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Abstract—Millimeter-wave single-base-station positioning with
analog beamforming requires estimating multipath delays
and departure/arrival angles from beam–frequency measure-
ments, i.e., compressed observations of the underlying wide-
band MIMO–OFDM channel. In beamformed settings, the
analog precoding/combining operator alters the standard
Fourier/Vandermonde structure exploited by classical atomic
line-spectral methods, making direct gridless recovery nontrivial.
We address this problem by developing a beamspace special-
ization of coordinate-descent atomic soft-thresholding (CD-AST)
that operates directly in the measurement domain through a
pushed-forward atomic set induced by the beamforming oper-
ator. This yields two estimators: BEAST, a fully coupled 5-D
off-grid estimator for joint delay–angle recovery, and EAST, a
reduced-complexity delay-first variant that combines one-shot
subspace-based delay estimation with per-slice 4-D atomic refine-
ment. Simulations for 400-MHz mmWave MIMO–OFDM with
practical beam training show that BEAST achieves delay and
angular estimation accuracy close to the corresponding Cramér–
Rao bounds and avoids the delay-resolution floor exhibited by
subspace and matched-filter baselines, while EAST achieves a
favorable accuracy–complexity trade-off by replacing repeated
delay searches with one-shot subspace estimation. At 10 dBm
total transmit power, BEAST attains centimeter-level positioning
accuracy close to the position error bound, while EAST achieves
comparable centimeter-level accuracy with reduced runtime.

Index Terms—Millimeter-wave (mmWave), MIMO–OFDM,
single-base-station positioning, beamspace channel estimation,
gridless super-resolution, atomic norm minimization.

I. INTRODUCTION

Millimeter-wave (mmWave) bands offer unprecedented
bandwidth and support the integration of large-scale antenna
arrays, making them a promising candidate for high-capacity
wireless communication [1], sensing [2] and positioning [3]
in emerging 5G New Radio (NR) and future 6G systems. The
potential of mmWave to deliver ultra-high data rates and fine
spatial resolution has fueled significant interest in physical-
layer techniques for joint communication and localization
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[4]–[6]. Through wide bandwidths and large-aperture arrays,
which bring high resolution in delay and angle, respectively,
centimeter-level positioning becomes possible at mmWave [7].
However, realizing these benefits in practical multiple-input
multiple-output (MIMO)–orthogonal frequency-division mul-
tiplexing (OFDM) transceivers remains challenging because
(i) analog beamforming exposes only a low-rank projection
of the full array response, (ii) joint angle–delay estimation
must be carried out from high-dimensional beam-frequency
measurements, quickly rendering standard high-resolution es-
timators computationally prohibitive, and (iii) hardware and
pilot overhead constraints limit the number of RF chains,
beams and pilot symbols used for channel estimation [8].

Existing channel parameter estimation methods span sev-
eral distinct categories, each with important limitations for
wideband mmWave OFDM scenarios. Correlation-based es-
timators [9] are computationally efficient but fundamen-
tally limited by the ambiguity function, whose main-lobe
width is determined by the signal bandwidth and array
aperture. In grid-based implementations, they additionally
suffer from basis mismatch when the true path param-
eters fall off the sampled grid. Maximum likelihood al-
gorithms such as space-alternating generalized expectation-
maximization (SAGE) [10] and RiMAX [11] can be statis-
tically efficient, but lead to prohibitive computational com-
plexity for high-dimensional MIMO–OFDM settings and often
require good initialization to avoid convergence to suboptimal
local maxima [12]. Subspace techniques, including estima-
tion of signal parameters via rotational invariance techniques
(ESPRIT) [13] and tensor factorization methods [14], can
achieve high resolution for angle and delay estimation under
favorable conditions. However, they require accurate model
order selection and often rely on structural assumptions (e.g.,
shift-invariance or Vandermonde-type array responses induced
by specific precoder/combiner designs). Their statistical effi-
ciency is attained only when the signal subspace is correctly
identified and noise is appropriately whitened [15], and their
computational complexity typically scales cubically (or worse)
with the effective array or beam–frequency dimensions. More-
over, depending on the adopted factorization technique, an
additional pairing stage between angle and delay parameters
may be required [16]. Finally, sparse recovery methods such as
orthogonal matching pursuit (OMP) [17] and sparse Bayesian
learning (SBL) [18] relax the model order requirement and
offer improved robustness at low signal-to-noise ratio (SNR).
Grid-based variants, however, rely on discretization of the



continuous parameter space, which degrades estimation ac-
curacy and leads to basis mismatch when the true parame-
ters fall off-grid [19]. To overcome these limitations, grid-
less sparse approaches based on atomic norm minimization
(ANM) have been proposed for mmWave channel estima-
tion [20]–[26], enabling super-resolution recovery directly in
the continuous domain without basis mismatch [25], [27].
Most ANM-based channel estimators for mmWave MIMO(–
OFDM) rely on semidefinite programming (SDP) representa-
tions with Toeplitz, block-Toeplitz, or multi-level Toeplitz con-
straints, which become computationally heavy in large beam–
frequency dimensions and typically require iterative solvers
such as alternating direction method of multipliers (ADMM)
for tractability. This is explicit, for example, in beamformed
full-dimensional MIMO ANM formulations, where the SDP
involves high-dimensional positive semidefinite constraints
and ADMM is introduced mainly to reduce the cost compared
to generic solvers [20], [25], [26], [28]. A more tractable alter-
native to SDP-based ANM is coordinate-descent atomic-norm
soft-thresholding (CD-AST), which replaces semidefinite pro-
gramming with coordinate-descent updates and yields low per-
iteration complexity for Fourier-type atoms [29]. However, the
available CD-AST formulation applies to element-space line-
spectral estimation with standard Fourier atoms.

In beamformed mmWave MIMO-OFDM channel estima-
tion, the analog precoding/combining and partial sampling
operator pushes physical delay-angle atoms into structured
beam-frequency atoms in the measurement domain. Therefore,
the oracle correlation used by CD-AST is no longer evaluated
against standard Fourier atoms, and the fast Fourier transform
(FFT)-based maximization available in the original formula-
tion [29] does not apply directly. A naive implementation
would then require dense search over the joint delay-angle
space, whose cost becomes unfavorable in high dimensions. In
addition, the shrinkage and projection steps must be expressed
directly for the sensed atoms under the beamforming operator,
while preserving the separable structure across subcarriers and
beam dimensions for scalability.

In this work, we develop a low-complexity, gridless super-
resolution framework for five-dimensional beamspace chan-
nel estimation and single-base station (BS) positioning in
mmWave MIMO-OFDM. Our key idea is to reformulate
atomic soft-thresholding directly in the beam–frequency mea-
surement domain by pushing forward physical path atoms
through the beamforming operator and evaluating them only
on the observed beam–subcarrier indices. This yields a
beamspace atomic formulation. We then apply the core CD-
AST primitives, namely a dual-certificate oracle for contin-
uous atom selection and a closed-form complex shrinkage
update, without discretization or semidefinite programming.
To make the oracle tractable, we exploit the separable struc-
ture induced by OFDM and analog beamforming, enabling
structured correlation maximization by a decoupled coarse
scan followed by local continuous refinement. Building on this
formulation, we propose two estimators that offer complemen-

tary accuracy–complexity trade-offs. First, we develop BEAST
(beamspace coordinate-descent atomic soft-thresholding), a
fully gridless five-dimensional beamspace algorithm that op-
erates directly on the complete beam–frequency tensor and
jointly estimates delay and angles. Second, we develop EAST
(ESPRIT-aided CD-AST), a delay-first decoupling approach
motivated by the fine delay resolution in wideband systems,
which estimates the dominant delay subspace once via an
ESPRIT-type procedure on the mode-3 unfolding, removes
the delay dimension by projection, and performs per-slice
four-dimensional beamspace CD-AST refinement over the
remaining angular parameters. The main contributions are
summarized as follows:
• Beamspace specialization of coordinate-descent atomic

soft-thresholding. We extend CD-AST from line-spectral
denoising to single-snapshot beamformed mmWave
MIMO-OFDM channel estimation by introducing a
pushed-forward beam–frequency atomic set induced by
analog precoding and combining, and by deriving the
corresponding dual-certificate stopping test and coefficient-
update rule directly in the measurement domain.

• BEAST: a fully gridless 5-D beamspace estimator. Using
the above primitives, we develop a practical beamspace
implementation with a structured correlation maximization,
enabling joint recovery of delay and angular parameters
from the beam–frequency tensor. BEAST attains near-
Cramér-Rao bound (CRB) accuracy down to low SNR with
tractable computational complexity.

