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Abstract
Research on automobile whistling and suction sounds has been conducted in the past. For
cavity resonance, a type of whistling sound, the cavity resonance frequency has been
determined using Rossiter's empirical equation. Therefore, limiting the study to the
one-dimensional case, Rossiter formula was derived by solving a system of three differential
equations. In addition, equations for the stability conditions of cavity resonance and the sound
pressure were derived. Finally, the results were verified through numerical calculations, and

reasonable conclusions were obtained.

Nomenclature
Ly Maximum hole length
p, ¢+ Air density and air sound speed
w: Angular frequency
f, f:: Frequency and cavity resonance frequency
k: Wavenumber
t: Time
j- Imaginary unit
U, Uyoreex: Mainstream air velocity and vortex (vorticity) velocity
k: Ratio of vortex (vorticity) velocity to mainstream air velocity
¢: Empirical coefficient for phase lag
M: Mach number
¢: Vorticity
a: Efficiency of conversion from vorticity to sound pressure determined by edge shape
(dimension: L)
B+ Efficiency of conversion from sound pressure to vorticity(dimension: L2M~1T)
6'(x): Differential of Dirac delta function
H(x): Heaviside step function
s: Complex number
L.: Neck length of the Helmholtz-type cavity
S.: Opening area of the Helmholtz-type cavity



V.t Volume of the Helmholtz-type cavity

1. Introduction

In the past, research has been conducted on the whistling and suction sounds of
automobiles (Calvo, Diaz, & San Roman, 2005) (Chien-Hsiung, Lung-Ming ,
Chang-Hsien , Yen-Loung , & Jik-Chang , 2009) (George, 1990) (Jagtiani, 1972) (Jung &
Oh, 1995) (Miinder & Carbon, 2022) (Oettle & Sims-Williams, 2017) (Qatu, Abdelhamid,
Pang, & Sheng, 2009) (Wang, Chen, & Zhang, 2021) (Zhang, Meng, Li, & Zheng, 2022).
Cavity resonance is a type of whistling sound. In cavity resonance, the cavity resonance
frequency has traditionally been determined using Rossiter formula, an empirical
formula. Therefore, limiting ourselves to the one-dimensional case, we will represent
cavity resonance as a physical phenomenon using three differential equations. Rossiter
formula will be derived from these three simultaneous differential equations.
Furthermore, the equations for the stabilization conditions of cavity resonance and the
sound pressure equation will also be derived. Finally, we will verify it with numerical
calculations.

These will be discussed below.

2. One-Dimensional Cavity Resonance

2.1. Vorticity Movement Equation

v
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Fig. 1 1-Dimensional Board with Hole
Fig. 1 shows a board with a hole. Here, the conventional definitions of cavity resonance
and cavity resonance frequency are given below.

Definition :

When air is flowing at velocity U and there is a hole, a vortex moves from



the upstream end to the downstream end of the hole. This vortex collides with
the downstream end, generating sound. This generated sound then moves from
the downstream end to the upstream end. Sound is a change accompanied

by particle velocity, and this particle velocity then collides with

the upstream end, generating another vortex. This series of phenomena is
defined as "cavity resonance." Furthermore, the reciprocal of

the time from when a vortex moves and generates sound

until another vortex is generated is defined as

the "cavity resonance frequency."

Based on this definition, we derive the differential equation representing cavity
resonance, limited to one dimension. First, the movement equation of vorticity {(x,t) is

expressed by the following equation. However, the viscosity term is ignored.

a¢ a¢
E + Uportex a =0 1

2.2. Powell's Equation
Next, we will find the relationship between sound pressure and vorticity.
Powell's equation is the relationship between sound pressure and vorticity. Expressed

in one dimension, Powell's equation is given by the following:

19%p 09%p
a7~ 525 = AU (L, 08" (¢ = Ly) 2)

2.3. Boundary Conditions
Finally, we find the boundary conditions under which the velocity of the returning

particles changes to vorticity. This is given by the following equation.

