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Abstract

This study presents a novel generalized cyclic plasticity model within the hyperplasticity framework
for modeling the cyclic behavior of sands. The formulation adopts a multisurface plasticity approach
that accommodates multiple yield criteria, namely Tresca, von Mises, Drucker—Prager, Mohr—Coulomb
, Matsuoka—Nakai, and Lade-Duncan. Following the generalized principle of maximum dissipation, the
proposed Generalized Cyclic Plasticity (GCP) model introduces a third potential into Ziegler’s classi-
cal two-potential thermodynamics framework, enabling a rigorous treatment of non-associative plasticity.
The framework further incorporates critical state soil mechanics (CSSM) through a state-parameter-linked
dilatancy angle and employs a phase transformation condition that governs the transition between con-
traction and dilation. This combination reproduces the monotonic and cyclic response of loose and dense
states. The model parameters are physically interpretable and can be calibrated using standard soil lab-
oratory tests. These features allow the GCP model to reproduce a wide spectrum of behaviors, including
excess pore pressure generation, cyclic mobility, stiffness and damping evolution with cycling, Lode angle
dependency, shakedown through pressure-dependent combined hardening, and dilation and contraction
responses within the CSSM framework. The numerical implementation is based on robust return mapping
algorithms that avoid numerical instabilities near the apex of the yield surface. The modular structure
of the formulation enables exact recovery of classical constitutive models such as associative and non-
associative Mohr—Coulomb and Prevost, while systematically extending them through optional features
including enhanced dilatancy and hardening laws, thereby providing a unified framework for benchmark-
ing and model development. The model performance is evaluated through triaxial and direct simple shear
tests.

1 Introduction

Soil behavior under cyclic loading is complex and strongly nonlinear, leading to nonlinear stiffness degra-
dation, hysteresis upon unloading and reloading, and progressive accumulation of volumetric and shear
strains. These mechanisms are particularly crucial in offshore geotechnical applications for foundations in
sandy soils supporting wind turbines, where long-term cyclic loading can induce irreversible deformations,
alter stiffness and damping, and generate excess pore water pressures [43, 54, [16, [29]. Such responses are
governed by “soil memory”, where the soil material response depends on the current stress state as well
as its loading history [43].

Classical constitutive models, such as the commonly adopted Mohr—Coulomb (MC) or hardening
plasticity alternatives, provide useful approximations for engineering applications but are limited in their
ability to accurately reproduce cyclic sand behavior. In particular, the MC model employs a fixed yield
surface together with an elastic perfectly plastic response, which prevents it from capturing cyclic ac-
cumulation (ratcheting), stiffness degradation, cyclic mobility, and liquefaction. Hardening models fall
short in capturing evolving fabric or reverse-loading effects, often generating path-independent responses,
unrealistic shakedown, or unbounded ratcheting. Such limitations have prompted the development of
models that explicitly incorporate memory effects, dilatancy evolution, and history-dependent stiffness.
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A wide range of approaches has been proposed to introduce fabric dependence and loading history into
constitutive models. These approaches include scalar variables such as the overconsolidation ratio [47],
interpolation-based approaches including the High Cycle Accumulation (HCA) model [39], ratcheting-
integrated macro-elements [16], memory-enhanced p—y curves [25], and constitutive models employing
memory surfaces such as the Prevost model [42], the Hujeux model [20, B38], SANISAND-MS [29] and
SANISAND-MSf [56], and HySand [46]. While each approach offers distinct advantages, they also pose
challenges related to underlying model assumptions, calibration requirements, and numerical robustness.

The seminal work by Prevost (1985) [42], captures essential features of cyclic mobility, including pore
pressure generation and plastic strain accumulation under cyclic loading. It accounts for changes in
shear strength and damping characteristics. However, the dilatancy mechanism is introduced via a phase
transformation line, and does not account for the critical state [6]. Consequently, a single parameter set
cannot be applied across different soil states. In addition, its original yield function may become unstable
at low confining pressures, particularly near the apex of the yield surface, and the Mroz translation rule [37]
requires continuous detection of the active surface, which may lead to response discontinuities [6].

Since the development of the Prevost model, various formulations have been developed to integrate
both critical state behavior and the phase transformation line, enabling the representation of state-
dependent dilation and contraction in sands. The state parameter [3] is widely adopted in critical state
soil mechanics (CSSM) based soil constitutive models, as it provides a robust framework for representing
sand behavior across different densities and stress levels, capturing both contractive and dilative trends
within a single parameter set [31], 29, 48, [46]. This concept underpins advanced constitutive models such
as NorSand [23] and the SANISAND family [31], 9, 29, [56].

NorSand (1993) [23] is a critical state-based elasto-plastic model developed to capture sand behavior
across a wide range of densities and confining pressures. It uses the state parameter to capture density
and stress dependency effects and employs a single bullet-shaped yield surface with an internal cap
and a non-associative flow rule. This framework enables realistic modeling of liquefaction triggering
and prediction of post-liquefaction strength while maintaining relatively straightforward implementation.
However, NorSand does not explicitly account for memory or bounding surfaces, which naturally limits its
ability to capture cyclic effects such as stiffness degradation and dilatancy under complex loading paths.

The SANISAND family evolved incrementally from the development of the landmark CSSM-based
framework by Manzari and Dafalias (1997) [31], combining the state parameter with bounding surface
plasticity to capture density effects, fabric evolution, and cyclic response. The models employ a phase
transformation and a hardening surface that evolve with the state parameter. The formulation postu-
lates the direction of plastic strain increments rather than deriving it from a plastic potential. This
approach reproduces the dilatancy and cyclic response trends observed in experiments for the targeted
simulations. However, this assumption can also lead to nonphysical effects such as overshooting [12].
SANISAND-MS [29], an extension of SANISANDO4 [9], introduces a memory surface to improve ratch-
eting and load reversal behavior, but does not capture cyclic mobility. SANISAND-MSf [56] was later
developed to address this limitation and reproduce cyclic mobility under undrained conditions, including
butterfly-shaped stress paths. Despite these advances, parameter calibration remains nontrivial due to
pronounced density-dependent behavior [51], and numerous studies report that identifying a single pa-
rameter set capable of reproducing both monotonic and cyclic responses is exceedingly difficult [51) 12].
Furthermore, limitations persist in representing pore pressure evolution under long-term cyclic loading,
highlighting the need for continued refinement of memory-enhanced bounding surface formulations.

HySand [46] is built on the previous works of Houlsby and coworkers [15, 17, 19] and is formu-
lated within a thermodynamically consistent hyperplasticity framework and explicitly accounts for state-
dependent behavior. Unlike classical plasticity formulations where the direction of the plastic flow is
obtained by differentiating a plastic potential with respect to stress, the critical state framework is incor-
porated through pertinent kinematic constraints enforced by Lagrange multipliers on the yield function,
following the methodology reported in previous works of Houlsby [15, [I7]. This approach requires plastic
evolution to be expressed as the gradient of a differentiable potential, rather than merely enforcing positive
dissipation, which is a more restrictive condition than the classical Clausius—Planck inequality [7]. While



this ensures thermodynamic consistency, it introduces physical complexities, as contraction and dilation
are governed by separate mechanisms, and dilation evolves with plastic strains through anisotropy. These
features can hinder straightforward calibration of model parameters. The formulation has also been re-
ported to show numerical instability at low pressures, which can be mitigated in practice by applying a
small surcharge [44].

The Hujeux model [20, B8] is a multi-mechanism elastoplastic formulation developed to simulate
cyclic and monotonic behavior of granular soils. It combines isotropic and deviatoric hardening with a
non-associated flow rule based on dilatancy principles, allowing smooth transitions between contractive
and dilative states. This structure enables the model to reproduce characteristic cyclic features such as
hysteresis, strain accumulation, and volumetric changes. However, it involves a large number of parameters
that require complex calibration, while its performance may degrade under highly irregular or long-
duration cyclic loading due to reliance on predefined plastic mechanisms.

In light of the above and with a view toward realistic long-term analyses, there remains a need for
a constitutive model capable of capturing the full load-response while maintaining reliability under the
inherent complexity of cyclic conditions [16]. Although existing models provide valuable insights, few can
accurately capture long-term cyclic accumulation of sands [I], and it remains challenging for a single,
physically interpretable parameter set to capture cyclic mobility, ratcheting, and critical state behavior
across varying stress levels, soil densities, and loading modes. In addition, robust constitutive models
require adherence to thermodynamic principles [I3] [19] [50], ensuring a physically admissible dissipation
mechanism and a well-posed evolution of the internal variables under cyclic loading [50]. Taken together,
these considerations motivate the development of a constitutive framework that balances physical realism,
mathematical tractability, and practical applicability.

To achieve this objective, this study proposes a framework drawing on concepts from multisurface
plasticity with kinematic hardening, which provides a natural foundation for modeling cyclic soil re-
sponse. Such models can reproduce key features of the cyclic behavior, including the Bauschinger effect
and Masing behavior [16], [14], hysteresis [42], and shear-induced anisotropy [43]. The framework, adopt-
ing discretized plastic moduli, allows representation of softening, hardening, and ratcheting [6], while
back-stress tensors encode loading history and memory [I9] [6]. In addition, incorporating isotropic hard-
ening enables shakedown-type responses under long-term cyclic loading [29, [50]. Further, the kinematic
hardening formulation is extended to account for the soil state and cyclic degradation. Taken together,
these hardening mechanisms can be formulated to incorporate pressure dependence and constitute the
conceptual foundation of the proposed GCP model.

Capturing these desired features, the present work develops the Generalized Cyclic Plasticity (GCP)
model, a multisurface plasticity formulation that is thermodynamically consistent and designed to repro-
duce hysteretic cyclic behavior, satisfy the original Masing rule, and capture the contractive and dilative
responses of sands under complex stress paths associated with cyclic loading. Rooted in the principles of
hyperplasticity, the proposed model derives its incremental stress—strain response from three potentials:
(i) free energy W, characterizing elastic and plastic contributions; (ii) yield function f, defining the onset
of plasticity; and (iii) plastic flow potential g, governing strain evolution via dilation parameter, in line
with the generalized principle of maximum dissipation [50]. The use of potentials provides a unified and
physically grounded formulation that avoids ad hoc flow rules while retaining the flexibility required to
capture characteristic cyclic mechanisms observed in sands [I7]. The dilation parameter is linked to the
state parameter following Jefferies [24], providing a realistic representation of the volumetric strain evo-
lution with density and pressure, and is combined with a state dependent phase transformation criterion.
To further enhance the predictive capabilities, the proposed model accounts for realistic strength asym-
metry between triaxial compression and extension, a feature observed in sands due to particle contact
orientation, and is herein governed by the Lode angle [30]. This is achieved by employing multiple yield
surface definitions, following the work by Lagioia and Panteghini [27], including Matsuoka—Nakai [33],
Lade-Duncan [26], von Mises [34], Drucker-Prager [11], Tresca [49], and Mohr-Coulomb [8, [35] with
optional rounded forms. Within the GCP framework, the general yield surface enables the model to
capture the Lode-angle dependence of yield and strength, while the same functional form is employed



to construct the plastic potential, thereby preserving thermodynamic consistency through a variational
structure consistent with the generalized principle of maximum dissipation.