• EAST: an OFDM-separable delay-first variant. We fur-
ther propose a reduced-complexity estimator that exploits
the fine-delay resolution of wideband OFDM by estimating
the delay support first using subspace methods, projecting
onto the delay subspace, and applying per-slice gridless
angular refinement. This yields a principled accuracy–
complexity trade-off relative to full 5-D recovery. EAST
reduces complexity by replacing repeated delay searches
with one-shot subspace estimation, at the expense of in-
creased variance under delay-subspace mismatch and error
propagation into the angular refinement stage.

Notation. Scalars are x, vectors are x, and multi-dimensional
arrays (matrices/tensors) are X; sets and spaces are X . (·)T,
(·)H, and (·)† denote transpose, Hermitian transpose, and
pseudoinverse. ⟨·, ·⟩ denotes an inner product,⊗ the Kronecker
product, and ◦ the outer product. ∥ · ∥2 and ∥ · ∥F denote the
Euclidean and Frobenius norms. (·)+ denotes the thresholding
operator such that ∀x ∈ R, (x)+ = max(x, 0).

II. SYSTEM MODEL AND PRELIMINARIES

A. Channel Geometry and Array Model

Consider a single BS and a single user equipment (UE),
each equipped with a uniform rectangular array (URA) with
half-wavelength inter-element spacing. The BS URA has size
NBS and the UE URA has size NUE (NBS ≫ NUE). The array
reference points are located at pBS ∈ R3 and pUE ≜ p0,0 ∈
R3, respectively. The global coordinate system is aligned with



the BS array so that the BS rotation is RBS = I3, while the
UE array has a rotation matrix RUE ∈ R3×3 that maps the
UE local frame to the global frame. Throughout the paper,
pBS and RBS are known, while the UE position p0,0, UE
orientation RUE, and the common BS–UE clock bias β are
unknown deterministic parameters. The propagation environ-
ment is described by L planar reflective surfaces {Sℓ}Lℓ=1,
each modeling one cluster (e.g., a building facade, a ground-
like reflector). Each surface Sℓ is characterized by a centroid,
a unit normal vector, and a finite rectangular support in 3D
space. We denote by Γℓ ∈ C the (effective) Fresnel reflection
coefficient of surface Sℓ, with Γ0 = 1 for the line-of-sight
(LoS) path. Each propagation path is indexed by (ℓ, r), where
ℓ = 0 corresponds to the LoS cluster and ℓ ∈ {1, . . . , L}
corresponds to a surface. For the LoS cluster, we set R0 = 0.
Within cluster ℓ ≥ 1, the index r = 0 denotes the specular
reflection point on Sℓ and r ∈ {1, . . . , Rℓ} labels diffuse sub-
paths on the same surface. Let pℓ,r ∈ R3 denote the anchor
point of path (ℓ, r). For ℓ ≥ 1 and r = 0, pℓ,0 is obtained
as the single-bounce specular intersection (i.e., obtained via
image theory for a planar reflector) on Sℓ.1 For r ≥ 1, the
points {pℓ,r}Rℓ

r=1 ⊂ Sℓ are drawn from a 2D Gaussian density
on the surface centered at the specular point and truncated
to the rectangular support. This realizes a lobe of diffuse
scattering around the specular point and can be viewed as
a simple Gaussian approximation of the surface joint angle–
delay power spectrum as in [30]. For any path (ℓ, r), we define
the unit direction vectors
uBS,ℓ,r =

pℓ,r − pBS∥∥pℓ,r − pBS

∥∥ , u
(glob)
UE,ℓ,r = − pℓ,r − p0,0∥∥pℓ,r − p0,0

∥∥ .
Angles at the BS are expressed in the global frame as
θazℓ,r = arctan 2

(
uy
BS,ℓ,r,u

x
BS,ℓ,r

)
, θelℓ,r = arcsin

(
uz
BS,ℓ,r

)
.

Angles at the UE are subject to rotation into the UE local
frame. The global UE direction is mapped as uUE,ℓ,r =

R−1
UEu

(glob)
UE,ℓ,r, and the UE azimuth and elevation are then

obtained as ϕaz
ℓ,r = arctan 2

(
uy
UE,ℓ,r,u

x
UE,ℓ,r

)
, and ϕel

ℓ,r =

arcsin
(
uz
UE,ℓ,r

)
. The geometric delay of path (ℓ, r) is

τgeoℓ,r =

∥∥pℓ,r − pBS

∥∥+
∥∥pℓ,r − p0,0

∥∥
c

,

where c is the speed of light. A common BS–UE clock bias β
is present and assumed constant over the considered training
burst, such that the total delay is τℓ,r = β + τgeoℓ,r .

B. Wideband Channel Assembly
We consider a frequency-selective MIMO channel ob-

served over a bandwidth B around carrier frequency fc. The
continuous-frequency BS–UE channel matrix is modeled as a
sum of LoS and all non-line-of-sight (NLoS) (specular and
diffuse) paths [31]2

H(f) =

L∑
ℓ=0

Rℓ∑
r=0

αℓ,r aUE

(
ϕℓ,r

)
aTBS

(
θℓ,r

)
e−j2πf τℓ,r , (1)

1The single-bounce assumption is not fundamental to the proposed channel
estimation framework, which applies to generic multipath collections as long
as the resulting components admit distinct angle–delay parameters.

2The model assumes frequency-flat array responses over the bandwidth of
interest and neglects Doppler effects during the training burst.

where the angle vectors are ϕℓ,r = [ϕaz
ℓ,r, ϕ

el
ℓ,r]

T and θℓ,r =

[θazℓ,r, θ
el
ℓ,r]

T, and the URA response admits a separable
Kronecker structure. For a generic azimuth–elevation pair
(φaz, φel), define the spatial frequencies ωx = π sin(φel),
and ωy = π cos(φel) sin(φaz), and the steering vec-
tor aNx×Ny (φ

az, φel) = aNx(ωx) ⊗ aNy (ωy). Accord-
ingly, aUE(ϕℓ,r) = aN1×N2

(ϕaz
ℓ,r, ϕ

el
ℓ,r), and aBS(θℓ,r) =

aN3×N4(θ
az
ℓ,r, θ

el
ℓ,r), where [aN (ω)]n = exp(jωn).

For the LoS and specular components, we adopt a single-
bounce Friis-type gain with reflection coefficient Γℓ. Let

dℓ,0 =
∥∥pℓ,0 − pBS

∥∥+
∥∥pℓ,0 − p0,0

∥∥
denote the total path length of the specular component. The
complex path gain is written as [32] [33]

αℓ,0 =
λΓℓ

4πdℓ,0
e−jϕℓ,0 , (2)

where λ is the carrier wavelength and ϕℓ,0 collects reflection-
induced phase terms. For the LoS path we set Γ0 = 1. The cor-
responding specular power of surface Sℓ is Pspec,ℓ = |αℓ,0|2.
For each surface Sℓ, diffuse scattering is modeled by Rℓ sub-
paths generated from the Gaussian surface sampling described
above. For r ≥ 1, the delay and angles of path (ℓ, r) are
obtained from the geometry as in Section II-A, while the
complex gains are modeled as [33]

αℓ,r =
λ

(4π)3/2

√
(1− |Γℓ|2) ηℓ σℓ,r/Rℓ e

−jϕℓ,r∥∥pℓ,r − pBS

∥∥∥∥pℓ,r − p0,0

∥∥ , (3)

where ηℓ ∈ [0, 1] controls the fraction of non-specular energy
converted into diffuse scattering on Sℓ, σℓ,r is an effective
radar cross-section of the r-th diffuse point (with prescribed
mean and variance), and ϕℓ,r is an independent random phase,
uniform over [0, 2π). For r ≥ 1, the diffuse amplitudes in (3)
are scaled by

√
(1− |Γℓ|2)ηℓ, while the specular component

scales with |Γℓ| in (2). As a result, the average powers of the
specular, diffuse, and absorbed components of surface Sℓ scale
as Pspec,ℓ ∝ |Γℓ|2, Pdiff,ℓ ∝ (1− |Γℓ|2) ηℓ, and Pabs,ℓ ∝ (1−
|Γℓ|2) (1−ηℓ), so that

(
|Γℓ|2, (1−|Γℓ|2)ηℓ, (1−|Γℓ|2)(1−ηℓ)

)
can be interpreted as the specular, diffuse, and absorbed power
fractions of surface Sℓ, in line with surface-based model [30].

