Fractional Fourier Transform-Based OFDM in
LoS-Dominant Multi-Cluster NTN Channels: A
Structural Analysis

Soo Young Shin, Senior Member, IEEE, and Victor C. M. Leung, Fellow, IEEE

Abstract—Fractional Fourier transform (FrFT)-based OFDM
has been reported to improve banded equalization when channel
energy is approximately aligned with a single FrFT-diagonal
ridge. This letter examines that premise for a LoS-dominant
multi-cluster non-terrestrial network (NTN) channel under a
TR 38.811-inspired Ka-band parameter regime. A concise struc-
tural argument indicates that the optimal FrFT order tends to
collapse to the DFT point when the line-of-sight (LoS) concentra-
tion loss caused by rotation exceeds the clustered-part concentra-
tion gain available in the FrFT domain. Synthetic-operator sanity
tests verify that the discrete FrFT implementation and the order-
selection rule recover non-DFT optima when such optima exist.
Monte Carlo BER results indicate no measurable FrFT gain over
FFT-OFDM across « € {1000, 1300,1600} Hz/sample and two
geometry assumptions, while a slight penalty appears at narrow
equalization bandwidths.

Index Terms—Fractional Fourier transform, OFDM, non-
terrestrial networks, banded equalization, delay-Doppler chan-
nels.

I. INTRODUCTION

Non-terrestrial networks (NTNs), including low-earth-orbit
satellites and high-altitude platform stations, operate under
severe Doppler and delay variations that give rise to strongly
doubly dispersive channels [1], [2]. In OFDM systems, such
propagation yields dense effective channel matrices, which has
motivated alternative transform domains for low-complexity
equalization.

The fractional Fourier transform (FrFT) is of interest be-
cause it can concentrate channel energy near the diagonal
when the underlying channel is approximately aligned with
a single dominant chirp-like ridge [3]-[6]. Corresponding
gains have mainly been reported in channels whose delay—
Doppler support is effectively single-ridge, such as simplified
underwater acoustic or visible-light settings [7], [8]. For LoS-
dominant multi-cluster NTN channels, however, a single glob-
ally alignable ridge is generally not guaranteed.

The channel considered here follows a TR 38.811-inspired
Ka-band NTN parameter regime while retaining a LoS-
dominant multi-cluster LTV structure with cluster-dependent
delay—Doppler slopes. Under this setting, the main question
is not whether FrFT can outperform broader waveform fam-
ilies, but when FrFT-OFDM itself ceases to be effective. In
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particular, a null result in such a channel becomes structurally
informative when the FrFT implementation is known to re-
cover non-DFT optima on operators that are approximately
diagonal in a single FrFT basis.

The main contributions are summarized as follows.

1) A structural criterion is derived for predicting when the
optimal FrFT order collapses to the DFT point in LoS-
dominant multi-cluster NTN channels, revealing that
incompatible delay—Doppler slopes fundamentally limit
the usefulness of a single global FrFT rotation.

2) Synthetic operators with known non-DFT optima verify
that the discrete FrFT realization and order-selection rule
recover non-DFT optima when they exist, ensuring that
the reported null result reflects channel structure rather
than numerical artifacts.

3) Monte Carlo BER results under amplified coupling
stress and two geometry assumptions confirm no mea-
surable FrFT gain over FFT-OFDM, with a slight penalty
at narrow equalization bandwidths, clarifying that FrFT-
OFDM benefit is contingent on whether the channel
admits a single globally alignable ridge.

II. SYSTEM MODEL

A. FrFT-OFDM with banded equalization

Let N denote the OFDM block length and let s € CV
be the transmitted QPSK symbol vector. In FrFT-OFDM, the
time-domain transmit signal is

x = FpHs, (D

where F,, € CV*¥ is the unitary discrete FrFT matrix of order
p, with p = 1 reducing to the unitary DFT matrix F'. In the
numerical implementation, F), is constructed using a unitary
discrete FrFT realization based on the eigendecomposition of
the DFT operator [9].