The novelty of the GCP model lies in its ability to capture the complex dilative behavior of sands
using an single set of physically interpretable soil parameters, which can be obtained from standard labo-
ratory element tests. This parameter set is sufficient to simulate both monotonic and cyclic soil responses,
under undrained conditions across a wide range of applied pressures and soil material densities. Derived
within a thermodynamically consistent hyperplasticity framework, the formulation provides a unified and
physically grounded structure that avoids ad hoc flow rules while ensuring admissible dissipation and a
well-posed evolution of the internal variables. To the authors’ knowledge, existing state-dependent sand
models do not explicitly link the state-controlled peak dilation angle to the phase transformation condition
within the flow potential; instead, the proposed formulation introduces a simple and transparent coupling
that preserves smoothness while reproducing observed contractive—dilative transitions. The formulation
incorporates dedicated numerical strategies for stable integration, including a linearized yield-surface rep-
resentation, analytical Jacobians, and a return-mapping algorithm designed to improve convergence near
the yield-surface apex. Particular attention is given to non-associative Matsuoka—Nakai and Lade-Duncan
flow potentials, for which a dedicated stabilization strategy is developed to address numerical challenges
arising from dilation-angle dependence. An additional feature of the formulation is its configurability:
GCP can reproduce established models, including associative or non-associative Mohr—Coulomb or the
Prevost model [42], providing natural baselines for validation. Beyond replication, the framework allows
extension of these classical models by activating features introduced in this study, such as Lode-angle
dependency, non-associative integration of critical state soil mechanics, stiffness degradation, and pres-
sure and void ratio dependent combined hardening, thereby offering a versatile model for simulating sand
behavior across a broad range of loading scenarios.

The structure of the paper is organized as follows. Section [2] introduces the constitutive formulation,
including the general yield-surface concept, pressure-dependent elastic moduli, non-associative plastic
flow, and multisurface plasticity with combined hardening. The section also details the three scalar
potentials used to define the elastic response, plastic flow, and hardening evolution, as well as the in-
corporation of critical state concepts through the state parameter and dilation angle. Section 3| presents
the numerical implementation, including the implicit return-mapping algorithm, consistency condition for
multisurface plasticity, and the methodology for simulating triaxial and direct simple shear tests. Sec-
tion [ verifies the model through triaxial test simulations benchmarked against the Prevost model [6].
Section [5| demonstrates the capabilities and versatility of the model, highlighting key insights from the
simulations. Finally, Section [f] summarizes the study and presents the main findings. This work focuses
on establishing the conceptual basis of the GCP model and presenting its mathematical formulation in a
systematic manner. The emphasis is placed on describing the underlying principles, defining the model
equations, and verifying the formulation against reference simulations reported in the literature. Detailed
calibration of model parameters against laboratory test data for specific sands, as well as applications
involving finite element analyses with large loading cycles in boundary-value problems, are beyond the
scope of the present paper and are considered topics for future work.

2 Development of the proposed GCP model

This section outlines the formulation of the proposed Generalized Cyclic Plasticity (GCP) model. The
general yield surface, pressure-dependent elastic moduli, and non-associative flow rule are first introduced.
The multisurface plasticity framework with combined isotropic and kinematic hardening is then estab-
lished, followed by the hyperplasticity potentials and the enforcement of thermodynamic consistency.
Finally, critical state concepts are embedded in the model.



2.1 General yield surface

A tension-positive sign convention is adopted in view of its numerical implementation, employing the
Cauchy stress and strain tensors throughout. The principal stresses, defined as the eigenvalues of the
stress tensor o, are ordered as o3 < 09 < 071, each acting normally on a plane where the shear stress
vanishes. The prime symbol ’ is omitted throughout the text since all stresses mentioned are effective
stresses. The stress tensor is decomposed into hydrostatic and deviatoric components as:

o=pl+ ogey (1)

where p = %tr(o-) denotes the mean effective stress, tr is the trace operator, I is the second-order identity
tensor, and ogey is the deviatoric stress tensor. The deviatoric invariants of o are denoted by Jio, Joo,
and J3o, such that:

1
Jie = tr(0dey) = 0, JQC,:§||%V\|2 where ||| = /ZZ(D)%, J3e = det(0dgey)  (2)
t ]

In compact tensor notation, the dot (-) denotes single contraction, while the colon (:) indicates double
contraction. The notation || e |7 := +/e : [0 : e is adopted for a second-order tensor e, where [J denotes a
fourth-order tensor that induces a weighted Euclidean norm.

Classical models such as Drucker—Prager [11], which do not incorporate the effect of the intermediate
principal stress o9, exhibit a circular cross-section around the hydrostatic axis (see Figure and therefore
predict identical compression and extension stress ratios (M. = M,). In contrast, more advanced criteria
such as Matsuoka—Nakai [33] and Lade-Duncan [26] include the influence of the intermediate stress and
introduce Lode-angle dependence, enabling differentiation between M, and M., thus improving predictive
capability under complex loading paths. In this regard, the Lode angle [30] characterizes the influence of
the third deviatoric stress invariant J3, on material behavior under different principal stress states. For
the domain —7/6 < 6 < 7/6, it is defined as:

0= % arcsin (ﬁt%) (3)

With reference to the Matsuoka—Nakai (MN) yield surface [33], the convex reformulation introduced
by Panteghini and Lagioia [40] provides an equivalent expression that removes the non-convex branches
of the original formulation and retains only the physically admissible compression surface. Noting that
this convexified expression shares the same mathematical structure as other classical failure criteria,
Lagioia and Panteghini [27] demonstrated that the original and rounded Tresca [49], von Mises [34],
Drucker—Prager [11], classical and rounded Mohr—Coulomb 8], [35] by inner and outer tangent approxi-
mations, and Lade-Duncan [26] criteria can all be expressed within a general formulation by using shape
parameters «, 3, and =, listed in Table[I] The resulting general yield surface provides a smooth approx-
imation with at least C2? continuity across all six Mohr-Coulomb and Tresca surfaces [27]. Figure (a)
illustrates the resulting limit stress conditions for ¢ = 35°, ¢ = 0, and § = 0.95 (i.e., the rounding
parameter [27] for the rounded Tresca and rounded Mohr—Coulomb both by inner and outer tangent
approximations).
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Figure 1: Yield surfaces of the general failure criterial@l all yield surfaces and @ Matsuoka—Nakai yield
surface. Surfaces are set to have the same strength for triaxial compression conditions § = —7 /6.

Table 1: Shape function parameters «, (3, and « for the general yield surface following the original work by Lagioia and Panteghini [27]

yield criteria @ B8 5y
von Mises and Drucker—Prager 1 0 1
Tresca sec [%] 1 1
rounded Tresca sec [E] <1 1
Mohr-Coulomb sec [('7 + 1)%] 1 1-%
inner Mohr-Coulomb sec [(7 + 1)6] <1 1-%
. ¢ arcsin 3
sin p co .
outer Mohr—Coulomb cse | (1+ ’y)I + w <1 — |—-3arctan | ————2— | — 3tan M + arccos 3
6 3 3+singp 3+sing
. Ay
Matsuoka—Nakai 2V A1 A, —=7 0
AA/ 2
Lade-Duncan 2y A1 A, AT% 0
1
where 7 = £ arctan (Si\"[;)- A and Az are given in Eq. and Eq. for Matsuoka—Nakai and Lade-Duncan criteria, respectively.

The general yield surface [27] is expressed as a function of the mean effective stress p, the square root
of the second deviatoric stress invariant J = 1/Jo, and the Lode angle 6:

fp,J,0) = =C + Agp + JI(0) = 0 (4)
where 130
I'(6) = o cos arccos (5 sin3df) 7% (5)

A, = \% where M is the slope of the meridional section in triaxial compression at the critical state.

Because the Lode angle in Eq. (ED automatically distinguishes between compression and extension, it is
sufficient to define M only for triaxial compression. The parameter A, is chosen so that all deviatoric

surfaces exhibit the same strength in triaxial compression (6 = —n/6), leading to:
21/3 sin ¢
Ap=3—r (6)
—sing

6



The general yield surface provides the foundation of the GCP model, allowing different yield surface
formulations to be specified within the unified expression in Eq. .

2.2 Definition of pressure-dependent elastic moduli

In many geomaterials, particularly cohesionless soils, elastic moduli depend on the mean effective stress,
reflecting the nonlinear elastic response commonly observed in these materials. In this work, the elastic law
adopts a Janbu-type stress dependency [22], with shear and bulk moduli varying as a power of the mean
effective stress. Although the shear modulus is known to vary also with void ratio and and this dependence
is incorporated in some sand models [9], the present study adopts the simpler stress-dependent expression
employed by Prevost [42], omitting void-ratio dependence to maintain focus on model verification, such

that: 5 5
U:Uref<p ) K:Kref<p ) (7)
Dref DPref

where p and K denote the shear and bulk moduli, respectively; pef and K,.of are the corresponding moduli
at the reference mean effective stress pyof, and 3 is an experimentally determined pressure-sensitivity index.

2.3 Implementation of non-associativity

The general form of the yield criteria introduced in Eq. is employed to construct the plastic potential
function, enabling the recovery of a variational structure and the associated convex duality within a non-
associative framework. In line with the generalized principle of maximum dissipation [50], the proposed
GCP model extends Ziegler’s thermodynamic framework through the introduction of a third independent
potential, thereby establishing a thermodynamically consistent variational treatment of non-associative
material behavior. In particular, the model employs:

i. the free energy ¥, characterizing elastic and plastic contributions (detailed in Section [2.4.1));
ii. the yield function f, defining the onset of plastic deformation;
iii. the plastic flow potential g, governing the direction of plastic strain evolution.