0
¢0,6) = =p7-p(0.0) 3

3. Derivation of Rossiter Fromula
3.1. Solution to the Vorticity Transfer Equation

Rossiter formula is derived by solving the three simultaneous differential equations,
equations (1), (2), and (3). First, we solve equation (1). The solution when the

boundary condition is {(0,t) is given by the following equation:
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3.2. Sound Pressure Equation Using Green's Function Derived from Powell's Equation
Next, we solve Powell's equation (2). This can be obtained using Green's functions in

the following form First, the Green's function is given by the following formula.
c
G(lxl,6) = — S et = Ix]) (5)
From equation (2), the following equation is obtained.

t (o)
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Here, [ f(&)8'(x — L)dé = —f'(L) is used.
U
pon=[ [ - once-D--eD] g @
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Continue the calculation. However, a%( (¢,7) is mathematically smaller than (%H (c(t—

7) — |x — &), and physically, the gradual change in vorticity during transport (derivative
of {) has a small contribution, so it is ignored.
apUc (¢ ]
pe0 =5 [t - - -5D]  ar ®
2 J)_s ¢ &=L
=LH

Integrate this equation, assuming x < ¢ and x < L. Also, the derivative of Heaviside
step function is the delta function. We also applied the scaling property of the Dirac

delta function.

P £) = PZUCI_ [((g 7) fH(c(t —7) —|x— fI)L .
- aple f [ece. 80 -0~ 1x - f|)§( - {DLLH dr
“PZUC f [$(& D8t =) — Jx = £]) - (~D]gmy,dr
__ “PZU : f_;((LH,T)S(C(t — 1) — |x — LyDdr
_ _a'pZUc((LH’t_LH —x) %
p(x,t) = ——{(LH,t—L C_x> 9)

Therefore, the following equation is obtained. This equation is the equation for the



sound pressure generated by cavity resonance. Also, equation (4) was considered

However, 0 < x < Ly.
_apU ( Ly — x) _ apU ( Ly Ly — x)
P, t) = ———{(Lyt ———) = === (0t~ - (10)

vortex

3.3. Vorticity Equation Considering Boundary Conditions

Finally, consider equation (3). Substitute equation (10).

70,0 = -p aa [—@5 (bt e x)]x=o

aﬁpU 0 [{ (LH: Ly C—x)]xzo

_apBpU 0 ( LH—x) 6( LH—x>]
2 E)t[( Lt c ax\f c x=0
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2 Ot
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T 2c at( c

Therefore, the following equation is obtained. Here, equation (4) was considered

d L Uad L L
- ((O’t)_aﬂp (LH, H)_aﬁp (( H __H)
2c ot c 2c¢ 0t Uvortex c

(11)

3.4. Derivation of the Characteristic Equation
{peSt into both sides, we obtain the following

In equation (11), substituting {(0,t) =

equation:
Ly LH)

afpU 0 —
ZOeSt 2 atzo ( Uportex €

aﬁpU S( ( va)ftex LCH)
L L
ZOESt aﬁpus( ( Uvoftex CH) (12)

Eliminating {yeSt from both sides, we obtain the following equation

afpU Ly Ly
ﬁp ses( Uvortex C)

2c

(13)

1=
Equation (13) is the characteristic equation.

3.5. Derivation of Rossiter Formula and Cavity Resonance Stabilization Conditions



from the Characteristic Equation
By solving the characteristic equation, we derive Rossiter formula and the cavity

resonance stabilization conditions.
In the characteristic equation, we consider the properties by setting s = 0 + jw. Here,
since we want to determine whether "sound is produced or not," we consider the case

when ¢ = 0. That is, s = jw. In this case, equation (13) becomes the following

equation:
afpU c(__ Ly Ly
= Bp w-j- e""( Uportex c) (14)

2c
In equation (14), we consider the case when the phases of both sides are equal. In this

case, sound is produced. Therefore, the following equation must hold.
__L_H)
¢/ | =-2mn (15)

appU io(—
arg (i—[c) w) + arg(j) + arg <e]w( Uvortex

afBpU

Z—Cw) is a positive value, so it is 0. arg(j) is —=

In equation (15), arg(

jo(—gH——EH) Ly Ly . . .. .
c ) is w (— — — 7). That is, the following equation is obtained.
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Here, we use the following relationship:
Uvortex = kKU 17)
U

Therefore, equation (16) becomes as follows:
1
(19)

fom
A P 2
Ly (1
(= +M)
This is exactly equivalent to Rossiter formula, which is the following equation.

