2x2 Strongly Pay-off Salient Games
By
Somdeb Lahiri
ORCID: https://orcid.org/0000-0002-5247-3497
(Formerly with) PD Energy University, Gandhinagar (EU-G), India.
March 7, 2025.
This version: April 26, 2026.
Abstract

We provide a necessary and sufficient condition for a salient action profile to be a
focal point for 2X2 pay-off salient games. In view of the necessary and sufficient
condition for the existence of a focal point, we are able to provide an exact criteria
that selects the focal point if it exists. We introduce the concepts of dominant salient
action and dominant for 2X2 strongly pay-off salient games and provide a necessary
and sufficient condition for a dominant salient action profile to be a dominant focal
point. We also provide a procedure to implement a dominant focal point when one
exists.
1. Introduction: The class of all 2X2 bi-matrix games is a very “rich” in content, but
non-tautological theoretical propositions in such contexts are very difficult to
formulate without invoking “randomizations”. This was implicitly acknowledged by
John von-Neumann in his seminal work on minimax theorem in 1928.
Antagonism or anti-coordination is what two-person zero sum games (as in Stahl
(1999) and/or Ferguson (2000)) are all about. Prisoner’s dilemma, due to Merrill
Flood and Melvin Dresher (https://plato.stanford.edu/entries/prisoner-dilemma/)
which is by far the most well-known 2X2 bi-matrix game, illustrates “instability” of
Pareto optimal outcomes and “stability” of Pareto dominated outcomes. In section 5.4
of Luce and Raiffa (1957) there is an anecdote for the dilemma described Flood and
Dresher (see Flood (1952)).
In this note we are concerned with “coordination problems” among agents that arise
due to private information about pay-offs that are not shared with other participants
engaged in interactive decision making. Thus, in the context of 2X2 bi-matrix games
it is reasonable to assume that each player knows its own pay-off matrix. However,
there may be 2X2 bi-matrix games, in which, unlike zero sum games or prisoner’s

dilemma, the decision makers are neither antagonistic to one another nor



symmetrically positioned and hence may not be able to decipher information about
the pay-off matrix of the “other” decision maker. Under such circumstances, decision
making may need to be based entirely on the basis of one’s own pay-off matrix.
Alternatively and very frequently “coordination problems” arise due to the existence
of multiple equilibria where one equilibrium is better than the other. Hence there is
much to be gained by coordinating and choosing the better equilibrium. Coordination
problems of this type was first discussed in Schelling (1960) and an elaborate
discussion of coordination games is available in (the preface of) Cooper (1999).

In a comparatively recent paper, Leland and Schneider (2018) consider a sub-class of
2X?2 bi-matrix games for each of which it is possible to resolve the kind of
coordination problems that occur in Schelling (1960), with each decision maker
relying solely on the information contained in its pay-off matrix. In such games, the
pay-off matrix of the row player is such that the absolute value of the difference in its
pay-offs in the first column is different from the absolute value of the difference in its
pay-offs in the second column and the pay-off matrix of the column player is such
that the absolute value of the difference in its pay-offs in the first row is different from
the absolute value of the difference its pay-offs in the second row. In Leland and
Schneider (2018) such games are referred to as “pay-off salient games”. For pay-off
salient games, Leland and Schneider (2018) recommends that the row player
considers the column of its pay-off matrix that has the higher absolute value of the
difference in its pay-offs and chooses the row in that column with the higher pay-off.
We refer to such a choice as a salient action for the row player. Similarly, they
recommend the column player considers the row of its pay-off matrix that has the
higher absolute value of the difference in its pay-offs and chooses from that row the
column with the higher pay-off. We refer to such a choice as a salient action for the
column player. As observed in (2015), a pay-off salient action for a decision maker in
a pay-off salient game, is its unique expected pay-off maximizing action, assuming
that the other decision maker will be choosing each of its two actions with
‘probability half”. We refer to the pair consisting of the salient actions as a salient
action profile. In Leland and Schneider (2018) a salient action profile that is an
equilibrium as a focal point. Our first proposition in this paper is a necessary and

sufficient condition for a salient action profile to be a focal point.



