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Abstract

We fabricate a discrete phononic crystal with hysteretic force—deflection be-
havior analogous to elastic—plastic material response, and then measure its
response to harmonic excitation. Slider (or Jenkins) elements are introduced
to mimic plastic deformation and a ten-cell phononic crystal is constructed
from modular unit cells. Modular construction enables calibration and valida-
tion of individual components prior to full integration, which is particularly
important for the sliding elements. Subsequent frequency-sweep experiments
at both elastic and plastic excitation amplitudes demonstrate pronounced wave
attenuation aligned with bandgap frequencies arising from Bragg scattering.
The presence of this strong attenuation, even at plastic amplitudes, reveals ex-
perimentally that bandgaps can continue to block frequencies into the strongly
nonlinear, plastic regime. The fabricated system is expected to facilitate fu-

ture experimental studies of large-amplitude, elastic—plastic wave propaga-
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tion.
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1. Introduction

Acoustic and elastic metamaterials, or media geometrically structured to
display wave propagation properties atypical of their constitutive material,
have received significant attention in the recent past. These materials derive
their unique properties from engineered band structures governing the speed
and attenuation of wave propagation. Figure 1(b) depicts one such band
structure for which the real and imaginary components of the wavenumber
are plotted using a single horizontal axis, with the vertical axis indicating the
corresponding frequency. The region in which the imaginary wavenumber
component is non-zero and positive denotes the bandgap. Frequencies in
this region decay evanescently and are thus prohibited from long distance
propagation.

Bandgaps can be exploited in frequency filtering [1, 2] and vibration /noise
isolation [3, 4, 5, 6, 7], waveguiding [8, 9], and energy harvesting [10, 11, 12].
Metamaterials can also exhibit negative refractive indices [13, 14] and find
application in cloaks [15, 16, 17] and signal multiplexing [18, 19]. Additional
functionality can be found in metamaterials composed of nonlinear consti-
tutive elements. Amplitude-dependent band structures arising in nonlinear

metamaterials yield exceptional wave propagation behavior not present in lin-



ear materials. Metamaterials with amplitude-dependent dispersion [20, 21,
22] admit solitary waves [23, 24, 25|, break reciprocity [26, 27, 28, 29, 30, 31],
and can be used to realize acoustic switches [32, 33], focusing elements
(34, 35], and amplitude filters [36, 37]. Although nonlinear elastic (e.g., hy-
perelastic) constitutive relations are common in the metamaterial literature
21, 38, 39, 40], elastic-plastic constitutive relations have received sparse at-
tention and are warranted when the wave amplitude exceeds the yield limit.

While the first theoretical treatment of plastic wave propagation in solids
is commonly attributed [41] to Donnell in 1930 [42], the field began to receive
significant attention during the second world war when the general plastic
wave propagation theory was developed independently by Taylor [43] in the
UK; von Karman and Duwez [44] and White and Griffis [45] in the US;
and Rakhmatulin and Shapiro [46, 47, 48] in the USSR. Researchers have
since expanded the general theory to include phenomena such as rate-effects
[49, 50, 51], thermodynamic considerations [52, 53, 54], and microstructural
phenomena [55, 56, 57]. Applications in this field have traditionally focused
on dynamic stress-strain curves [58, 43, 59, 60, 61], simulation of ballistic pen-
etration [62, 63, 64, 65], and propagation of waves in inelastic geomechanics
(66, 67, 68, 69, 70]. The above developments notwithstanding, the examina-
tion of plastic waves in variable cross-section media has received relatively
little attention.

Recently, Dorgant et al. [71] examined plastic wave propagation in one-

dimensional (1D) metamaterials composed of periodically-repeating unit cells.
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Figure 1: Linear diatomic mass-spring chain (a) and its band structure (b) with real
(blue) and imaginary (orange) wavenumber components indicated. Frequencies within the
bandgap (bounded by dashed lines) propagate as evanescent waves, decaying exponentially
with distance. A continuous phononic crystal (¢) composed of 30 unit cells and harmoni-
cally loaded beyond the elastic limit blocks elastic-plastic waves as evidenced in (d) where
simulated residual strain (colorbar denotes magnitude) is plotted versus frequency and
position (reproduced from [71]). Zero residual strain (absence of plasticity) appears red
for emphasis while dashed lines indicate the elastic bandgap.

