
1 

 

Physics-Informed Gaussian Process Regression for Predicting 

Flow in an Urban Drainage System  

Mohsen Rezaee a,b, Peter Melville-Shreeve a,b, Hussein Rappel a, * 

a Department of Engineering, Faculty of Environment, Science and Economy, University of Exeter, Exeter 

EX44QF, UK 

b Centre for Water Systems, University of Exeter, Exeter EX44QF, UK.  

* Correspondence: h.rappel@exeter.ac.uk 

 

Highlights  

• Physics-informed GPs enable robust probabilistic urban drainage forecasting 

• Designed kernels and physical constraints improve flow forecasting accuracy  

• Sparse GP significantly reduces execution times for high-resolution datasets 

• Novel stratified sparsification efficiently captures rare wet-weather flow spikes 

 

Abstract  

Accurate forecasting of urban drainage flows is critical for mitigating environmental pollution 

and optimising wastewater treatment. While purely data-driven models are computationally 

efficient, they often lack physical interpretation and can produce unrealistic predictions. This 

study proposes a probabilistic framework using physics-informed Gaussian Process Regression 

(GPR) to forecast Wastewater Treatment Plant inflows and Combined Sewer Overflows 

(CSOs). Using high-resolution sensor data from the UWO dataset in Switzerland, a naïve 

baseline GPR was systematically enhanced by integrating domain knowledge through 

composite kernel engineering, SWMM-derived prior mean functions, and strict physical output 

constraints. To overcome the significant computational bottleneck of exact GPs, sparsification 

was implemented. Furthermore, a novel stratified sparsification method was developed 

specifically for event-based CSO time-series to optimally allocate inducing points during rare 

wet-weather surges, as these events do not follow a predictable pattern that can be captured by 

the basic physics of the model. Results demonstrate that integrating physical constraints 

significantly reduces predictive error and uncertainty. Operational forecasting of upstream tank 

dynamics provided a robust, probabilistic early-warning trigger for CSOs that mitigates false 

alarms. Crucially, the stratified sparse GPR framework reduced execution times by an order of 

magnitude with minimal accuracy loss, offering a scalable, physics-informed tool for real-time 

urban drainage management. 
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1. Introduction 

Sewer systems are designed and built to safely transfer, treat wastewater and release the treated 

water into the environment. In urban drainage systems, the stormwater enters the system along 

with the domestic, commercial and industrial wastewater. The main goal of an urban drainage 

system is to protect public health by minimising the pollutants coming back to the environment 

from flooding and untreated discharges (Butler et al., 2024).  

Combined sewer overflows (CSOs) are structures installed to spill excess flow into the 

environment to reduce the risk of backups and manhole overflows in an urban area (Perry et 

al., 2024). While the flow is diluted after the spill, it still contains a large amount of 

contaminants (Botturi et al., 2021).  

In addition to the contaminants entering the environment from untreated CSOs and manhole 

releases, wastewater treatment plant (WWTP) effluent and possible bypasses may have a 

significant amount of pollutants. If the WWTP inflow increases beyond the capacity of the 

plant, bypasses may occur. Moreover, the increased discharge of wastewater can cause a 

reduction in the treatment efficiency and an increase in treatment costs (Rezaee and Tabesh, 

2022; Suchowska-Kisielewicz and Nowogoński, 2021).  

Moreover, water companies must follow regulations in terms of treatment quality and untreated 

releases (Tiwari et al., 2025; Environment Act, 2021). Therefore, they seek methods to 

minimise CSO discharges and improve the treatment efficiency by predicting the flow in the 

drainage system, particularly downstream of the sewer network leading to treatment plants and 

discharge points.  

Models used for predicting flow and other characteristics of a hydraulic system (depth, 

temperature, concentration, etc.) have been divided into simulators (physical models) and data-

driven surrogate models (emulators) (Rezaee et al., 2025; Troutman et al., 2017). The first 

group of models has been used for more than five decades in this field. They solve a set of 

partial differential equations (PDEs) for finding the exact answer based on the physical 

characteristics of the model (Donnelly et al., 2024a).  

Taking all these characteristics and physical relations between them makes these models so 

complicated and computationally inefficient. Therefore, many simplifications should be used 

for making a physical model capable of solving a real-world problem (Palmitessa et al., 2022). 

Although these simplifications add to the speed and uncertainty as well, simulators still suffer 

from a high computational demand.  

On the other hand, data-driven surrogate models are capable of making predictions with high 

speed (Ge et al., 2024). They approximate the response of a computationally demanding model 

with a faster version (Garzon et al., 2024). These models capture patterns without considering 

physical interactions between parameters (Aliashrafi et al., 2021). Hence, they lack a physical 

interpretation which may make them unreliable or challenging to interpret to some extent 

(Swiler et al., 2020).  

Therefore, hybrid models have been developed to take physical constraints into account while 

using the speed of data-driven models. Aside from speed, enhancement of model accuracy, 

compensation for missing data and the supplementation of lacking physical relations and 

parameters are other motivations for using hybrid models (Zhou et al., 2020). In these models, 
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physics can enter the data-driven models as explicit constraints or loss terms (physics-informed 

models) (Raissi et al., 2019; Willard et al., 2020) or shape the architecture of the model 

(physics-guided models) (Karpatne et al., 2017; Palmitessa et al., 2022).  

Data-driven methods for modelling physical problems can be divided into two categories: (1) 

based on variants of artificial neural networks (ANNs) and (2) based on Gaussian processes 

(GPs) and kernels (Chen et al., 2021). While the first is known for accuracy in recognising 

patterns and being computationally efficient, the latter is capable of handling complex and 

small datasets through a natural Bayesian interpretation and accounting for uncertainties in the 

system (Ding et al., 2023). Hence, it is favourable over ANN methods for solving nonlinear 

complex equations in a physical system like an urban drainage system with multiple sources 

of uncertainties such as sensor errors, precipitation, etc. (Thorndahl and Willems, 2008).  

Many hybrid models have been implemented in water engineering research, mostly using 

physics-informed neural networks (PINN). For instance, Li et al. (2024) developed a PINN-

based framework to simulate transient free-surface and pressurised flow in a sewer system. 

They showed high accuracy compared to the finite volume method and Storm Water 

Management Model (SWMM). Luo et al. (2024) proposed an enhanced PINN model for 

unsteady hydrodynamics in river networks. Another study was carried out considering a PINN 

surrogate with discrete mass conservation for simulating inland fluvial floods (Donnelly et al., 

2024b). Cedillo et al. (2022) employed PINNs to predict water surface profiles in gradually 

and rapidly varied flows, including hydraulic jumps, with extension to real-world step-pool 

channel hydraulics.  

While PINN method application in water engineering has been on the rise in recent years, there 

has been no research showing the implementation of physics-informed (or physics-guided) 

Gaussian process for predicting urban drainage qualitative and quantitative characteristics, to 

the best of the authors’ knowledge. This shows a need for such models when PINN still lacks 

a mature uncertainty quantification framework (Di Bella et al., 2026). Without a robust 

uncertainty quantification, the decision-making and risk-assessment remain unreliable, even in 

the presence of physical constraints.   

To address this limitation in uncertainty quantification, standard GPs have been used for 

predicting flow, CSO, and concentration in many studies. Mahmoodian et al. (2018) made a 

GP emulator for predicting CSO events based on the next 90 minutes of precipitation, while 

Samuelsson et al. (2017) used GP for fault detection in treatment plants. It has also been used 

in predicting the demand in a water distribution network (Wang et al., 2016) and anomaly 

detection in a sewer network (Rezaee et al., 2025). Specifically for forecasting applications, 

Rezaee et al. (2025) used GPR for predicting the inflow entering a WWTP based on time-series 

data, and Zhang et al. (2024) implemented GPR to predict concentration in shallow 

groundwater with rare data. Pastrana Cortés (2024) has also implemented a stochastic model 

for predicting streamflow, using sparse variational GPs. 