The first problem in Leland and Schneider (2018) is with the procedure suggested by
them to choose a focal point when one exists. We provide an example (example 2) to
show that their procedure does not unambiguously locate the unique focal point if
there are multiple equilibria. In view of the necessary and sufficient condition for the
existence of a focal point, we are able to provide an exact criteria that selects the focal
point if it exists. The procedure suggests that a decision maker chooses its weakly
dominant action, if any such is available. Otherwise, it chooses its salient action.

The second problem is with the concept of a focal point. There may be a unique
equilibrium which is better for both decision makers than the salient action profile.
Thus, the solution concept forgoes a better outcome simply because it is not a salient
action profile and further the salient action profile is unstable. This is illustrated in our
example 4. In order to circumvent such inadequacies, we introduce the concept of a
dominant salient action. A dominant salient action is a best reply to the other decision
maker’s weakly dominant strategy if any such exist; otherwise it is the salient action
of the decision maker, the latter being as defined in Leland and Schneider (2018). We
refer to the pair consisting of the dominant salient actions, as a dominant salient
action profile. We refer to a dominant salient action profile that is an equilibrium as a
dominant focal point.

Unambiguous choice of a dominant action profile requires, that there is a unique best
response to a weakly dominant action. Thus, we consider “strongly pay-off salient
matrix games”, which satisfy the property that there is a unique best response against
a weakly dominant action, if there be any, or in the absence of weakly dominant
actions, it is a pay-off salient game as in Leland and Schneider (2018). Our main
result for 2X2 strongly pay-off salient games is a necessary and sufficient condition
for a dominant salient action profile to be a dominant profile. Both the proposition
and its proof is very similar to the necessary and sufficient condition for a salient
action profile to be a focal point, that we provide here.

The implementation of a dominant salient action action profile, requires that if there is
a weakly dominant action available to a decision maker at least one such decision
maker communicates the same to the other decision maker. Hence, the
implementation of a dominant salient action profile requires “absence of
malevolence” between the decision makers. It does not require “shared benevolence”

towards each other.



Important observation: Note that for ae{1, 2}, {1, 2}\{a} = {3- a}.
2. The Framework of 2x2 Pay-off Salient Bi-matrix Games: Let the row player be

denoted by 1, the column player by 2 and the pay-off matrix of player he{1,2} be Gi =

xh(l,l) xh(1,2)
[xh(le) xp(2,2)]

The action set of the each player is {1, 2} and a pair (i, j)e{1, 2} x{1, 2},with 1’
denoting the action (row) chosen by the row player (1) and ‘j’ denoting the action
(column) chosen by the column player (2), is referred to as an action profile.

The pair (G1, G) is referred to as a 2X2 bi-matrix game.

An action profile (i*, j°) is an equilibrium for (Gi, G») if for all i, je{1, 2}: xi(G", j*) >
x1(i, j°) and x2(i%, j°) > x2(i", j).

An equilibrium (i*, j*) for (G, G») is said to be a strict equilibrium if : x;(i", j*) >
x1(3-17, ) and x2(17, j°) > x2(i", 3 - ).

An action i” is said to be a weakly dominant action for the row player if for all je{1,
2} xi(i, j) = xi(3-1%, j).

An action j” is said to be a weakly dominant action for the column player if for all
ie{1, 2}: x2(1, ) > x2(1, 3-79).

It is easy to see that ifjrer{lﬁéc} [x1(L,)) — x1(2, )l > ]Iel{l{rzl} |x1(1,)) — x1(2,j)]| =0, then

argmax |x1(1, j) — x1(2, j)l is a singleton {j;} and argmax x; (i, j1) must also be a
jE(1,2} i€{1,2}

singleton, with its sole member being a weakly dominant action for the row player.