C. Signal Model

We consider a single training burst during which the BS
transmits pilot symbols over K OFDM subcarriers with spac-
ing ∆f around the carrier frequency fc. The frequency of the
kth subcarrier is

fk ≜ fc +
(
k − K − 1

2

)
∆f, k = 0, . . . ,K − 1.

Analog beamforming is implemented via codebook-based
beam switching at both the BS and the UE. The BS employs a
transmit codebook F = [f1, . . . , fS ] ∈ CNBS×S , while the UE
employs a receive codebook W = [w1, . . . ,wM ] ∈ CNUE×M ,
with unit-norm beams ∥fs∥2 = ∥wm∥2 = 1. During the burst,
the BS sequentially fixes a transmit beam fs and the UE
sweeps through all receive beams {wm}Mm=1. This procedure
is repeated for all S transmit beams, resulting in MS beam-
pair measurements per subcarrier [34].



With pilot symbol p̄m,s,k transmitted on subcarrier k using
beam pair (fs,wm), the received signal at the UE is

ȳm,s,k = wH
m H(fk) fs p̄m,s,k + n̄m,s,k, (4)

where |p̄m,s,k|2 = Pt, denoting the transmit power per sub-
carrier per OFDM symbol, and n̄m,s,k ∼ CN (0, σ2

n) denotes
additive noise with variance σ2

n = N0∆f , corresponding to
thermal noise with two-sided power spectral density N0. All
pilot observations over M receive beams, S transmit beams,
and K subcarriers are stacked into a third-order tensor:

Ȳ ∈ CM×S×K , [Ȳ]m,s,k = ȳm,s,k. (5)
D. Downlink Positioning

Let {ρ̂ℓ}L̂−1
ℓ=0 = est(Ȳ) denote the channel-parameter

estimator, where L̂ is the estimated number of paths, ρ̂ℓ =[
τ̂ℓ, θ̂ℓ, ϕ̂ℓ, α̂ℓ

]T
collects delay, angle of departure (AoD),

angle of arrival (AoA), and complex gain of path ℓ. We
identify the LoS path as the one with the smallest delay,
ℓ̂0 ∈ argminℓ τ̂ℓ, and set (τ̂0, θ̂0, ϕ̂0) ≜ (τ̂ℓ̂0 , θ̂ℓ̂0

, ϕ̂ℓ̂0
),

so that ideally τ̂0 ≈ τ0,0. The NLoS candidate is selected as
the strongest non-LoS component, ℓ̂1 ∈ argmaxℓ̸=ℓ̂0

|α̂ℓ|, with
(τ̂1, θ̂1, ϕ̂1) ≜ (τ̂ℓ̂1 , θ̂ℓ̂1

, ϕ̂ℓ̂1
). From the estimated azimuth–

elevation pairs, define the unit direction mapping
u(φaz, φel) ≜

[
cos(φel) cos(φaz) cos(φel) sin(φaz) sin(φel)

]T
.

Then ûBS,i = u(θ̂azi , θ̂eli ), and û
(loc)
UE,i = u(ϕ̂az

i , ϕ̂el
i ), for i ∈

{0, 1}. We then define the principal angle separations
∆θ̂1,0 = arccos

(
ûT
BS,1ûBS,0

)
,∆ϕ̂1,0 = arccos

(
(û

(loc)
UE,1)

Tû
(loc)
UE,0

)
.

Note that ∆ϕ̂1,0 is invariant to the unknown UE orientation
because both AoAs are measured in the same local frame.

With a common clock bias β, τℓ = β + τgeoℓ and thus
∆τ̂1,0 ≜ τ̂1 − τ̂0 ≈ τgeo1 − τgeo0 , (6)

so that the bias β cancels out. The LoS and NLoS rays define
a plane Π (the span of ûBS,0 and ûBS,1); the BS–scatter–UE
geometry projected onto Π forms a triangle with side lengths
equal to the LoS range d0 = ∥pUE−pBS∥ and the NLoS path
length d1 = dBS,1 + dUE,1. Using c∆τ̂1,0 = d1 − d0 and the
law of sines in Π (see also [35], [36]), the LoS range is

d̂0 =
c∆τ̂1,0 sin

(
∆θ̂1,0 +∆ϕ̂1,0

)
sin(∆θ̂1,0) + sin(∆ϕ̂1,0)− sin

(
∆θ̂1,0 +∆ϕ̂1,0

) . (7)

Given d̂0, the UE position follows along the LoS BS ray:
p̂UE = pBS + d̂0 ûBS,0. (8)

E. Problem Statement

While (7)–(8) assume ideal multipath knowledge, the delay–
angle parameters must be estimated from noisy beamformed
mmWave MIMO–OFDM measurements. We therefore seek
an accurate and computationally efficient estimator operating
directly on the beamspace observation tensor in (5).

III. A PRIMER ON COORDINATE-DESCENT ATOMIC
SOFT-THRESHOLDING

Let H be a Hilbert space over C with a complex inner-
product ⟨·, ·⟩. 3 Let A = {a(θ) : θ ∈ Ω} ⊂ H be a continuous

3In our finite-dimensional setting, the Hilbert-space structure provides inner
product and adjoint identities required for the dual-correlation arguments.

atomic set with parameter domain Ω, and define the atomic
norm as the gauge of the convex hull conv(A) [37], [38]
∥x∥A ≜ inf

{∑
ℓ
|αℓ| : x =

∑
ℓ
αℓa(θℓ), a(θℓ) ∈ A

}
.

Consider the atomic-norm denoising problem

minx∈H ∥x∥A +
ζ

2
∥ỹ − x∥2, ζ > 0, (9)

for a given ỹ ∈ H, where ζ controls the sparsity–fit trade-
off and implicitly the effective model order. Suppose x⋆ is an
optimal solution to (9) and define the residual r⋆ ≜ ỹ − x⋆.
Since (9) is convex and unconstrained, its first-order optimality
is equivalent to the subgradient inclusion [39, Sec. 23]

0 ∈ ∂∥x⋆∥A + ζ(x⋆ − ỹ) ⇐⇒ ζ r⋆ ∈ ∂∥x⋆∥A. (10)
This yields the dual-feasibility condition

∥r⋆∥∗A ≤ ζ−1, ∥r∥∗A ≜ supa∈A |⟨a, r⟩| , (11)
where ∥ · ∥∗A denotes the dual atomic norm. (11) provides a
global stopping test: if the maximum residual-atom correlation
falls below ζ−1, no further atom can decrease the objective.

CD-AST [29] solves (9) by maintaining an explicit finite
atomic expansion x =

∑L−1
ℓ=0 αℓaℓ, with aℓ ∈ A, which leads

to the atomic regression form over a finite decomposition,

min
L,{αℓ},{aℓ∈A}

∑L−1

ℓ=0
|αℓ|+

ζ

2

∥∥∥ỹ −∑L−1

ℓ=0
αℓaℓ

∥∥∥2. (12)

It then applies a block-coordinate descent procedure over (i)
coefficients {αℓ} and (ii) continuous atom parameters {θℓ}
through aℓ = a(θℓ) [29]. The algorithmic primitives are:

1) Dual-certificate Oracle: CD-AST repeatedly evaluates4

a⋆ ∈ argmaxa∈A
∣∣⟨a, r⟩∣∣, (13)

identifying the atom most correlated with the current residual.
2) Single-coefficient Update (Complex Shrinkage): Fix all

atoms and all coefficients except αℓ, and define the residual
that excludes the ℓth component r−ℓ ≜ ỹ −

∑
j ̸=ℓ αjaj .

Updating αℓ then reduces to the 1-D convex problem

minαℓ∈C |αℓ|+
ζ

2
∥r−ℓ − αℓaℓ∥2. (14)

Up to constants independent of αℓ, (14) is equivalent to

min
αℓ∈C

|αℓ|+
ζ∥aℓ∥2

2

(
|αℓ|2 −

2ℜ⟨αℓaℓ, r−ℓ⟩
∥aℓ∥2

)
,

whose minimizer is complex soft-thresholding [29]

αℓ =
Sζ−1(⟨aℓ, r−ℓ⟩)
∥aℓ∥2

, Sλ(z) ≜

(
1− λ

|z|

)
+

z. (15)

3) Continuous atom refinement: When A is indexed by a
continuous parameter vector θ, each active atom is refined by
locally updating θℓ to maximize |⟨a(θℓ), r−ℓ⟩|. 5

IV. BEAST: BEAMSPACE CD-AST ALGORITHM

The CD-AST primitives in Section III are formulated
over a finite-dimensional Hilbert space and therefore apply
equally to vector, matrix, or tensor-valued observations once

4In practice, the maximization in (13) is performed numerically over a
continuous parameter space and is therefore implemented approximately (e.g.,
via coarse initialization followed by local refinement), yielding an ε-accurate
maximizer. This numerical approximation does not affect the underlying
optimality conditions or the definition of the dual certificate.