To further enhance these probabilistic models by embedding physical laws, Raissi et al. (2017) 

introduced a probabilistic physics-informed model based on GPs. Following their framework, 

Ye et al. (2024) made a physics-informed GP model, considering the uncertainty of the inputs. 

Kohanpur et al. (2023) used a physics-informed Gaussian process regression (PIGPR) model 

to assess the uncertainties in an integrated urban flood model. Balla et al. (2022) applied a GP 

regression (GPR) model to a laboratory drainage network with constraints on tank water level 
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and pump flow as inputs. Moreover, this method has been applied in other fields such as 

mechanics of materials (Rappel et al., 2022), structural health monitoring (Cross et al., 2021), 

soil moisture estimation (He et al., 2023), fluid mechanics (Padilla-Segarra et al., 2025) and 

HVAC systems’ performance (Zhang et al., 2022).  

Although GP is known for its suitability in working with rare and costly data, and providing 

reliable outputs, its drawback is the O(N3) computational complexity1 (Wang, 2023). To 

overcome the limitation of the computational effort, many methods have been introduced for 

GP applications for constructing an approximation based on a small set of inducing variables 

that allow the complexity to reduce from O(N3) to O(NM2), when M<<N (Titsias, 2009; 

Quinonero-Candela and Rasmussen, 2005).  

This research aims to propose a framework that implements a GPR model for forecasting flow 

in an urban drainage system by applying different levels of physics on the data-driven model. 

The physics enters the model both in the architecture of the designed kernel and as constraints 

affecting the possible outputs, such as the spectrum introduced by Cross et al. (2024).   

Finally, for the sake of computational efficiency, a sparsification method is applied to the 

proposed framework reducing the runtime and making the computations feasible on an 

ordinary computer. Afterwards, a novel method of sparsification has been implemented to 

efficiently handle the event-based time-series, as is common on CSO time-series. In this 

method, inducing points, which are a sparse set of representative data points, are distributed 

across the time-series in a smart way. Instead of distributing inducing points evenly across the 

entire period, this method explicitly allocates a dedicated number of inducing points to the 

short, critical event periods. The remaining inducing points are then allocated to the baseline 

periods, where values remain near the mean without sudden changes. This targeted distribution 

remarkably reduces the overall runtime of the models. 

The remainder of this paper is organised as follows. Section 2 presents the case study and the 

data used for training and testing the model. Also, the method for implementing the GPR model 

and the incorporation of physical aspects to the data-driven model is explained. In Section 3, 

results from different models are presented and a comparison between models is made to 

demonstrate the strengths of different models across various aspects of prediction. Also, the 

novel sparsification method is tested and the results are discussed in this section. The discussion 

is presented alongside the results for better cohesion of the material. Finally, the conclusion of 

this research with suggestions for future work is discussed in the last section.  

2. Materials and Methods 

2.1. Case Study and Data  

The case study focuses on the Urban Water Observatory (UWO), a full-scale field laboratory 

situated in the municipality of Fehraltorf, Switzerland. The monitoring infrastructure tracks 

urban hydrology at high spatiotemporal scales via a coherent network of 124 sensors, which 

includes 14 precipitation and meteorological sources, 70 hydraulic sensors (measuring flow, 

depth, and overflow activity), and 40 sewer atmosphere temperature probes. To ensure resilient 

data collection from harsh underground environments, 89 of these sensor nodes transmit signals 

 
1 Computational complexity describes how the runtime of an algorithm scales with the size of the input data (N). 

An O(N3) complexity means the computation time increases with the cube of the number of training points.  
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wirelessly via long-range, low-power LoRaWAN mesh technology. For the three consecutive 

years of continuous recordings analysed in this study (2019–2021), the core hydraulic and 

precipitation data channels demonstrate an exceptional completeness rate exceeding 99% after 

initial quality control, offering a highly reliable foundation for probabilistic modelling 

(Blumensaat et al., 2025). 

Beyond physical data collection, the UWO serves as a robust foundation for advanced 

hydrodynamic modelling and applied research. The physical sewer network is modelled using 

EPA SWMM, which is continuously calibrated to reflect complex, real-world dynamics such 

as seasonal groundwater infiltration. Ultimately, this open-access field laboratory empowers 

the scientific community to tackle major urban drainage challenges, such as testing automated 

anomaly detection with machine learning, quantifying extraneous water, and accurately 

assessing the environmental impact of CSOs.  

This research utilises data from the downstream section of the network leading to the WWTP 

and the CSO structure. The main flow enters this section through two chambers, one mainly 

responsible for dry-weather flow (DWF) and the other responsible for spike flows due to 

rainfall. The flow is then directed to the treatment plant through a controlled inlet with a 

throttle, limiting the flow to 180 L/s.  

The excess flow is routed to the main storage facility and the in-sewer storage volume which 

acts as the CSO structure and spills into the adjacent river during overflow events. The presence 

of multiple interacting overflow weirs and retention structures in this terminal section 

significantly increases the complexity of the network’s hydraulic modelling. The image of the 

aforementioned part of the system, taken from the hydraulic model, is shown in Figure 1.  

 

Figure 1. (a) skeleton drainage system of Fehraltorf, Switzerland and (b) downstream section of the system 

leading to the WWTP and the CSO structure.  

High-resolution monitoring data of the flow entering the WWTP, the tank water level of the in-

sewer storage structure and CSO flow are recorded at 1-minute intervals. Primary precipitation 

data were gathered from the highly consistent city centre school rain gauge. Minor data gaps 

accounting for less than 2% of the study window were compensated for using a secondary rain 

gauge situated at the treatment plant (1 km distance). For more information regarding the sensor 

details, readers are advised to consult the documentation of the UWO dataset. 
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2.2. Gaussian Process Regression 

A GP is a collection of random variables, any finite number of which have a joint multivariate 

Gaussian density function (Rasmussen and Williams, 2006). In the GPR method, a GP is set as 

the prior for the latent function (f(x)) that maps the inputs into the output space and then updates 

the prior with the observations, using Bayes’ rule (MacKay, 2003). Using the GP, we can define 

a distribution over functions f(x),  

𝑓(𝒙) ~ 𝐺𝑃(𝑚(𝒙), 𝑘(𝒙, 𝒙 ́)) (1) 

where 𝒙 and 𝒙  ́ are two GP input vectors and 𝒙 ∈ ℝ𝑁 (ℝ represents the set of real numbers). 

Also, m(.) and k(.,.) are mean and covariance functions that specify the GP (Deshpande et al., 

2025).  

Let X and 𝑿∗ denote the training and test matrices and 𝐾(𝑿∗, 𝑿) denotes the covariance matrix 

evaluated at all data points, the key predictive equations for GPR when the observations contain 

noise are as follows:  

𝒇∗̅  =  𝐾(𝑿∗, 𝑿)[𝐾(𝑿, 𝑿)  +  𝜎𝑛
2I ]−1𝒚 (2) 

𝑐𝑜𝑣(𝒇∗) =  𝐾(𝑿∗, 𝑿∗) −  𝐾(𝑿∗, 𝑿)[𝐾(𝑿, 𝑿) +  𝜎𝑛
2I]−1𝐾(𝑿, 𝑿∗) (3) 

where 𝐟∗ is the predicted test output according to the prior and 𝐟∗̅ is the mean of the prediction 

on the test points, 𝑿∗. In Equation 2, the observation values y = f(x) + Ɛ where Ɛ is Gaussian 

noise with variance 𝜎𝑛
2.  