Similarly, if ig%%%(} [x2(i, 1) — x,(3, 2)| > iglll‘rzl} |x2(i, 1) — x,(i, 2)| =0, then

argmax |x, (i, 1) — x,(i, 2)| is a singleton {i5} and argmax x, (i3, j) must also be a
i€{1,2) jE(1,2}

singleton, with its sole member being a weakly dominant action for the column player.
The game (G, G2) is said to be a 2X2 pay-off salient (bi-matrix) game if

argmax |x;(1, j) — x1(2, j)! is a singleton {ji} and argmax |x,(i, i) — x,(i, 2)| isa
j€{1,2} ie{1,2}

singleton {i5}.
Thus Ix1(1,j7) - xi(2j DI > Ix1(1, 3 - j1) -x1(2, 3 - j1)I > 0 and Ix2(i5,1) - x2(i5,2)] > Ix2(3
- i3, 1) xi(3- i3, 2)1 > 0.
Since Ixi(1, j7) - x1(2, j1)I > 0 and Ix2(i5,1) - x2(i5,2) > 0, let {i7} = argtg{rlrlza}lxxl(i, j1)
2 )

and {j,} = argmax x, (i3, j).
JE{1,2}



{7 is said to be the salient action for the row player and j5 is said to be the salient
action for the column player.

The pair (i7,j5) is said to the salient action profile for (G, G>).

Since x1(i1, j1) > x1(3- 11, j1) if a weakly dominant action exists for the row player it
must be unique, equal to i and satisfy x,(i3, 3- j1) = x1(3- i1, 3- j1)-

Similarly, since x2(i3, j5) > X2(i5, 3 - j5) if a weakly dominant action exists for the
column player, it must be unique, equal to j5 and satisfy x2(3- i5, j5) > x2(3 - i5, 3 - j5).
Observation 1: An action is pay-off salient for a decision maker in a 2X2 pay-off
salient game if and only if it is the decision maker’s unique expected pay-off
maximizing action assuming that the other decision maker chooses any one its two
actions with equal probability. For, since xi1(i3, j1) - x1(3- i1, j1) > Ix1(i7, 3-j1) - x1(3-
i1, 3-j1)| = 0, there are two possible cases. In the first case xi(i7, 3-j1) > x1(3- i1, 3-j1),

so that Ix1(i3, 3-7%) - x1(3- &5, 37D = x1(i5, 3-7%) - xi(3- i, 3-%5) > 0. Thus, xi(&%, j3) >
xi(3- i1, ;) and xi(i7, 3-3) = x1(3- i}, 3+/3) implies Jx1(i7. j1) + 3107, 3- 1) > 5x1(3-
i1, J1) + %x1(3—i’{, 3- j1). In the other case, xi(i7, 3-j1) < x1(3- i1, 3-j1), so that Ixi(i7, 3-

J1) - x1(3- i1, 3-j) = xa(3- i, 3-j1) - x1(i3, 3-j1) > 0. Thus, x1(i3, ji) - x1(3- i1, j1) >
xi(3- i3, 3-/3) - xa(i5, 3+7) implies xi(i5, j3) + x1(i%, 343) > xi(3- i3, j3) + x1(3- i}, 3-
j) and hence 2xi(if. j3) +3x1(i3. 3- j1) > 3x1(3+41. ;) +5%1(3-i3. 3- ;). Thus, the pay-
off salient action for the row player maximizes its expected pay-off assuming that the
column player chooses each of its actions with equal probability. Since in each case
the inequality is strict, it follows that in a pay-off salient game, there is a unique
expected pay-off maximizing action for the row player under the assumption that the
column player chooses its actions with equal probability and this action is the unique
salient action for the row player. A similar argument proves that in pay-off salient
games an action is pay-off salient for the column player if and only if is its unique
expected pay-off maximizing action, assuming that the row player chooses any one of
its two actions with probability half. I

If in addition (i3, j3) is an equilibrium, then it is said to be a focal point.

We will refer to o1 = Ixi(1, j7) - X1(2, j1)I as the higher column gap (in G;) and we
will refer to o2 = Ix2(i5, 1) - x2(i5, 2)| as the higher row gap (in G>).

x1(i1, j1) is said to be the salient pay-off for the row-player and x»(i5, j5) is said to

be the salient pay-off for the column-player.