5In practice, this is done by applying gradient or Newton-type updates
to a smooth local surrogate of the correlation objective (e.g., its squared
magnitude), which shares the same local maximizers; see [29].



the corresponding inner product is specified. In the present
beamformed setting, however, the relevant atomic set is not
the original element-space Fourier atomic set, but its image
under the linear measurement operator. Thus, extending CD-
AST to beamspace requires: (i) defining the pushed-forward
atoms induced by the analog precoder/combiner, (ii) deriving
the corresponding measurement-domain dual-certificate ora-
cle and shrinkage update, and (iii) implementing this oracle
tractably. This formulation does not require F or W to have
DFT, orthogonal, or shift-invariant structure, although their
choice affects the conditioning and the correlation landscape
of the resulting beamspace atoms.

A. Beamspace Specialization of CD-AST
1) Beamspace Atom Selection and Shrinkage: Let the phys-

ical (element-space) channel tensor be X ∈ CNUE×NBS×K

with entries [X]u,b,k = [H(fk)]u,b. Consider the sensed
atomic-norm regression

min
X∈Hel

∥X∥A +
ζ

2
∥Y − F(X)∥2Y , (16)

where F : Hel → Hbs is linear in the present finite-
dimensional setting (and hence admits an adjoint; see,
e.g., [40, Sec. 3.9-4]). In beamformed MIMO–OFDM, we set
Hel = CNUE×NBS×K and Hbs = CM×S×K , and define

[F(X)]m,s,k ≜ wH
m [X]:,:,k fs, (17)

so that Y = F(X) + N with [Y]m,s,k = ȳm,s,k/p̄m,s,k. We
equip Y with the Frobenius inner product

⟨U,V⟩ ≜
∑

m,s,k
[U]

∗
m,s,k[V]m,s,k.

a) Pushed-forward Atom: For a single path with param-
eters ϱ = (ϕ,θ, τ), define the physical rank-one atom

A(ϱ) ≜ aUE(ϕ) ◦ aBS(θ) ◦ aSC(τ) ∈ H, (18)
where aSC(τ) = aK(−2π∆f τ). The corresponding pushed-
forward atom in the measurement (beamspace) domain is

B(ϱ) ≜ F(A(ϱ)) ∈ Y, (19)
with [B(ϕ,θ, τ)]m,s,k = [aSC(τ)]k

(
wH

maUE(ϕ)
) (

aTBS(θ)fs
)
.

Defining beamspace steering vectors gUE(ϕ) ≜
WHaUE(ϕ) ∈ CM , and gBS(θ) ≜ FHa∗BS(θ) ∈ CS , (19)
can be written as B(ϕ,θ, τ) = gUE(ϕ) ◦ g∗

BS(θ) ◦ aSC(τ).
b) Atom-selection Oracle and Stopping Test: Define the

measurement residual R ∈ Y , as

R ≜ Y −
∑L−1

ℓ=0
αℓB(ϱℓ). (20)

At any iteration with residual R, the dual-certificate oracle for
(16) can be evaluated directly in measurement space as

(ϕ̂, θ̂, τ̂) ∈ argmax
ϕ,θ,τ

|⟨B(ϕ,θ, τ),R⟩| , (21)

which is equivalent to an adjoint-based oracle by the defining
identity ⟨F(a),R⟩Y = ⟨a,F∗(R)⟩H [40, Sec. 3.9-4]. More-
over, the global stopping test becomes

sup
ϕ,θ,τ

∣∣⟨B(ϕ,θ, τ),R⟩
∣∣ ≤ ζ−1. (22)

Using (19), the correlation factorizes as

⟨B(ϕ,θ, τ),R⟩ =
K−1∑
k=0

[aSC(τ)]
∗
k gH

UE(ϕ)Rk gBS(θ), (23)

where Rk ∈ CM×S is the kth frontal slice of R (i.e.,
[Rk]m,s = rm,s,k).

Algorithm 1 BEAST : Beamspace CD-AST

1: Input: Y, ζ, tolerance ε, max iterations T
2: Initialize residual R← Y, tuple set S ← ∅
3: for t = 1, . . . , T do
4: ϱ⋆ ← Oracle(R) (Alg. 2)
5: if |⟨B(ϱ⋆),R⟩| ≤ ζ−1 then
6: break ▷ terminate outer loop and return current S
7: end if
8: α← Sζ−1(⟨B(ϱ⋆),R⟩)

∥B(ϱ⋆)∥2

9: R← R− αB(ϱ⋆)
10: S ← S ∪ {(α,ϱ⋆)}
11: for all (αℓ,ϱℓ) ∈ S do
12: R−ℓ ← R+ αℓB(ϱℓ)
13: ϱℓ ← Oracle(R−ℓ)
14: R← R−ℓ − αℓB(ϱℓ)
15: end for
16: end for
17: Output: S

c) Sensed Shrinkage: Fix an active parameter ϱℓ with
atom Bℓ = B(ϱℓ) and define R−ℓ ≜ Y −

∑
j ̸=ℓ αjB(ϱj).

Updating αℓ solves

min
α∈C

|α|+ ζ

2
∥R−ℓ − αBℓ∥2Y , (24)

with unique minimizer given by complex soft-thresholding

αℓ =
Sζ−1(⟨Bℓ,R−ℓ⟩Y)

∥Bℓ∥2Y
. (25)

From the outer-product of B(ϕ, θ, τ), its norm factorizes as
∥B(ϕ,θ, τ)∥2Y = ∥gUE(ϕ)∥22 ∥gBS(θ)∥22 ∥aSC(τ)∥22

= K ∥WHaUE(ϕ)∥22 ∥FTaBS(θ)∥22.
(26)

2) Beamspace Regression Interpretation: Substituting the
finite expansion X =

∑L−1
ℓ=0 αℓA(ϱℓ) into (16) and B(ϱ) =

F(A(ϱ)) yields the equivalent beamspace regression

min
L,{αℓ},{ϱℓ}

∑L−1

ℓ=0
|αℓ|+

ζ

2

∥∥∥Y−∑L−1

ℓ=0
αℓB(ϱℓ)

∥∥∥2
Y
. (27)

Hence, CD-AST operates on the pushed-forward atomic set
B = {B(ϱ) : ϱ ∈ Ω} ⊂ Y , while the physical estimate is
recovered as X̂ =

∑
ℓ α̂ℓA(ϱ̂ℓ). With residual R in (20), the

stopping rule (22) is the dual-feasibility test ∥R∥∗B ≤ ζ−1. The
remaining challenge is then the evaluation of the oracle in (21),
requiring continuous optimization over the path parameters ϱ.
Alg. 1 summarizes the procedure.

B. Oracle Realization

The repeated solution of (21) entails continuous optimiza-
tion over the 5-D delay–angle parameter space. To reduce
the computational burden, BEAST realizes this formulation
by a tractable numerical realization of the beamspace oracle,
exploiting the separable correlation structure in (23).

1) Structured Decoupled Initialization: We first isolate the
delay dimension by correlating the residual with the subcarrier
steering vector. For a candidate delay τ , define the delay-
contracted residual ZR(τ) ∈ CM×S defined as

[ZR(τ)]m,s ≜
∑

k
[aSC(τ)]

∗
k rm,s,k. (28)



The corresponding non-coherently combined delay score is
gR(τ) ≜ ∥ZR(τ)∥2F =

∑
m,s
|[ZR(τ)]m,s|2 . (29)

This score can be evaluated efficiently by computing, for each
beam pair (m, s), the contraction over the subcarrier index
via an oversampled FFT, and then summing the resulting
squared magnitudes over beam pairs. Its maximizer provides
the initial delay estimate τ (0), where superscript (0) denotes
initialization. With τ (0) fixed, we form the contracted residual
matrix ZR(τ (0)), after which the remaining dependence is
purely angular. The UE-side angle is initialized by maximizing

hR(ϕ; τ (0)) =
∑

s

∣∣∣gH
UE(ϕ) [ZR(τ (0))]:,s

∣∣∣2 , (30)

whose maximizer yields ϕ(0). Finally, with τ (0) and ϕ(0)

fixed, the BS-side angle is initialized from

fR(θ;ϕ(0), τ (0)) =
∣∣∣gH

UE(ϕ
(0))ZR(τ (0))gBS(θ)

∣∣∣2 , (31)

and the corresponding maximizer yields θ(0).
2) Local Continuous Refinement: The sequential scan

above provides a coarse initialization (τ (0),ϕ(0),θ(0)) for the
continuous oracle in (21). Starting from this point, we refine
the selected path parameters by cyclic Newton updates applied
to the smooth surrogate

C(ϕ,θ, τ) ≜ |⟨B(ϕ,θ, τ),R⟩|2 , (32)
which has the same local maximizers as |⟨B(ϕ,θ, τ),R⟩|.