The plastic flow potential adopts herein the same functional form as the yield surface defined in
Eq. , excluding the cohesion term. Following the usual treatment of non-associated plasticity in soil
constitutive modeling, the plastic potential is obtained by replacing the friction angle ¢ with the dilation
angle 1. Accordingly, the dilation parameter Ay replaces A, and is given by:

_ 2¢/3 sin

Ay 3 —siny

(8)
The function I'(f) in Eq. remains unchanged for the Tresca, von Mises, and Drucker—Prager criteria.
For the Matsuoka—Nakai, Lade—Duncan, and Mohr—Coulomb criteria, it is replaced by its dilation coun-
terpart f(@), since the corresponding shape parameters depend on the dilation angle 1) (see Table . This
substitution preserves the functional form of the yield function f and plastic potential g while introducing
non-associativity [50]. Accordingly, the general form can be defined as:

g(pv‘]ve) = Ad)p + Jf(g) (9)

The direction of plastic flow in stress space, m, is obtained from the subdifferential of the plastic potential
with respect to the stress tensor

m—@
- o

which, in the adopted Cauchy stress representation, is expressed in Voigt notation as a 6 x 1 vector.

(10)



Numerical Stabilization for Matsuoka—Nakai (MN) and Lade—Duncan (LD) Potentials
Direct application of this form to the MN and LD criteria leads to non-convergence in implicit integration
schemes because the gradient vanishes when ¢ = 0 (A, = 0), and reverses direction for ) < 0. This
behavior arises from the original formulation of the MN and LD yield surfaces, in which both the pressure
and shear terms are scaled by A, to fit the general yield structure [27]. Employing this original form in
the flow potential yields:

arccos (1:;?2 sin 39)
9(0) = V3Ayp+2J\/ A Aycos é

(11)

where A; and As depend on material strength Kyn and K1p through:

Kun — 3 Kun 9 —sin? ¢
A =—"F— Ay = ——— h Ky = ———— 12
T K -9’ 2T Kun—9 e PMNT TG (12)
Kip (3 —sinp)?
A= ——=_ Ay =A h Kip = 1
1 Kip — 27 2 1 where LD (1 +sin)(1 — sin))?2 (13)

To improve the numerical stability of the plastic flow direction in Eq. , we remove the A,-dependent
multiplier from g, resulting in the final form of the plastic potential:

A2 .
) arccos <A3/2 sin 39)
9(0) = p + J 5 VA cos 3 (14)

This modification affects both the volumetric and deviatoric components of m. The volumetric part is
no longer given by % I, but instead becomes m, = % The deviatoric component, governed by the shape
parameter « (see Table , likewise becomes independent of A,. As a result, the full gradient m no longer
depends on Ay.

However, the resulting m,, is identical for positive and negative 1. To distinguish between dilation
and contraction, we reintroduce the influence of 9 solely through a sign factor Ay /|Ay| applied to m,.
This adjustment preserves the sign of the dilation angle while maintaining numerical robustness. This
approach is consistent with hyperplastic and variational interpretations of non-associativity [50], as well as
with the common practice of treating volumetric dilatancy separately from the deviatoric flow direction.
To the authors’ knowledge, this two-step stabilization for MN /LD potentials has not been previously
reported.

2.4 Multisurface plasticity with combined isotropic and kinematic hardening

This study adopts the nested yield surface concept originally introduced by Mroz [37], which provides
high flexibility for capturing complex soil material behavior observed in experiments. The approach
enables accurate calibration by assigning distinct stiffness and strength parameters to each surface [I§].
A schematic representation of the model with N yield surfaces and the corresponding load-displacement
response are shown in Figures and 2B] respectively. The evolution of these surfaces during triaxial
cyclic loading is illustrated in Figure [3in two- and three-dimensional stress spaces. In Figure [3a] all yield
surfaces are initially homothetic and nested. During isotropic consolidation, the stress point remains on
the hydrostatic axis, indicating that no shear is mobilized (Figure. At this stage, the response is purely
elastic and governed by the bulk and shear moduli, K and p, respectively, which are represented by a single
linear spring as shown in Figure When the sample is sheared under triaxial loading, the stress point



departs from the hydrostatic axis and approaches the innermost yield surface while the response remains
elastic. Upon reaching this surface (surface 1 in Figure , it is activated (Figure , and plastic strain
begins to develop. At this stage, the load-deformation response incorporates the hardening contribution of
the surface, as illustrated by the red curve associated with hardening modulus H; in Figure leading to
an increase in the overall stiffness of the system. The loading direction n (Eq. ) is shown in Figures
and Owing to the non-associative nature of the formulation, the plastic strain naturally evolves along
a different direction, m (Eq. (10)). Additional shearing causes the activated surface to translate and/or
expand according to the hardening rule, eventually contacting the next surfaces i.e., surfaces 2, 3, ...,
N and dragging them along with the evolving stress state as loading progresses. Each additional
surface is subsequently activated upon contact, and ultimately all active surfaces translate collectively.
This produces the characteristic hardening and the associated increase in stiffness observed in the load-
displacement response, as shown in Figure

Upon unloading, the response is initially elastic and then transitions to plastic as the stress point
contacts the innermost surface in the unloading direction and drags it along. As unloading proceeds,
additional nested surfaces are activated sequentially. These surfaces translate and/or expand in the
direction of unloading (blue arrow on Figure . Each newly activated surface contributes incrementally
to the total plastic strain and the stiffness, enabling the model to capture the accumulation of cyclic
plasticity and the associated hardening or softening behavior. The plastic flow directions of all active
surfaces are determined independently according to their respective plastic potentials, while the total
stress increment is obtained from the contributions from each surface, consistent with the multisurface
framework. This behavior is consistent with experimental observations on silica sand [52]. Figure
demonstrates compliance with the original Masing rule over a complete loading-unloading-reloading cycle.

o
H
surface 1 surface 2 surface N -
: 2
1
a o iy JE
) /’L /
c1, 1 c2, P2 CN, PN -
(a) (b)

Figure 2: Conceptual representation of nested yield surfaces: @ schematic representation of the multi-
surfaces and corresponding load-displacement response complying with Masing rule.

Increasing the number of nested surfaces enhances the smoothness of the stress—strain response. This
follows directly from the fact that each additional surface introduces an extra segment in the piecewise
approximation (see Figure, so that in the limit of an infinite number of surfaces the curve tends toward
a smooth representation. However, this refinement increases computational cost, since each iteration must
handle a larger Jacobian associated with the internal variable updates. In particular, the update equation
involves matrix multiplications of size (6 + 8 Nact) X (6 + 8 Nact ), where Nyey denotes the number of active
surfaces, as will be explained in more detail in Section [3] For practical applications, a moderate number of
surfaces typically achieves an effective balance between accuracy and efficiency. In this work, ten nested
surfaces are adopted, which provides this balance and aligns with the number of surfaces commonly used
in previous studies [0, 45].
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Figure 3: Evolution of Matsuoka—Nakai nested yield surfaces with kinematic hardening in 3D (left) and
2D (right) stress spaces during triaxial loading: @ after isotropic consolidation (elastic response), @
loading, andunloading. Solid lines in the 2D plot represent active yield surfaces at the current loading
step. The blue and red arrows indicate the directions of n (Eq. (25))) and m (Eq. (10)).




2.4.1 Hyperplasticity potential functions

The proposed Generalized Cyclic Plasticity (GCP) model embeds non-associative plasticity within hyper-
plasticity formulation and incorporates combined isotropic-kinematic hardening through a multisurface
plasticity model. This allows the evolution of secant stiffness and damping ratio to be captured as cyclic
amplitude increases. Kinematic hardening represents the Bauschinger effect, while isotropic hardening
accounts for shakedown under repeated cycles [41]. Following the generalized principle of maximum dissi-
pation [50], these mechanisms are unified within a single material model. The formulation is governed by
three scalar potentials, which together define the elastic response, plastic flow, and hardening evolution
under complex loading conditions, as previously introduced in Section [2.3

1. Free energy density. The Helmholtz free energy density is expressed in terms of strains and
internal variables, allowing for the straightforward calculation of related stresses through derivations [32]
50]. The free energy density with the classical macroscopic elastoplastic approach with micromechanical
considerations [32] is given by:

1 1 1 .
W(e,eP, ) 1= 5 lle — Pl + 5 [P apun + 5 (1 — D) B 2 (15)
ela?s,tic plastic

Here, C is the fourth-order elasticity tensor for isotropic materials, composed of the bulk modulus K and
the shear modulus u:

1
CZKI®I+2u<H—3I®I) (16)

where I is the second-order identity tensor, I is the fourth-order symmetric identity tensor, and ® denotes
the outer product. This formulation accounts for both volumetric and deviatoric components of kinematic
hardening. Kinematic hardening is introduced via the backstress tensor a, which describes the center of
the translating yield surface. It serves as a material memory mechanism, directly reflecting the loading
history [41]. Additionally, it captures shear-induced anisotropy when backstresses vary directionally, such
as in triaxial shearing [41]. The generalized stress is derived from the free energy density as:

ov

sP = —m =0 — Hkin : eP <17)
[

Given N nested surfaces to describe hardening behavior, the generalized stress for the n'® surface (n < N)
is:
M = g gin™ . 2™ o) (18)

where o is the stress tensor, and a(™ is the backstress for the n'® surface, evolving as:
@™ = AN ghin® g, () (19)

Here AX™ is the consistency parameter (Lagrange multiplieri of the n'" surface, determined by the

Karush-Kuhn-Tucker (KKT) conditions as detailed in Section |3| H " is the fourth-order kinematic
hardening tensor for the n*® surface defined by its volumetric and deviatoric components:

. . . 1
H“u:H§1®I+JﬁP<H—3I®I> (20)

Isotropic hardening is incorporated via the scalar-valued internal variable x and its generalized stress
conjugate h, both derived in thermodynamic consistency [50]. For the n'h surface:

8g(n) _ ANM) B — _(1-b) Hiso(”)/{(n)’ i

) —AN®
~ oh) V3 B

V3

n)

i (1-b)H="™  (21)
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Here, Hiso™ i the isotropic hardening modulus of the n' surface, and b € [0, 1] is a parameter controlling
the dissipative mechanism. Specifically, b = 1 corresponds to a purely dissipative mechanism, while b =0
represents an energetic mechanism that replicates the underlying dissipation. The choice of b is closely
tied to thermodynamic consistency. In this study, we adopt b = 1 to ensure consistency[50].

