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Abstract

Linear models remain central in engineering for their simplicity and interpretability, but
their local validity often requires data-driven closure to capture nonlinear effects. This pa-
per proposes a geometric closure framework for nominal linear controlled models, where the
mismatch with the true dynamics is decomposed into tangential and normal components
with respect to a local chart. The correction is learned from data through a bounded dictio-
nary and separate ridge regressions with asymmetric regularization. Unlike generic residual
learning, the method preserves the linear backbone while providing an interpretable geo-
metric description of model-form error. A chart-selection strategy is also included, allowing
canonical or data-driven coordinates. The approach is validated on a synthetic benchmark
and a vehicle-dynamics case, where it improves prediction accuracy and shows that the most
suitable geometric representation is problem-dependent.

1 Introduction

Linear state-space models represent a cornerstone of modern engineering, providing a robust
foundation for system identification, estimation, and control. Their prevalence is justified by
their inherent interpretability and the availability of mature analytical tools for stability and
performance verification. However, these models typically function as local approximations;
when a system operates far from its nominal linearization point, the discrepancy between linear
theory and nonlinear reality often results in a significant loss of fidelity and the accumulation of
prediction errors.

To address these limitations, a common strategy involves augmenting nominal models with
data-driven residual terms. While such hybrid approaches can substantially reduce prediction
error, they frequently treat the model mismatch as an unstructured function approximation
problem. In the absence of explicit constraints, these corrections act as "black boxes" that
lack physical interpretability and may produce trajectories that violate the intrinsic geometric
organization of the system’s state space.

In many physical systems, the state does not evolve uniformly across the ambient space.
Instead, trajectories are often constrained to low-dimensional manifolds induced by conservation
laws, actuator limits, or nonlinear couplings. This observation suggests that model mismatch is
not a stochastic disturbance, but a structured geometric deformation. If the nominal linear model
is viewed as a first-order approximation of the manifold’s tangent bundle, then the prediction
error can be formally decomposed into components that are either tangential or normal to this
surface. Motivated by this geometric perspective, this work introduces a framework for the
geometric closure of linear controlled models via tangent—normal decomposition. The proposed
method explicitly partitions the residual correction into tangential components, which govern
the flow along the manifold, and normal components, which account for deviations away from it.
By integrating data-driven basis selection with asymmetric regularization, the framework yields
a structured and interpretable correction that preserves the geometric integrity of the data while
maintaining the computational efficiency of linear regression techniques.



2 Literature review

Model closure is the problem of representing the effect of unresolved or neglected dynamics in a
reduced description. Across the literature, the available strategies can be grouped into four broad
families: analytical closures, hybrid closures, purely neural closures, and data-driven sparse
discovery methods. These families differ primarily in how much structure from the underlying
physics is retained, how much is learned from data, and whether the correction is local, nonlocal,
Markovian, or memory-dependent.

Analytical closures and projection-based reduction. The most classical route is analyti-
cal reduction, where the full dynamics are projected onto a resolved subspace and the effect of the
unresolved variables is represented explicitly as a memory and noise term. In the Mori-Zwanzig
framework, the reduced model is exact in principle, but the resulting closure is typically non-
Markovian and difficult to evaluate or approximate in practice |2, 3]. This line of work has been
especially influential in turbulence and coarse-grained simulation, where the unresolved contribu-
tion is often modeled through finite-memory kernels, renormalization, or dynamic subgrid-scale
approximations [5, 6, 7|. The main strength of analytical closure is interpretability and consis-
tency with the underlying projection, but its main limitation is that the resulting operators are
often problem-specific and algebraically demanding. Recent reviews emphasize that analytical
closure remains important, yet it is frequently too rigid when the reduced coordinates or the
closure manifold are not known a priori [8].