At iteration t, refinement proceeds by cyclic block-
coordinate Newton updates over µ ∈ {ϕ,θ, τ}, with the
remaining blocks held fixed:

µ(t+1) = µ(t) −
[
∇2

µC
]−1∇µC

∣∣∣
(ϕ(t)

,θ(t)
,τ(t))

. (33)

For the angular blocks ϕ and θ, this gives 2 × 2 Newton
updates; for the scalar delay block τ , it reduces to the standard
scalar Newton step. The required gradients and Hessians
follow from differentiating (23) with respect to the correspond-
ing steering vectors. Since the pushed-forward atoms alter
the coherence, curvature, and norm profile of the correlation
surface, we do not rely on the global convergence guarantees
of the identity-observation CD-AST analysis in [29]. The
Newton steps are used here as a local numerical refinement
of the oracle candidate, and each candidate update is accepted
only if it decreases the beamspace regression objective in (27);
otherwise the previous tuple is retained. Alg. 2 summarizes the
resulting oracle realization.

C. Implementation Details

1) Numerical Stabilization: To improve numerical condi-
tioning, we normalize Y to unit Frobenius norm and rescale
ζ accordingly, since individual entries of the beamspace ob-
servation tensor can be very small in magnitude. We also
use a relative stopping tolerance proportional to the current
objective value, discard tuples with |α| < ε, and reject
refinement updates that increase the beamspace regression
objective in (27).

2) Choice of ζ: As in CD-AST, ζ is chosen from the
dual threshold, i.e., supϱ

∣∣⟨B(ϱ),N⟩
∣∣ ≤ ζ−1. For Gaussian

noise, the correlation ⟨B(ϱ),N⟩ has variance proportional to
σ∥B(ϱ)∥2Y , as ∥B(ϱ)∥2Y expanded in (26). Under unit-norm

Algorithm 2 Oracle Realization

1: Input: R, Qτ , {ϕi}
Gϕ

i=1, {θj}Gθ
j=1, I

2: Output: ϱ = (ϕ,θ, τ)

3: for τq on the QτK delay grid do
4: gR(τq)←

∑
m,s |

∑
k[aSC(τq)]

∗
k rm,s,k|2

5: end for
6: τ (0) ← argmaxτq gR(τq)

7: [ZR(τ (0))]m,s ←
∑

k[aSC(τ
(0))]∗k rm,s,k ▷ ZR ∈ CM×S

8: for i = 1, . . . , Gϕ do
9: hR(ϕi; τ

(0))←
∑

s

∣∣gH
UE(ϕi) [ZR(τ (0))]:,s

∣∣2
10: end for
11: ϕ(0) ← argmaxϕi

hR(ϕi; τ
(0))

12: for j = 1, . . . , Gθ do
13: fR(θj ;ϕ

(0), τ (0))←
∣∣∣gH

UE(ϕ
(0))ZR(τ (0))gBS(θj)

∣∣∣2
14: end for
15: θ(0) ← argmaxθj

fR(θj ;ϕ
(0), τ (0))

16: (ϕ,θ, τ)← (ϕ(0),θ(0), τ (0))
17: for t = 1, . . . , I do
18: for µ ∈ {τ,ϕ,θ} do
19: Hµ ← ∇2

µC(ϕ,θ, τ)
∣∣
(ϕ,θ,τ)

20: gµ ← ∇µC(ϕ,θ, τ)|(ϕ,θ,τ)

21: µ← µ−H−1
µ gµ

22: end for
23: end for
24: ϱ← (ϕ,θ, τ)

beams and the steering-vector normalization adopted here, we
use the conservative bound ∥B(ϕ,θ, τ)∥2Y ≤ KMSNUENBS.
Hence, by analogy with the element-space scaling in CD-AST,

ζ ≈ cζ√
σ2
n/PtKMSNUENBS

,

where cζ is a numerical constant.
3) Computational Remark: Let Qτ denote the delay over-

sampling factor (FFT grid size QτK), and let Gϕ and Gθ

denote the number of grid points used in the coarse AoA
and AoD scans. One oracle evaluation (coarse initialization
+ local refinement) has the following cost. (i) Delay scan:
Evaluating gR(τ) for all τ on an oversampled grid can be
implemented by computing the QτK-point FFT across the
subcarrier dimension for each beam pair (m, s). Hence,

Tτ = O
(
MS (QτK) log(QτK)

)
.

(ii) Angle scan: After fixing τ̂ (0), we form the contracted resid-
ual Z ∈ CM×S with entries zm,s ≜

∑
k[aSC(τ̂

(0))]∗k rm,s,k.
This contraction costs O(KMS) once and is reused in both
angle scans. Each evaluation of the AoA score hR(τ̂ (0),ϕ)
reduces to a matrix–vector product gH

UE(ϕ)Z ∈ C1×S , costing
O(MS). Thus, Tϕ = O

(
KMS + Gϕ MS

)
. After selecting

ϕ̂
(0)

, we precompute vH = gH
UE(ϕ̂

(0)
)Z at cost O(MS), so

each AoD evaluation reduces to vHgBS(θ) with cost O(S).
Hence, Tθ = O(MS +GθS) = O(GθS).

(iii) Local refinement: Let I denote the number of cyclic
block-coordinate Newton sweeps. In each sweep, the de-
lay block τ and the angular blocks ϕ and θ are up-



dated once. For fixed (ϕ,θ), forming the scalar sequence
gH
UE(ϕ)[R]:,:,kgBS(θ) ∀k, costs O(KMS), after which the

gradient and Hessian with respect to τ cost only O(K). Simi-
larly, for fixed (θ, τ) or (ϕ, τ), forming the contracted vectors
required for the ϕ- and θ-updates also costs O(KMS), while
the subsequent 2 × 2 Hessian updates contribute only lower-
order terms. Hence, one full Newton sweep costs O(KMS)
up to constant factors, and TNewt = O(IKMS).

Combining all operations, one oracle call scales as
Toracle = Tτ + Tϕ + Tθ + TNewt, (34)

where the dominant term in typical beam–frequency regimes
is the oversampled delay scan MS (QτK) log(QτK).

Note that the overall runtime of beamspace CD-AST scales
approximately linearly with the number of active tuples L,
since each outer iteration performs one oracle call and O(L)
shrinkage/refinement updates.

V. EAST : DELAY-FIRST DECOUPLING WITH PER-SLICE
4D CD-AST REFINEMENT

Although BEAST makes the 5D beamspace oracle tractable,
it still requires repeated joint delay–angle searches. In wide-
band mmWave OFDM systems, a batch delay-first decoupling
strategy is natural for two reasons: typically K ≫ M,S,
so repeated delay searches dominate the complexity, and the
large occupied bandwidth K∆f provides fine delay resolution,
so dominant paths are often well separated in delay. This
motivates estimating the delay support once, removing the
delay dimension, and then performing only per-slice angular
refinement. EAST combines FLEX-style delay estimation with
narrowband beamspace CD-AST for the resulting slices.

A. Delay-first Decoupling (A Background on FLEX [9])

Define the mode-3 unfolding of Y ∈ CM×S×K as Y(3) ∈
CK×(MS), obtained by stacking the MS beam-pair snapshots
as columns. Under an L-path specular model, Y(3) admits the
multiple-measurement-vector (MMV) representation [9]

Y(3) =
∑L−1

ℓ=0
αℓaSC(τℓ)v

T
ℓ +N(3), (35)

where vℓ ∈ CMS collects the snapshot-dependent angular
response of path ℓ, and N(3) is the unfolded noise matrix.

FLEX [9] estimates the delay support {τ̂ℓ}L̂−1
ℓ=0 by applying

the delay contraction ZY(τ) ∈ CM×S to the observation ten-
sor Y, i.e., [ZY(τ)]m,s ≜

∑
k[aSC(τ)]

∗
k ym,s,k, and evaluating

the associated delay score gY(τ) ≜ ∥ZY(τ)∥2F . The dominant
peaks of gY(τ) provide the estimated delay support {τ̂ℓ}L̂−1

ℓ=0 .
Further, Ysub ∈ CM×S×L̂ is formed slice-wise as

[Ysub]:,:,ℓ ≜ ZY(τ̂ℓ), ℓ = 0, . . . , L̂− 1. (36)
When the delay support is accurately recovered, Y:,:,ℓ

sub is
dominated by the ℓ-th delay component (up to leakage due
to imperfect delay separation), so the corresponding angular
parameters can be estimated independently per slice.