2. Yield function. The yield function with combined isotropic-kinematic hardening is defined in
terms of the stress, back stress, and isotropic hardening variables. For the n'® surface, the yield function
is given by:

Q) (sp(mw(n)) — —C + AW p™ 4 J(n)F<9(n)> +\}§ (hm) _5p<n>(m<n>)> <0 (22

where p(™, J™ and 6 are computed from sP (™ = o — o™ and
FP (n) (K(n)) — oP (n) + bHiSO(n) H(n) (23)
where o? (™ is the plastic yield strength of the nt® surface for the given material such that:

o) _ 6c (™ cosgp(”)

24
3 —sinp (™) (24)
Here we define the subdifferential of the yield function with respect to the corresponding generalized stress
n. For the n'® surface:
n( — of ) (n

- Hsp () = e
In the adopted Cauchy stress representation, it is expressed in Voigt notation as a 6 x 1 vector.
3. Plastic flow potential. The non-associative plastic flow potential shares the same functional

form as the yield function as explained in Section [2| For the n'!" surface, the plastic flow potential is given
by:

) 4 n ™ (25)

vV A%

n n n n n n) T n 1 n —p(n n
g™ (Sp< )kl )) _ Afp’p( ) 4 ™ Pgl )Hﬁ (h< ) — 5P () (4 >)) (26)

The evolution of plastic strain for each surface, €™ is governed by the subdifferential of the plastic
potential function with respect to the corresponding generalized stress:

(n)
) _ M(n)igpm) _AN® () (27)

The total plastic strain has the component of all surfaces and is given by:

N
e => AN m (28)
n=1

2.4.2 Thermodynamical consistency through the generalized principle of maximum dissi-
pation

The GCP model must satisfy the Clausius—Planck inequality to ensure thermodynamic consistency. Fol-
lowing the variational framework of Ulloa et al. [50], the dissipation is defined as:

p:=0:6—V(e, e’ k) >0 (29)

A state-dependent dissipation potential is introduced by redefining the elastic domain as I and by em-
ploying a continuous support function r. This function bounds the yield surface from above for positive
values, leaves it unbounded for negative values, and coincides with g when f = 0. For a single surface:

r(sP k) = g(s", k) — f(s", K) (30)
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and the elastic domain is defined as

L(sP,k) == {{8", &} e RYZ xR | g(8°,%) < r(sP,k)} (31)

sym

The generalized principle of maximum dissipation is expressed as a state-dependent optimization problem:
¢ (€P, ii; sP) = sup {¢ | {87, &} € L(sP, x) } (32)

where {sP, k} maximize the dissipation ¢ over all trial states {8P,k}.

Explicit solution of this supremum for the state-dependent domain L remains unavailable due to the
involved nature of the formulation. Nevertheless, the convexity of the yield criterion ensures compliance
with the second law of thermodynamics within the generalized standard material framework, thereby
guaranteeing thermodynamic consistency without explicitly solving the optimization problem.

2.5 Integration of critical state soil mechanics

The mechanical response of sands is inherently state-dependent, as particle rearrangement during shear-
ing induces volumetric changes that depend on both the current void ratio and the effective confining
pressure. These volumetric tendencies control the dilatancy, which in turn influences the stress ratio
and, consequently, the mobilized shear strength [24]. In the present formulation, we have shown that
the critical state friction angle characterizes the yield function f (Eq. ), while a constant dilatation
angle is adopted for the flow potential g (Eq. ) However, considering a constant dilatancy angle
throughout loading cannot account for the continuous evolution of stress and density in sands, which
often leads to unrealistic predictions. Consequently, the response is limited to either purely contractive
(1 < 0) or purely dilative (1) > 0), or critical state (¢ = 0) conditions, and therefore cannot reproduce the
phase transformation behavior that is characteristic of granular materials. A realistic description of sand
behavior thus requires a constitutive framework in which dilatancy evolves consistently with the evolving
soil state.

In this context, several approaches have been proposed to introduce state dependency into soil constitu-
tive models, including peak dilatancy relations [4], state indices based on relative density concepts [55] 21],
the state parameter introduced by Been and Jefferies [3], and dilation parameters used in models that
employ Lagrange multipliers, such as HySand [45]. Empirical peak dilatancy relations capture the dilative
response of dense sands, rather than providing a unified description capable of representing both contrac-
tive and dilative behavior. Similarly, in HySand, the dilation ratio governs the shear-induced volumetric
changes relative to the critical state, while contractive features are incorporated through a separate con-
solidation mechanism. State indices provide useful measures of density but do not offer a unified mapping
between density, pressure, and dilatancy. In contrast, the state parameter provides a unified description
of the contractive and dilative tendencies through a single variable, by relating the current void ratio to
its pressure-dependent critical state value. As such, it enables consistent prediction of both contraction
and dilation across a wide range of densities and confining pressures [23] 29, 24]. Due to its compact
form and physical interpretation, the state parameter approach offers a robust way to embed critical state
concepts into constitutive models, and is therefore adopted in this study.

In particular, Been and Jefferies introduced the state parameter as a potential, ¥, analogous to
potential functions used in physics [24]:

U=e—e (33)

The critical state void ratio e, defined at the current mean effective stress, is expressed using a power-law
relationship with mean effective stress [28], such that:

€c = €c0 — )\c (p/patm)£ (34)

where e is the void ratio at zero pressure, A, and £ are critical state constants, and p..t denotes the
atmospheric pressure.
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2.5.1 Dilation parameter evolution

Jefferies [24] established a physical basis for the relationship between the state parameter ¥ and dilatancy,
showing that it can be derived from kinematic considerations of void-ratio evolution rather than being
introduced empirically. Within this framework, the limiting dilatancy was shown to be proportional to the
state parameter through a material constant y, which provides a direct link between ¥ and the dilation
angle at peak strength:

T
2—x¥/3

The influence of x on the W—9pcqk relationship is included in Appendix @

It is important to note, however, that the peak dilation angle obtained from Eq. cannot be used
directly in the plastic flow potential. In particular, dense sands associated with a large negative state
parameter may exhibit a large peak dilation angle while still undergoing an initial phase of volumetric
contraction. Conversely, sands with a smaller peak dilation angle may display more pronounced initial
contraction. This indicates that the peak dilation angle alone does not govern the instantaneous volumet-
ric response during loading. To address this, the dilation parameter used in the flow potential is expressed
in a regularized form through exp(tpeak), ensuring a smooth contribution that remains consistent with
observed sand behavior. Similar regularization approaches have been adopted in advanced sand consti-
tutive models such as SANISAND [9]. Expressing the dilation parameter in this regularized form implies
that it is no longer interpreted as a geometric angle, but rather as a constitutive parameter.

While the state parameter governs dilatancy and thereby controls the mobilization of peak shear
strength through its influence on volumetric response, the incremental volumetric behavior during loading
is governed by the position of the stress path relative to the phase transformation (PT) line. In the present
formulation, the PT condition is introduced in terms of the stress ratio difference n—1, where n = ¢/p and 7
denotes the phase transformation stress ratio for the given loading direction. Since experimental evidence
indicates that the PT condition in sands corresponds to a distinct locus in the p—qg plane, stress ratios
below 7 are associated with contractive behavior, whereas stress ratios above it correspond to dilative
behavior. Experimental triaxial observations further show that the PT stress ratio varies systematically
with sand density [53]. To represent this dependency in a simple and continuous manner, the PT stress
ratio is here expressed as a state-dependent scaling of the critical-state stress ratio M such that:

sin wpeak = <35)

7= M exp (V) (36)

This expression is not intended as a derivation of the PT condition, but rather as a phenomenological
representation introduced to capture the observed shift of the PT locus with density while maintaining a
smooth formulation suitable for numerical integration. To ensure a gradual transition between contractive
and dilative regimes, the resulting PT condition is embedded within a smooth transition function:

wpTL = tanh <n’f]_ 7]) (37)
0

such that wpry, varies continuously from —1 (contractive) to +1 (dilative) as the stress ratio traverses the
PT line. The parameter ng = 0.2 controls the smoothness of this transition and is introduced as a numer-
ical regularization parameter, rather than a soil-specific material constant. This treatment is consistent
with critical-state-based sand models, in which the constitutive response across phase transformation is
formulated to remain continuous |23} 9].

To improve calibration of the strain evolution, an additional scaling parameter n, is introduced in the
dilation parameter. The state-dependent relationship between peak dilatancy and the state parameter is
retained through Eq. ; however, the material constant y is fixed to unity to remove its scaling role,
which is instead absorbed into n,. This approach provides better control over the magnitude of dilative
and contractive strain evolution, while preserving the physical interpretation of the state-controlled peak
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dilatancy. The dilation parameter employed in the plastic flow potential g (Eq. ) is finally constructed
as:

1/; = TNy exp(wpeak) WPTL (38)

In combination with appropriate calibration of the hardening parameters, this formulation provides a
smooth, state-dependent description of volumetric response while reproducing realistic sand behavior
under monotonic and cyclic loading.

2.5.2 Stiffness degradation and state-dependent kinematic hardening

In classical multisurface plasticity models for sands, the constitutive response under undrained cyclic
loading often exhibits unrealistically stiff stress—strain loops in the cyclic mobility regime [45]. Once the
maximum shear stress is reached and the loading direction reverses, the response becomes prematurely
elastic, followed by repeated reactivation of the nested yield surfaces with their full kinematic hardening
capacity. As a result, the stress path remains confined within a narrow region of stress space and does not
fully develop toward the apex, leading to locked hysteresis loops and insufficient shear strain accumulation
during cyclic mobility. To reproduce more realistic cyclic degradation behavior and allow for progressive
strain accumulation under repeated loading, a simple stiffness degradation mechanism is introduced in
the model.

A scalar degradation factor dy € [0,1] is coupled to the kinematic hardening modulus to represent the
progressive loss of stiffness under cyclic loading. The formulation follows the general philosophy of strain-
based degradation mechanisms adopted in post-liquefaction sand models, including the strain liquefaction
factor in SANISAND-MST [56] and cumulative plastic shear strain measures used in PM4Sand [5]. Degra-
dation is activated only under low effective stress conditions and evolves as a function of accumulated
plastic shear strain according to:

. 2
df = np Joep (1 - df) for p/ < Ddegradation (39)

where nj, controls the rate of degradation. The quadratic factor (1 — df)2 ensures rapid initiation of
degradation at small values of dy, followed by gradual saturation as dy — 1, representing a smooth
transition toward a strongly degraded cyclic mobility regime. The degradation threshold is estimated
geometrically as pqegradation = Me geye- As plastic shearing accumulates under low mean effective stress,
d progressively reduces the effective kinematic hardening capacity, promoting cyclic stiffness degradation
and enhanced cyclic mobility.

In addition, kinematic hardening is formulated as state dependent through an explicit function of
the state parameter, consistent with recent developments in state-dependent sand models [9, 45]. The
dependence of the kinematic hardening modulus on the soil state is introduced through:

we = exp(—W)"* (40)

where n. controls the sensitivity of the hardening response to the soil state. The combined effect of
density state and cyclic degradation is introduced by scaling the kinematic hardening modulus as:

Hign = Hyin we (1 - df) (41)

where Hyj, denotes the reference kinematic hardening modulus in the absence of state and degradation
effects.