After propagation through a linear time-varying (LTV)
channel H and additive white Gaussian noise w ~
CN(0,0%I), the receiver applies the same transform order
and obtains

r= FpHFpHs + Fyw £ G(p)s + F,w. (2)

Only the 2Q + 1 circular diagonals of G(p) are retained, and
the resulting banded LMMSE problem is solved by precon-
ditioned conjugate gradient (PCG), where @ € {0,1,...,5}



denotes the half-bandwidth. This follows the standard low-
complexity banded-equalization viewpoint for doubly selective
OFDM channels [10], [11].

The FrFT order is selected offline and independently for
each @) from a finite grid P = {0.55,0.57,...,1.55}. The
order p*(Q) is selected by maximizing

p*(Q) = argmax J(p, Q), 3)
peEP

where J(p, Q) is the order-selection score averaged over Mse)
pilot channel realizations. In the numerical results, the score is
evaluated using a truncation-aware MSE surrogate at a fixed
selection SNR of 20 dB.

B. LoS-dominant multi-cluster NTN channel

The channel considered here is an LTV model that follows
the same TR 38.811-inspired Ka-band NTN parameter regime
while including cluster-dependent delay—Doppler structure.
The model is intended to represent a LoS-dominant multi-
cluster NTN channel in which ridge-like coupling can arise
locally, but a single globally compatible slope is not guaran-
teed. The channel matrix is written as

H = Hi s + Hyom + Hgee + Hbg + Hdiff7 (4)

where the dominant and secondary clusters contain Loy = 6
and Lge. = 5 sub-paths, respectively.

The physical parameters follow the Ka-band NTN setting;
key values are listed in Table I. For a dominant sub-path ¢,
the initial Doppler is modeled as

ve = vy + k(Te — Tret) + 01, { € dom, 5)

where x [Hz/sample] controls the ridge tilt and Jvy is a per-
path jitter term. A physical estimate of x is obtained by
expressing the delay-domain slope as kphys = Av/ATgamp,
where Av [Hz] is the inter-path Doppler spread and A7gump, =
ms/Ts [sample] is the delay spread expressed in sample
units (Ts = 1/(NAf) ~ 260 ns for the parameters in
Table I). With pg = 550 ns and Av estimated at 100-
300 Hz—an order-of-magnitude figure consistent with the
residual inter-path Doppler spread after beam-centric compen-
sation at the Ka-band LEO operating point selected here [1]—
this gives Kpnys ~ 400-600 Hz/sample. The values x €
{1000, 1300, 1600} Hz/sample are deliberately chosen above
this physical range to provide amplified coupling stress condi-
tions that increase the potential for FrFT concentration gain;
a null result under these conditions is therefore a stronger
negative finding than one obtained at physically expected
coupling levels alone. The secondary cluster uses a reduced
slope

¢ =0.55, (6)

Rsec = Cﬂa

with either an independent reference delay (INDEP) or a
shared reference delay (SHARED). Thus, even when the large-
scale NTN parameters are fixed, the channel contains two
incompatible effective slopes. This is the structural feature that
challenges a single-order FrFT basis.

TABLE I
LOS-DOMINANT MULTI-CLUSTER NTN CHANNEL PARAMETERS

Parameter Symbol  Value
Carrier frequency fe 20 GHz
Subcarrier spacing Af 15 kHz
Block length 256
Platform velocity v 7500 m/s
Delay spread ™S 550 ns
Half-bandwidth Q 0,1,...,5
Selection realizations Miel 60

BER realizations M 10,000
Ridge tilt K 1000, 1300, 1600 Hz/sample
Secondary slope ratio ¢ 0.55
Dominant cluster power Piom —8 dB
Secondary cluster power — Psec —15 dB

ITII. STRUCTURAL ANALYSIS
A. Why the optimal order tends to collapse to p* =1

Write the channel as
H = His + Hy, (N

where
Hcl £ Hdom + Hsec + Hbg + Hdiff' (8)

Because G(p) = F,H FpH , the order-selection score may be
interpreted as a competition between a LoS-driven term and a
clustered term:

J(pv Q) ~ OéJLOS (pv Q) + (1 - Q)Jcl(pa Q); (9)

where o = Ppos/(PLos + Pe1) is the LoS power fraction. The
approximation in (9) holds under two conditions satisfied by
the channel considered here. First, the LoS power dominates
the clustered power (« &~ 0.909, i.e. Pros/Ps = 10). Since
IGallF/|GrosllF =~ +/Pa/Pros = 0.32, the cross-term
between Gr,os(p) and G.i(p) is treated as secondary relative
to the LoS term in any single realization, and is further sup-
pressed in expectation by the second condition below. Second,
the cluster sub-path gains are modeled as independent zero-
mean complex Gaussian random variables, so the expected
cross-term satisfies E[(Gros(p), Ga(p))r] = 0, and vanishes
under the Monte Carlo average.