Empirically, we have used ¢ as 0.25, but we were able to derive 0.25 =% from the



equation that describes the actual phenomenon.

_Un-9¢
fe=1 (% ) (20)

Now, when f, is obtained from equation (16) or equation (19), that is, when w =
2nf,, the gain G on the right side of the characteristic equation (14), which is equation
(21), determines whether the self-excited oscillation of the cavity resonance is stable or
unstable. That is, if G > 1, it is unstable, self-excited oscillation occurs, and the cavity
resonance sound gets louder and louder. If G < 1, it is stable, and the sound decays
until the cavity resonance sound stops. If G =1, it is a critical state, and the cavity
resonance sound is emitted at a constant volume.

afpU
G = el w
2c

(21)

3.6. Sound Pressure at a Position Outside the Sound Source (x > L)
We will now discuss the sound pressure at a position outside the sound source (x > Lpy).

As before, it can be calculated using the following equation

apU x—Ly apU Ly x—Ly
(1) = 222 (L - ):— (O,t— - ) (22)
P 2 ( H c 2 ( Uvortex c
3.7. Derivation of ¢ and B
Equations (2) and (3) are restated below.

19%p 09%p ,

T i apUl(Ly, t)8'(x — Ly) (23)
0

¢0,6) = = 5-p(0,) 24)

Consider the quasi-static state in Equation (23); that is, neglect the time-dependent
terms. This yields the following equation:
d*p

-~ apUq(Ly)d' (x — Ly) (25)

Solving this equation using the Green's function yields the following expression

_ @pUg(Ly)

p(x) = >

sgn(x —Ly) + Ax + B (26)

Here, the pressure gradient A inside the cavity is closely coupled with the fluid motion
at the downstream edge. Considering the steady-state momentum conservation law (the
linearized form of the Euler equations) and the spatial balance of the vortex force pU{

in Howe's acoustic analogy, it is reasonable to assume that the internal pressure



gradient is determined by the vorticity characteristics at the downstream end.
Therefore, based on physical consistency, the constant A is given by A = —pU{(Ly). This
results in the following expression:

_ apU{(Ly)

p(x) = >

sgn(x — Ly) — pU{(Ly)x + B (27)
Differentiating both sides with respect to x yields the following expression:

d
L = —apUg (L3 e = Ly) = pUT (L) (28)

Within the cavity (0 < x < Lp), the following expression is obtained:

dp _
2o = PUC(Ly) 29)

Considering the point x = Ly, the following equation is obtained:

1 d
Ly) = —— —p(L
{(Ly) oU dxp( H) (30)
From Equation (24), the following equation is also obtained at x = 0:
© = -— 240 31)
¢(0)= pU dxp
Thus, accounting for the time-dependent terms, the following equation is obtained:
1 9
(0.0 =5 P00 (32
Therefore, the following equation is obtained:
1
=— 33
p=—j (33)

Next, consider a. Based on Equation (25) and Howe's vortex sound theory, the
following equation holds. Here, Ggpqce 1s a positive geometric coefficient derived from
the sharpness of the edge; the phase lag occurring during the conversion from vortex to
sound is assumed to be zero.

a = Gspace - M (34)
In the case of one-dimensional cavity resonance, where the cavity is formed by infinitely

thin flat plates, Ggpqce takes the following value:

gspace =1 (35)
Therefore, the following equation is obtained:
a=M (36)

Now, substituting Equation (33) into Equation (21) and Equation (36) yields the

following equation:



Mw
= 37
In other words, one can ascertain whether the cavity resonance is stable or unstable
based on known values.

Based on the preceding discussion, the solution for vorticity, Equation (11) within the
range 0 < x < Ly are given by the following equations:

Mo Ly, M9 Ly Ly
(0.8 =205 (“*“T)‘Z& (O't‘uvm‘T) (38)

4. Numerical Example
Based on previous results, a numerical example is shown below.

The physical quantities used in the calculation are shown in Table 1.