3 Numerical implementation

This section outlines the numerical implementation of the constitutive model, building on the implicit
integration framework for non-standard plasticity [14, 10]. A fully implicit return-mapping scheme is
presented together with the derivation of the combined hardening modulus for multisurface plasticity and
the algorithmic procedures used in the triaxial and direct simple shear simulations.
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3.1 Implicit return mapping algorithm

Stresses are expressed in Voigt notation as o = {0, Oyy, 0uz, Oxy, Oyzs o+, A fully implicit backward
Euler integration scheme is employed within the Closest Point Projection Method (CPPM) to solve the
set of linearized equations at each Gauss point. Although the model is rate-independent, the equations
are discretized over a finite deformation increment Ae, corresponding to a time step At, to maintain the
temporal sequence [10]. This approach assumes a linear variation of Ao between ¢,, and t,41, consistent
with the basic Euler scheme.

The rate equations are expressed as a residual vector r at the integration-point level, which incorporates
stresses, hardening variables, and consistency conditions:

ryo =0 — o 4+ CeéP = o — o 4+ C i\[; AN (™) (42)
rgz) — o™ _ gtria ™ _ 5 ) — o) _ at::zl ™ _ AN™ Fkin®™ o (n) (43)
e = B il ) ) pprial ™ Aj;»n) (1— by H=" (44)
r;m —f (a,a<">, h(n)) — —C™M 4 AW ) 4 g T (9(“)) T \}g (h<n) _ 5<n>> (45)

Within the multisurface plasticity framework, the residual vector is extended to include contributions
from all active yield surfaces Nact. For Nat < N, the Newton-Raphson update equation becomes:

|

Ao ) i Org org org Oro r
Jdo (6x6) O (6X6Nact) Oh (6X Nact) OAX (6 X Nact) o

Aa Org Org Org Org r

= —w oo (GNaCtXG) oo (6NactX6Nact) oh (6Nact><Nact) OAX (6Nact><Nact) o <46)

Al Oy Orp, Ory Orp, r
oo (NactXG) O (NactXﬁNact) oh (Nact XNact) OAN (NactXNact) h

AN Ory ory oy Ory r
/ L do (NaCtXG) O (NaCtXGNact) Oh (NactXNact) OAM (NactXNact) - f

—— ——

Az J (648 Voot X648 Nac) r

In the equation above, w denotes the line search parameter and J the Jacobian matrix. Due to the limited
convergence radius of Newton-Raphson methods, a fixed w (i.e., w = 1) may cause convergence to a local
minimum. The Armijo backtracking line search [2] is employed to improve global convergence in the cases
of bad convergence so that w is adaptively selected to ensure sufficient decrease in the residual norm and
energy, helping the stress point escape local minima.

3.2 Derivation of combined hardening modulus under multisurface plasticity

This subsection addresses the enforcement of consistency conditions across multiple yield surfaces within
the implicit integration framework. The formulation ensures that all active surfaces satisfy the KKT
conditions simultaneously. There are various methodologies for implementing multisurface plasticity. The
Mroz translation approach [37], as used in the models developed by Prevost [43], 42], requires identifying
the active outermost surface. This may result in discontinuities caused by abrupt changes in the direction
of plastic strain direction [6]. In contrast, Prager’s approach [36] utilizes the innermost surface to govern
the evolution equations, thereby reducing model complexity and avoiding such discontinuities [6]. Both
approaches involve determining the direction of surface translation and relocating surfaces based on the
active one. In the present study, however, all surfaces are updated based on the KKT conditions, ensuring
consistency at each strain increment across all surfaces.

Once the active surfaces are identified, the primary variables are solved simultaneously at the integra-
tion point using a Newton-Raphson scheme [I4]. The nonlinear system in Eq. is iterated until the
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residuals are sufficiently small, thereby satisfying the local KKT conditions. The consistency condition
for the n'* surface gives:

, arm — gf afrm . afm
(n) — (m) 20 " jn) 2 ()
= e o+ ) o'+ ETAG) h\" + o =0 (47)

By combining Eq. with Eq. , the stress increment is derived as:

N
d:C@-éﬁ:cG—gyv@m@> (48)
i=1

Eq. can be rewritten by inserting Eq. and Eq. and hardening laws:

N Hiso(")
f® =nc (é AN m(i)> — n AN R () AN =0 (49)
3
i=1
For all surfaces, the first term in Eq. is shared. This means that for different surfaces the sum of
hardening terms (second and third terms in Eq. ) should be equal, such that:

Hiso(n+ 1)

iso(™)
mo A B H
3

3

Therefore, the consistency parameter for any surface can be defined by the consistency parameter of any
other surface as:

n+1)

n A\@+D) Fkin'

= n AN HED gy 1 AN™) (50)

in(™) iso(™) 7(n)

(n+1) — AN\(™)
A)\ == A)\ nHkin(nJrl)m + Hiso(n+l)/3 E(n+1)

(51)

where we define E(n)

would give:

as the hardening modulus of the nt" surface. Inserting this dependency into Eq.

> (52)

N

_ 1

&=C (é —m MR S
=1 h

If & in Eq. is substituted in Eq. , we get:

N iso()
. _ 1 . (n HISO
fO =nc(e-maOFY Y ) n AW HES Y m - AN T~ (53)
— h(Z)
From here, we can get the consistency parameter for the first surface AX1):
AxD — " Ce & (54)
nCmh’ 5oL, =5 +h
Plugging AXY) into Eq. gives:
Ce C- -C
6=C|ée-m e _¢|c-€men-C) (55)

nCm + nCm + N

N 1 1
Zn:i W Zn:i 7®

Eq. clearly shows that the consistent tangent operator, C®P reflects the combined effect of all active
yield surfaces and is given by:

(C-m)®(n-C)
nCm+h

CP=C-— (56)
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where h is the hardening modulus of the system consisting the contribution of all active surfaces, resem-
bling springs connected in series. For N, active surfaces:

L o P SR S S 57
h — 7, AN AC) 7,(Nact)

By expressing the combined hardening response as an equivalent modulus derived from the interac-
tion of individual surfaces, the approach reveals an intuitive analogy to springs connected in series (see
Figure . This interpretation provides insight into how multisurface hardening influences the overall
stiffness and stress update in cyclic plasticity models (see Figure .

3.3 Simulations of triaxial and direct simple shear tests

A series of element-level simulations, including triaxial and direct simple shear (DSS) tests, is carried out to
evaluate the predictive capabilities of the proposed GCP model. These simulations are compared against
characteristic experimental trends reported in the literature and results from established constitutive
models, thereby offering a systematic evaluation of the model’s ability to reproduce characteristic features
of sand behavior. The analyses consider both isotropic and anisotropic consolidation conditions, followed
by controlled loading, as illustrated in Figure [dl Isotropic consolidation is imposed by incrementally
applying the hydrostatic pressure pg. In the case of anisotropic consolidation, an additional deviatoric
stress qg is introduced while maintaining a constant mean effective pressure pg. Undrained conditions
are imposed by enforcing incompressibility through the condition Ae, = Aey, + Agyy + Ae,, = 0. For
triaxial tests, this leads to the strain-increment relation Aey, = Ae,, = —0.5 Ae,,, whereas for direct
simple shear (DSS) tests the constraint is enforced by prescribing zero normal strain increments, such
that Aey, = Agyy = Ae,, = 0. Under these conditions, the void ratio e remains constant, while the
critical void ratio e. evolves during shearing.

Although the GCP model is rate independent, sufficiently small strain increments are used to improve
the robustness of the Newton iterations, particularly under highly nonlinear response. If convergence is
not achieved for a given load step, a substepping procedure is employed in which the strain increment is
progressively reduced until a prescribed minimum admissible axial strain increment Ae,, is reached. The
implicit return-mapping algorithm employed for these simulations is presented in Appendix [C]

Figure 4: Schematic representation of the loading applied in the element-level numerical simulations.
Dashed lines denote the initial configuration and the solid blue cube the deformed configuration. Applied
stress and strain increments on the cube faces illustrate the loading paths for (a) isotropic and anisotropic
consolidation, (b) triaxial test, and (c) direct simple shear test.

4 Verification of the proposed model

The proposed GCP model is verified against the established Prevost model for cohesionless soils [42], using
Nevada sand parameters calibrated and triaxial test simulations reported by Cerfontaine [6]. To reproduce
the Prevost formulation, the GCP model is configured with pressure-dependent kinematic hardening, and
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a phase transformation-based dilatancy rule, while isotropic hardening is deactivated. This configuration
provides a consistent benchmark for assessing the ability of the GCP model to recover classical cyclic soil
behavior.

4.1 Prevost model implementation within the GCP model

The Prevost model employs purely deviatoric and pressure-dependent kinematic hardening, which intro-
duces directional memory and ensures that cyclic stress paths pass through the origin in mobility plots.
The yield surface for the n'" surface is given by:

foam) = f(s20) = g (e —pa) : (o0~ pal®) — (p2)’ (58)
Since the yield function in Eq. is quadratic in the stress, the associated consistency equation admits
two real solutions in the vicinity of the apex. This multiplicity yields two admissible return-mapping
directions, which is a well-known source of numerical difficulty because the projection of the trial stress
onto the yield surface is no longer unique. As discussed in Panteghini and Lagioia (2014), yield functions
that allow multiple roots for a given stress state may exhibit non-unique stress updates and loss of
convergence as the mean stress approaches zero. Cerfontaine [6] showed that these issues can be mitigated
by introducing a small artificial cohesion, which shifts the apex of the yield surface so that the stress update
can be performed in this regularized space before being mapped back to the original configuration. Even
with such regularization, however, implicit integration may still lose convergence before p reaches zero, as
documented in their simulations [6].

Within the generalized yield-surface framework, the classical Prevost yield surface of Eq. is repro-
duced by selecting the Drucker—Prager shape function parameters (Table , with the friction parameter
for each surface given by:

MM =/3A0 (59)
Kinematic hardening law

The pressure-dependent kinematic hardening law for the n' surface is expressed as:

& p= AN H;liin(n)m(n) (60)

dev

leading to the residual form:

(n) grkin(™ (1)
() — () gtrial ™ g () () _ gtrial™) AA H;; Moy (61)

The elements of the Jacobian are provided in Appendix in closed form. Surface moduli H™ are obtained
from the cumulative Prevost moduli H'™) through:

11 1
Hrn) — @ -1

where n=2,...,N HO = g’ (62)

A purely deviatoric backstress tensor is employed:

o2 0 0
a=g10 -1 0 (63)
0o 0 -1

19



Dilatancy formulation

The Prevost model defines the onset of dilatancy through the phase transformation (PT) ratio 7. Although
this introduces volumetric plasticity, the formulation does not include a state parameter and therefore

cannot capture convergence toward the critical state. The plastic flow direction is decomposed into an
Ndev

[72dev |
Governed by Prevost’s dilatancy rule, m. is expressed in terms of the current stress ratio 7 and the PT

ratio 7, allowing positive and negative values to produce dilation and contraction, respectively, such that:

associated deviatoric component mye, = and a non-associated volumetric component m, = m I.

i —n?