GPR parameters are often optimised by maximising the log marginal likelihood. Among 

parameters are hyperparameters which are free parameters controlling the shape and behaviour 

of the kernels.  

𝑙𝑜𝑔 𝑝(𝒚 ∣ 𝑿)  =  −
1

2
𝒚𝑇(𝐾 +  𝜎𝑛

2I )−1𝒚 − 
1

2
𝑙𝑜𝑔|𝐾 + 𝜎𝑛

2I |  − 
𝑛

2
𝑙𝑜𝑔 2𝜋. (4) 

In the log marginal likelihood equation, |𝐾 +  𝜎𝑛
2𝐼 | denotes the determinant of the covariance 

matrix containing noise.  

2.3 Forecasting WWTP Inflow 

As mentioned previously, forecasting the inflow of a WWTP is of importance. This subsection 

describes the forecasting framework. In each section, physics is added to the model to make it 

closer to the real-world problem. All coding is made in Python and the GPR model is 

constructed using the GPflow package in Python (Matthews et al., 2017).  

The data are split into training and test sets, where the test data represent the forecasting period. 

The training dataset is entered into the model afterwards, and a kernel (single or composite) is 

applied to the data, and the hyperparameters of the model are obtained through an optimisation 

method (here a quasi-Newton method).  

Moreover, as the data points are at 1-minute intervals, it is redundant to use all data points for 

training the model. Therefore, the mean value of a selected period is put into the model as an 

input. Then the predictions are made based on those time intervals.  
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2.3.1. naïve data-driven baseline  

At first, a baseline model for predicting WWTP inflow is developed without any constraints or 

preference for the kernel design. This model is made with two primary inputs: time and 

precipitation. These inputs are believed to have the most impact on the change in flow entering 

the WWTP. The model can take more attributes as inputs (e.g., land use, geometry, etc.), but 

each attribute adds to the complexity and computational effort of the model.  

As the precipitation has a lagged effect on the WWTP inflow because of the travel time through 

the network, it is better to consider it as an accumulated rainfall over a time period before the 

data point of interest. Finding this time frame is done in this research through a cross-

correlation analysis between flow and rainfall. This analysis is performed on 15-minute 

intervals from zero to two hours. Then the best lagged time is selected and the accumulated 

rainfall in that period is selected as the input of the GPR model.  

In this step, a simple kernel (such as Squared Exponential (SE)) is selected with no bounds on 

hyperparameters. Also, no mean function is assigned to the model which means the model 

automatically sets it on zero.   

2.3.2. kernel design  

From an overview of water usage, and consequently wastewater production patterns, it can be 

realised that the wastewater flow follows some basic patterns that can be captured within the 

GPR model by designing the kernel. Here, it is assumed that the daily fluctuations of the water 

usage will lead to a periodic wastewater flow pattern.  

Also, groundwater infiltration can constitute a major part of the overall flow, directed to the 

WWTP across different seasons (Zeydalinejad et al., 2024). Besides groundwater infiltration, 

water usage habits change during different months of the year, leading to a long-term pattern 

of the overall flow (Rezaee and Tabesh, 2022).  

Therefore, the designed kernel should account for both short- and long-term periods to reflect 

the wastewater pattern entering the WWTP. Moreover, it should take the spike flows caused by 

rainfall. These added flows have no long-term pattern as the rainfall intensity and duration are 

not normally distributed in a year with particular patterns. Consequently, a kernel should be 

added to the composite kernel to account for that event-based additive flow. To this end, the 

composite kernel formula comes as Equation 5. 

𝑘𝑊𝑊𝑇𝑃(𝒙, 𝒙 ́) = [𝑘𝑃𝑒𝑟(𝒙, 𝒙 ́) ×  𝑘𝑆𝐸(𝒙, 𝒙 ́)] + 𝑘𝑀𝑎𝑡1/2(𝒙, 𝒙 ́), (5) 

where 𝑘𝑊𝑊𝑇𝑃 is the designed composite kernel, 𝑘𝑃𝑒𝑟 is a periodic kernel capturing short-term 

patterns, 𝑘𝑆𝐸 is an SE kernel capturing long-term changes and 𝑘𝑀𝑎𝑡1/2 is a Matérn1/2 kernel 

taking sudden wet-weather changes. 𝒙 and 𝒙  ́ are as defined in Equation 1. As these individual 

base kernels are standard, off-the-shelf covariance functions, their full mathematical 

formulations are omitted here for brevity. For comprehensive theoretical definitions, readers 

are referred to Wilson (2014), while their specific algorithmic implementations are detailed in 

the GPflow documentation (Matthews et al., 2017). 
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2.3.3. mean function design  

Another physical information that can be added to the model and enhance its accuracy is a prior 

mean function. As the mean function will dominate the forecasts far from the training data 

period, it can have a major effect on the predictions, so it must be chosen with consideration 

(Roberts et al., 2013).  

Finding a universal gold standard mean function for an urban drainage system across all 

seasons with many uncertain influencing parameters is almost impossible. However, the mean 

function can be defined for dry-weather conditions to mimic the DWF. The kernel handles the 

residuals caused by rainfall and other system uncertainties afterwards.   

In this research, the calibrated hydraulic model made in EPA SWMM has been used to 

determine the baseline DWF. The precipitation is set to zero and the model is run for a 7-day 

period. Then the values entering the WWTP have been captured and averaged to form a 24-

hour time-series. The interval between the data points is set to 3 minutes and based on the 

chosen intervals for the main GPR model, the data points are resampled by selecting the nearest 

available value.  

To scale this pattern to match the observed data, the SWMM daily pattern was normalised by 

multiplying by the ratio of the average inflow of the training data to the pattern’s own average. 

This ensures that the mean function maintains the SWMM’s diurnal shape while matching the 

magnitude of observed flows.  

2.3.4. adding constraints 

The main constraints imposed on the output of the model are minimum and maximum possible 

values. As the output of the GPR model is a Gaussian distribution, it takes all values in (-∞, 

+∞). Therefore, if the output is not bounded by the constraints, it will have both negative values, 

which are impossible in a normal working system, and positive values beyond the 180 L/s flow 

limit of the throttle that sends the flow to the WWTP, which is impossible as well when the 

throttle is working properly.  

Consequently, the [0, 180] L/s bound should be applied on the possible outputs of the model. 

This has been done through two major methods: Truncated Posterior function and Gaussian 

process Warping.  

• Truncated Gaussian distribution:   

Different techniques such as the Genz approximation (numerical multivariate integration) and 

Gibbs sampling (Markov chain Monte Carlo) have been studied for bounding the output of a 

normal distribution (Da Veiga and Marrel, 2012). However, for a computational speedup, here 

we apply the simple method of bound constraints to clip out-of-bound values and multiply the 

remaining probability density function (PDF) by the inverse value of the probability between 

the bounds.  

For bound constraint vectors a and b in ℝ𝐷, the PDF of the truncated Gaussian vector z is given 

by:  
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𝜙𝜇,Σ,𝒂,𝒃(𝒛) =  {

𝜙𝜇,Σ(𝒛)

ℙ(𝒂 ≤ 𝒛 ≤ 𝒃)
 , 𝑓𝑜𝑟 𝒂 ≤ 𝒛 ≤ 𝒃 

0 ,                          𝑜𝑡ℎ𝑒𝑟𝑤𝑖𝑠𝑒.