The following example of a 2X2 pay-off salient bi-matrix game shows that it may not
have an equilibrium and hence its salient action profile is not an equilibrium.
Example 1: xi(1, 1) > x1(2, 1), x1(1, 2) < x1(2, 2), x2(1, 1) < x2(1, 2), x2(2, 1) > x2(2,
2).

Suppose, xi(1, 1) - x1(2, 1) > x1(2, 2) - x1(1, 2) > 0 and x2(1, 2) - x2(1, 1) > x2(2, 1) -
x2(2,2) > 0.

Thus, (i1, j1) = (1, 1) and (&3, j) = (1, 2).

However, (G1, G2) has no equilibrium action profile.

Clearly (G1, G2) does not have any focal point.

3. The Leland-Schneider Method: We present below the method for implementing a
salient action profile suggested by Leland and Schneider (2018) and discuss a
problem concerning the procedure.

Let i'S = i] if 61 > 62 and i"Seargmax x1 (i, j5) if 61 < 6.

ie{1, 2}
Let j'5 = j5 if 62 > 61 and %S¢ argmax x, (i, j) if 62 < o1.
je{1,2}
Example 2: x:(1, 1) > xi(2, 1), xi(1, 2) > x1(2, 2), x2(1, 1) = x2(1, 2), x2(2, 2) > x2(2,

1).

Suppose, xi(1, 1) - x1(2, 1) > xi(1, 2) - x1(2, 2) > x2(2, 2) - x2(2, 1) > 0.

@, j) = (1, D and (&3, j3) = 2, 2).

(i1, j2) = (1, 2) is a focal point. However, (1, 1) is another equilibrium.
cr=xi1(1,1)-x1(2, 1) >x2(2,2) - x2(2, 1) = 62> 0.

According to the Leland-Schneider method, i*5 = 1 and j*5¢{1, 2}.

Thus, the Leland-Schneider method may not select the focal point if there are multiple
equilibria.

4. A Complete Characterization of Focal Point: The following proposition provides
a necessary and sufficient condition for a salient action profile to be a focal point.
Proposition 1: (i1, j;) is a focal point if and only if either j5 = j] and i] = i5 (in which
case (i1, j2) is a strict equilibrium) or i1= i3, j1 # j, and i] is a weakly dominant
action for the row player or ji= j5, i1# i; and j; is a weakly dominant action for the
column player or i1# i, j1 # j, i1 is a weakly dominant action for the row player and
J5 is a weakly dominant action for the column player.

Proof: (i1, j5) is a focal point if and only if (i3, j3) is an equilibrium.



Suppose either j5 = ji and i] = i or i1= i3, j1 # j, and i] is a weakly dominant action
for the row player or ji= j5, i1# i5 and j5 is a weakly dominant action for the column
player or i1# i3, j1 # j5, {7 is a weakly dominant action for the row player and j; is a
weakly dominant action for the column player.

Case 1: (i1, j1) = (iz, J2)-

In this case, by the definition of (i}, jj,) for he{l, 2}: xi(i1, j5) = x1(i1, j1) > x1(3- i1,
J1) =103 - i3, j3) and xa(i3, J3) = xa(i5, j3) > xa(i3, 3 j5).

Thus (i, j3) is a strict equilibrium.

Case 2: j1 # j5, i1= i, and {7 is a weakly dominant action for the row player.

x2(i1,J2) = x2(i3, j5) > x2(i5, 3 - j5), by the definition of (i3, j3).

x1(i1,j5) > x1(3- i1, j3) since i] is a weakly dominant action for the row player.

Thus (i3, j3) is an equilibrium.

Case 3: i1# i3, j1 = j5 and j; is a weakly dominant action for the column player.
Thus, xi(i3, j5) = x1(i1, j1) > x1(3 - i1, j3) = x1(3 - i3, j1), by the definition of (i}, ji)
and x2(i3, j5) > x2(i1, 3-j3) for je{1, 2}\{j>} since {7 is a weakly dominant action for
the row player.

Thus (i3, j3) is an equilibrium.

Case 4: i1# 05, j1 # J, i7 is a weakly dominant action for the row player and j; is a
weakly dominant action for the column player.