_7 64
7+ (o)

My

4.2 Verification against reported triaxial test simulations

The Prevost model parameters calibrated for Nevada sand are adopted from Cerfontaine [6]. Elastic
reference parameters and the PT ratio are given in Table |2 and the strength and hardening parameters
of the Prevost yield surfaces are given in Table

Table 2: Prevost model elastic reference parameters and PT ratio for Nevada sand calibrated by Cer-
fontaine [0]

Href [MPa] Kref [Mpa] DPref [kPa] /3 [‘] 77 [']
40 66.67 —100 0 0.8

Table 3: Prevost model yield surface and hardening parameters for Nevada sand calibrated for nine
surfaces by Cerfontaine [6]

unit 1 2 3 4 5 6 7 8 9
M - 0.08 0.15 0.3 0.425 0.64 0.775 0.92 1.045 1.14
Hljn MPa 150 300 43 15 25 20 0.67 0.24 0.011
o - 0 0.05 0.1 0.175 0.26 0.225 0.22 0.155 0.14

Undrained cyclic triaxial loading is applied in the form ¢ = gy £ gcycl, With a fixed relative density
of 40%, a consolidation pressure of pg = —250 kPa, and two initial deviatoric stresses, go = —30 kPa
and gp = —45 kPa with the same cyclic amplitude of 40 kPa. Comparisons between the proposed GCP
model and Cerfontaine’s implicit implementation of the Prevost model are shown in Figure [l The two
simulations exhibit distinct undrained cyclic behaviors because the combination of the initial deviatoric
stress and the applied cyclic stress amplitude places the loading paths in different regions of the stress
space. For the case of ¢ = —45 + 40 kPa (Figures and , the response develops stable, closed
cyclic loops with a dilative tendency and limited pore-pressure accumulation. In contrast, for the case
of ¢ = —30 £ 40 kPa (Figures and , the loading path is driven toward the extension side, where
pore pressure rises rapidly and the mean effective stress approaches zero, resulting in a cyclic-mobility
response. In both cases, the GCP model reproduces the key response features of the Prevost model. Minor
offsets in Figures and [bd| arise from the error control applied in the reference solution. The reference
simulation [0] loses convergence before the stress path reaches the apex, and the final converged step is
marked in Figure [>c| with an arrow. In contrast, the GCP formulation remains stable in this region due
to its numerically robust yield-surface structure.
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Figure 5: Undrained cyclic triaxial test simulations with relative density D, = 40% and consolidation
pressure pg = —250 kPa. The top row corresponds to initial deviatoric stress ¢y = —45 kPa, and the
bottom row corresponds to go = —30 kPa. |(a){{(c)| Deviatoric stress ¢ plotted against mean effective stress
p and |(b)H(d)[normalized excess pore water pressure plotted against axial strain. The final converged step
of the reference simulation [6] is indicated in [(c)| with an arrow.

5 Capabilities and versatility of the proposed model

This section demonstrates the capabilities and versatility of the proposed GCP model in capturing the
complex response of sands under both monotonic and cyclic loading. The model employs twelve primary
parameters, all of which can calibrated from standard laboratory tests. With this compact parameter
set, the GCP model captures a wide range of characteristic soil behaviors, including excess pore pres-
sure generation, cyclic mobility, stiffness and damping evolution with increasing number of cycles, Lode
angle dependency, shakedown through combined hardening, and dilation and contraction through non-
associative flow within the CSSM framework.

5.1 GCP model parameters

The GCP model is formulated using a set of soil parameters that correspond directly to measurable
features of sand behavior. Each parameter reflects a specific aspect of the material response such as elastic
stiffness, critical state characteristics, or the evolution of plastic hardening, which can be calibrated from
standard laboratory tests. Table [d] summarizes the full list of parameters together with their physical
meaning, units, and recommended calibration tests.
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Table 4: GCP model parameters, units, description, and recommended calibration tests

Component Parameter Unit Description Calibration Test
Elasticity Lhref kPa  Shear modulus at reference pressure Drained triaxial or bender element test
Kot kPa  Bulk modulus at reference pressure Drained triaxial or resonant column test
Critical state ¢ - Slope of critical state line in e-Inp space Isotropic compression or consolidation test
£ - Critical state line constant Isotropic compression or consolidation test
€co - Void ratio at zero pressure Isotropic compression or consolidation test
Ny - Dilation parameter material constant Drained or undrained triaxial at different densities
M. or ¢. —, °  CS stress ratio or friction angle Drained or undrained triaxial compression
M, - CS stress ratio for extension Drained or undrained triaxial extension
Hardening h,bi" kPa  Shear kinematic hardening modulus Monotonic triaxial test
b - Exponent controlling hardening for surfaces Monotonic triaxial test
Ne - Exponent controlling hardening across soil states Monotonic triaxial test at different soil states
np, - Exponent controlling stiffness degradation Undrained cyclic triaxial tests
Optional hll}i" kPa  Bulk kinematic hardening modulus (default 0) Cyclic triaxial test
his° kPa  Isotropic hardening modulus (default 0) Cyclic triaxial tests with accumulated plastic strain
N - Number of yield surfaces (default 10) Numerical choice
c kPa  Effective cohesion (default 0) Direct shear test
B - Elasticity confinement dependency (default 0.5 [42]) Assumed unless advanced stiffness tests available
Ratcheting Bu - Deviatoric ratcheting contribution Cyclic triaxial test
Bk - Volumetric ratcheting contribution Cyclic triaxial test

We note that the friction angle may be calibrated individually for each yield surface using data from
monotonic triaxial tests. Alternatively, the nested surfaces can be constructed by linearly scaling the
critical state friction angle ¢.. For the n'! surface within the set of N nested surfaces, we can thus write:

(m)y_ "M

= N Pc (65)

¥
Hardening in the GCP framework can be defined in two ways. The kinematic hardening modulus Hl/fn for
each surface may be calibrated directly from the stress—strain curve of a monotonic triaxial test. Alter-
natively, when a more compact parameterization is desired, the simplified two-parameter formulation [17]
based on hllji“ and b can be used. Here, b controls the rate at which stiffness decays across the nested sur-
faces, reproducing the observed reduction in incremental stiffness with loading. The hardening modulus
for the n'? surface is defined as:

H™ = p (1 - ﬁ)b

N

Here h can be used for either h,ljin, RKID or Biso. Equation yields a smooth, monotonic sequence

(66)

{H (”)}gzl and offers a practical alternative when a simplified but systematic hardening structure is
preferred. An initial backstress may be assigned to each surface if required; by default it is taken as zero,
producing the configuration shown in Figure [3a]

5.2 Excess pore pressure and cyclic mobility

Cyclic mobility is a liquefaction-related phenomenon that develops under cyclic loading in saturated soils.
It is characterized by the progressive accumulation of deformation and excess pore pressure, which causes
temporary stiffness degradation and the emergence of continuous residual strains. Numerical difficulties
arise near the apex of the yield surface (where o1 = 09 = o3 = 0, in Figure , because this point
corresponds to a geometric singularity in which surfaces loses smoothness. At this point, n (Eq. )
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and m (Eq. ) become non-differentiable since all deviatoric directions are admissible at p = ¢ = 0.
The GCP model incorporates specific measures to ensure stable constitutive integration in this region.

Following the approach of Panteghini and Lagioia [40], an apex check is incorporated into the con-
stitutive integration scheme. In their original implementation, a special apex return map is activated
when

~ 2 ri
p=||8§ev|=\/§J=\/;q=0 and p" =0 (67)

since the deviatoric direction of the normals are not uniquely defined, and only a volumetric flow direction
is admissible. Consequently, the deviatoric components of n and m are suppressed and their volumetric
parts are used:
A A

m:mv:?wI, n:nv:?@I (68)
However, the condition in Eq. activates the apex algorithm immediately after isotropic consolidation
even under high mean effective stress, which is not physically consistent with our implementation. To
avoid this unintended behavior, we modify the apex criterion in the GCP model as:

p <0.01kPa and |q| <0.01kPa (69)

This modification enhances robustness near zero effective stress and prevents premature activation of the
apex return-mapping. In the low-pressure regime, however, the constitutive equations become highly
nonlinear and the Newton-Raphson iterations may experience slow convergence or occasional divergence.
To improve stability in these situations, the implementation employs three standard stabilization mecha-
nisms: (i) a backtracking line-search that scales the Newton update to enforce a sufficient decrease in the
residual, (ii) diagonal regularization of the Jacobian when it becomes ill-conditioned or nearly singular,
and (iii) substepping of the strain increment when convergence cannot be reached within a single iteration.
Combined with the use of exact analytical derivatives in the Jacobian, these techniques provide stable
and accurate stress integration during cyclic mobility. The resulting behavior is consistent with recent
developments in constitutive modeling that emphasize accurately capturing cyclic mobility [56].

To demonstrate this capability, we revisit the test shown in Figures [5d and to simulate cyclic
mobility behavior under the same consolidation pressure and deviatoric stress as in the reference study [6].
In the reference study [6], the implicit implementation of the Prevost model fails to converge before
reaching p = 0 kPa (blue line in Figure , and an explicit scheme is additionally employed to reproduce
the characteristic butterfly-shaped stress path. The predictions of the GCP model instead, as illustrated
in Figure [6] maintain convergence throughout the cyclic mobility regime and accurately reproduce the
butterfly-shaped response, in close agreement with the explicit results reported by Cerfontaine.
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Figure 6: Cyclic mobility on an undrained cyclic triaxial test simulation at consolidation pressure of
po = —250 kPa and initial deviatoric stress gy = —30 kPa. @ Deviatoric stress g plotted against mean
effective stress p and @ normalized excess pore water pressure plotted against axial strain.
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5.3 Stiffness and damping evolution under cyclic loading

Under cyclic loading, the stiffness and damping of sands evolve significantly. For the strain amplitudes
considered in this study, the samples exhibit progressive stiffness degradation as cycles accumulate, re-
flected in the reduction of secant stiffness from one cycle to the next. The damping behavior also evolves
during cycling, and its evolution depends on the imposed loading paths.