Hybrid closures: first-principles models augmented by data. A widely used compro-
mise is hybrid modeling, in which a mechanistic core is kept fixed while a learned correction
accounts for model-form error. This paradigm dates back to early process-modeling work com-
bining first-principles equations with neural networks [1] and has since become a standard tem-
plate in process systems engineering and scientific machine learning [9, 31, 34|. In fluid mechanics
and related fields, hybrid closures often learn residual source terms, missing constitutive laws,
or correction fields on top of a baseline solver [4, 32, 29, 30]. A particularly important branch
is physics-informed learning, where the loss function or architecture enforces known governing
laws while the unknown parts are fitted from data [11, 10]. Universal differential equations fur-
ther generalize this idea by embedding trainable components directly inside differential-equation
models [12|. Hybrid methods are attractive because they retain structure and data efficiency,
but they can still become opaque when the correction is learned as an unconstrained black box.

Neural closures and operator learning. Another investigated approach replaces the cor-
rection model with a neural parameterization. Neural ordinary differential equations represent
the dynamics directly through a learned vector field, enabling continuous-depth modeling and
adaptive solvers [13|. Latent ODEs extend this idea to irregularly sampled sequences through
a latent dynamical system [14]. Hamiltonian neural networks and related structure-preserving
models encode conservation structure explicitly, improving long-term rollout behavior in con-
servative systems [15]. In closure settings, neural networks have been used to model truncated
modal effects in reduced-order models, including neural closures for nonlinear model order reduc-
tion and more general neural closure models with Markovian and non-Markovian components
[22, 23, 24, 25|. Operator-learning methods such as DeepONet push this idea further by approx-
imating maps between function spaces rather than finite-dimensional states, which is appealing
for surrogate modeling and PDE closure [16]. These methods are flexible and often accurate,
but their learned corrections may be difficult to interpret physically unless additional structure
is imposed.



Data-driven sparse discovery and coordinate learning. The last family seeks not only
to close the model but to discover the governing equations themselves. SINDy formulates
dynamical-system identification as sparse regression over a library of candidate terms, giving
compact and interpretable equations when the true dynamics are sparse in a suitable basis [17].
The controlled extension SINDYc includes external inputs and feedback terms [18], while PDE-
FIND generalizes sparse regression to spatio-temporal systems [19]. Later developments added
latent coordinate discovery through autoencoders, showing that an appropriate coordinate sys-
tem can be learned jointly with the sparse dynamics [20]. Data-driven closure models extend
sparse identification to reduced-order settings with memory effects [21], and more recent variants
improve robustness to noise, discontinuities, partial observability, and physical priors [26, 27, 35].
Recent turbulence work also shows that sparse or data-enabled closure can be used to discover
both specific and generalizable closures from simulation data [36]. The main appeal of sparse
discovery is interpretability, but its performance depends strongly on the chosen library, the
coordinate system, and the availability of sufficiently rich data.

Relation to the present work. The present paper belongs to the hybrid-residual family,
but it is more specific than generic residual learning because the baseline is an explicit linear
controlled model, assumed to provide a local first-order approximation of the nonlinear dynamics.
The proposed contribution is not to replace this baseline, but to close its mismatch through a
structured decomposition of the residual into tangential and normal components with respect
to a local chart. This makes the correction interpretable as a geometry-aware residual model
that preserves the linear backbone while distinguishing in-manifold calibration from off-manifold
deviation. In this sense, the method combines ideas from hybrid modeling and reduced-order
closure, with the additional prior that the nominal linear model already captures the dominant
local tangent behavior of the system.

3 Problem formulation
Consider a discrete-time controlled system
Tpr1 = flag, ug), xr € R") up € R™, (1)
and a nominal linear controlled model
x}éil = Axy, + Buy, (2)

with A € R™"™ and B € R™™. The objective is to approximate the mismatch between the
nominal model and the true dynamics through a geometrically constrained closure term.

It is assumed that the observed trajectories are locally organized around a low-dimensional
manifold M C R™. The nominal linear model is treated as a local reference, while the mismatch
is decomposed into tangential and normal components with respect to a selected subspace.