B. EAST: ESPRIT-Based Delay Estimation and 4D BEAST

1) Delay Estimation and Decoupling: Building on the
MMV representation in (35), EAST estimates the delay sup-

port {τ̂ℓ}L̂−1
ℓ=0 via an ESPRIT-type6 shift-invariance method

applied to Y(3).7 The resulting delay estimates are then used
to form the delay-separated tensor Ysub as in (36), yielding
L̂ spatial slices. For each ℓ, conditioned on τ = τ̂ℓ, the slice
[Ysub]:,:,ℓ ∈ CM×S is modeled as a narrowband beamspace
channel and processed using a 4D specialization of beamspace
CD-AST. After the one-shot delay estimation stage, no further
delay search is performed during the angular refinement.

2) Per-slice 4D CD-AST Formulation: For each slice ℓ,
define the narrowband atomic set
BNB =

{
BNB(ϕ,θ) ≜ gUE(ϕ)g

H
BS(θ) : (ϕ,θ) ∈ Ωϕ × Ωθ

}
.

The corresponding per-slice regression problem is

min
{αr,ϕr,θr}

∑
r

|αr|+
ζ

2

∥∥∥∥∥[Ysub]:,:,ℓ −
∑
r

αrgUE(ϕr)g
H
BS(θr)

∥∥∥∥∥
2

F

.

The oracle and shrinkage steps are inherited from (21)–(25),
restricted to the angular variables (ϕ,θ). Thus, each delay-
separated slice is refined only in the 4D angular domain. EAST
does not require an explicit delay–angle pairing step, since
each slice is indexed by a specific estimated delay τ̂ℓ, and
angular components extracted from that slice inherit this delay.
The complete procedure is summarized in Alg. 3.

3) Computational Complexity of EAST: We summarize the
dominant arithmetic costs of EAST by stage (See Alg. 3).

Stage I: Delay-support estimation: We compute the rank-
L̂ signal subspace of Y(3) ∈ CK×(MS) via QR-singular value
decomposition (SVD) [15], [42]. For a K × (MS) matrix
with K ≥ 2MS, the QR-SVD implementation in [42] has
arithmetic cost 12K(MS)2 + 48(MS)3 flops. Hence, the
dominant scaling is TSVD = O(K(MS)2). The ESPRIT least-
squares operates on (K−1)× L̂ matrices and costs O(KL̂2),
then an eigen-decomposition of a L̂×L̂ matrix costing O(L̂3).

Stage II: Delay decoupling: With L̂ delay contractions
at cost O(KMS) each, the total cost is Tdec = O(KMSL̂).

Stage III: Per-slice 4D CD-AST: Each slice [Ysub]:,:,ℓ is
processed using 4D beamspace CD-AST restricted to (ϕ,θ).
Let Gϕ and Gθ denote the angular grid sizes for coarse
initialization, and let INB denote the number of Newton iter-
ations per slice. For one 4D oracle call, the coarse scans cost
O(GϕMS + GθS), and local refinement costs O(INBMS).
If each slice extracts at most Rmax components, the Stage III
cost is T4D = O

(
L̂Rmax(GϕMS +GθS + INBMS)

)
.

Overall complexity: Collecting terms, the overall com-
plexity of EAST scales as TEAST = TSVD + Tdec + T4D. In
the typical regime MS ≪ K and moderate L̂, Rmax, the cost
of EAST is dominated by the subspace extraction,

TEAST = O
(
K(MS)2

)
, (37)

6Unlike BEAST, which uses FFT-based delay peak detection within a
successive pipeline, EAST estimates the delay support once in a batch manner
and reuses it across all delay-separated slices. We therefore adopt a super-
resolution subspace estimator, since FFT-based batch delay estimation remains
resolution-limited without successive component removal.

7If the number of paths is unknown, L̂ can be selected via a standard
model-order criterion (e.g., information-theoretic tests [41]) or by retaining
the dominant delay components whose energy exceeds a fixed fraction of the
strongest peak (e.g., relative to the LoS component). In single-BS positioning
scenarios, at least two delays are retained to enable geometric reconstruction.



Algorithm 3 EAST: Delay-first decoupling + 4D BEAST

1: Input: Y ∈ CM×S×K , L̂, ζ, 4D-oracle settings
2: Output: S = {(α̂, ϕ̂, θ̂, τ̂)}

Stage I (ESPRIT-based delay estimation)
3: Form Y(3) ∈ CK×(MS)

4: Compute Ut ∈ CK×L̂ (rank-L̂ left signal subspace)
5: J1 ← [IK−1 0], J2 ← [0 IK−1]
6: Φ← (J2Ut)

†(J1Ut)
7: for ℓ = 0 to L̂− 1 do
8: ω̂τ,ℓ ← ∠λℓ(Φ)
9: τ̂ℓ ← ω̂τ,ℓ/(−2π∆f)

10: end for
Stage II (delay decoupling)

11: for ℓ = 0 to L̂− 1 do
12: [Ysub]:,:,ℓ ← ZY(τ̂ℓ) ∈ CM×S

13: end for
Stage III (per-slice 4D CD-AST)

14: S ← ∅
15: for ℓ = 0 to L̂− 1 do
16: Yℓ ← [Ysub]:,:,ℓ ∈ CM×S

17: Sℓ ← BEAST(Yℓ; BNB) ▷ 4D angular specialization
18: for all (α̂, ϕ̂, θ̂) ∈ Sℓ do
19: S ← S ∪ {(α̂, ϕ̂, θ̂, τ̂ℓ)}
20: end for
21: end for
22: return S

while the delay-decoupling and per-slice refinements con-
tribute lower-order terms. In contrast, BEAST incurs Lout

outer iterations (oracle calls), each with an oversampled
delay scan of cost O

(
MS(QτK) log(QτK)

)
. Comparing

the dominant arithmetic terms LoutMS(QτK) log(QτK)
and K(MS)2, EAST is computationally advantageous when
LoutQτ log(QτK) ≳ MS, that is, when delay searches in
BEAST exceed the subspace-extraction cost in EAST.

VI. SIMULATION SETUP AND EVALUATIONS

We evaluate the proposed channel estimation and localiza-
tion framework in two complementary scenarios. A stress-test
setting isolates individual effects by varying one parameter
at a time under a controlled two-path geometry. A realistic
setting considers clustered reflections with diffuse subpaths to
assess robustness under model mismatch.

A. System and Measurement Parameters

1) OFDM and Noise Model: We adopt a 3GPP Frequency
Range-2 channel bandwidth of Bch = 400 MHz with sub-
carrier spacing ∆f = 240 kHz [43, Table 4.2]. Out of
this channel, only K = 1400 contiguous subcarriers are
assumed occupied/processed (guard bands ignored), yielding
an effective occupied bandwidth Bocc = K∆f = 336 MHz.
The total transmit power over the occupied bandwidth is
denoted by Ptx = KPt. Thermal noise is modeled as spatially

and spectrally white with two-sided power spectral density
N0 = −174 dBm/Hz. The per-subcarrier noise variance is

σ2
n = 10−3 10N0/10 ∆f, (38)

where N0 is in dBm/Hz and 10−3 converts mW to W.
2) Arrays and Beam Training Dimensions: The BS and UE

employ URAs with 24×12 and 12×12 elements, respectively.
Beam training uses separable codebooks [34] with S = 16×
8 BS beams and M = 10 × 10 UE beams. The resulting
measurement tensor follows (4).

B. Beamforming Design Variants
We assess sensitivity to the combining structure by consid-

ering two UE combiner codebooks with BS precoder fixed.
1) Structured DFT Beam Training: Let T1 ∈ CNBS

h ×MBS
h ,

T2 ∈ CNBS
v ×MBS

v , T3 ∈ CNUE
h ×MUE

h , and T4 ∈ CNUE
v ×MUE

v

denote separable steering codebooks, where Ti are truncated
DFT matrices and the M -dimensions specify the numbers
of sampled beam directions along the horizontal and vertical
axes. The codebooks are F = T∗

2 ⊗T∗
1 and W = T4 ⊗T3.

2) Dense Gaussian Combiner: For comparison, we replace
W by a fixed dense random matrix WG ∈ CNUE×M with
i.i.d. entries CN (0, 1) (drawn once and kept fixed across
trials), whose columns are normalized to unit ℓ2 norm.