 (6) 

where 𝜙𝜇,Σ(𝐳) denotes the PDF of the multivariate normal distribution 𝒩(𝜇, Σ) with 𝜇 as the 

mean vector and Σ the positive-definite covariate matrix. Also, ℙ shows the probability 

function.  

• Warping:  

In probabilistic modelling, warping is a transformation that reshapes target distributions, 

allowing physically constrained or non-Gaussian data to satisfy standard Gaussian 

assumptions. Various warping processes have been studied and implemented for bounding GPs 

(Rios and Tobar, 2019; Snelson et al., 2003). In this work, a logit-sigmoid warping 

transformation is applied to map the bounded space to an unbounded latent space where 

Gaussian posterior assumptions are valid (Snelson et al., 2003). The warped latent variables 

are then standardised to be injected into the GPR model, where the kernel hyperparameters are 

optimised by maximising the log marginal likelihood.  

Subsequently, predictions are obtained in the scaled latent space, and descaling should be 

performed to bring it back to the original scale. This process is completed by the sigmoid 

function; however, the results cannot be analytically brought back to the original space because 

of the nonlinearity of the sigmoid function. Therefore, numerical methods are required to 

approximate the intractable integral. In this work, two approaches are tested and compared: 

Monte Carlo sampling and Gauss-Hermite quadrature.  

2.4. Forecasting CSO  

Predicting CSOs is important for making proactive decisions and for warning the public (Rosin 

et al., 2021). Many physical and data-driven models have been developed for predicting CSOs, 

mostly using neural networks as the main architectures (Rosin et al., 2017; Mounce et al., 

2014).  

However, due to approximations made in the process of modelling and omitted physical 

relations, the output of such models will contain a significant amount of uncertainty 

(Kohanpour et al., 2023). This can be addressed by implementing a probabilistic method like 

GPR that is not only capable of predicting future values but also capable of finding the 

probability of CSO occurrences.  

In this case study, the CSO is caused by the overflow of the in-sewer storage facility, shown in 

Figure 1. Consequently, two approaches have been studied for estimating CSO values and the 

possibility of happening. The first one takes CSO flow values as time-series and predicts future 

values based on the previous CSOs. The other predicts the occurrence based on the probability 

of overflow of the upstream storage tank. Each method has its advantages and disadvantages 

that make them suitable for different applications in the real world.  

2.4.1. predicting CSO with CSO values  

In this approach, the CSO values are set as the output of the model, and the inputs are time and 

rainfall. However, as the CSO is a direct result of tank overflow, there is a significant effect of 

previous rainfalls on the state of the tank at the moment of the new rainfall. Therefore, rainfall 
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is imported into the model as two different attributes. One as the current rainfall, taking the 

accumulated rainfall over a maximum of the last two hours (having the same cross-correlation 

approach for finding the optimum lag time). The other is the accumulated rainfall over the last 

24 hours.  

Below are the physics that are added step by step after constructing a naïve GPR model.  

• Kernel design  

As the CSO time-series show an event-based time-series, the kernel should be designed to take 

both dry-weather zero values and wet-weather surges. Therefore, a smooth time kernel like SE 

takes care of the base flow, then two Matérn kernels are designed for rainfall events to capture 

the instant spikes. Equation 7 can be used for the composite kernel used in CSO prediction.  

𝑘𝐶𝑆𝑂(𝒙, 𝒙 ́) = 𝑘𝑆𝐸(𝒙, 𝒙 ́) + 𝑘𝑀𝑎𝑡1/2(𝒙, 𝒙 ́) + 𝑘𝑀𝑎𝑡5/2(𝒙, 𝒙 ́), (7) 

where 𝑘𝐶𝑆𝑂 shows the composite kernel designed for predicting CSO, 𝑘𝑆𝐸  is an SE kernel taking 

the base flow. Also, 𝑘𝑀𝑎𝑡1/2 and 𝑘𝑀𝑎𝑡5/2 are Matérn1/2 and Matérn5/2 kernels capturing wet-

weather characteristics discussed above.  

• Mean function  

The mean function should be picked for dry-weather situations as the rain events are 

completely uncertain. And the CSO values in dry-weather periods are zero, unless some 

operational problems happen to the system. Therefore, a constant zero mean function is added 

to the model.  

• Constraints  

The minimum value of the CSO is zero like the WWTP inflow. However, the maximum value 

can go up without any limit. So, the Gaussian output of the model should be clipped on one 

side to show the bound.  

2.4.2. predicting CSO with tank level values 

To find the probability of CSO occurrence, we look at the probability of overflow in the 

upstream storage facility (in-sewer storage volume in Figure 1). The overflow happens when 

the water level exceeds the 3.2 m weir crest threshold in this facility. Therefore, by developing 

a model that predicts the water level in the storage tank, the probability of exceeding the 3.2 m 

threshold translates directly to the CSO probability.  

During wet weather, this storage facility is fed by excess wastewater overflowing an in-sewer 

distribution chamber. The retained water is continuously emptied by a controlled structure. If 

the maximum storage capacity is exceeded, the resulting CSO follows the weir equation and is 

proportional to 𝐻1.5 (where H is the water head above the weir’s crest to the power of 1.5) 

(Butler et al., 2024).  

After developing a GPR model that takes the rain and time as the main inputs and the water 

level as the output, the following physical aspects are inserted into the model:  
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• Kernel design 

A time kernel is designed to capture the daily variations of the water level. A rain kernel is also 

added to account for surges in the water level after rainfall. As the daily variations are minimal 

due to the buffer effect of the main storage facility, a SE kernel works perfectly to this end. For 

the rain kernel, a Matérn1/2 kernel that deals with spikes better than other kernel types is 

utilised and the formula of the designed kernel comes as: 

𝑘𝑇𝑎𝑛𝑘(𝒙, 𝒙 ́) = 𝑘𝑆𝐸(𝒙, 𝒙 ́) +  𝑘𝑀𝑎𝑡1/2(𝒙, 𝒙 ́), (8) 

where 𝑘𝑆𝐸 takes the base level with an SE kernel, and 𝑘𝑀𝑎𝑡1/2 captures the wet-weather levels 

with a Matérn1/2 kernel.  

• Mean function 

A mean value of 100 mm is set as the constant mean function. This value represents the 

remaining water in the tank during dry periods.  

• Constraints  

The physical minimum and maximum values for the tank level are bounded between 0 and 

3800 mm. Therefore, the Gaussian output of the model is clipped to prevent out-of-bound 

predictions. 

2.5. Sparsification 

The high computational demand of the standard GP is due to the covariance matrix (KNN) 

inversion, with size N×N. Using M inducing points, a low rank approximation (QNN) is made, 

and the M×M matrix is inverted instead (Hensman et al., 2013).  

𝐾𝑁𝑁 ≈  𝑄𝑁𝑁 =  𝐾𝑁𝑀𝐾𝑀𝑀
−1 𝐾𝑀𝑁 (9) 

This reduces computational complexity from O(N3) to O(NM2), and storage from O(N2) to 

O(NM) using variational inference.  

Rather than optimising the exact marginal likelihood of the N input vectors, the Sparse GPR 

(SGPR) model optimises a variational lower bound on the marginal likelihood, known as the 

Evidence Lower Bound (ELBO). ELBO should be maximised in the model to ensure that the 

sparse approximation is as close as possible to the main GP model. This is performed by 

applying Kullback-Leibler divergence to the approximation (Q) and the GP posterior (P).  