They applied the method of characteristics on a numerical space-time mesh
for a 1D rod with a periodic cross-section (see Fig. 1(c)) subjected to ampli-
tudes beyond the elastic limit. The medium studied featured a longitudinal,
rate-independent constitutive relationship characterized by linear elastic and
power-law plastic behavior with isotropic strain-hardening. The authors pre-
sented the residual strain surface versus frequency and position (reproduced
in Fig. 1(d)) and, importantly, observed a bandgap effect on the plastic con-
tent, a result not previously reported.

In this paper, we design and fabricate a metamaterial system with hys-

teretic behavior analogous to the elastic-plastic constitutive laws studied in



[71], and then experimentally study plastic wave propagation as a function of
frequency and amplitude. Specific focus is directed at the effect the bandgap
has on elastic-plastic wave propagation. To do so, we first design a slider el-
ement containing a series stiffness (see Sec. 2.1) whose force-deflection curve
features an elastic region followed by a slip region, producing hysteresis be-
havior analogous to that found in elastic-plastic constitutive laws. As such,
the slip of the slider element serves as a surrogate for residual plastic strain.
We then incorporate the slider element into a unit cell composed of two
masses and multiple springs and form a diatomic chain (see Sec. 2.3) which
we excite using an electrodynamic shaker (see Sec. 3). The diatomic chain
serves as a discrete representation of a bi-sectional (or bi-material) meta-
material rod. At low amplitude excitation and in the absence of slip, the
fabricated chain admits a response emulating elastic waves in the periodic
rod, while at larger amplitudes sufficient to cause slip, the response mirrors
elastic-plastic waves. Subsequently, we explore the effect that the system’s
bandgap has on the propagation of elastic-plastic waves. We conclude with

remarks on suggested future research directions.

2. Component Design

2.1. Discrete Surrogate of Elastic-Plastic Constitutive Behavior

In designing a discrete surrogate for an elastic-plastic constitutive law,
we draw inspiration from compliant slider (or Jenkins) elements, a historical

representation of plasticity. Slider elements were first introduced in 1926 by



Masing [72, 73] to represent hysteretic plasticity and the cyclic strain hard-
ening phenomenon known as the Bauschinger effect!, and then by Prandtl
[74] in 1928 to model metal plasticity by assuming a continuous distribution
of compliant slider elements. Iwan [75, 76] later generalized these models by
replacing a single slider with a continuum of such elements, each with a dif-
ferent yield force, allowing for a smooth hysteretic response closely matching
known plastic material behavior.

Figure 2(a) illustrates a parallel Iwan model, while Fig. 2(b) depicts the
model’s force-deflection curve for a large number of slider elements, n > 1,
with distributed strengths, ¢; < ¢2 < ... < ¢,,. Under monotonic loading,
each sliding component acts rigidly below a critical force level (stick) and
slides above this force level (slip). As such, the slope of the force-deflection
curve in Fig. 2(b) changes each time a slider element’s critical force level
is exceeded, corresponding to the slip of one sliding component. However,
upon load reversal, all sliding components resume their stick states. Al-
though many contemporary applications of slider elements and Iwan models
typically focus on the dynamics of bolted joint interfaces [77, 78, 79|, research
concerning compliant slider elements as analogs to plasticity continues, com-
monly in the seismic literature [80, 81, 82].