Table 1 Parameter Name and Value for Numerical Simulation

Parameter Name Value
Ly 0.5(m)
K 0.6(m/s)
U 34.0(m/s)
c 340.0(m/s)
p 1.2(kg/m3)

Fig. 2 shows a graph plotting Ly on the horizontal axis and G on the vertical axis,
based on Equation (37) with w calculated by setting n =1 in Equation (19) and
with a = 1. The graph reveals that the system is unstable when Ly < 0.01334 (m) and
stable when Ly > 0.01334 (m). This value of Ly is determined by the following

equation:
(1 —0.25)

o +1)

In other words, the maximum hole length Ly serves as the threshold between stability

Ly=M (39)

and instability. However, it does not take into account the fact that the phase lag
associated with the conversion of vorticity into sound at the downstream end of the
cavity (relative to the mainstream air velocity direction) does not ideally become zero.
Consequently, this implies that the lower limit for the onset of cavity resonance under
idealized conditions is Ly = 0.01334 (m).
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Fig. 2 Numerical Calculation Result (Stability Check)

5.  On Helmholtz-Type Cavity Resonance
Consider the case shown in Fig. 3, where a main flow with velocity U passes over a
Helmholtz-type cavity. In this scenario, the following equations hold for the vorticity ¢

and the sound pressure p:

a¢ a¢
a + Uvortex a =0 (4'0)
1 92 02
S = 5 = apUE(Ly, 8" (x = Ly) (41)
d
80,0) = =f5-p(0,0 (42)

Furthermore, letting u, represent the displacement of the air within the neck of the

Helmholtz-type cavity, the following equation holds:

ou
pLc a_t; = Prossiter (t) - pc(t) (43)
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Length: L,

Area: S,

Volume: V.

Fig. 3 Helmholtz Type Cavity

Next, consider p.. Since the neck of the Helmholtz-type cavity oscillates, the rate of

YetSctiemVe _ Scte iven that the bulk modulus is pc?, the following

volume change is
Ve Ve

equation holds:
S
Pc = pc? vcuc (44)
(4
Substituting this into Equation (43) yields the following equation:

Ju S
pL. atzc + pcz vcuc = Drossiter (t) (45)
c

Regarding Equation (41), the Green's function in the frequency domain for free space is
w,

given by the following equation, where k = -

1 . '
G(x,x";0) = —2]—,ke_fk|"_" | (46)

The Green's function taking Equation (45) into account is given by the following

. w? S,
equation, where y, = To(wi=a?) and w, =c¢ Vz .
c c cHc

G(0,x";w) = T i (47)
Applying Equation (47) to Equation (41) yields the following equation.
p(0,) = =L e Ik . U (L ) (48)
Jjk +ve

Now, Euler's equation of motion yields the following equation.

11



6p 0%u,

ox  Paez (49)
Considering this in the frequency domain yields the following equation.
0
ap(o, w) = pw?u.(w) (50)

Also, considering Equation (45) in the frequency domain yields the following equation,

where p(0,w) represents the frequency-domain value of p,yssirer(t).

pLe(0f — 0*)uc(w) = p(0, w)

~uc(w) = ) p(0, w) 61

pLc(w¢ — w?
Therefore, substituting this into Equation (50) yields the following equation.
il pw?
—n(0 =—9(0 = 0 52
axp( !(‘)) pLC(wg_wz)p( 1(1)) pr( ,(1)) ( )
Equation (42) yields the following equation.
(0, w) = =Byp(0,w) (53)

From Equation (48), the following equation is obtained.

Jkye

¢ aBpUg Ly, w) (54)

{0,w) =7——

Solving Equation (40) yields Equation (4). Considering this solution in the frequency

domain results in the following equation:

L Ly
((0 ) _]]iTyCye_Jw_H a’ﬂpU{(O a))e Uvortex
c
'k . Ly LH
2(0,0) = appUg (0, @) -~ —e T E) (55)
—+1
Ty,

Thus, the characteristic equation is obtained as follows:

. (W

I8 ol it

1= (X,BPU I (1)2 — wz Uvortex €
EpECay
c )
. L L
= aﬁpr ] : ! e_]w(Uvo:It8x+TH) (56)
c (L_H) w2 — w? 1
J\¢ W
Considering the case where w=w_c in Equation (56), the following equation is
obtained:
aBpU (- LH | Ln
1= ﬁp w ] -e ]w(Uvortex+ C) (57)

c

Consider the condition where the phases on both sides of Equation (57) are equal.