The main equations can be written as (Titsias, 2009):  

log 𝑝(𝑦) = 𝐸𝐿𝐵𝑂 + 𝐾𝐿[𝑄||𝑃] (10) 

𝐸𝐿𝐵𝑂 = log[𝑁(𝑦|0, 𝜎2𝐼 + 𝑄𝑁𝑁)] − 
𝑇𝑟(𝐾𝑁𝑁− 𝑄𝑁𝑁)

2𝜎2  , (11) 

where 𝜎2 represents the observation noise variance and y is the set of observations. Also, Tr() 

is the trace function, and I is the identity matrix with size N×N.  

During model training, the optimiser maximises the ELBO with respect to the kernel 

hyperparameters. If defined, it can also optimise the location of the inducing points.  
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Although the location of the inducing points can be optimised by the optimiser, the initial 

location of the inducing points has a significant effect on the efficiency of the optimisation. A 

naïve method for spreading inducing points is to uniformly select them from the training dataset 

(Burt et al., 2020). However, other more efficient methods have been applied for this purpose.  

In this research, the classic method of distributing inducing points using k-means clustering 

has been applied, similar to Hensman et al. (2013). Moreover, a novel stratified sparsification 

method is implemented for event-based time-series (such as CSO and tank level time-series) 

to distribute inducing points to areas with more valuable data.  

2.5.1. standard SGPR 

k-means is one of the simplest clustering methods that classifies the data into a certain number 

of clusters by relying on data density to iteratively position centroids that represent the most 

common states of the system (Kodinariya and Makwana, 2013). Because the algorithm 

minimises the spatial variance between data points and their nearest centroid, it inherently 

allocates the majority of its clusters to regions where the data are most heavily concentrated.  

In standard SGPR, the locations of the inducing points selected by the k-means algorithm serve 

as the initial coordinates, which are subsequently optimised during model training. This 

density-driven approach proves highly effective for modelling continuous, diurnal patterns, 

such as WWTP inflows. However, when applied to event-based time-series, such as rainfall-

driven runoff, a critical computational flaw emerges: a vast majority of the inducing points are 

squandered on the flat, zero-variance regions under dry-weather conditions, leaving the 

complex wet-weather surges drastically underrepresented.  

2.5.2. stratified SGPR 

In event-based systems, such as CSO structures or retention facilities, the time-series typically 

exhibits a constant baseline for extended dry-weather periods, interrupted only by highly 

dynamic, short-duration rainfall events. Therefore, allocating the majority of the computational 

budget (inducing points) to these dry periods is highly inefficient. 

To resolve this, the time-series is partitioned into two distinct physical regimes (dry and wet 

periods) by classifying the flow values into clusters below and above the dataset’s average. 

Because the baseline dry-weather data constitutes more than 90% of the total dataset, a standard 

k-means algorithm would naturally force over 90% of the inducing points into this inactive 

region.  

In the proposed stratified method, the total budget of inducing points is explicitly divided: a 

dedicated share is forced into the rare, active wet periods to capture the spike dynamics, while 

the remainder is allocated to the baseline dry periods. This targeted allocation drastically 

reduces the total number of inducing points required to achieve high accuracy. Furthermore, 

during optimisation, the sparse inducing points allocated to the dry periods naturally fall back 

on the prior mean function (which is explicitly set to the dry-weather condition, for instance, 

zero for CSO), ensuring stability without wasting computational resources. 

2.6. Evaluation Metrics  

To evaluate how close the predicted values are to the actual measured values, we need to use 

some metrics to assess the fit of the model. Different methods exist for showing how well the 
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model learns patterns from the training data and makes predictions. These methods include 

both statistical measures (Malde, 2018) and graphical checks (Gelman et al., 2021).  

In this work, root mean square error (RMSE) and mean absolute error (MAE) are selected to 

show the difference between the predictions and the actual value. Moreover, Coverage and 

Entropy are two other metrics defined to show how the probabilistic output of the GPR model 

is acting. These metrics together offer a balanced evaluation of the model by capturing its 

accuracy, the effectiveness of its uncertainty bounds, and the overall reliability of its 

probabilistic predictions (Rezaee et al., 2025). 

2.6.1. RMSE 

RMSE measures the accuracy of the predictions, using the following equation: 

𝑅𝑀𝑆𝐸 =  √
1

𝑁
 ∑ (𝑦𝑖 −  𝑦𝑖̂)

2𝑁
𝑖=1  ,  (12) 

where N is the number of data points, 𝑦𝑖 is the actual value and  𝑦𝑖̂ is the predicted value from 

the model. As it can be obtained from the equation, outliers penalise the model more (Hyndman 

and Koehler, 2006) which makes this measure the primary measure of this study to prevent 

missing spike flows or water levels that would cause more problems for the system.  

2.6.2. MAE 

While RMSE accounts for outliers more, MAE linearly considers errors of the predictions, 

using the equation below:  

𝑀𝐴𝐸 =   
1

𝑁
 ∑ |𝑦𝑖 −  𝑦𝑖̂|

𝑁
𝑖=1  . (13) 

MAE acts as a secondary error function in this work as recommended by Hodson (2022).  

2.6.3. Coverage 

The Coverage metric shows the percentage of the data that falls within the defined credible 

intervals (CIs). In this work, a 95% CI is used as the target interval, and the coverage is 

calculated based on that.  

2.6.4. Entropy  

If the model is chosen with only error metrics and Coverage, the best model will have very 

wide bounds that includes all actual values within the bounds and shows the maximum 

coverage. Therefore, another metric that makes a trade-off between the coverage and the 

uncertainty in the predictions is needed.  

Entropy quantifies the uncertainty associated with the predicted distribution, with higher 

entropy showing greater uncertainty (Hasegawa and Nishiyama, 2025).  The overall differential 

entropy (H) can be defined as: 

𝐻 =  
1

𝑁
∑ 0.5 log(2𝜋𝑒σ2)𝑁

𝑖=1  . (14) 

Here, σ denotes the standard deviation of each test point, indicating how narrow or wide the 

bounds are defined.  
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It is important to note that the differential entropy applied in this study differs slightly from the 

Shannon entropy defined for discrete distributions. In contrast to Shannon entropy, differential 

entropy may assume negative values when the data variance is very small, as it is sensitive to 

the units of measurement. Consequently, its values cannot be directly compared between 

models. Nevertheless, when the training and testing datasets are kept consistent, differential 

entropy remains a useful indicator for assessing which kernel configuration yields predictions 

with lower overall uncertainty (Rezaee et al., 2025).  

3. Results  

3.1. Physics-Informed WWTP Inflow Prediction  

As mentioned in Section 2.1, the dataset covers three consecutive years starting in 2019. 

Therefore, to ensure a fair comparison among models, two different time-series from two 

different seasons of the year have been selected to show the various effects of wastewater 

production and groundwater infiltration.  

The first prediction period starts at 30/10/2019 for five days of flow prediction. The other starts 

on 10/05/2021. Between these two periods (in August 2020) there has been a major upgrade in 

the upstream system of the WWTP particularly in the flow measurement system. Therefore, 

the data in 2019 may contain errors and anomalies due to the old measurement system.  

The time-series of the two selected periods and their previous 30 days are plotted in Figure 2. 

The time interval between data points is one minute. However, to reduce the computational 

effort of the data-driven models, each 15-minute interval is used as a data point and the inflow 

data within each timestep are averaged. The precipitation is also summed over the timestep to 

show the overall rainfall.  

Based on the described method in Section 2, a baseline model should be established on the 

time-series as the Naïve model. This model uses a GPR model and takes the hyperparameters 

of the kernel by optimising the log marginal likelihood. The kernel is a simple SE kernel that 

has no bounds on its lengthscale and variance.  