Figures [7a] and [7h] present stiffness and damping evolution for the verification example associated with
Figures[5al5h|and the cyclic mobility case shown in Figure[6] respectively. In the figures, the start and end
points of each loading cycle are marked with “4”. Both responses are obtained using the same kinematic
hardening formulation and identical kinematic hardening modulus Hiin. The combination of multisurface
plasticity and the pressure-dependent hardening law (Eq. ) allows successive yield surfaces to be
activated while their position shifts with the mean effective stress, providing a direct mechanism for
capturing the evolution of soil state under cyclic loading. The case with stable cyclic response retains
a comparatively high stiffness and exhibits narrow hysteresis loops, with energy dissipation remaining
low and even decreasing slightly as the response stabilizes. In contrast, the cyclic mobility case develops
loops that become progressively flatter and wider, indicating clear stiffness degradation together with a
substantial increase in hysteretic damping. This behavior can now be fully observed because the use of the
general yield surface concept improves numerical convergence throughout the loading sequence, allowing
the complete cyclic mobility loop to be captured.
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Figure 7: Evolution of stiffness and damping characteristics with increasing strain amplitude and number
of cycles for @ the case with stable cyclic response, which exhibits high stiffness and low energy dissipa-
tion, and the case with cyclic mobility response, which exhibits stiffness degradation and high energy
dissipation.

5.4 Lode angle dependency through general yield surface

An important aspect of the formulation is its dependence on the Lode angle, which enables a natural
distinction between different deviatoric stress paths. Through this dependence, the model differentiates
between triaxial compression and triaxial extension without requiring separate constitutive expressions
or parameters, such as M. or M, introduced in classical critical state based models. This yields a more
general representation of strength and plastic flow across the entire deviatoric plane and allows the model
to capture stress-path effects that cannot be represented using a formulation based solely on the stress
invariants p and q. To evaluate the influence of the yield criterion selection, we revisited the verification
examples originally conducted with the Drucker-Prager surface (Figures and @, and repeated
them under the same consolidation pressure and deviatoric stress as in the reference study [6] employing
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the Matsuoka—Nakai yield surface (Figure . Under identical loading conditions, the Matsuoka—Nakai
surface, owing to its Lode angle dependency and smaller elastic domain (see Figure |lal), induces a slightly
faster reduction in mean effective stress p, with yielding triggered at lower p for the same deviatoric stress.
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Figure 8: Undrained cyclic triaxial test simulations with the Matsuoka—Nakai type yield criterion with
relative density D, = 40% and consolidation pressure pg = —250 kPa. The top row corresponds to initial
deviatoric stress ¢p = —45 kPa, and the bottom row corresponds to ¢o = —30 kPa. |(a)H(c)| Deviatoric
stress ¢ plotted against mean effective stress p and |(b)H(d)| normalized excess pore water pressure plotted
against axial strain.

While this effect is relatively mild under conventional triaxial loading, it becomes more pronounced
under non-proportional loading paths such as the direct simple shear (DSS) test, where the intermediate
principal stress varies significantly. Therefore, we conducted undrained DSS simulations using the bound-
ary conditions described in Section The consolidation pressure was set to pg = —250 kPa and the
initial deviatoric stress to gy = —30 kPa, consistent with the triaxial tests. The shear stress was varied
within 7, = £30 kPa to capture the nonlinear response. Figure |§| compares the responses using the
Drucker—Prager and Matsuoka—Nakai criteria under DSS loading conditions, while retaining the material
parameters and the Prevost model formulation adopted from the reference study [6].

Figure [9a] presents the resulting p—q stress paths. A faster reduction in p predicted by the Mat-
suoka—Nakai criterion is clearly observed. Both criteria produce non-smooth trajectories, a well-known
feature of DSS simulations due to the highly non-proportional loading and continuous rotation of the
principal stress directions. These rotations modify the direction of deviatoric stress evolution, generating
local reversals in ¢ even when the imposed loading direction remains unchanged. Figure [Ob] illustrates
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the corresponding shear stress-shear strain responses. Both models exhibit small hysteresis loops during
the initial loading stages, which widen progressively as the stress path approaches lower mean effective
stresses. The increased loop area reflects strong nonlinear behavior, high energy dissipation, and large
accumulated shear strains as the loading state moves toward the apex. Compared to the Drucker—Prager
criterion, the Matsuoka—Nakai criterion produces larger strain amplitudes due to its smaller elastic domain
resulting from its Lode-angle sensitivity. Differences in the sign of shear strain are attributed to the fixed
coordinate system and the initial orientation of the stress state at the onset of cyclic mobility, and are
not associated with differences in material response.
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Figure 9: Undrained DSS test simulation with Matsuoka—Nakai type yield criterion with relative density
D, = 40% at consolidation pressure of py = —250 kPa and deviatoric stress qg = —30 kPa and shear
stress 7,, = +30 kPa. @ Deviatoric stress g plotted against mean effective stress p and normalized
shear stress plotted against shear strain.

5.5 Shakedown response through pressure-dependent combined hardening

The hardening formulation is herein extended beyond classical kinematic hardening by introducing a
pressure-dependent isotropic hardening component governed by the evolution equations in Eq. . The
addition of isotropic hardening provides the model with memory of the loading direction and enhances
its ability to capture strain hardening and shakedown behavior under repeated cyclic loading. To ensure
physically meaningful behavior near the apex, the isotropic hardening modulus H*° is formulated as
a function of the mean effective stress, such that the isotropic hardening naturally diminishes at low
pressures. This prevents artificial strengthening as p — 0 and allows the stress state to pass through the
apex during cyclic mobility.

To evaluate the influence of pressure-dependent isotropic hardening, we revisit the verification exam-
ple and compare the response obtained with purely kinematic hardening against that produced by the
pressure-dependent combined hardening formulation, using the same consolidation pressure and devia-
toric stress as in the reference study [6]. Figure [L0| presents the predicted stress—strain response of a sand
sample over twenty loading cycles, with the isotropic hardening modulus set to 25% of the kinematic
modulus. For reference, the cyclic responses obtained using kinematic hardening alone (Figures
and @ are plotted alongside the new results. The comparison demonstrates that incorporating isotropic
hardening leads to a pronounced shakedown response, characterised by reduced cyclic strain accumula-
tion and earlier stabilization of the stress path. This behavior reflects the stabilizing effect of isotropic
hardening, which uniformly expands the yield surface while allowing the hardening effect to vanish at
low pressures, thereby maintaining realistic behavior near the apex and improving the model’s ability to
reproduce long-term cyclic response.

26



—80F} -0.81
. —70
&
= -60f 061
o
4 —sof -
o —40r s —04r
8 1 po = —250 kPa
& -30f i Y,
H ./ g = —45 + 40 kP4
° 20 1 -0.2
- f: D, = 40%
-10 —— combined hardening
oofF £ e kinematic hardening
L n L n L L L L L L L L L
-50 -100 -150 —-200 -250 0.00 -0.25 -050 -0.75 -1.00 -1.25 -1.50 -1.75
mean effective stress, p [kPal axial strain [%]
(a) (b)
—1.0F
=70 H 4 ]
—60} \ 3 T R
\ 3 \ F -0.8r e N LS
g -sof B AR i
~ 5 H . . 11 | T el
o _aot ; HEE _ -06} e
a -
v o
§ a0 §
2 g -o4f
s -20r po = —250 kPa
©
5 10l : . g = —304 40 kP
© ENANE —02f X
o 14/ /5 Dy = 40%
:.." s —— combined hardening
10} H o0f -~ e kinematic hardening
L L n L L L L L L L L L L L
-100 -150 —-200 -250 0.00 -0.05 -0.10 -0.15 -0.20 -0.25 -0.30 -0.35 -0.40
mean effective stress, p [kPa] axial strain [%]
(c) (d)

Figure 10: Undrained cyclic triaxial test simulations with a combined hardening feature added on Prevost
model, relative density D, = 40%, and consolidation pressure pg = —250 kPa. The top row corresponds
to initial deviatoric stress g9 = —45 kPa, and the bottom row corresponds to gy = —30 kPa. |(a)H(c)]
Deviatoric stress ¢ plotted against mean effective stress p and normalized excess pore water
pressure plotted against axial strain.

5.6 State-dependent behavior under monotonic and cyclic loading

The proposed GCP model embeds the principles of critical state soil mechanics (CSSM) through the
state parameter W, which provides a unified description of contractive and dilative tendencies. In this
formulation, the dilation angle 1 is replaced by a dilation parameter v that is explicitly linked to the
state parameter and combined with phase transformation condition, as defined in Eq. . The resulting
dilation parameter is then employed within the non-associative flow potential, which is constructed in
a thermodynamically consistent manner (Eq. ) Because the plastic flow direction follows from a
state-dependent potential, the model does not rely on empirical interpolation rules, switching criteria, or
ad hoc modifications. As a consequence, the transition from contractive to dilative response is obtained in
a clear and continuous manner, and the model naturally evolves toward the critical state under continued
shearing, fully consistent with the fundamental principles of critical state soil mechanics. Further, the
GCP model incorporates state-dependent kinematic hardening to account for stiffness differences across
soil states, together with cyclic-mobility stiffness degradation to represent the progressive loss of stiffness
under cyclic loading (Eq. (41))).

The ability of the model to reproduce characteristic sand behavior is examined through selected
element-level simulations, validated against laboratory data for Karlsruhe Fine Sand (KFS), a well-
documented reference material with an extensive database covering monotonic and cyclic loading un-
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der drained and undrained triaxial conditions [53, 52]. The validation is intentionally limited in scope
and focuses on verifying the proposed formulation rather than on full parameter calibration. The Mat-
suoka—Nakai yield surface is adopted in all simulations, and the material parameters used are summarized

in Table 5

Table 5: Material parameters used in the GCP model validation against the KFS database

prof [MPa| Koo [MPa| Ac [-| €[] e ] my[] e ] Me[]  hi® [MPa] bl nel] npl]
40 51.6 0.22 0205 1.103 012 331 0.73M, 100 20 80 1000

Figure [11] presents a comparison between undrained monotonic triaxial tests from the KFS database
and the corresponding GCP model simulations. The selected tests include TMU5S (e = 0.946),
TMU2 (ejnit = 0.814), and TMUG6 (einiy = 0.728), covering a wide range of initial densities bounded
by emin = 0.677 and epnax = 1.054. In all simulations, the initial deviatoric stress was set to gg = 0 kPa
and loading was continued until ¢ = —400 kPa. The results demonstrate that the GCP model captures
phase transformation behavior and the subsequent approach toward the critical state under undrained
monotonic loading. The dependence of the phase transformation stress ratio on the state parameter in
Eq. governs the behavior shown in Figure leading to a clear separation of the phase trans-
formation points in the p—q plane. Figure further shows that, at a fixed consolidation pressure of
po = —200 kPa, increasing the relative density leads to a higher peak deviatoric stress and a stiffer overall
response, whereas lower relative density results in larger axial strains mobilized at the same deviatoric
stress, reflecting the softer response of looser sand under undrained conditions. Overall, the simulations
exhibit good agreement with the corresponding laboratory responses, reproducing the main features of
the stress—strain behavior across the examined range of densities. While a full parameter optimization
against the complete experimental database would further improve quantitative agreement, such calibra-
tion studies are beyond the scope of the present work, which focuses on the development and verification
of the proposed constitutive framework.
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Figure 11: Validation against undrained monotonic triaxial test from Karlsruhe Fine Sand database for
varying initial void ratios at pg = —200 kPa. Deviatoric stress ¢ plotted against @ mean effective stress p

and axial strain. Solid lines denote GCP model simulations, while dotted lines represent experimental
data.

