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Abstract—This paper presents a finite-time optimized backstepping control strategy for uncertain strict-feedback switched systems
subject to full-state constraints. The proposed method integrates adaptive backstepping, Nonlinear Mapping (NM), and reinforcement
learning (RL) to achieve enhanced control performance. The NM technique is employed to prevent constraint violations and to relax the
feasibility conditions. The RL framework adopts an identifier—actor—critic architecture, where the identifier estimates the unknown
dynamics, the actor generates control inputs, and the critic evaluates system performance. To enhance computational efficiency, a
simplified RL algorithm is developed, in which the update laws for the actor—critic network weights are derived from the negative
gradient of a positive-definite function obtained through the partial derivative of the Hamilton—Jacobi—Bellman (HJB) equation.
Simulation results demonstrate that the proposed control method achieves superior performance compared to state-of-the-art methods
reported in recent literature.

Index Terms—Adaptive optimized backstepping, finite-time control, identifier-actor-critic neural networks, switched systems, full-state
constraints

I. INTRODUCTION

In modern engineering, many real-world systems—such as networked control systems [1], reactors [2], and aircraft [3]—exhibit
switching behaviors due to operational mode changes, component switching, or reconfiguration. These systems, typically modeled
as switched nonlinear systems, consist of multiple subsystems with distinct dynamic characteristics, governed by a switching signal
that determines which subsystem is active at each instant. The switching can occur arbitrarily, either as a result of external
commands or internal events, thereby introducing significant challenges for controller design [4]. Therefore, developing adaptive
control strategies that ensure stability and desired performance under arbitrary switching has become a crucial research direction
in nonlinear control.

Among various techniques, adaptive backstepping control has emerged as a systematic and effective approach for handling
uncertain nonlinear systems. In this method, uncertain elements are commonly approximated using neural networks (NNs) or
fuzzy logic [4]-[7]. However, traditional backstepping methods often achieve the control objective as time approaches infinity,
which may not be satisfactory for applications that demand fast transient responses. To overcome this limitation, finite-time control
strategies have been developed, enabling convergence of tracking errors within a finite time, and thereby enhancing system
transient performance and robustness against disturbances and noise [8], [9].

In addition, practical systems often operate under state constraints imposed by physical limitations or safety requirements. To
handle such constraints within the backstepping framework, two main approaches have been proposed: Barrier Lyapunov
Functions (BLFs) [10]-[12] and Nonlinear Mappings (NMs) [13]. Among the BLF-based methods, the most widely used are the
Logarithmic BLF (Log-BLF) [14]-[17] due to its simplicity, the Tangent BLF (Tan-BLF) [18]-[21], and the Integral BLF (IBLF)
[22]. A major challenge in BLF-based methods is maintaining the feasibility condition, as the virtual control signal must also
satisfy the constraints, which becomes particularly difficult in the presence of system uncertainties. On the other hand, NM-based
methods are often more straightforward, as they do not require explicit feasibility conditions, thus making parameter tuning simpler
and more flexible [23]-[25].

Constrained control and finite-time control each offer distinct advantages when applied independently. Integrating these two
approaches to design a finite-time constrained controller introduces additional complexities. However, it enhances the controller’s
practicality. Consequently, the design of constrained finite-time controllers has become an important research topic and has
attracted increasing attention in recent years, although relatively few studies have been conducted for switched systems in this
area. For instance, in [26], a fault-tolerant finite-time controller was developed for constrained multi-input-multi-output (MIMO)
systems with asymmetric and time-varying output constraints. A Log-BLF was employed to ensure system stability in the presence
of these constraints.

Similarly, in [6], a multi-objective constrained finite-time control scheme with time-varying and asymmetric constraints was
proposed, again employing a BLF to maintain stability. In [27], finite-time control was designed for output-feedback systems with
quantized inputs and symmetric, time-invariant output constraints, where a Log-BLF was utilized in the controller design.
Furthermore, in [7], a Tan-BLF-based finite-time control approach was applied to a strict-feedback system with symmetric and
time-invariant state constraints. In [28], Log-BLF finite-time control was developed for switched systems with constant and
symmetric constraints, while [29] extended this framework to switched systems with zero dynamics. In [30], a Tan-BLF was used
for finite-time control under time-varying, yet symmetric constraints.

Although constrained finite-time backstepping control enables the design of practical controllers, it often results in high resource
utilization and consequently increases implementation costs. This has motivated the consideration of optimal control, which aims
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to reduce control effort while maintaining the desired performance. Optimal control plays a crucial role in many engineering
applications, offering benefits in terms of performance, efficiency, and resource allocation [31].