In the next step, the kernel is designed based on the characteristics of the flow. It contains a 

daily kernel composed of a periodic kernel that captures the daily fluctuations. There is also a 

long-term kernel responsible for long-term changes in the flow which is defined in the model 

by a SE kernel type. These two kernels are multiplied to create a locally periodic kernel, 

allowing the model to capture the 24-hour cycle while permitting its amplitude to dynamically 

evolve over long-term seasonal shifts.  

Another kernel is added to this product to add the characteristic of the wet-weather flow added 

to the DWF. It should take the spike characteristics of the wet-weather flow due to rain. So, a 

Matérn1/2 kernel is used to define this kernel. All these kernels receive bounds on their 

lengthscales to prevent unrealistic smoothness or wiggliness. Also, the variance value of each 

kernel is initially set close to the reality so that the optimiser does not search for unrealistic 

values.  
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After making the models based on the designed kernel, a mean function is added to the models 

to represent the DWF. The values obtained from the simulator should be transformed into a 

standardised form that the model is able to handle. Afterwards, the constraints mentioned in 

Section 2 are added to the output values.  

Both Truncated GP and Warping have been implemented on three random time-series. 

Empirical testing indicated that the Truncated GP approach not only shows higher 

computational efficiency in comparison with the Warping method but also performs slightly 

better in reducing error and covering more points.  

Figures 3 and 4 show the predictions made based on each four levels of physical aspects added 

to the GPR model. In these models, the prediction period starts exactly at the end of the training 

period and forecasts the WWTP inflow for the next five days. A 95% CI is used to show the 

possibility around the predictions.  

Figure 2. WWTP inflow time-series vs precipitation. The top and bottom plots respectively show the time-series 

for the year 2019 and 2021. The red dashed line shows the start date of the 5-day period of forecasting. The rest 

of the plot shows the 30 days period prior to the forecasting region.  
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The output of the model is a Gaussian distribution at each prediction point so the probability 

of having values above or below a certain flow can be calculated in each point. An example of 

the probability density at a point is shown in Figure 5. This point shows the predicted point 12 

hours after the end of the training period produced by the constrained model.   

As time goes by, predictions become less accurate and the model makes wider bounds around 

the prediction (test) points to cover the uncertainty caused by the distance from the training 

data points. Therefore, for longer prediction windows, physical information and constraints 

help the model avoid deviating from the actual values. Table 1 shows the effectiveness of the 

physics in the models using the evaluation metrics.  

Table 1. Evaluation of different models for two time-series used in WWTP inflow prediction. 

Model type Naïve Designed Kernel 
Designed Kernel + 

Mean function 
Constrained 

Year 2019 2021 2019 2021 2019 2021 2019 2021 

RMSE (L/s) 34.299 41.749 25.813 32.120 25.654 33.388 25.568 29.975 

MAE (L/s) 24.901 27.161 17.397 20.096 17.672 19.230 17.630 18.037 

Coverage (%) 99.17 100.0 92.52 88.15 93.35 88.15 92.93 87.94 

Entropy (nats) 7.6116 8.0631 6.5944 6.2887 6.6724 6.2664 6.6215 6.1559 

 

Figure 3. Comparison of GPR flow forecasting models with different levels of enforced physics: purely data-

driven model (top left), model with a designed kernel based on the physical information (top right), SWMM-based 

mean function model (bottom left), and a fully physics-informed model enforcing output constraints (bottom 

right). The time-series are similar in the year 2019, and the predictions are made on the first 5 days after the 

training time ends (where the vertical dashed line is drawn). 95% credible intervals are shown around both training 

and test GPR lines. 
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As detailed in Table 1, the sequential addition of physics improved the accuracy of predictions 

across both testing periods. For example, in the 2019 time-series, RMSE dropped from 34.3 

L/s to 25.6 L/s by designing the kernel, adding the mean function and bounding the output 

probability function. In addition to the error reduction, the uncertainty of the predictions is also 

reduced. Entropy in the Naïve model shows a high level of uncertainty, which has been reduced 

by 25% and 28% on the Constrained model.  

However, coverage dropped when the pattern was captured by the model, as shown in Figures 

3 and 4. After designing the kernel, it remained almost the same by adding to the physical 

knowledge of the models which shows that the models maintained acceptable coverage while 

reducing errors and uncertainty.  

3.2. Physics-Informed Sparse GPR Prediction 

Since adding physical knowledge and constraints to the data-driven model added to the 

computational effort, sparsification effectively mitigated this. In the time-series considered for 

prediction in this study, 2880 data points were used for training the model. In the sparse model, 

100 inducing points were used to reduce the computational effort of the model.  

The results are provided in Figure 6, showing the sparse version for the Constrained model. 

The 100 inducing points were distributed through the training period and beyond it using the 

Figure 4. Comparison of GPR flow forecasting models with different levels of enforced physics: purely data-

driven model (top left), model with a designed kernel based on the physical information (top right), SWMM-

based mean function model (bottom left), and a fully physics-informed model enforcing output constraints 

(bottom right). The time-series are similar in the year 2021, and the predictions are made on the first 5 days after 

the training time ends (where the vertical dashed line is drawn). 95% credible intervals are shown around both 

training and test GPR lines. 
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k-means method. The locations of the points were later optimised with the hyperparameters of 

the model (via maximising ELBO) and final locations are shown on the plots.  

The runtimes of the models have reduced significantly, with the total execution times reduced 

to less than 10% of the original model’s runtime. Crucially, this efficiency was achieved with 

minimal degradation in predictive accuracy. The evaluation metrics show that the RMSE 

increased by 1.3% and 3.9% for the 2019 and 2021 test periods, respectively. All other metrics 

deviated by less than 3% compared to the Constrained model. As visually confirmed in Figure 

6, the SGPR model successfully retains the physical fidelity of the exact model, accurately 

capturing both the diurnal dry-weather variations and the sudden spikes induced by rainfall.  

3.3. Physics-Informed CSO Prediction  

To evaluate how GPR models perform in CSO prediction with and without physical 

knowledge, the same two time-series used for WWTP inflow predictions have been used. In 

2019 time-series, three CSO events occur in the 30-day training period and no CSO occurs in 

the prediction period. So, the model should be able to show the fewest false alarms in the 

forecasts. On the other hand, the 2021 period contains two small CSOs in the training period 

and a significant CSO in the five-day prediction period. Therefore, the model should predict 

the magnitude and timing of the CSO properly.  

The results show that the Naïve model fails to capture the 2021 CSO event and produces many 

false predictions. However, with the addition of physical aspects to the model, the model starts 

to perform better in both time-series. The results of the evaluation metrics are presented in 

Table 2.  

Figure 5. Probability density function of the predicted WWTP inflow at a 12-hour forecasting 

horizon. The Gaussian distribution is displayed within ±4 standard deviation for a better illustration. 

Enforced physical boundary constraints are indicated, with the probability strictly truncated to zero 

outside the feasible domain. The observed flow value successfully falls within the high-density 

region of the prediction.  
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Table 2. Evaluation of different models for two time-series used in CSO prediction. 

Model type Naïve Designed Kernel 
Designed Kernel + 

Mean function 
Constrained 

Year 2019 2021 2019 2021 2019 2021 2019 2021 

RMSE (L/s) 127.08 102.62 24.81 127.67 24.85 104.25 40.37 95.79 

MAE (L/s) 63.54 21.12 6.82 40.63 6.84 31.8 28.85 42.81 

Coverage (%) 100 100 99.2 92.7 99.2 87.3 98.7 91.5 

Entropy (nats) 12.535 9.77 6.936 6.675 6.937 6.013 6.203 5.423 

Predicted CSO? N/A No N/A Yes N/A Yes N/A Yes 

False Alarms? Yes No Yes Yes Yes Yes Yes Yes 

 

Figure 6. SGPR model with physical constraints for predicting WWTP inflow. The model implements 100 

inducing points with the locations shown on the plots with black marks. Results over the 5-day forecasting period 

demonstrate performance and uncertainty bounds comparable to the full standard GPR model. 