C. Algorithms, Inputs, and Metrics
Unless otherwise stated, BEAST uses Qτ = 4, Gϕ = 48×

48, Gθ = 96× 48, I = 50 Newton steps with tolerance 10−5,
T = 100, ε = 10−8, ϵrel = 10−4, and cζ = 68.55 in the
dual-threshold scaling of Sec. IV-C2. For EAST, L̂ = 2 delay
components are retained, and the 4D per-slice CD-AST stage
uses the same angular-grid and refinement settings.

We compare BEAST and EAST against representative FFT-
based, subspace, tensor, and multidimensional decomposition
baselines: FLEX [9], which performs FFT-based coarse delay
search followed by ESPRIT-type refinement and sequential
pairing; multidimensional ESPRIT (MDE) [16]; SVD-based
matched filtering (SMF) [44]; and R-dimensional beamspace
ESPRIT (RDB) [45]. Among these methods, BEAST, EAST,
MDE, RDB, and SMF are gridless, while FLEX relies on an
FFT delay grid. BEAST and FLEX estimate the model order
intrinsically, whereas EAST, MDE, RDB, and SMF use the
prescribed order L̂ = 2. All methods except MDE return
paired delay–angle tuples without external pairing.

We report Monte Carlo root mean squared error (RMSE) for
angles, delays, position, and clock bias. Along with empirical
performance, we report the root CRB (RCRB) with respect to
the per-path parameter vector

θℓ,r =
[
θazℓ,r, θ

el
ℓ,r, ϕ

az
ℓ,r, ϕ

el
ℓ,r, τℓ,r,ℜ{αℓ,r},ℑ{αℓ,r}

]T
under the measurement model (4), and the corresponding po-
sition error bound (PEB). The CRB is obtained as the inverse
FIM [46], [47]. The PEB is computed by transforming the
channel-parameter CRB through the Jacobian of the mapping
from channel parameters to (pUE, β) [48, App. A]. In the
realistic scenario (Sec. VI-E), the bound is computed using
LoS and seven strongest NLoS components, since including
all diffuse paths leads to an ill-conditioned FIM.



D. Stress-Test Suite (Controlled Two-Path Geometry)

To isolate estimator behavior under controlled conditions,
we adopt a deterministic two-path geometric channel con-
sisting of a LoS component and a single-bounce specular
reflection, without diffuse multipath. This setting enables
direct attribution of performance differences to algorithmic
properties (e.g., SNR threshold, resolution, and accuracy).
Unless stated otherwise, the BS and UE positions are fixed
at pBS = [0, 0, 6]T m and pUE = [38,−5, 1.5]T m, with
UE orientation given by yaw–pitch–roll (30◦,−10◦, 5◦) (ZYX
convention) and clock bias β = 15 ns.

1) SNR Sweep: The specular interaction point is fixed
at p0 = [20.75, 4.54, 10.80]T m with reflection coefficient
Γ = 1. The effective SNR is varied by scaling the noiseless
measurement tensor by

√
Ptx while keeping σ2

n fixed, and is

SNR =
Pt

σ2
n

=
Ptx

Kσ2
n

. (39)

Each point averages NMC = 50 independent noise realizations
with random LoS phase. Fig. 1 shows RMSE versus SNR for
LoS AoD, LoS range, and UE position. All estimators exhibit
a low-SNR threshold region. BEAST exhibits a relatively
higher activation threshold, governed by the dual-threshold
parameter ζ. A smaller threshold can activate paths at lower
SNR, but increases the risk of false-path detections. FLEX
shows a lower threshold in range estimation due to the co-
herent gain of the FFT-based delay stage, but exhibits a high-
SNR error floor caused by leakage and grid quantization.8

Beyond the threshold region, BEAST approaches the RCRB
in both angle and range without an observable high-SNR
floor, consistent with gridless refinement. EAST, SMF, RDB,
and MDE improve with SNR but retain a gap to the RCRB
due to suboptimal weighting in their least-squares/subspace
stages [15], which are not statistically efficient under the
beam–frequency nonlinear structure. Position RMSE follows
the same trend as the range RMSE, confirming that positioning
in this geometry is range-dominated.

2) Path Separability Sweep: We fix Ptx = 30 dBm
(SNR = 29.75 dB) and vary the excess path length ∆d
between LoS and the specular path by displacing the in-
teraction point orthogonally to the LoS midpoint.9 Fig. 2
reports RMSE versus ∆d for LoS range, specular range, and
position. BEAST closely follows the RCRB even in the near-
coincident regime (small ∆d), consistent with gridless delay
refinement and super-resolution beyond FFT-bin granularity.
EAST, MDE, SMF, and RDB exhibit similar trends but with
a moderate performance gap, remaining clustered together
across ∆d. This behavior is attributable to the common
delay-estimation stage based on least-squares ESPRIT, whose
suboptimal weighting limits their accuracy. FLEX degrades
when ∆d approaches the effective FFT delay resolution.

8While this floor can be reduced by increasing the FFT grid density or
by adding a post-FFT refinement stage, such modifications increase compu-
tational complexity and depart from the original low-complexity formulation,
and are therefore not considered here.

9For reference, in the SNR sweep scenario Sec. VI-D1, ∆d ≈ 6.7 m.

In this regime, the main lobes and sidelobes of the two
delay components overlap, leading to constructive and destruc-
tive superposition in adjacent bins, which manifests as the
observed oscillatory (zigzag) RMSE behavior. The position
RMSE follows the same trend, confirming that positioning
performance is driven primarily by delay resolvability.

3) Bandwidth Sweep: We sweep K ∈
{128, 256, 512, 1024, 2048, 4096} at fixed Ptx = 30 dBm.
Since the total noise power over the occupied bandwidth
scales as N0K∆f , the effective SNR (cf. (39)) decreases with
increasing K. Fig. 3 shows position RMSE versus K. BEAST
remains close to the PEB across the sweep, whereas EAST
and the other low-complexity baselines (SMF/MDE/RDB)
improve monotonically with K and approach the bound
at large bandwidth. This confirms that their dominant
performance gap at small K is driven by limited range
(delay) resolution rather than angular estimation. FLEX also
benefits from increasing K, but an offset remains due to
residual delay-grid quantization and FFT leakage effects.

4) Robustness to Model Mismatch: To assess robustness to
violations of the sparse specular model, we replace the single
deterministic reflection by a cluster of Ndiff = 50 diffuse
scatterers distributed over a radius-1 m disk centered at p0,
while preserving total reflected power. The specular magnitude
|Γ| is swept from 1 (pure specular) to 0 (pure diffuse). As |Γ|
decreases, the channel departs from the rank-L specular model
underlying BEAST/EAST. Fig. 4 shows the resulting position
RMSE versus |Γ|. In this regime, BEAST becomes bias-
limited: diffuse energy is approximated by a small number of
rank-one atoms, leading to systematic parameter offsets that do
not vanish with SNR. Subspace methods (SMF/MDE), relying
on second-order structure rather than explicit sparsity, exhibit
comparatively smoother behavior.

5) Accuracy–Runtime Trade-off: To characterize the empir-
ical accuracy–complexity envelope, we randomly draw system
parameters K ∈ {128, 256, 512, 1024}, MUE,h ∈ {6, . . . , 12},
MUE,v ∈ {6, . . . , 12}, MBS,h ∈ {8, . . . , 16}, MBS,v ∈
{6, . . . , 12}, and Ptx,dBm ∈ {10, . . . , 30}, updating the DFT
precoder/combiner accordingly while keeping geometry fixed.
In this experiment, a snapshot is treated as a gross out-
lier if the position error ep is non-finite, non-positive, or
exceeds emax = 10 m. These outliers are excluded only
from the log-domain scatter and ellipse fit. The corresponding
outlier rates are 34.0%, 32.2%, 50.0%, 30.0%, 0.0%, and
0.0% for BEAST, EAST, FLEX, SMF, RDB, and MDE,
respectively. Runtime t and position error ep are then ana-
lyzed in the log-domain with z = [log10 t, log10 ep]