While optimal control has been widely explored in various control algorithms, optimal backstepping control has received
comparatively less attention due to its analytical complexity. Recently, some efforts have been made to optimize the backstepping
controllers. For example, in [32] an actor—critic reinforcement learning (RL) structure was integrated into backstepping control to
optimize non-switching systems. In this method, the actor network is trained to ensure system stability, while the critic network is
tuned by minimizing the Hamilton-Jacobi-Bellman (HJB) equation. In [33], an algorithm was developed to simplify the
optimization process of backstepping control. Instead of using the squared error of the HIB approximation, the method utilizes the
negative gradient of a simple positive-definite function derived from the partial derivative of the HIB equation. This approach
significantly reduces computational complexity and is therefore referred to as the simplified optimal backstepping method. The
simplified optimal backstepping approach has been investigated in a few studies. For instance, in [34], it was used to control
uncertain constrained systems with symmetric, time-invariant state constraints, where tangent BLFs replaced standard quadratic
Lyapunov functions, and Radial-Basis-Function Neural Networks (RBFNNSs) were employed to estimate system uncertainties.

In [35], the method was applied to unmanned aerial vehicles, and in [36], to strict-feedback multi-agent systems. Reference [37]
extended the approach to ensure system performance during transient phases in unmanned submarines. In [38], an optimal
backstepping controller was designed for a strict-feedback system with output feedback and dynamic uncertainty, where a NN was
used to estimate the uncertainties and an observer was used to estimate the states. In [39], optimal backstepping was developed for
systems with uncertain control gains. In [40], a simplified optimal backstepping algorithm was applied to an output-feedback
system, where fuzzy logic was employed both to estimate uncertainties and as a state observer. In [41], the simplified optimal
backstepping algorithm was extended to strict-feedback systems with output constraints and external disturbances, employing a
NN to estimate uncertainties and disturbances, and a BLF to prevent constraint violations.

The aforementioned studies focus on non-switched systems. Optimal backstepping control for switched systems has been
investigated in only a limited number of works. In [42] optimal backstepping was applied to switched systems along with a fuzzy
estimator to handle system uncertainties under arbitrary switching. In [43], an optimal backstepping control was developed for a
constrained switching system, where an actor—critic network was integrated with a Log-BLF to achieve both optimal performance
and constraint satisfaction.

Motivated by the above considerations, this paper proposes a novel adaptive finite-time control scheme for switched strict-
feedback nonlinear systems with full-state constraints under arbitrary switching. The proposed design integrates the advantages of
backstepping, NM, and an actor—critic NN framework to achieve fast convergence, optimized control performance, and guaranteed
constraint satisfaction. The developed controller ensures that all closed-loop signals remain bounded and that the tracking error
converges to a small neighborhood of the origin in a finite time, even under arbitrary switching among subsystems with uncertain
dynamics. The main contributions of this work are summarized as follows:

1. For the first time, a novel optimized adaptive finite-time backstepping control framework is developed for switched strict-

feedback nonlinear systems, capable of handling arbitrary switching while ensuring finite-time convergence.

2. NM is employed to effectively handle full-state constraints, guaranteeing that the system states remain within their admissible
bounds during operation. The feasibility conditions considered in previous works, such as [6], [7], [27] and [43] are relaxed.
Furthermore, the constraints do not need to have specific forms, such as being symmetric or constant; they can take any general
form as long as their time-derivatives exist.

3. An RL actor—critic NN structure is incorporated to optimize the adaptive control policy. The RL algorithm is designed based
on the negative gradient of a simple positive-definite function, which is generated from the partial derivative of the HIB
equation. It can significantly simplify optimal control and also relaxes the persistence of excitation required in previous works;
e.g., [32] and [43].

The rest of the paper is organized as follows. Section 2 presents the dynamics of the system and introduces the basic concepts.
Section 3 details the design of the optimal finite-time controller design for constrained systems. Section 4 demonstrates the
performance of the proposed controller, and finally, Section 5 provides the conclusion.

I1. SYSTEM DESCRIPTION AND BASIC KNOWLEDGE

Consider the following switched strict-feedback systems [22]:
% = 17(%)+97 (%) %
%, = £7(X,)+u (1)
y=X

where X =[%,...,%]'€R!, Xn =[x,...,%,]"eR" represent the state vector, n is the number of the system states, u € R and

y €R denote the system’s input and output, respectively, fi”and f{ are continuous and locally Lipschitz functions, ¢ is

continuous function and non-zero at all times with constant and known signs; o :R*—¢ ={1,2,...,¢} denotes the switching signal

and ¢ represents the number of switching subsystems.