4 Proposed solution

Let V e R™ and W e R™("=4) be orthonormal bases of the selected tangent and normal
subspaces, respectively, with VIV = I;, WIW = I,,_4, and WTV = 0. After state and input
normalization, the corrected model is written as a linear prediction plus correction, as clarified
in Figure 1.

Zer1 = 2+ Vi, ) + Wgn sk, ), (3)

where



and ‘
Sk = VTZ};il- (5>

Here N, and N, denote affine standardization maps for states and inputs. The closure maps g;

and g, represent the tangential and normal corrections acting on the nominal linear prediction.

The closure maps are approximated linearly in the parameters through a bounded dictionary
(),

gi(s,u) = Cip(s,u), gn(s,u) = Cro(s,u), (6)

with C; € R¥™P and C, € R 9*P_ In the implementation, the dictionary is built from

bounded nonlinear functions to avoid polynomial blow-up and improve numerical robustness. A
representative choice is

T

¢(Sau) = [17 ws(S)T7 wu<U)T7 VeC(ws(S)%(U)T)v Vec(ws(s)ws(s)T)v Vec(%(u)%(u)T) ] (77)

where, for example

tanh(s) tanh(u)
Ys(s) = | sin(s) |, Yu(u) = | sin(u) | . (8)
cos(s) cos(u)

The coefficients are identified from data by ridge regression, with stronger regularization on the
tangential term than on the normal one.

Remark 1. The matrices V and W are chosen as an orthogonal decomposition of the selected
coordinate chart. They coincide with true tangent and normal spaces only when the local manifold
hypothests is valid and the chosen chart is well aligned with the data.

Assumption 1 (Local graph structure). The true dynamics are locally representable as a graph
over the selected tangent subspace, up to a smooth deformation in the normal bundle.

Assumption 2 (Regularity). The closure maps are sufficiently smooth and bounded in the
operating region so that a finite dictionary approrimation is meaningful.

Assumption 3 (Identifiability). The available data span the relevant local region of the state
space with sufficient richness to estimate the tangent and normal closures.

5 Algorithm

Given a dataset D = {(xg, ug, Tr+1) } o, the algorithm is:

1

normalize states and inputs;

2) select V, W either canonically or via PCA;

3) choose d manually or by validation;

5

compute tangential and normal residuals;

6) solve two ridge regressions for Cy and Ch;

(1)
(2)
(3)
(4) build the feature matrix ® = [B(sy, ug)]_;
(5)
(6)
(7)

deploy the corrected model for simulation or prediction.
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Figure 1: Geometric representation of closure logic.
More precisely, define the linear prediction
2ty = Ne(Azg + Buy) (9)
and the normalized residual
k= Zhp1 — 2. (10)
Then, for the tangent and normal residuals
r,(:) =VTr, r,in) =W, (11)
and the ridge problems are
min [V = G| + M Cellp,  min|Yn — Cu®@ [+ Anl|Call (12)
t n

with Ay > A,.

6 Framework validation

The proposed framework is validated through four stress tests: in-distribution prediction, out-
of-distribution initial conditions, reduced-data training, and noisy measurements. A fifth test
deliberately violates the tangential-normal graph hypothesis by injecting a tangential correction
in the true system.

The evaluation metric is the trajectory RMSE, averaged over 50 Monte Carlo runs. The
baseline linear model is reported alongside the corrected models in Tables 1 and 2.



6.1 Synthetic case

The synthetic benchmark is built from the nominal linear model

x}éil = Axp + Buyg, (13)
with
0.92 0.08 0.00 0.00 0.05
—0.12 0.90 0.00 0.00 0.02
A= 0.00 0.00 0.85 0.15]° B= 0.00] ° (14)
0.00 0.00 —0.10 0.88 0.03