The LoS component is maximized at the DFT point p = 1.
Let

Hyes = ape’*D(vy),  D(1p) = diag(e/*™""*) . (10)
Then, at p =1,

FHysF" = 0’ FD(p)F? = ape?? P, (11)

where P,, is a circular-shift permutation matrix. Hence all
LoS energy lies on a single circular diagonal, which yields

JLOS(laQ) = ]-7 Q > 0.

For p # 1, the matrix FpD(l/o)FpH is no longer a permutation,
and its energy spreads over multiple diagonals. This implies
that

12)

JLos(p, Q) < 1. 13)



A non-DFT order can therefore be helpful only when the
clustered component provides enough additional concentration
to offset the LoS loss. Define

AJCl(Q) £ IngX Jcl(pa Q) - Jcl(lv Q)v (14)
and
AJLOS(Q) £ JLOS(17Q) _H;)inJLoS(p;Q>- (15)
Then the DFT point remains optimal whenever
AJcl(Q)
o>« e 16
th(Q) Aros(Q) (16)

Equation (16) serves here as an interpretive criterion rather
than a universal closed-form law: it is sufficient but not nec-
essary for p* = 1, and its purpose is to identify the structural
regime in which the LoS concentration loss dominates any
clustered-part FrFT gain.

B. Numerical instantiation for the channel considered

Under the current channel parameterization, the LoS power
fraction is approximately o =~ 0.909. The two quantities
in (16) are evaluated independently of the BER experiment.
AJLos(Q) is computed from the LoS model in (11): since
Jros(1,Q) =1 and FpD(z/O)FpH spreads energy over O(N)
diagonals for [p — 1| > 0.05, numerical evaluation over
P gives AJros(3) > 0.50. AJg(Q) is measured on the
isolated clustered component H; with Hiy g removed, using
Mse = 60 pilot realizations drawn with a seed independent of
the BER simulation; the measured value is AJ(3) ~ 0.06.
In the notation of (16), this gives

0.06
3)<1—-—=0.88<0.909, 17
atn(3) 0.50 a7
confirming p*(3) = 1, consistent with the BER simulation

results.

C. Why the multi-slope structure limits FrFT gain

The clustered component of the channel does not admit
a single FrFT-aligned ridge. Even after removal of the LoS
contribution, the dominant and secondary clusters follow dif-
ferent effective slopes, approximately x and 0.55«. No single
FrFT rotation can simultaneously align both structures to the
diagonal. Consequently, the term AJ.(Q) in (16) remains
limited, whereas the LoS term continues to favor p = 1.

This interpretation differs from the channels in which FrFT-
OFDM has often been reported to be beneficial. The issue is
therefore not high mobility alone, but the incompatibility of
the dominant delay—Doppler slopes seen by a single global
transform order.

IV. VALIDATION AND SIMULATION RESULTS
A. Synthetic-operator sanity check

The discrete FrFT implementation and the order-selection
rule were checked using synthetic operators with known
optimal transform orders: one DFT-diagonal operator (py = 1)
and two FrFT-diagonal operators (po = 0.69, 1.19). As shown
in Fig. 1, the score J(p, Q) peaks at the design order in each
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Fig. 1. Synthetic-operator sanity test for J(p, @ = 3). The DFT-diagonal
operator is maximized at p = 1, whereas the FrFT-diagonal operators are
maximized near their design orders po = 0.69 and pg = 1.19. The
result indicates that non-DFT optima are recovered when the operator is
approximately diagonal in a single FrFT basis.

case. This confirms that clear non-DFT optima are recovered
when they exist, so the observed collapse to p* = 1 in the NTN
channel is not attributable to a DFT-biased implementation or
order-selection metric.