The control objective is to design a controller for system (1) based on the optimized backstepping technique such that:

1. All signals in the closed-loop system remain bounded.
2. Each state remains within the defined constraints, as

G <X; <G ,i=1..,n 2



where ¢; and ¢; are continues and known functions of time.

Remark 1: It should be emphasized that the states, input, output, switching signal and constraints are time-dependent. This time
dependency is omitted for simplicity.

To achieve the control goals, a set of assumptions and lemmas are introduced in the followings.

Assumption 1: it is assumed that the function g7 is nonsingular and its sign is known. Without loss of generality, it is assumed that
g7 is positive, which implies that for every o , there exist positive constants g° such that

0<gi0<gi"(7i),i=2L...,n, O€E¢ (3)
Remark 2: Assumption 1 is widely adopted in many existing studies, such as [4], [24], [23].

Assumption 2: The reference y4 and its derivative up to nth order are bounded. Furthermore, the desired output does not violate
the constraints which implies that there exist C4(t) and Ty (t) such that

G <g(t)<yq <G (t)<C (4)
Lemma 1 [44]: The RBFNN can approximate any continuous unknown function h(X):R" — R™ in closed space Qx. It means
that there exists a NN such that for ve >0

h(X)=WT$(X)+e, |¢<e (5)

where X e Qx < R" is input vector, € € R™ represents the approximation error and e is its upper bound, ¢(X) is the vector of
radial-basis functions, and W™ is the vector of ideal weights satisfying

W =arg min [n(X)-WT ¢(X)|. (6)
in which W e R'*™ denotes the vector of actual weights and the elements of ¢(X) =[@1(X), ..., (X)]" can be expressed as
T
X—pw) (X—p;
(/},(X):exp[—( ”')772( "')} i=1..l )
i

where p; =[pi1,...Rin] and 7; are the center and width of the Gaussian functions, respectively, and | is the number of neurons
in the hidden layer.

Lemma 2 (Young's inequality) [45]: for any real numbers a and b, the following inequality holds:

e
ab < lal™ +—
@ n*iw,

where >0, @, >1, @, >1,and (=, -1 (@, -1) =1.

b |72 ®)

Lemma 3 [46]: For real variables v; and v,, and positive constants x, z,, and 3, the following inequality holds:

5lv |bl+l2 JFl#ls_Ll/l2 [v, |Ll+l2 )

12
vy [ v, [2<
12 Iﬂ_-‘r-lz

Lemma 4 [47]: Consider the system y = f (). If there exists a continuous function V () such that

V(Z) <=pVP ()= PN () + Py (10)
where p, >0, p, >0, 0< p; <o, and 0< p <1, then the system is finite-time stable. In addition, the upper bound of the settling-
time is given by
1 In ApN P (o) + o

Ap,(1-p) P
T, <max 2 1 . 11
' oy 1 In Py P (o) + A0 D
0
p2(1-p) Apy
Moreover,
; ; A3 P3 \Up
limV (y) < mln{ ( ) } (12)
toT, @-A)p, @-)p,

where 0< A <1 and tgis the initial time.



111. CONTROLLER DESIGN

To develop an optimized finite-time controller for the strict-feedback switched system given in (1) under constraints given in (2),
the following NM is proposed:

& =227 (13)
i X
whose inverse is given as
_& _CitGi
X; =€ 5l (14)
Therefore,
. S =i L (@S —C (e$
i _e j—e +2X_i+g,(e +_l) C (e +l). (15)
C; +¢; Ci +¢;
Using (15), the switched system in (1) is transformed into
;i =3° (E_i+1)+§i+£, i=1...n-1
& =8 (&) + 6, (G (16)
V=4
where
57 =Ky |:fi (% )+95 (Xi)xi+1]+k2i —Gia 87 =Kunf7 (Xn)+kan o & =kyy Ky T o
1 pd |
G @5 +D)-C 5 +D) .:eé“ +e o +2 y _ G +1)—C, (% +1)
i Gre) G Coter)
Moreover, the mapped desired output is defined as follows:
Y, = Iogg_LJr—yd 17)
G —Yq

Remark 3: By applying the NM defined in (13), the constrained system in (1) is converted into the unconstrained system described
in (16). This transformation simplifies the controller design process as it allows the control law to be developed for an unconstrained
system. In addition, the resulting controller can be effectively applied to the control system in (1) while ensuring that all state
constraints are satisfied.

To design a controller for system (16) based on the backstepping method, the following steps are taken.