T. The
empirical dispersion is summarized by the k-sigma ellipse
(z − µe)

TΣ−1(z − µe) = k2e , where ke = 1.5, and (µe,Σ)
denote the sample mean and covariance of the non-missed
runs. Fig. 5 reports the joint empirical distribution of runtime
per snapshot and position error on log–log axes, together with
k-sigma ellipses fitted in the log domain. The plot reveals a
clear accuracy–latency frontier. FLEX forms a distinct cluster
at very low runtime but high error, corresponding to a fast
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Fig. 1: Stress test (SNR sweep) for the two-path point-cloud channel (LoS + one fixed specular). RMSE versus SNR for (a) BS azimuth
AoD, (b) range, and (c) UE position. The dashed curve shows the root CRB (RCRB).
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Fig. 2: Stress test (separation sweep) at fixed transmit power Ptx = 30 dBm. RMSE versus excess path-length difference ∆d (LoS–specular
delay separation) for (a) LoS range, (b) specular range, and (c) UE position.
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30 dBm: position RMSE versus number of subcarriers K (bandwidth
B = K∆f ) for the two-path channel (LoS + one fixed specular).
The dashed curve shows the position error bound (PEB).

but less accurate operating point (bottom-left). Among the
non-outlier runs, BEAST reaches the lowest-error regime.
Its approximately circular ellipse indicates weak correlation
between runtime and accuracy: in well-conditioned snapshots
it converges quickly, whereas in ambiguous cases additional
iterations do not necessarily yield commensurate accuracy
gains. EAST shifts the BEAST cloud leftward, reducing
runtime while remaining in the low-error regime, at the cost
of a systematic upward shift in error. In contrast, SMF, RDB,
and MDE exhibit tilted ellipses, indicating a stronger runtime–
accuracy coupling: runs with longer runtime tend to achieve
lower position error, suggesting that additional computation is
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Fig. 4: Stress test (specular-to-diffuse transition): position RMSE
versus specular reflection magnitude |Γ| for the two-path point-cloud
setup where reflected power is gradually transferred from a single
deterministic specular component to a diffuse scatterer cloud around
the same interaction region. The dashed line indicates the PEB.

associated with more effective parameter refinement in these
methods. Overall, conditioned on non-outlier runs, BEAST
provides the lowest position errors and EAST offers a favor-
able accuracy–runtime compromise, while FLEX achieves the
lowest runtime but with higher errors and outlier rate.

6) Stress Test with Gaussian UE Combining: We repeat the
SNR sweep while replacing the structured DFT UE combiner
by the fixed dense Gaussian design of Sec. VI-B. Only
estimators that do not rely on UE shift-invariance (BEAST,
EAST, SMF) are considered. Fig. 6 shows that all three
estimators remain stable under both combining strategies.
Switching from a separable DFT combiner to a dense Gaus-
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Fig. 6: Impact of UE combiner design on positioning performance
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DFT combiner against a fixed dense Gaussian combiner for BEAST,
EAST, and the subspace baseline (SMF).

sian combiner reduces the PEB, indicating that, for fixed
measurement dimensions, the DFT beam-training operator
is more information-lossy in this setup, whereas the dense
Gaussian combiner yields a better-conditioned sensing matrix
and hence larger Fisher information. BEAST translates this
improvement into a corresponding accuracy gain, while EAST
and SMF exhibit more limited gains, indicating that their
decoupled/subspace processing is less effective in leverag-
ing the improved conditioning of the Gaussian measurement
operator. Table I consolidates the qualitative trends across
stress dimensions for direct comparison of estimators under
controlled perturbations.

E. Realistic Scenario with Clustered Reflections

We next consider a clustered geometric channel consisting
of one LoS path and two reflection clusters (wall and ground),
each modeled as the superposition of one dominant specular
component and multiple diffuse sub-paths (see Fig. 7).

For the wall cluster, we generate Rwall = 20 diffuse sub-
paths in addition to a single specular reflection with magnitude
|Γwall| = 0.90. A fraction ηwall = 0.70 of the reflected

TABLE I: Stress-test relative trends observed in this section.

Test BEAST EAST FLEX SMF MDE RDB
Ref. [9] [44] [16] [45]

SNR Sweep ++ + - + 0̃ 0̃

Bandwidth Sweep ++ + - + 0̃ 0̃

Runtime 0̃ + ++ 0̃ + +
Specular-to-diffuse - 0̃ n/a 0̃ n/a n/a
Gaussian Combiner ++ 0̃ n/a 0̃ n/a n/a
Scores: ++ best, + strong, 0̃ competitive, - weak (within each test). n/a: not

evaluated or not applicable under that combiner design.
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Fig. 7: One realistic channel realization with a LoS path (dashed) and
clustered NLoS paths (solid) from wall and ground landmarks, each
with one specular point (orange) and multiple diffuse paths (yellow).

power is redistributed over the diffuse components. The dif-
fuse interaction points are drawn in local wall coordinates
according to a zero-mean Gaussian distribution with standard
deviations σwall = [0.75, 1] m. The corresponding radar
cross section (RCS) are modeled as i.i.d. random variables
with mean 0.5 and standard deviation 0.1. For the ground
cluster, we generate Rground = 35 diffuse subpaths plus one
specular component with magnitude |Γground| = 0.10, and
diffuse fraction ηground = 0.60. The diffuse points follow
a Gaussian spread with σground = [0.5, 1.2] m in local
surface coordinates, and RCS values are drawn i.i.d. with
mean 0.3 and standard deviation 0.15. In both clusters, total
reflected power is preserved by allocating (1−η) of the cluster
power to the dominant specular component and distributing η
proportionally across the diffuse subpaths (see Section II-B).

We sweep the transmitted power by scaling Ptx and re-
port position RMSE, clock-bias RMSE, and the position-
error CDF. Fig. 8 shows that all estimators improve with
increasing power and saturate at high transmission powers,
leaving a persistent gap to the PEB and the timing bound.
The relative ranking is consistent with the specular stress tests,
indicating that the dominant algorithmic mechanisms carry
over to the clustered environment. At high powers (SNRs), the
common error floor indicates a transition from noise-limited
to model-limited behavior. The diffuse intra-cluster spread
introduces structured components that are not captured by the
sparse specular model underlying the estimators. As a result,
constructive and destructive interference within each cluster
induces bias in the estimated path parameters, preventing
convergence to the PEB even as thermal noise vanishes.

For clock-bias estimation, RDB exhibits a lower high-SNR
floor than BEAST and the remaining methods. To understand
this behavior, we examine the Monte Carlo scatter of the
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estimated absolute range and delay (d̂0, τ̂0). We form x =
[d̂0, cτ̂0] ∈ R2 and fit a Gaussian mixture model (GMM)
with K ∈ {1, 2} components, selecting K via Bayesian
information criterion. Fig. 9 (a) reveals a bimodal behavior for
BEAST in the realistic diffuse case: the estimates concentrate
into two nearby but distinct clusters, yielding a non-negligible
bias when a single solution is selected per run or when aggre-
gating across trials. This is consistent with super-resolution
ambiguity in clustered propagation, where closely spaced
subpaths compete and the optimizer converges to different
plausible explanations depending on the diffuse realization.
For comparison, Fig. 9 (b) shows the matched specular case, in
which this bimodal behavior is absent. This contrast suggests
high-SNR floor of BEAST in clock-bias estimation is driven
by mismatch-induced multi-modality rather than by thermal
noise alone. Tightening solver hyperparameters reduces out-
liers but does not remove this mismatch-induced bias, whose
magnitude depends on intra-cluster separation.
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Fig. 9: Absolute (d̂0, τ̂0) scatter with GMM clustering at high SNR
for (a) the realistic clustered model with diffuse subpaths and (b) the
matched specular stress-test case.

VII. CONCLUSION AND FUTURE WORK

We investigated single-BS wideband mmWave positioning
from beamspace MIMO–OFDM measurements under un-
known UE orientation and clock bias. The focus was on the
channel-estimation front-end, since delay and angular errors
directly propagate to both position and bias estimates. We pro-
posed two gridless estimators operating directly on the beam–
frequency measurement model. BEAST formulates channel
estimation as a 5D continuous atomic regression over delay
and departure/arrival angles, enabling off-grid super-resolution
without discretization. EAST reduces complexity via delay-
first decoupling: after subspace-based delay estimation and
projection, per-slice 4D atomic refinement is performed only
over angular parameters. Across controlled stress tests and
a clustered propagation scenario, BEAST closely tracks the
CRB in the noise-limited regime after reliable path activation
and eliminates grid-induced ranging floors. EAST achieves
a favorable accuracy–complexity trade-off with performance
close to BEAST under a wide range of conditions. In clustered
environments at high SNR, all methods exhibit a model-
limited error floor caused by intra-cluster ambiguity, high-
lighting the role of estimator bias beyond the noise-limited
regime.

Future work includes incorporating hybrid specular–diffuse
channel models to reduce the high-SNR mismatch floor
observed under clustered propagation, and extending the
framework to joint delay–angle–Doppler estimation for high-
mobility scenarios.
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