The true synthetic data-generating system is obtained by hiding the closure in a rotated coor-
dinate frame. Let

| R(0.65) 0 _ |cos@ —sinb
@= 0 R(—0.45)] ’ R(6) = [sinﬁ cos 6 ] ' (15)
For each step, the nominal linear prediction is first computed, then transformed as
ot = QT (16)
The true update is
0
Zog1 = 200, + 0 Trr1 = Q2 (17)
k+1 k+1 Cl(Sk, Uk) ) k41 k+1,
ca(sk, ug)
where i
z m
Sk = [zlﬁILl] ) (18)
k+1,2
and
c1(s,u) = 0.14 tanh(1.2s1) + 0.06 sin(0.8s2) + 0.03s7u, (19)
ca(s,u) = —0.11 tanh(0.9s5) + 0.05 cos(1.5s1) + 0.02u>. (20)

The violation test adds an additional tangential component to the first two rotated coordinates,
thereby stressing the graph assumption. Additive Gaussian noise is injected into the target next-
state observations Y, i.e., Yioisy = Y + 0N (0, 1), while keeping inputs X}, and Uj, unchanged.
This simulates measurement uncertainty in the learned dynamics without altering the underlying
system trajectories.

The synthetic case shows, in Table 1, that the canonical basis remains the best choice, while
the PCA basis is systematically worse. The automatic mode remains close to the canonical
solution.

Table 1: Synthetic case: mean trajectory RMSE over 50 Monte Carlo runs.

Scenario Linear  Canonical PCA Auto

Baseline  0.157854  0.012699 0.051291 0.012949
O0OD 0.203196  0.074990 0.150764 0.075387
Low data 0.157854  0.024327 0.088613 0.032285
Noisy 0.157854  0.014008 0.051097 0.014223

Violation 0.203356  0.041156  0.108022 0.041385




6.2 Vehicle dynamics case

To assess practical relevance, the same framework is applied to a vehicle-dynamics surrogate.
The state is
17, (21)

where e, and ey, denote the lateral position and heading errors with respect to a straight reference
path, while v, and r are the lateral velocity and yaw rate of the vehicle. The input is the steering

T = [ey, €y, Uy, T

angle 9.
The nominal linear model is the small-slip bicycle approximation obtained by linearizing the
tire forces around zero slip angles. In discrete time, the nominal dynamics are

oty = Awy + By, (22)
with
1 Atw, At 0 0
0 1 0 At 0
A= 0 0 14+ Atan Atais ’ B = Atby |’ (23)
0 0 At agy 14 Atago At by
where
Cy+C, —1;Cf +1,C,, —1;Cs +1,C, 13C + 7C,
ail = _fia a2 = _Uz'i_La a1 = L’ a2 = _fi
MUy MUy Lo, L,
(24)
and C 1,C
f fYf
b = — by = —. 2
1= 2 I (25)

This linear model differs from the nonlinear plant because it replaces the tire saturation law
with its local small-slip approximation.
The true plant is a nonlinear bicycle model with Pacejka-type tire saturation:

l —1
ap=0— arctan<w> , oy = — arctan(vy Tr) , (26)
Vx Vx
Fy t =2Dysin(Cyarctan(Byray)), F, , = 2D, sin(C, arctan(B,a;)) , (27)
€y ktl = €yk + At (v%k + vx6w7k), e kil = Eyp i+ Atry, (28)
F, ¢+ F U F, r— 1. F,
Uy,k—l—l — Uy,k —|— At <_U{Erk; _|_ y’anJ1> , rk+1 =T + At (W) . (29)
z

Table 2 reports the mean RMSE values for the linear baseline and the corrected models. In
this case, PCA and automatic basis selection consistently outperform the canonical basis.

Table 2: Vehicle dynamics case: mean trajectory RMSE over 50 Monte Carlo runs.

Scenario Linear  Canonical PCA Auto

Baseline  0.101419 0.100556  0.033070 0.033070
OO0OD 0.244637 0.390641 0.144223 0.144223
Low data 0.101419 2.081159 0.887398 0.967464
Noisy 0.101419 0.105771 0.052717 0.052717

Violation 0.159107 0.114361  0.044160 0.044160

The vehicle results in Table 2 and Figure 2 show that PCA and automatic basis selection
outperform the canonical chart, indicating that the most effective geometric representation is
data-driven rather than tied to the physical coordinates. The residual scatter is consistent with
this view, revealing a largely tangential mismatch in the baseline model and confirming that
PCA improves the closure in both tangent and normal directions.