Step 1: The tracking error is defined as z =& —Yy and z, =& —¢y . According to the transformed system, the following
dynamic equation is derived:

Z1=5-Yg=2,+4+3° (EZ)_Yd : (18)
The optimal value function is defined as
3= min “ hl(zl(s),al(s)ds)J = I hy (2,(5), 4 (s)ds) (19)

where hy(zy, 1) = 2 +af is the local cost function, e« is the virtual controller and o is its optimal value. Using (19), the HIB
equation can be obtained as follows:
v dI(z)) N =\ <
Hi=22+00? +—2 2z, +0oq +3,7(&,) T4 ) =0. 20
1741 1 dz, ( 2tog +3§ (&2) d) (20)

From (20), the optimal virtual controller can be obtained as
o = _ld‘]l*(zl)

= 21
= (21)
Using (21), (20) can be rewritten as follows:
* * 2 * *
Mot ) g2 +(1dJl (zl)J L0 (zl)[Zz 1d3; @) +&a(gz)_nj:0
dz,; 2 dz, dz,; 2 dz, 22)



Solving this nonlinear differential equation is not trivial. To overcome this problem, NNs are employed. First, a NN is utilized
to approximate the unknown function F{ (&) = § (€,) , as shown below; this network will hereafter be referred to as the identifier
network:

¢1=d (Xfl)* (23)
F7(Xi1) = WieT é 1 +671, |3f01| <€y
where W7 is the ideal weights of the identifier NN, ¢+ is the basis-function vector, &7, is the approximation error and e , is its
upper bound, X1 = (&) is the input to this network.
Next, define 671 == max{]| Wi{ ||} where 611 is its estimation. Define J?(&,,2;) as

*

- dJ; 1 .
(&)= _Z —2n,2; 2P - 2n,7 _? 2,651011911 (24)
1 i

where dJ; /dz; can be obtained as

di; _ 1 * =
—L= 2"11212p f2n,7, +—17:6; 100 +30 (&2,24) (25)
dz, Ui
By substituting (25) into (21), it gives
* 1., = _ 1 .
o = _5310 (&,21) - r1121Zp 17 _—2777_ 2,610 1% 4 (26)
i

where ry;, 1, and 7, are positive design constants and 0 < p <1. In (26), Jf(EZ, z) and 6%, are unknown. Hence, this controller
cannot be applied to the system. To resolve this problem, a NN is used to estimate J{ as follows:
¢J1 = ¢J (XJl) (27)
IP(&,21) = Wil g1 +&31, |‘931| <€n
where W1 are the ideal weights, ¢, is the basis-function vector, &£$; is the approximation error and e is its upper bound, and
X1 =(X+1,21) . Substituting (27) into (25) and (26), results in

dJ; 1
q —L= 2r11Z = 20521 +— 2,60 100 10 YW 5T by (28)
Zy n
* 1 *] 2p-1 1 *
o = _EWJI Oy =12y " — T2y — ﬁ 2167 1 10 (29)
i

Since the optimal weights (W3, and 6%1) are unknown, the controller in (29) cannot be directly implemented. To tackle this
issue, an actor—critic NN is introduced as follows:

dJ; 1
=L = 20,2 7P 4+ 20,2, + Wy, +— 216 10010k (30)
dz, Ui
Ak l 2p-1 l
ay === Wiy — 121" ~hpZy — =216 1 1dy (31)
2 2n;

where Wa; is the actor and W is the critic NN weights. As a result, the HIB approximation can be obtained as
di;
—4)

Z

1(Zlva1:
il

(Zrllz b 21,2, + 5216 10 10 1 + W1y 1) (32)

1 - 1 G o Y
(Zz _EW;-1¢J1_r1121 —rlzzl—ﬂzﬂf 110 + WS & +67 T J

2
1 2p-1 1
=2{ [ZW;1¢J1+V1121P +r1221+gzl‘9fl¢le¢flj

According to the HIB equation in (22) and its approximation in (32), the Bellman residual error e, (t) can be written as follows:
A . dly
el=H1(lea11d )—H,(z 11“11d —1).
Z1 Z1
According to [33], the optimal controller is expected to minimize e, . Given that Hi(z,a1,dJ; /dz;) =0, it is expected that the
optimal controller satisfies Hl(zl,al,dJl /dzl) — 0. Since the HIB equation has a unique solution, the controller that minimize
e, must satisfy the following equation:

(33)



o 0
O0H (24,1, 1 )

= W, -W,,)=0. 34

W, ) Oy 191 (Way —W1) (34)