20 

 

As shown in Table 2, the error and uncertainty were significantly reduced by designing the 

kernel for the 2019 time-series. However, it increased for the 2021 time-series. The reason 

behind this increase is that most prediction points have a value of zero because CSO rarely 

happens in a proper sewer system. Therefore, when the model fails to capture the CSO events, 

it lies at the mean value of the training dataset which is around zero. Consequently, the error 

values drop to near-zero values in non-CSO periods and only increase during short periods of 

overflow.  

Moreover, by adding the constraint (minimum CSO value equal to zero) there is an increase in 

error values. This is due to the fact that in an unbounded distribution, the mean value of the 

distribution can easily be centred at zero, but when a strict zero-minimum physical constraint 

is applied, the predictive distribution is forced to remain positive, shifting the centre of mass 

slightly upwards and numerically increasing the error, despite being physically correct. 

However, this highlights a core advantage of the probabilistic framework over traditional 

deterministic evaluations. Rather than a modelling error, this upward shift reflects a physically 

correct reallocation of probability mass. Ultimately, this probabilistic approach ensures that 

unrealistic negative values are omitted, allowing the model to reliably capture actual CSO 

dynamics.  

To enhance the ability of the models in capturing CSOs and avoiding false alarms, it is 

important to include more data into the training period. This increase in data points significantly 

increases the computational effort, therefore, a sparse model can help.  

3.4. Stratified Sparse GPR for Predicting CSO  

The novel method of distributing inducing points in selected periods significantly reduces the 

computational effort for running the models on even longer time-series. As the CSO occurs in 

a short period of time, more training information will enhance the quality of predictions.  

As shown in Figure 7, the Naïve model failed to capture the CSO event, and the Constrained 

model made some false CSO predictions. However, the stratified sparse model could produce 

better results by gathering more information from the important periods with CSO events in 

the training data and prolonging the training period from 30 to 90 days. This extended training 

period not only enhanced the model’s accuracy but also maintained an execution time less than 

one-quarter that of the full GPR model.  

For both 30- and 90-day SGPR models, 250 inducing points were used which satisfies the 

minimum number of required inducing points for convergence. Since the composite kernel is 

a sum of one Matérn1/2, one Matérn5/2 and one SE kernel, a conservative lower bound is 

calculated based on the smoothest component (SE kernel) giving a theoretical minimum 38 

needed inducing points.  

From these 250 points, 50% were allocated to the CSO events and the rest 50% to the flat non-

CSO periods. While these two models take narrower CI bounds around the predicted points 

and this causes a reduction in coverage rate, they are more precise in predicting the CSO values 

and making no false predictions. The evaluation metrics show that the RMSE was reduced 

from 95.8 L/s in the main Constrained model to 89.3 and 74.0 L/s in the sparse models (30-day 

and 90-day SGPR models, respectively). The error metrics remained almost the same for the 

classic SGPR model compared to the full GPR model but the coverage decreased and the 

entropy increased.  
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More importantly, the run time of sparse models was markedly lower than the run time of the 

GPR models without sparsification. This makes them feasible for predicting with longer 

training periods, finer data resolution and even with more input parameters.  

3.5. Probabilistic Forecasting of CSOs via the Upstream Tank  

Although direct prediction of CSOs using historical overflow time-series provides valuable 

insight for managing future events and warning the public, it still lacks a probabilistic view that 

predicts the likelihood of spills occurring at every timestep. This limitation can be effectively 

resolved by shifting the predictive focus to the upstream in-sewer storage facility. Because GPR 

produces a predictive posterior distribution, rather than deterministic outputs, the possibility of 

a CSO event can be calculated by finding the cumulative probability mass of the Gaussian 

distribution that exceeds the weir crest height.  

Figure 8 shows the tank level prediction made by training the model for the same period in 

2021 and predicting for the next five days which contain a CSO event. The model is constructed 

by designing a composite kernel and incorporating a mean function to make it smarter. The 

minimum/maximum constraints were not applied to allow the model to freely mimic the 

patterns, and the unrealistic values are automatically omitted from the prediction probability as 

it will show the likelihood of water levels exceeding the spill level.  

Figure 7. CSO prediction across different models with different levels of physical knowledge and training 

information. Top plots use the main GPR model for the prediction while the bottom plots use sparsification in the 

GPR model. All prediction periods are five days, and training periods are 30 days, except for the bottom right plot 

with 90 days of training period.  
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The bottom plot in Figure 8 shows the overflow probability in the prediction period. In some 

timesteps, the CSO probability shows a considerable likelihood of spills that aligns with the 

actual CSO occurrences. This probabilistic crossing can be used as a warning window that is 

continuously updated with new data points which will be used as a great operational tool.  

4. Discussion  

4.1. Kernel Design and Addition of Physical Knowledge to the Model  

As demonstrated in Tables 1 and 2, the transition from a naïve, unbounded GP to a physically 

constrained model is essential for accurately forecasting urban drainage systems. The results 

indicate that architectural kernel design had the most positive impact on predictive accuracy. 

However, this design is beyond simply choosing kernel types and summing or multiplying the 

covariance functions. It requires bounding the hyperparameters to reflect the physical 

characteristics of the system. For instance, by bounding the temporal lengthscales, the 

optimiser was prevented from falling into local minima or treating high-frequency sensor noise 

as physical flow. This is particularly critical in urban drainage datasets recorded at short 

intervals, where unconstrained lengthscales can approach the distance between data points, 

leading to near-singular covariance matrices and resulting in ill-conditioning. 

Furthermore, the introduction of the SWMM-derived prior mean function shifted the 

mathematical role of the kernels in dry-weather periods. Rather than forcing the GP to learn 

daily DWF patterns from scratch, the mean function represented the baseline. Consequently, 

the temporal kernels were free to take the residuals between the baseline and the actual values. 

This was done by changing the lengthscale bounds to help the kernels handle the residuals more 

easily.  

While adding hard physical constraints slightly improved the metrics in WWTP inflow 

prediction, it caused a decrease in the accuracy of the models used in CSO prediction. As 

mentioned earlier, the one-sided zero-minimum constraint on the distributions causes a shift to 

more positive values in the predictions, leading to an increase in errors, especially MAE. 

Nonetheless, it enables the model to capture the real CSO events which is the primary goal of 

a forecasting system in event-based time-series. A way to mitigate this type of error is to impose 

an upper bound for the flow, equal to the maximum capacity of the network.  

A major advantage of enforcing these physical constraints is that the data-driven model 

becomes highly robust against severe, unrecorded system anomalies, such as sensor failures. 

For example, during the 2019 WWTP prediction period, the recorded sensor flow dropped to 

near-zero for over an hour. Because the GP is strictly governed by the physical diurnal patterns 

embedded in its architecture, it successfully resisted this non-physical deviation, maintaining a 

stable forecast within its 95% credible intervals. This highlights a critical strength of physics-

informed GPs: they provide reliable, hydrologically sound responses that do not overfit to 

erroneous measurements. Consequently, the model maintains precise predictive bounds 

without artificially increasing its variance to account for non-physical system errors. 
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4.2. Forecasting by CSO Data vs Tank Level Data  

As the CSO prediction results show, while overflows can be directly predicted by a GPR model, 

the results contain errors in both overall accuracy and the generation of false alarms. On the 

other hand, the results of the tank level prediction showed that false alarms can completely 

disappear by using this technique, especially in systems where there is good sensor availability. 