)
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Figure 2: Left. Phase plane of lateral distance from the straight reference path e, and heading
error ey for the first baseline run. Right. Residuals in normal and tangent directions.

7 Discussion

The experiments indicate that the method is effective when the manifold hypothesis is approxi-
mately valid and the tangent chart is well chosen. The synthetic case is favorable to the canonical
basis, while the vehicle case strongly favors PCA. This confirms that basis selection is problem-
dependent and should not be fixed a priori, especially when the physical coordinates are not
aligned with the dominant geometric directions of the data.

A further relevant observation is that the correction does not merely reduce the one-step
prediction error, but also provides a structured way to interpret model mismatch. The tangential
term acts as a geometry-preserving adjustment along the chosen chart, whereas the normal term
captures the off-manifold discrepancy. This separation is useful both for prediction and for
diagnosis, since it highlights whether the nominal linear model is mainly misaligned along the
manifold or whether it fails to represent the manifold itself.

The main strengths of the approach are interpretability, explicit geometric structure, and a
clear separation between tangential calibration and normal closure. The main limitations are
local validity, sensitivity to the tangent dimension d, and degradation when the manifold is not
a graph over the chosen subspace or when data are scarce. In particular, the reduced-data stress
test shows that basis selection and regularization can become fragile when the available data do
not sufficiently cover the local operating region.

A further limitation is that the current formulation uses a single local chart. When the
dynamics exhibit strong regime changes, folds, or multivalued projections, a multi-chart or
regime-dependent extension is likely necessary. In that sense, the present framework should
be viewed as a local geometric closure method rather than a global manifold reconstruction
technique.



Conclusion

This work introduced a geometric closure framework for nominal linear controlled models, de-
signed to reduce the gap between a local linear approximation and the underlying nonlinear
dynamics. The central idea is to treat model mismatch not as an unstructured residual, but as
a structured correction that can be decomposed into tangential and normal components with
respect to a local chart. In this way, the proposed closure preserves the computational simplic-
ity of linear state-space models while adding a geometrically meaningful representation of the
neglected nonlinear effects.

The resulting formulation provides two complementary advantages. From a predictive stand-
point, it improves trajectory accuracy by learning data-driven corrections on top of the nominal
linear model. From an interpretability standpoint, it separates the in-manifold calibration of
the dynamics from the off-manifold deformation, making it possible to inspect where and how
the linear model fails. The use of bounded dictionaries, ridge regression, and asymmetric reg-
ularization further keeps the method lightweight, numerically stable, and suitable for practical
implementation.

The numerical experiments support these claims. On the synthetic benchmark, the method
successfully recovers the most appropriate chart when the geometry is aligned with the physical
coordinates, while the vehicle-dynamics case shows that a data-driven basis such as PCA can
be more effective when the natural coordinates are not geometrically optimal. The automatic
selection mode provides a practical compromise, remaining close to the best-performing basis
in both settings. These results indicate that the success of the closure depends not only on the
quality of the residual model, but also on the choice of the local geometric representation.

At the same time, the method has clear limitations. It is inherently local, relies on a mean-
ingful tangent-space approximation, and can degrade when the available data are insufficient or
when the true dynamics cannot be represented as a graph over the chosen subspace. For this
reason, the present approach should be viewed as a local geometric closure strategy rather than
a global nonlinear modeling framework.

Overall, the proposed tangent—normal closure offers a compact and interpretable alternative
to generic residual learning for controlled dynamical systems. It is particularly attractive in
settings where a linear model is already available and physically meaningful, but requires a
structured correction to account for nonlinear effects without abandoning the analytical benefits
of the baseline model.
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