Thus, xi(i7, j5) > x1(3 - i], j5) since i] is a weakly dominant action for the row player
and x»(i7, j5) > xi(if, 3- j3) since j5 is a weakly dominant action for the column player.
Thus (i3, j3) is an equilibrium.

To prove the converse suppose (i1, j3) is an equilibrium. If (i1, j3) = (i3, j1), then
form the definitions of (i1, j1) and (i3, j3) it follows that (i, j5) is a strict equilibrium.
Hence suppose (i1, j3) # (i3, j1)-

Suppose ji # j; and i] # i5. Thus, x2(i7, j3) > x2(i7, j1). Further, x2(i3, j3) > x2(i3, j1)
by definition of (i3, j;). Thus, j is a weakly dominant action for the column player.
Also, xi(i3, j5) > xi1(i3, j5). Further, x(i7, j1) > x1(i3, j1) by definition of (i3, j7).
Thus, i] is a weakly dominant action for the row player.

Suppose, j1 # j5 and i] = i5.

xi(i1, j2) = x1(3-13, j2).

x1(i1, j1) > x1(3-i, j1) by definition of (i3, j1).

Thus, i] is a weakly dominant action for the row player.



Suppose, j1 = j; and i] # i5.

xa(i3, J2) = x2(13, 3-j2).

Further, x2(i5, j5) > x2(i5, 3-j5) by definition of (i3, j5).

Thus, j5 is a weakly dominant action for the column player. Q.E.D.

5. An alternative procedure for focal point selection: In this section we suggest an
alternative method for implementing a salient action profile that circumvents the
ambiguity associated with the procedure suggested in Leland and Schneider (2018).
Proposition 2: If i" is a weakly dominant action for the row player then i* = ij. If j* is
a weakly dominant action for the column player then j* = j5.

Proof: Since xi(i7, j1) > x1(3- i1, j1), if i’ is a weakly dominant strategy then i = ij.
Since x2(i5, j3) > x2(i3. 3- j3), if j* is a weakly dominant strategy then j* = j7. Q.E.D.
Thus, the focal point can be uniquely selected by the following procedure.

If neither has a weakly dominant action, then let each choose their unique salient
action.

If the row player has a weakly dominant action but the column player does not have a
weakly dominant action, then let the row player choose its weakly dominant action
and the column player choose its salient action.

If the column player has a weakly dominant action but the row player does not have a
weakly dominant action, then let the column player choose its weakly dominant
action and the row player choose its salient action.

If both have weakly dominant actions, then let each choose its weakly dominant
action.

The outcome of this procedure must be a focal point.

The procedure may be briefly summarized as follows: If a player has a weakly

dominant action, then it chooses it; if not it chooses its salient action.
Example 3: For he{1, 2}, Gy = [g (1)] Here (&%, 1) = (&5, j3) = (1, 1) and (1, 1) is a

focal point. Neither player has a “weakly dominant strategy. The procedure we
suggested requires the players to choose their salient actions, i.e., the row player
chooses the first row and the column player chooses the first column.

6. Dominant Focal Points for 2X2 Strongly Pay-off Salient Bi-matrix Games: The
next example illustrates the inadequacy of focal point as defined in Leland and

Schneider (2018).



Example 4: Let G| = [i é] and G2 = [g Lll )

For Gi, the column with the higher column gap is the second column so that (i1, ji) =
(2, 2).

For Gy, the row with the higher row gap is the second row so that (i3, j5) = (2, 1).
Thus, the salient action profile is (2, 1).

Since xi(1, 1) =5 >4 =x1(2, 1), (2, 1) is not an equilibrium and hence not a focal
point.

The salient pay-off for the row player is 4 and the salient pay-off for the column
player is 3.

The unique equilibrium for (Gi, G2) is (1, 1) yielding a pay-off of 5 to each player and
hence (1, 1) is better for both players than the salient action profile.

Thus (G1, G2) has an extremely desirable equilibrium although it does not have a focal
point.

Note than column 1 is a weakly dominant action and if the column player chooses
column 1, then the best response for the row-player is row 1.