We focus herein on a parallel Iwan model with only two slider elements,

!'The Bauschinger effect describes the phenomenon whereby when a metal plastically
deforms in one direction (e.g., in tension), the yield stress in the reverse direction (e.g.,
compression) reduces.
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Figure 2: A parallel Iwan model (a) in which a system of n parallel slider elements are
held rigidly on one side and displaced with force F' on the other. The sliding component
associated with the n'® slider element acts rigidly until the force it experiences exceeds
its slider strength ¢,,, after which the n'" slider element exhibits zero effective stiffness
until load reversal. This behavior leads to the corresponding force-deflection graph (b)
exhibiting hysteresis. Bi-linear force-deflection curves (c) realized from the parallel Iwan
model using two slider elements (with ¢; — 00) yielding behavior analogous to an elastic-
perfectly plastic constitutive relationship (blue) and an arbitrary bi-linear elastic-plastic
constitutive relationship (red). For the loading path in (d), (e) depicts the evolution of
the slip force (i.e., force to cause slip) in the positive (red) and negative (yellow) directions
as well as their average (blue). For the loading path in (f), (g) depicts the evolution of
the backstress (blue) and yield strengths in tension (red) and compression (yellow).

with stiffnesses denoted by k; and ks and strengths described by ¢; — oo
and ¢,. Figure 2(c) depicts two example force-deflection curves for this
system: an elastic-perfectly plastic (blue) for a fully-compliant k; and a bi-
linear elastic-plastic (red) for a finite value for k;. The stick regime (elastic-
analogous) includes forces up to the slip force Fyo and has a slope of k; + k2
while the slip regime (plastic-analogous) extends from Fy,, upward with a

slope of k;. For this two-slider element model, the applied force at which slip

k1

occurs, Fyy = ]:; k2 ¢y, is analogous to the yield strength in the stress-strain

relationship. Similarly, k1 + ko and k; are analogous to the stress-strain slopes



in the elastic and plastic regimes, respectively.

Figures 2(d) and (e) display the force-displacement and slip force evo-
lution, respectively, for the two-element parallel Iwan model. Under quasi-
static, cyclic loading from rest at point O, the force reaches a maximum
(Fmae) at point B, and then a minimum (—F,,,,) at point D. Table 1 records
the Iwan model’s state — the applied force F, total displacement wu, stretch
in the second spring A,, and second sliding component displacement sy — in
terms of the spring stiffness values (ki, k), the second slider strength (¢s),
and the maximum force (F),..) for each labeled point in Fig. 2(d). The

Iwan model begins to slip at point A when the force on the second sliding

component matches the slider strength, )y = Fy = ¢» kll;z k2 - After the sec-
ond slider slips (between points A and B), only the first spring continues to
deform. As the applied force begins to decrease (point B), the direction of
displacement changes, causing the second sliding component to stick again.
After this slider sticks, it next slips when the applied force on the sliding
component is greater than the slider strength (at point C where the second
spring is now in compression). Since the force at point B is greater than that
at point A (Fp — F4 = AF) and the slider strength remains constant for all
time, the slip at C occurs at Fo = —F4 + AF such that Fg — Fo = 2F .
From point C to point D, slip occurs in the negative direction and the sliding
displacement sy decreases, effectively eliminating the plastic-like deformation

accumulated from point A to B. After the applied force increases from point

D, the sliding component locks again and the Iwan model displaces under



the stick state. At point E, the force on the sliding component reaches its
strength value and the model again slips in the positive direction. For sym-
metric loading (F = |Fp|), the path from E will align with the path from
A to B, closing the hysteresis loop.

Parallel Iwan models exhibit force-deflection behavior analogous to kine-
matic strain hardening in which the yield in tension (or compression) reduces
the yield strength in compression (or tension, respectively). Consider the
hysteresis loop associated with a kinematic hardening, bi-linear stress-strain
constitutive law depicted in Fig. 2(f) as well as the yield evolution depicted
in Fig. 2(g) for the tensile yield 0¥ (orange), compressive yield o (yellow),
and backstress a = o + 0¥ (blue). The material is considered to undergo
quasi-static, cyclic loading starting from rest at point O, reaching a maximum
stress (Oy,q.) at point B, and then a minimum stress (—o,,4,) at point D. As
the stress evolves from point A to point B (loading in the plastic regime), the
yield strength in tension increases to match the instantaneous stress, while
the yield strength in compression decreases by a corresponding amount such
that o — o/ = 20y,p holds at every instant. When unloading occurs (from
point B to point C), the material yields at a lower strength |0¥| < oy. From
point C to point D, compressive plastic deformation occurs, resulting in a
decreased tensile yield strength and an increased compressive yield strength.
As loading again increases in the tensile direction, the material yields at point
E and plastically deforms, arriving back at point A. Table 2 summarizes the