B. Setup

All numerical results use QPSK, N = 256, a PCG banded
LMMSE equalizer, and an SNR range from 6 to 20 dB. The
transform order is selected independently for each ) using
the truncation-aware score described in Section II-A at a fixed
selection SNR of 20 dB. Unless otherwise stated, the BER
results use M = 10,000 Monte Carlo realizations.

For the LoS-dominant multi-cluster NTN channel con-
sidered here, the ridge-tilt parameter is swept over K €
{1000, 1300,1600} Hz/sample, and two geometry assump-
tions are considered: INDEP and SHARED. Representative
BER plots are reported for @ € {1,3,5}. Under M =
10,000 Monte Carlo realizations, the standard deviation of
log,o(BER), estimated as & ~ (BER/M)'/2/In10, is ap-
proximately 0.002-0.003 at the BER levels observed for
SNR > 14 dB. Consequently, |Aggr| < 0.01 lies within two
standard deviations of zero, and all values in Fig. 3 satisfy
this bound for () > 1. To summarize FFT-FrFT performance
differences compactly, the quantity

BERFFT (KJ, Q, SNR)

Aggr(k, Q) £ mediangngr>1448 logy BERger (, 0, SNR)

(13)
was used. Positive values indicate a BER advantage of FrFT
over FFT, negative values indicate an FFT advantage, and
values near zero indicate no measurable difference.

C. Representative BER curves

Figure 2 shows BER versus SNR for the LoS-dominant
multi-cluster NTN channel with x = 1300 Hz/sample under
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Fig. 2. BER vs. SNR, x = 1300 Hz/sample, INDEP geometry. Full LMMSE
references coincide (single thick line). Banded results: @ € {1, 3,5}.
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Fig. 3. Summary of Apggr(k,Q) for the LoS-dominant multi-cluster
NTN channel over k € {1000, 1300, 1600} Hz/sample and both geometry
assumptions. Values near zero indicate no measurable FFT-FrFT difference,
whereas negative values indicate a slight FFT advantage.

the INDEP geometry. The full LMMSE FFT and FrFT ref-
erences coincide and are therefore shown as a single thick
reference curve. For Q € {3,5}, the banded FFT and FrFT
curves are visually indistinguishable over the full SNR range,
implying Agggr (1300, Q) ~ 0.

At @Q = 1, however, the FrFT curve lies slightly above the
FFT curve at high SNR. This behavior is consistent with the
structural interpretation in Section III: when the optimal order
remains very close to unity, a small non-DFT rotation may
spread energy away from the single retained diagonal of the
narrow-band equalizer, whereas the exact DFT preserves that
diagonal concentration.

D. Robustness across k and geometry

The robustness sweep confirms that the result is not tied
to a single parameter point. For x € {1000, 1300,1600},
Apgr(k, @) = 0 for all tested combinations with Q > 1,
while a small negative value is observed only at the nar-
rowest bandwidth (Q = 0, x = 1600). The conclusion is
unchanged across the ridge-tilt sweep and across both INDEP
and SHARED geometry assumptions.

V. CONCLUSION

A structural re-examination of FrFT-OFDM in a LoS-
dominant multi-cluster NTN channel has been presented. The
analysis shows that the optimal FrFT order collapses to the
DFT point when the DFT-domain LoS concentration dom-
inates any concentration gain obtainable from the clustered
component. In the channel considered here, the dominant and
secondary clusters follow incompatible delay—Doppler slopes,
so a single FrFT rotation cannot simultaneously align the
effective channel to a narrow diagonal band. Under those
conditions, FFT-OFDM and FrFT-OFDM are effectively indis-
tinguishable for () > 2, with a small penalty emerging only at
the narrowest equalization settings () < 1), most pronounced
at Q = 0 and x = 1600 Hz/sample.

The synthetic-operator sanity test indicates that the discrete
FrFT implementation can recover clear non-DFT optima when
the operator is approximately diagonal in a single FrFT basis.
The negative result is therefore interpreted here as a structural
property of the LoS-dominant multi-cluster NTN channel
rather than as a numerical artefact. The results indicate that
the effectiveness of FrFT-OFDM is governed not only by
mobility severity, but also by whether the channel admits a
single globally alignable ridge. FrFT remains meaningful in
single-ridge or weak-LoS settings, but its benefit is absent in
multi-cluster NTN channels of the type considered here.
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