The 2X2 bi-matrix game (G, G2) is said to be a 2X2 strongly pay-off salient (bi-
matrix game) if :

(1) x1(1, j) # x1(2, j) for some je{1, 2} and x2(i, 1) # x2(i, 2) for some ie{1, 2};

(ii) either the column player has a weakly dominant action j and Ix;(1,j) — x1(2,j)I >

0 or argmax Ix{(1,j) — x¢(2,))l is a singleton,;
Je(1,2}

(iii) either the row player has a weakly dominant action i and Ix,(i, 1) — x,(i, 2)I >0

or argmax Ix,(i, 1) — x3(i, 2)lis a singleton.
ie{1, 2}

(i) ensures that if a player has a weakly dominant action then it is unique.
Let j1* be the unique weakly dominant action for the column player if any such exist;

otherwise, let {j1"} = argmax Ix;(1,j) — x1(2, j)l.
Jjef1, 23

Let i5" be the unique weakly dominant action of the row player if any such exist;

otherwise, let {i5"} = argmaxIx,(i, 1) — x,(i, 2)I.
ie{1, 2}

Let {i7"} = argmaxx4(i, j1) and {j5"} = argmaxx,(i5", j).
ie{1,2} Jje{1, 2}

It is easy to verify that if j1* is a weakly dominant action for the column player then

j5" =Jj1" and if i3 is a weakly dominant action for the row player then i7" = i5".



We will refer to i]* as the dominant salient action for the row player and to j5 as
the dominant salient action for the column player.

We will refer to (i7", j5") as the dominant salient action profile.

If a dominant salient action profile is an equilibrium then we will refer to it as the
dominant focal point.

In example 4 above, (1, 1) is a dominant salient action profile and also an equilibrium.

Hence, it is a dominant focal point.

4 1
2 3F
Neither player has a weakly dominant strategy.

Example 5: Let G| = [Z g] and G2 =

It is easily verified that j1* =1, 5" =1,i]" =1 and j5" = 1.
Thus, (1, 1) is a dominant salient action profile which is also an equilibrium. Thus (1,

1) is a dominant focal point. Note that (i1, j1*) = (i5", j5°) = (1, 1).

7. A Complete Characterization of Dominant Focal Point: The main result of this
paper is the following necessary and sufficient condition for a dominant salient action
profile to be a dominant focal point.

Proposition 3: (i7", j5") is a dominant focal point if and only if either j5* = j1* and i7"
=1, (in which case (i1, j5*) is a strict equilibrium) or i1"=i5", j1" # j5 and i]" is a
weakly dominant action for the row player or ji"= j5°, i1"# i and j5" is a weakly
dominant action for the column player or i1*# 5", j1* # j5", i]" is a weakly dominant
action for the row player and j5 is a weakly dominant action for the column player.
The proof of proposition 3 is analogous to the proof of proposition 1.

In view of proposition 3, a procedure to implement a dominant focal point if it exists
is the following: If a decision-maker has a weakly dominant action it chooses it and
shares this information with the other decision-maker, the latter responding with its
dominant salient action. If not, then they proceed under the assumption that neither
has a weakly dominant action and each chooses its salient action.

Note: This paper is based almost entirely on pages 30-34 of the pdf file available at
the following link:

https://digitalcommons.chapman.edu/cgi/viewcontent.cgi?article=1156&context=esi

pubs. This reflects our personal preference about where to start reading a scientific
document. A “like-minded” reader may wish to ignore the first three paragraphs in the
introductory section of this paper ending with Cooper (1999), if not our introductory

section.



The material cited in the paper were accessed by us and are noted in the reference
section. We doubt our ability to create a comprehensive list of citations comparable to
the one in Leland and Schneider (2018). Hence, with the help of Dr. Suresh Kumar
Pillai (Chief Librarian and Information Officer, PDEU), we have extracted those
citations in Leland and Schneider (2018) that do not appear in our “references” and
created a section entitled “additional bibliographic material”. We would like to put on
record our sincere gratitude to Dr. Pillai for help in creating the bibliographic material.
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