material state — the stress o, total strain ¢, elastic strain €°, and plastic strain



eP — in terms of the yield strength (oy,), elastic modulus (£), tangent mod-
ulus (or plastic stiffness, 7'), and maximum applied stress (0,,4.) for each
labeled point in Fig. 2(f). Kinematic hardening can be clearly mapped to
the Iwan model by noting the similarity between the yield strength evolution
in Fig. 2(g) with the slip force evolution in Fig. 2(e). Similarly, the back

stress in Fig. 2(g) maps directly to the average sliding forces in Fig. 2(e).

Point Force Displacement ond Spring Stretch ond Slip Displacement
O 0 0 0 0
k1 + ko2 b2 b2
A Fyo = P2 0
ko ko ko
B Froox Fmax — ¢2 P2 Frmax — ¢2 B qbi
k1 k2 k1 k2
k1 + k F, — 2 F, _
c Fuons — 260 7L 2 max — ¢2  2¢2 P2 max — 2 ¢2
k2 k1 k2 k2 k1 k2
D s _ Fmax — ¢2 P2 Fmax — ¢2  ¢2
k1 ko k1 k2
k1 + K Frnax — 2 Frnax —
E ! LI _ Fmax — ¢2 n P2 P2 _ Fmax —¢é2 | ¢2
k2 k1 k2 k2 k1 k2

Table 1: Iwan model’s state at points A through E in Fig. 2(d) expressed in terms of the

stiffness of each spring ki, ko, second slider strength ¢s, and the maximum applied force
Fmaa:-

2.2. Physical Realization of Iwan Model

We experimentally realize the sliding component of the chosen Iwan model
using a support structure and a cylindrical sliding sleeve in frictional contact
with follower elements, depicted as a CAD model and fabricated part in
Figs. 3(a) and (b), respectively. An applied force of sufficient magnitude
causes the steel sliding sleeve (green) to move relative to two followers (blue)

and the support structure (shown transparent for illustrative purposes). Two

10



Point Stress Total Strain Elastic Strain Plastic Strain

(@] 0 0 0 0
o o
A oyv.0 ’};O }YEO 0
OY,0  Omax — OY,0 Omax (0max — oy, 0)(E —T)
B Omax + — E—
E T E ET
C - _ 95 _9v0 + Omax — 9Y,0 Omax — 20Yy,0 (0max — UY,O)(E -T)
max Y,0 E T E ET
oy,0  Tmax — OY,0 Tmax (0max — oy,0)(E —T)
D —amax _ Y0 Tmex OV.0 — e -
E T E ET
B o — o Oy,0  Omax — 0y,0 20y,0 — Omax _ (omax —oy,0)(E —T)
Y,0 — Omax - = = o

Table 2: Material state at points A through E in Fig. 2(f) expressed in terms of the yield
strength oy, elastic modulus F, tangent or plastic modulus 7', and the maximum applied
stress omax-

bolts generate a clamping pressure by altering the compression of the upper
and lower helical springs, which in turn imposes a net normal force, Fy, on
two followers whose clamping jaws are in direct contact with the cylindrical
sliding sleeve. Furthermore, the springs and followers in the design enable
a more precise modulation of Fl, effectively allowing for more turns of the
bolts for a given normal force than would be possible with a simpler bolted
connection. Thus, by adjusting the bolts’ angular position, we can calibrate
each sliding component’s slip force. The frictional surfaces on both the sliding
sleeve and the follower jaws are sanded to a smooth finish and lubricated with
a multipurpose oil to both reduce wear on the surfaces as well as decrease
the critical slip force. We fit this sliding component into a unit cell (see
Sec. 2.3) using threaded through-holes in the sliding sleeve and the ends of
the support structure.

