that the difference is most pronounced
in the high percentile and worst case EVM. Therefore, the
receiver advantage of SFDM should be interpreted as reduced
sensitivity to fractional delay uncertainty, not as a universal
average EVM gain under all possible channel realizations.

C. Random Multipath Fractional Delay Validation

The single-path experiment isolates the discontinuity mech-
anism. To test whether the effect persists in a less controlled
channel, we further consider random three-path channels. For
the random multipath experiment in Fig. 6, we use L = 3
and fix α = 0.8. The delay of the ℓ-th path is τℓ =
(dℓ+ϵℓ)/B, where dℓ is uniformly drawn without replacement
from {1, 2, . . . , 7} and ϵℓ ∼ U(0, 1). The normalized Doppler
shift is ν̃ℓ = νℓ/B ∼ U [−0.03, 0.03]. Thus, the sampled
Doppler phase is ej2πν̃ℓn = ej2πνℓtn with tn = n/B.
Equivalently, the block normalized Doppler κℓ = νℓT satisfies
κℓ ∼ U [−0.03N, 0.03N ].

The delay estimation error δℓ is measured in seconds, and
its normalized value satisfies Bδℓ ∼ U [−∆max,∆max], where
∆max ∈ {0.005, 0.01}. The receiver forms the mismatched
parametric channel matrix using τ̂ℓ = τℓ + δℓ while keeping
the path gains and Doppler shifts unchanged.

The unnormalized complex path gains are generated as inde-
pendent circularly symmetric complex Gaussian variables h̃ℓ ∼
CN (0, 1) and are then normalized as hℓ = h̃ℓ/

√∑L
i=1 |h̃i|2,

so that each channel realization satisfies
∑L

ℓ=1 |hℓ|2 = 1.
Unless otherwise stated, we set SNR = 35 dB and use
σ2
w = 10−SNR/10 in the LMMSE EVM calculation, with

the same unit power normalization as in Section V-B. The
same channel realizations are used for PC-AFDM and SFDM
to ensure a paired comparison. For each random channel
realization, the LMMSE receiver EVM is computed using (43).

Fig. 6 shows the EVM distributions for two values of ∆max.
The median EVMs of the two realizations can be close, which

is expected because PC-AFDM and SFDM remain equivalent
at the sampling instants before propagation and differ only
through delayed values between sampling instants. The more
important difference appears in the upper tail. PC-AFDM
produces larger high percentile EVM values in the random
multipath ensemble, while SFDM gives a lower and more
stable upper tail. This result supports the receiver interpretation
of SFDM: it reduces the risk of severe mismatch-induced
receiver degradation in fractional delay channels.

D. OOBE and Sample Distortion Tradeoff

A natural postprocessing baseline is to apply windowing to
the transmitted block. Windowing can reduce spectral leak-
age, but it also changes the waveform samples observed by
a standard AFDM receiver. This is different from SFDM,
which changes the trajectory between sampling instants while
preserving the IDAFT samples exactly. We therefore use edge
windowing as a reference baseline for quantifying the OOBE
and sample distortion tradeoff.

For the edge windowing baseline, a raised cosine taper is
applied near the two block boundaries. For ρ = 0, we set
ω0(t) = 1. For ρ > 0, the window over one AFDM block is

ωρ(t) =



1

2

[
1− cos

(
πt

ρ/B

)]
, 0 ≤ t < ρ/B,

1, ρ/B ≤ t < T − ρ/B,

1

2

[
1− cos

(
π(T − t)

ρ/B

)]
, T − ρ/B ≤ t < T.

Here ρ is the edge length measured in Nyquist sampling inter-
vals, and ρ/B is the corresponding duration in seconds. The
windowed PC-AFDM waveform is s(pc)ρ (t) = ωρ(t)s

(pc)(t) for
0 ≤ t < T . The same window is also applied to SFDM when
plotting the SFDM windowing curve. Since ωρ(t) modifies the
AFDM samples, we quantify the sample distortion induced by
windowing by

EVM2
win(ρ) =

1

N

N−1∑
n=0

∣∣∣ωρ

( n
B

)
− 1
∣∣∣2 ,

which is the same distortion measure as (42) for the raised
cosine window. This metric measures only the sample dis-
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tortion introduced by edge windowing, rather than the re-
ceiver output error. In Fig. 7, the horizontal axis for the
windowing baseline is plotted as 10 log10 EVM2

win(ρ) in dB,
equivalently 20 log10 EVMwin(ρ). The sweep range is ρ ∈
{0, 1, 2, 3, 4, 5, 6, 8, 10, 12, 16, 20}, where ρ = 0 corresponds
to the unwindowed waveform. The full OOBE is evaluated
over R \ [0, B), while the far-out OOBE is evaluated over
f/B ∈ (−∞,−0.5)∪ (1.5,∞). The far-out metric is included
because the internal jumps of PC-AFDM mainly affect the
high-frequency spectral tail.

Fig. 7 shows the windowing tradeoff. The raw SFDM
reference has lower OOBE than raw PC-AFDM at the generic
chirp rate. Applying an edge window reduces OOBE for both
realizations, but moving along the tradeoff curve requires in-
creasing sample distortion. This confirms that windowing is not
a sample-preserving substitute for removing the internal jumps
during waveform construction. It remains a useful engineering
tool, but its benefit is obtained by perturbing the transmitted
samples, whereas SFDM eliminates the internal jump source
before any postprocessing is applied.

Overall, the numerical results support three conclusions.
First, SFDM reduces the OOBE of PC-AFDM at generic
chirp rates because it eliminates internal envelope jumps while
preserving the IDAFT samples. Second, under fractional delay
uncertainty, the discontinuous trajectory between sampling in-
stants of PC-AFDM can produce large high percentile LMMSE
receiver EVM, whereas SFDM gives smoother receiver behav-
ior. Third, windowing can reduce OOBE but introduces a trade-
off with sample distortion, which distinguishes postprocessing
from the proposed continuous-time waveform construction.

VI. CONCLUSION

The fundamental lesson of this work is that the continuous-
time realization of an AFDM block is a first-class design
parameter, not an implementation afterthought. The conven-
tional PC-AFDM inherits internal complex envelope jumps
from its frequency-wrapping mechanism. These jumps are
invisible to the Nyquist-rate samples but dominate the out-of-
band spectral tail and drastically degrade receiver performance
under fractional-delay propagation. Until now, this structural
flaw has been the hidden source of unexplained high OOBE.

SFDM eliminates these jumps without altering the IDAFT
output sequence. By holding a constant midpoint frequency
inside each sampling interval and accumulating phase continu-
ously, SFDM delivers a globally continuous complex envelope
while being mathematically identical to PC-AFDM at every
AFDM sampling point.

Looking forward, the stepped-frequency philosophy extends
beyond AFDM. Any modulation transform whose discrete
symbols are converted to a physical waveform leaves the inter-
sample trajectory free. This freedom can be systematically ex-
ploited to improve spectral containment, sensing performance,
or hardware tolerance.
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