However, relying only on tank level forecasts lacks the ability to show the exact magnitude of 

the overflow volume. 

Therefore, in an urban drainage system like this case study with multiple sensors available, a 

combination of CSO prediction and tank level prediction can make a highly effective 

forecasting model. This combination enables water utility operators to take proactive actions 

and warn the public. Also, if one model is to be preferred over the other for proactive 

management, predicting the likelihood of overflow using the GPR model over the tank level 

data is a better choice. Because GPR provides a full probability distribution, it gives a clear, 

continuous insight into the possibility of a CSO happening before the threshold is breached, 

rather than just an estimated flow value with a credible interval. 

Figure 8. GPR model for predicting tank flow based on historic time-series. The top plot shows 30 days of training 

and 5 days of predicting. The bottom plot shows the probability of CSO occurrence in the prediction zone and the 

actual period of CSO.  
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4.3. Sparsification  

As mentioned earlier, increasing the length of the training period can significantly improve the 

quality of the GPR model output in CSO prediction by taking more peak flows. It can also 

enhance the quality of WWTP inflow predictions by including more data points and better 

understanding the long-term trends in the data, caused by groundwater infiltration and water 

usage changes. However, this is only efficient when using an SGPR model that reduces the 

computational cost. 

In selecting the number of inducing points, it should be noted that although more inducing 

points lead to a higher accuracy, the optimisation process for finding the location of these points 

is a computational burden for the model. Therefore, a trade-off between the accuracy and speed 

shows the optimal number of inducing points. For example, the overall runtime of the 

Constrained model with 2,880 training points was almost the same as the runtime of the SGPR 

model with 500 inducing points. Furthermore, the sparse model showed lower accuracy and 

more entropy in the predictions. A way to increase the speed of the model while having many 

inducing points is to exclude them from the optimisation process and spread them along the 

training dataset in constant intervals or using the k-means method. This way, the speed of the 

model increases, but the accuracy heavily drops.  

As shown in Figure 6, some of the inducing points lie outside the training period. This means 

that the optimiser has placed them outside the training period to maximise the approximation 

to the full GP posterior. It also ensures the model does not fall back on the mean value on the 

edges of the training period. 

Finally, the novel stratified SGPR model showed promising outputs in predicting CSOs with 

30 and 90 days of training data with a significant decrease in computational effort. It also fixed 

the problem of false alarms in the full GP model and decreased the RMSE value, which is 

mainly caused by the CSO events. However, the overall MAE increased because of an increase 

in the baseline value. But as the main duty of such models is to spot overflows, the stratified 

SGPR model is believed to outperform the other models. 

4.4. Limitations and Future Direction  

It should be noted that in the predictions presented in this study, the rainfall data for the 

forecasted days is assumed to be exact. In an online operational deployment such as within 

industry-standard flood early-warning platforms like Delft-FEWS, these precipitation inputs 

must rely on numerical weather predictions (NWPs) and short-term radar casting, which 

inherently introduce an overriding layer of meteorological uncertainty into the system. 

However, the probabilistic nature of the GPR model is well-equipped to handle this limitation. 

As the uncertainty of the weather forecast increases further into the future, the GP naturally 

expands its credible intervals to reflect the lack of exact deterministic knowledge, ensuring that 

operators are provided with a realistic, bounded range of possible flow outcomes.  

A valuable direction for future research would be integrating ensemble weather forecasts 

directly into the GP’s input dimensions to explicitly quantify this meteorological uncertainty. 

Furthermore, future work could allow weather forecasts to enter the GP model as probabilistic 

distributions rather than deterministic data points. While this would rigorously account for 
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meteorological variance, propagating input uncertainty through nonlinear covariance functions 

introduces highly complex mathematical challenges for matrix inversion that remain outside 

the scope of the current study.  

Furthermore, while the novel stratified SGPR method successfully resolved the computational 

bottlenecks associated with event-based time-series, the allocation strategy leaves room for 

further refinement. In this work, the separation of dry and wet periods was achieved through a 

simple, density-based clustering heuristic, and a dedicated percentage of the overall inducing 

points was explicitly allocated to each region. A promising future direction would be to 

integrate this allocation ratio directly into the optimisation process. By allowing the optimiser 

to dynamically adjust the percentage of inducing points assigned to each region to maximise 

the ELBO, the model could autonomously find the optimal balance between capturing the dry-

weather baseline and the chaotic wet-weather surges. Additionally, the initial classification of 

dry and wet periods could be significantly enhanced by deploying advanced supervised 

machine learning algorithms, such as XGBoost, to more intelligently partition the hydrological 

regimes prior to sparsification. 

5. Conclusion  

This work introduced a physics-informed Gaussian process regression approach to deliver 

reliable, probabilistic flow forecasts across complex urban drainage networks. The framework 

systematically evolved a naïve, purely data-driven baseline into a rigorous, physics-informed 

model by integrating domain knowledge through composite kernel engineering, SWMM-

derived prior mean functions, and strict physical output constraints. The methodology was 

validated using the high-resolution UWO dataset to predict WWTP inflow, downstream tank 

levels, and CSO discharges. 

Based on the findings of this research, it is evident that the naïve GP model is not strong enough 

to capture flow patterns in forecasting both WWTP inflow and CSO. It can produce unrealistic 

results that stand on the mean value of the training data. These outputs also contain wide CIs 

that show high uncertainty in predictions.   

Three levels of physical information were defined in this work. Among them, designing a 

domain-aware kernel had the most positive effect on improving the accuracy of models and 

reducing uncertainty in predictions.  

Sparsification significantly reduces the computational effort of GP models which can be seen 

as the bottleneck of these models. The proposed sparse architecture reduced overall execution 

times to less than 10% of the exact full GP model’s runtime. Through the sparsification process, 

the accuracy of the model is slightly reduced as a minor RMSE increase of 1.3% and 3.9% for 

the 2019 and 2021 periods, respectively; however, this minimal accuracy loss is acceptable 

when compared with the remarkable reduction in execution times.   

CSOs can be predicted using GP models in two ways. Modelling the upstream storage tank 

provides a superior, probabilistic early-warning trigger that mitigates false alarms, whereas 

direct historical CSO prediction is required to quantify the exact volume of an anticipated spill. 

The use of each model depends on the availability of data and the goal of forecasting.  

The novel stratified sparsification method helps increasing the accuracy of the GPR models in 

predicting event-based time-series such as CSO data and simultaneously reducing the 
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computational effort of the model. This approach enables GPR models to handle longer time-

series and more data points, far more than conventional sparse GP methods.  

A key advantage of GP-based models is their ability to produce reliable predictions from sparse 

and infrequent observations, reducing the need for dense sensor networks and high-frequency 

data collection. Unlike conventional models where finer temporal resolution typically 

improves performance, GP models extract sufficient physical information from averaged, 

wider time-interval data, making them equally effective at coarser resolutions. This property 

directly translates to reduced instrumentation costs, lower data transmission and storage 

requirements, and simplified monitoring infrastructure, while maintaining prediction quality. 

Consequently, GP-based frameworks offer a cost-effective solution for predicting urban 

drainage characteristics such as flow, particularly in resource-constrained catchments where 

sensor placement, maintenance, and data collection costs are significant. 

In summary, this work offers a robust framework for predicting complex, uncertain parameters 

within a water system using physics-informed Gaussian processes. This methodology can be 

readily expanded to enhance probabilistic forecasting in other critical environmental domains, 

including water distribution networks, nature-based solutions, and water quality modelling in 

natural water bodies. 
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