Figure 3(c) depicts the experimental set-up for characterizing and tun-

11



ing the sliding components. A frame secures the support structure while an
electrodynamic shaker excites the sliding component from below. A force
transducer between the shaker and the sliding sleeve records the applied
force. Two laser Doppler vibrometers (LDV’s) measure the velocity of the
sliding sleeve and the follower jaws at locations marked by orange and pur-
ple indicators in Fig. 3(c). Hereafter, we denote the motion of the sliding
sleeve relative to the followers as slip (i.e., slip displacement, velocity, acceler-
ation). Figure 3(d) overlays the sleeve velocity (solid blue), follower velocity
(dashed blue), and the applied force (red) for an example experimental data
set. When the two velocity measurements align (negligible slip velocity), the
sliding component is in a stick state; otherwise, it is considered to be in a
slip state. Figure 3(e) depicts the slip and stick states together with the slip
velocity (blue) and the measured force (red). We note from Fig. 3(e) that
the stick regime features a slight non-zero slip velocity which arises from the
small amount of compliance between the points of measurement on the sleeve
and follower.

Each sliding component is calibrated by iteratively adjusting the bolts’
angular position until slip occurs at a designated critical slip force (chosen
to be &~ 10 N). We determine the slip force for a given sliding component
from the force and velocity measurements in Fig. 3(d) using the procedure
graphically demonstrated for one slip event in Fig. 3(f). We find the instant
of slip by first noting the time, ¢;, at which the slip velocity, v, exceeds a

set threshold, vr, such that |vs(¢;)] > vr > |vs(ti—1)]. Since this velocity

12



threshold (chosen to be vy = 10 mm/s) only approximates when slip occurs,
we determine the slip force as the force measurement j time steps prior to
the threshold crossing, F; = F'(t;_;). Examining one slip event in one sliding
component, we obtain the experimental constant j (chosen to be j = 5
resulting in t; — ¢;_; ~ 0.5 ms) such that the slip velocity begins to increase
from the stuck state at ¢;_;. The choice of j is confirmed by noting that
the determined slip force is uniform for all slip events in the tested sliding
component as well as across all slip events in each of the remaining sliding

components.

2.3. Unit Cell Design & Verification

We design the unit cell first using a discrete representation, as depicted
in Fig. 4(a), followed by a conceptual design, as illustrated by CAD models
in Figs. 4(b)-(c). Steel disks (blue) having masses of approximately 0.95
kg and 1.25 kg are coupled via three outer helical springs (red) in parallel
with the sliding component (green) and a center helical spring (purple). In
relation to the parallel Iwan model introduced in Sec. 2.1, the three outer
springs yield equivalent stiffness k1, while the center spring and the sliding
component yield ks and ¢9, respectively. Note that when the applied force
exceeds the slip force, the stiffness changes from 4k to 3k, where k ~ 90.5
kN /m, resulting in bi-linear force-deflection behavior.

To verify the mass and stiffness of each fabricated unit cell (without slider

elements) and to assess any variability, we measure their frequency responses
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using the test set-up depicted in Fig. 4(d). An electrodynamic shaker excites
the unit cell at the bottom using a frequency sweep, while a force transducer
measures the excitation at the input (red indicator) and an LDV measures
velocity at an output point (purple indicator). We then compute the mobil-
ity frequency response, an example of which appears in Fig. 4(e), by taking
the ratio of peak velocity to force at each frequency input. The table appear-
ing in Fig. 4(f) summarizes the obtained resonant peaks for each unit cell.
From the chosen mass and stiffness values, we expect natural frequencies at
approximately 47 and 134 Hz, which are in satisfactory agreement with the
averaged measured resonant peaks of 45 and 138 Hz. More importantly, a
low degree of disorder can be observed in the as-fabricated cells. Using the
experimentally-obtained mass and stiffness values, and accounting for the
added mass and stiffness of the slider elements, the expected band structure
for the PnC, depicted in Fig. 4(g), predicts a frequency bandgap between
116 and 131 Hz. This bandgap guides interpretation of data obtained sub-

sequently.