12



Sound is produced under this condition. Therefore, the following equation must hold:

afpU iof - L Ly
arg (BTP w) + arg(j) + arg <e]w( Uvortex € )> = —271n (58)
. _ Ly _L_H
Since arg (aﬁTpU w) is a positive value, it is 0. arg(j) 1is —g. arg (ef“’( Uyortex ¢ )) is
W (— b _ L—H) Thus, the following equation is obtained:
Uvortex c
T L L
O——+a)(— u ——H)=—27Tn
2 UUOTtEX c
L L T
w(— H ——H)=—27m+—
Uvortex c 2
L L T
27ch'< u +—H) =2nn — =
vortex c 2
n — 1
r_ 4
F=—f— 1 (59)
vortex c

Here, the following relations are used:
Uvortex = kU (60)

M= (61)

ol

Therefore, the Equation (59) becomes:

1
U "3
") "

In other words, even for a Helmholtz-type cavity, the same frequencies as those in
Rossiter's formula are obtained, and sound is produced at the frequencies given by
Equation (59) or Equation (62). The phase lag, which had previously been determined
empirically, was also theoretically found to be 0.25. However, regarding f,, since w =

w. also holds, the following equation is valid as well:

c | S,

=— 63
2n |V.L. (63)

fe

A very loud sound is produced when Equation (59) and Equation (63) are equal. In
other words, a lock-in phenomenon occurs at the frequency where these equations
match.

Now, the gain G—represented by Equation (64) below and found on the right-hand

13



side of the characteristic equation (Equation (57)) at the frequency f. derived from
Equation (59) or (62) (.e., when w = 2nf)/)—determines whether the self-excited
oscillation known as cavity resonance is stable or unstable. Specifically, if G > 1, the
system 1s unstable; self-excited oscillation occurs, and the cavity resonance sound grows
increasingly loud. If G < 1, the system is stable; the oscillation damps out, and the
cavity resonance sound ceases. If G = 1, the system is in a critical state, and the cavity
resonance sound persists at a constant amplitude.

afpU
c

G = ) (64)

Based on the preceding discussion, the following equations hold:

1
b= (65)
a = gspace M (66)

Here, since the geometry consists of a vertical wall and a horizontal flat plate, Gspace 1S

g. Therefore, Equation (64) yields the following:

2Mw
G = (67)
3c

In this case, the minimum value of Ly at which G =1 is given by the following
equation:

3 (o)
Calculating with the values provided in Table 1 yields Ly = 0.01778 (m). The system is
unstable if Ly < 0.01778 (m) and stable if Ly > 0.01778 (m). However, this does not

(68)

account for the fact that the phase lag—occurring during the conversion of vorticity into
sound at the downstream end of the cavity relative to the mainstream air velocity
direction—does not ideally become zero. Consequently, this implies that for an idealized
Helmholtz-type cavity, the lower limit below which cavity resonance does not occur is
Ly = 0.01778 (m).

Regarding Helmholtz-type cavities, the oscillation of the cavity neck is treated as a
one-dimensional phenomenon in both two-dimensional and three-dimensional cases;
therefore, the preceding arguments remain valid for both 2D and 3D configurations.
Specifically, as indicated by the Rossiter equations given in Equation (59) or (62), the
phase lag is 0.25 in both 2D and 3D, and the resonance frequency for a Helmholtz-type
cavity is governed by Equation (63) in both cases. Furthermore, when Equations (59)
or (62) and Equation (63) are equated and the parameter G (defined by Equation

(64)) exceeds 1, a lock-in phenomenon occurs in both 2D and 3D, causing the cavity

14



resonance sound to intensify progressively.

6. Conclusion

Research on automobile whistling and suction sounds has been conducted in the past.
For cavity resonance, a type of whistling sound, the cavity resonance frequency has
been determined using Rossiter's empirical equation. Therefore, limiting the study to
the one-dimensional case, Rossiter's equation was derived by solving a system of three
differential equations. In addition, equations for the stability conditions of cavity
resonance and the sound pressure were derived. Finally, the results were verified

through numerical calculations, and reasonable conclusions were obtained.
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