A further parametric study is conducted using the same set of material parameters listed in Table
to demonstrate the capabilities of the proposed model. Figure [I2] presents undrained monotonic triaxial
simulations performed at different consolidation pressures while maintaining a fixed relative density of
D, = 65%. In all cases, the initial deviatoric stress was set to go = 0 kPa and loading was continued until
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q = —400 kPa. The influence of consolidation pressure is illustrated in Figure where each stress path
originates from its respective consolidation state and follows an initially contractive trajectory toward
the phase transformation condition. Both the initial stiffness and the peak deviatoric stress increase
systematically with consolidation pressure, consistent with the pressure dependence of sand stiffness and
strength. This behavior is also reflected in Figure where the lower-pressure case reaches the phase
transformation at smaller axial strains, whereas higher consolidation pressures lead to clearer post-peak
softening in the stress—strain response. Correspondingly, the higher-pressure cases develop broader stress
paths that remain farther from the origin in the p—¢ plane during shearing. The strain development in
the phase transformation region is directly influenced by the phase transformation condition adopted in
this study, as given in Eq. . The numerical regularization parameter 7y controls the rate at which the
dilation parameter changes sign as the stress state passes through the zero-dilatancy condition, thereby
governing the amount of strain accumulated during this transition. 7y could be made state dependent, or
alternative smooth transition functions could be considered in future studies; however, the emphasis here
is on demonstrating the feasibility of embedding critical state soil mechanics within the flow potential
through a dilation parameter.
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Figure 12: Undrained monotonic triaxial test simulation with state parameter integration corresponding
to varying consolidation pressure at relative density D, = 65%. Deviatoric stress ¢ plotted against
mean effective stress p. @ Deviatoric stress q plotted against deviatoric strain.

Figure presents undrained cyclic triaxial simulations performed at two initial density conditions.
The top row corresponds to the case with a relative density of D, = 90%, and the bottom row corresponds
to the case with a relative density of D, = 40%, both conducted under a consolidation pressure of
po = —200kPa. In the figures, the start and end points of each loading cycle are marked with “+”.
The denser sand exhibits a more stable undrained cyclic response, characterized by slower pore pressure
buildup and tighter effective stress loops during cycling. Cyclic mobility is reached after seven loading
cycles, as indicated by the stress path approaching the apex of the effective stress space. In contrast, the
lower-density material transitions into cyclic mobility at an earlier stage, showing a faster development
and enlargement of butterfly-shaped stress loops. In this case, the stress path reaches the cyclic mobility
after the first loading cycle, marking an earlier onset. In terms of axial strain response, the looser sand
accumulates significantly larger strains after reaching the apex of the stress path, consistent with its more
contractive behavior and earlier onset of cyclic mobility. At larger strain levels, the simulations indicate
substantially higher axial strain accumulation for the D, = 40% case compared with the D, = 90%
case. This strain accumulation is directly linked to the cyclic-mobility stiffness degradation mechanism
employed in the model, as the evolution of the hardening parameter controls the progressive widening of
the hysteresis loops and the associated strain growth under repeated loading.
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Figure 13: Undrained cyclic triaxial test simulations with state parameter integration at consolidation
pressure of pg = —200 kPa and deviatoric stress ¢ = 0 & 60 kPa. The top row corresponds to relative
density D, = 90% and the bottom row corresponds to D, = 40%. Deviatoric stress g plotted against @
and mean effective stress p, and @ and @ axial strain.

6 Summary and conclusions

This study introduced the Generalized Cyclic Plasticity (GCP) constitutive model for sands, a three-
dimensional multisurface plasticity formulation that is thermodynamically consistent and designed to
reproduce hysteretic cyclic behavior, satisfy the original Masing rule, and capture the contractive and
dilative responses of sands under complex stress paths associated with cyclic loading. Building on Ziegler’s
two-potential thermodynamic framework, the model incorporates a third potential derived from the gen-
eralized principle of maximum dissipation. A dilation parameter that couples the state-controlled peak
dilation angle with the phase transformation condition is introduced within this flow potential, enabling
a rigorous and physically admissible treatment of non-associative plasticity. Stabilization procedures for
complex yield surfaces, particularly Matsuoka—Nakai and Lade—Duncan, were developed to overcome nu-
merical instabilities near the apex and achieve stable constitutive integration across a wide range of stress
paths. The model provides a flexible foundation that supports multiple yield criteria, including Mat-
suoka—Nakai, von Mises, Drucker—Prager, Lade-Duncan, and original and rounded forms of Tresca and
Mohr—Coulomb through Lode angle dependent formulation. The GCP model is formulated using a set of
soil parameters that correspond directly to measurable features of sand behavior obtained from standard
laboratory tests, and this parameter set allows the model to simulate monotonic and cyclic loading over
a wide range of applied pressures and density states. The model successfully reproduces cyclic mobility
curves by employing exact derivatives and resolves numerical challenges near the apex by activating a spe-
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cial apex treatment, a line search procedure, substepping, Jacobian regularization. GCP can incorporate
a deviatoric component of kinematic hardening to provide directional memory, an isotropic component to
capture cumulative memory effects, and an isotropic hardening mechanism to represent strain hardening
and shakedown behavior. The kinematic hardening formulation is extended to account for the soil state
and cyclic mobility stiffness degradation. The hardening laws are defined pressure dependent to ensure
that cyclic stress paths pass through the origin in mobility plots, and the choice of hardening law is left
to the user, providing flexibility. Incorporation of CSSM principles through the state parameter and the
phase transformation line enables realistic modelling of state-dependent contraction and dilation across
loose and dense conditions without ad hoc adjustments, providing a sound thermodynamic foundation
for further developments.

The proposed GCP framework can reproduce a broad range of classical constitutive models for soils,
including associative and non-associative Mohr—Coulomb plasticity, the Prevost multisurface model [6],
and the variational framework of Ulloa et al. [50]. These formulations are recovered directly through the
general yield-surface definition, and the resulting stress—strain and pore-pressure responses remain con-
sistent with their original behavior. This capability mitigates several limitations inherent to the czlassical
approaches. Yield surfaces based on second or higher order stress invariants, such as the Drucker—Prager
surface in the Prevost model, may become unstable near the apex at low mean stress, while piecewise
Mohr—Coulomb or Tresca criteria exhibit integration difficulties due to corners in the deviatoric plane.
The linear yield surface representation avoids these issues by ensuring a numerically stable integration by a
fully convex general yield function without requiring an additional surcharge on the model. Since the same
functional form of yield function is employed to construct the plastic flow potential, non-associativity can
be introduced in a thermodynamically consistent manner through the state parameter and its established
link to the dilation angle.

This paper has established the conceptual foundations of the GCP model and presented its mathemati-
cal formulation in a systematic manner. The focus has been on outlining the governing principles, defining
the model equations, and verifying the formulation against reference simulations reported in the litera-
ture with particular emphasis on undrained soil behavior. Detailed calibration against laboratory data
for specific sands, the extension to drained soil behavior, and applications in large-scale boundary-value
analyses involving many loading cycles are beyond the scope of this work and will be investigated in future
studies.
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Supporting information

An example code and an animation of the yield surface evolution will be openly available on the KU Leuven
webpage titled Offshore Geotechnics, at URL: https://bwk.kuleuven.be/projects/offshoregeotechnics/
offshore-geotechnics (under continuous update).
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Appendix
A Influence of the state parameter on the dilation angle

Figure illustrates the relationship between the state parameter ¥ and the peak dilation angle ¥peak
as defined by Eq. . The material constant x sets the slope of this W—1)peq relation, linking the
state parameter to the resulting dilation angle. Since ¥ can take both negative and positive values, the
formulation consistently represents both contractive and dilative behavior.
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Figure 14: Effect of the material constant y on the relationship between state parameter ¥ and peak
dilation angle 1peak. Higher x values predict larger dilation angles at a given W.

B Derivatives of the yield function employed in Jacobian

The Jacobian matrix elements g—i and g—i appearing in Eq. require careful evaluation, particularly
when the backstress depends on the mean effective pressure. This dependence introduces additional terms
through the chain rule.

Backstress independent of mean pressure When the backstress is independent of the mean effective
pressure (see Eq. ), the generalized stress is defined as:

sP=0—-«

Thus, the partial derivatives are:

o0 0
oo oo

Applying the chain rule yields:
of  O0f s af _ of os?

do  9sP 0o’ Oda  OsP da

If c((?s]; =mn (see Eq. (25)), then
ory ory
%" a=" (70)
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Backstress dependent on mean pressure When the backstress depends on the mean effective pres-
sure (see Eq. ), the structure of the derivatives changes because sP now includes the contribution of
p to a. For an incremental update,

P =g — Hkin . (Ep)trial _ pd
The resulting partial derivatives are:

osP I— & 1 0sP I

- = — =, - = —

oo 3 Jda b
Here, 1 = {1, 1, 1, 0, 0, 0}* denotes the volumetric direction vector in Voigt notation.
Substituting these expressions into the chain rule updates Eq. to:

Oory osP ory osP

— =n—y, — =n— 71
oo do Jda da (71)
C Pseudo-algorithm for triaxial test simulations
Algorithm 1 Return mapping algorithm
Require: Initial stress o, strain increment Ae, tolerance tol, max iterations
Ensure: Updated stress o, plastic strain increment AeP
while .min(qo + geye) < ¢ < max(qgo £ geye) do
ol g+ C-Ace > compute elastic (trial) stress
if all f(o'8l o h") <0 then
o+ otrial > elastic loading
else > plastic loading
Nact < sum(f > 0) > number of active yield surfaces
ANHYe ¢ zer0s(Nact, 1)
x <« {otial qactive pactive A yactivelT > initialize x with active surfaces

for iteration <— 1 to max_iteration do
[, o, hy AN < x
if p(®) >0 then > return mapping to the apex

n™ m, 688:(1”) ) return_map(sP ™, “apex”)

else > to the smooth surface

n™ m® %(n) < return_ map(sP (n) “smooth”)
end if
r < {re,re,rp, rf}T > compute residual
if ||r|| < tol then > check the normalized error
break
else
compute derivatives and construct J
Az« —J 'r > compute the variable updates
T—x+wAx > scale Ax with line search parameter and update x
end if
end for
end if
AeP +— Adm
end while
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