3. Phononic Crystal Experiment and Results

We construct the ten-cell PnC by freely hanging the unit cells from the
top of a 3x 0.3 x 0.3 meter test frame as shown in Fig. 5(a). During assembly,
the sliding components are secured only after all unit cells are hung, thereby
mitigating the influence of gravity on the critical slip force. Without this

precaution, sliding components located higher in the PnC would support the
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weight of the cells below, resulting in nonuniform preload and asymmetric slip
behavior. Specifically, the lowest sliding component would remain centered
on its slip surface, slipping symmetrically in tension and compression (—Fy =
Fyf), whereas the uppermost sliding component would slip more readily under
downward loading (—Fy, < Fy).

We first excite the PnC using an electrodynamic shaker at the bottom of
the PnC with a 100 Hz Hanning-windowed harmonic signal. This frequency
lies significantly outside the predicted bandgap and is selected to study plas-
ticity effects absent from bandgap-induced attenuation. A force transducer
and an LDV measure the input force and output velocity at the bottom and
top of the PnC, respectively. Accelerometers on either side of the frictional
interface of each sliding component capture the slip acceleration throughout
the PnC, enabling spatial assessment of plastic response. Figure 5 illustrates
the qualitative difference between elastic (b,d) and plastic (c,e) — correspond-
ing to responses without and with slip, respectively — amplitude excitations
by overlaying the follower (red) and sleeve (blue) acceleration (b,c) as well
as the slip acceleration normalized against the maximum sleeve acceleration
(d,e) at the sixth slider element away from the shaker (i.e., end of third
unit cell). Under elastic amplitude excitation (=~ 10 N), no slip occurs and
the two accelerometer signals largely agree leading to a small normalized
slip acceleration. Under plastic amplitude excitation (=~ 50 N), the force
on the sliding component exceeds the slip threshold, resulting in frequent

slip events and a pronounced normalized slip acceleration (i.e., difference in
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the two acceleration signals). Although the slip acceleration is expected to
be zero for the elastic case, Fig. 5(d) exhibits a small slip acceleration due
to experimental factors such as instrument placement, divergence from rigid
assumptions, etc., consistent with trends observed during individual slider
testing (Sec. 2.2). In addition to the low normalized slip acceleration, the
elastic excitation produces a slip acceleration of similar shape and frequqncy
content to the excitation signal, indicating a linear system (few to no slip
events). In contrast, the slip acceleration in response to plastic excitation
undergoes a distinct change in behavior as the force increases beyond the crit-
ical level, reflecting an expected change in the governing system dynamics
(slip-stick transitions) for the targeted nonlinear system.

We next excite the PnC in a frequency sweep between 105-135 Hz at
elastic (= 10 N) and plastic (= 50 N) amplitudes to probe the effect of
the bandgap (between 116-131 Hz) on elastic and elastic-plastic waves. Fig-
ure 6(a) overlays the normalized mobility at the last unit cell for elastic and
plastic amplitude excitation with vertical dashed lines marking the predicted
bandgap frequency bounds. Additionally, Fig. 6(b) plots the root-mean-
square (RMS) slip accelerance — defined as the ratio between the RMS slip
acceleration and the RMS force at each frequency — as a surface over fre-
quency and slider position. Red lines denote the frequency bounds of the
model-predicted bandgap. Analogous to Fig. 1(d), this surface visualizes the
presence and strength of plasticity in the PnC across space and frequency.

Results presented in Fig. 6 provide clear evidence of a Bragg-scattering

16



bandgap affecting both elastic and elastic-plastic waves. Asshown in Fig. 6(a),
elastic excitation produces a pronounced reduction in mobility within the
predicted bandgap. More importantly, the plastic response exhibits a com-
parable attenuation over the same frequency range, consistent with earlier
numerical observations [71] that frequency bandgaps impede elastic—plastic
wave propagation. Figure 6(b) provides additional evidence of Bragg scat-
tering in the elastic—plastic system through the spatial localization trend at
the start of the PnC. For plastic excitation (= 50 N) at frequencies within
the bandgap, the slip accelerance is significantly elevated near the input end
of the phononic crystal in comparison to later unit cells. As Bragg-scattering
leads to internal reflections at the bandgap frequencies, the PnC traps and
focuses energy in the first few unit cells, resulting in amplified slip accelera-
tion. In contrast, frequencies outside the bandgap do not exhibit comparable
spatial localization. While the observed attenuation of elastic-plastic waves
in Fig. 6(a) and localization in Fig. 6(b) is likely due to Bragg scattering of
the elastic precursor, the inability to invoke a superposition argument in the

nonlinear setting makes an absolute determination of the mechanism difficult.

4. Concluding Remarks

This work measured elastic-plastic waves in a discrete phononic crystal
whose force—deflection response is analogous to hysteretic elastic—plastic re-
sponse. A discrete slider element was experimentally realized to introduce

controllable plastic-analogous behavior at prescribed force levels. By incor-
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porating this element into a linear unit-cell architecture, a modular phononic
crystal was constructed, enabling validation of individual components prior
to full assembly. Frequency-sweep experiments demonstrated clear bandgap
behavior under both elastic and plastic excitation. Comparison of responses
across excitation amplitudes confirmed the ability to achieve elastic- and
plastic-analogous behavior at relatively low force levels (on the order of 10
N). Importantly, these results experimentally demonstrate that bandgaps
attenuate elastic—plastic waves in a manner similar to linear elastic waves.
Recognizing that elastic metamaterial mechanisms remain effective in the
plastic regime suggests new opportunities for applying these materials to elas-
tic—plastic engineering problems. Future work may explore targeted appli-
cations of PnC concepts for use in vibration and damage mitigation, vehicle
crashworthiness, and asset protection. Additional studies may also examine
the limits of the present approach, including the role of bandgap phenomena
under higher-amplitude loading conditions such as shock and hydrodynamic

regimes.
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Figure 3: CAD model of the sliding component (a) and its as-fabricated realization (b)
in which the sleeve (green) slides relative to the followers (blue) when the applied force
exceeds a critical slip force. Each sliding component is calibrated with the experimental
testing set-up (c¢) in which the input force is measured by a force transducer and the velocity
at the sleeve and follower structure are measured with laser Doppler vibrometers at the
yellow and pink indicators, respectively. An example data set (d) where the measured
velocities of the sleeve (solid blue) and the follower (dashed blue) and the measured force
(orange) correspond to the vertical axis of the same color; (e) demonstrates the slip and
stick states with the slip velocity (blue) and force (orange), while (f) illustrates the slip
force determination for a single slip event.
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Figure 4: Discrete element depiction of the unit cell (a) and CAD model representation
(b). An exploded view (c) of the slider element depicting the stiffness and sliding com-
ponents in greater detail. The linear unit cell (b) — without the sliding component — is
excited within the test set-up (d) for which the force input and unit cell response are
measured by a force transducer and an LDV at the red and pink indicators, respectively.
From these measurements, the (e) normalized mobility frequency response for each unit
cell is obtained (an example unit cell measurement shown). The obtained frequency peaks
of each unit cell, tabulated in (f), then inform the average unit cell mass and stiffness
values from which is calculated the (g) linear elastic band structure. This band structure
exhibits a bandgap between 116 and 131 Hz, bounded by the dashed lines, as evidenced by
the nonzero imaginary part (orange) and the = or 0 real part (blue) of the wavenumber.
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Figure 5: Example measurements at 100 Hz obtained from the set-up depicted in (a)
for which the columns correspond to elastic (left) and plastic excitation (right) and the
rows correspond to follower (red) and sleeve (blue) acceleration signals (top) and the slip
acceleration (bottom), normalized to the maximum acceleration of the sleeve.
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Figure 6: (a) Mobility frequency response, normalized to their respective maxima, for
elastic (blue) and plastic (orange) amplitude excitation. Vertical dashed lines indicate
the predicted bandgap. (b) Surface plot of the root-mean-square (RMS) slip accelerance
(ratio between the RMS slip acceleration and the RMS force) at each sliding component
as a function of frequency for plastic excitation (= 50 N). Red lines mark the edges of the
predicted bandgap.
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