In order to derive the update laws for the actor-critic network that guarantees (34), a positive-definite function is defined as
T

Pl(t) = (Wal - Wcl) (Wal - Wcl) ' (35)

It is obvious that Pi(t) =0 is equal to (34). Considering that oP;/dWxy = —0P,/0Wg :2(Wa1—Wcl), the derivative of Py(t)
becomes
dar, oR 8P1
—1_ W 36
dt aW;rl Cl oW al - ( )
The update laws for the weights of the actor and critic networks are defined as follows:

: 1
W, = _E§zl¢lel —(¢31¢JTl +6yl )(7&11 (Wy —V\/c1)+?’c1Wcl) (37)

. 1
W, ::_§5z1¢3121_7c1(¢J1¢JT1+5J1|)\Ncl (38)

where 7, and y.; are positive constants and 5;; and §,, are small positive constants. As a result, the derivative of Py(t)
becomes
dﬂ Va1 oP,

OP,
& 2 oW (¢Jl¢31+ Jll)an <0. (39)
a1

Inequality (39) means that Py(t) = 0 is eventually achieved and hence H,(z,d;, djf/dzl) —0.
For the stability analysis, a Lyapunov function is defined as
V) = 1 22+ 1 0% + 1 W,,TW,, + 1 W, "W, (40)
2 2 2 2
where 6, =60;,—67,, Wy =W, —W;,, and W, =W,,—W;,. Using the identifier NN in (23), virtual controller in (31), and the

actor-critic update laws in (37) and (38), the derivative of (40) can be obtained as follows:

19f1¢f1¢f1+Wf1 &+l — Ydj

. 1
_ T 2p-1
V= Zl(z 2 _EWald)Jl Iz Ty -

2
™
. - (1
+6; 19f1_W;1(2 57191121 +(¢J1¢J1+5J ) Yar (Way — Wcl)+7/c1Wcl)j (41)
~= (1
W (E Sad1Z1+ Y (¢J 1951+ 531 j
Using Lemma 2, the following inequalities are obtained:
1 1
2,60, < Ezf +§ef2l (42)
1 1 1
_521W;1¢J1 Szzlz+ZW;1(¢J1¢}1+§J1|)Wal (43)
P W, <Ll (0520, + 35,1 )WL (44)
2121 alJl—41 421 al \ YJ1YJ1 J1 al
P W, <Lz lovn (0520, + 35,1 ) W, (45)
2121 ClJl—41 4Zl c1\YJ1%YJ1 J1 cl
- 1 1 *
21V\/f(1ﬂ‘1>f15—’712+F2129f1‘1’fT1¢fl (46)
i
1 1.
2, Vg <Zz22+2Y%. a7
o <5245 18 (47)
By defining the adaptation law as
. 1
G1 =520 1% 1~ 164 (48)
2

and by substituting (42)—(48) into (41), it gives



. 5 7 ~ -
Vi<-n2:° —(n, _Z)le — 616 16k 1 — 7 Wiy (¢J 1971+ )Wcl
~7ar Wit (¢J 1951+ )Wal + (Yar = 7e1) Wi (¢J 1071+ )Wcl

1 ‘ 1 ; (49)
+ZW;1(¢31¢}1+031|)Wa1+z5z2W;1(¢31¢JTl+5J1|)Wa1
- ~ 1 1. 1
WT1(¢J1¢JT1+531|)Wc1+§ef21+§Y§ +§7712+Z122-
where 51 is a positive constant. Based on the definition of Or1, W, Cl, and W, , the following equations are derived:
6 19f1=§9f21+§9f21—§ % (50)
AT T 1 T i L T VY T *
Wc1(¢J1¢Jl+5Jll)VVcl =E\Ncl (¢J1¢J1+§Jl|)vvcl+§\/\/01 (¢J1¢31+531|)VV<:1—§W31 (¢J1¢Jl+5J1|)WJ1 (51)
AT T i T i L T Lo T -
Wa1(¢31¢J1+531|)Wa1 :Ewau (¢J1¢J1+5J1|)Wal+§Wal(¢Jl¢Jl+5Jll)Wa1_EWJl (¢Jl¢J1+5J1|)WJl (52)

Applying Lemma 2 yields
% (Yar—7c1) 5 ()
(Va1 = 7e1) Wi (¢J 1971+ )chl = %WT (¢J 1051+ )Wal Jr%\Nm (¢J1¢JTl +6y4l )Wcl (53)
By substituting (50)—(53) into (49), it yields

. 7 51 = 1 =
2 7
Vy<-r,z/P —(rlz_z)le_Lale_(Ll 45221J c1(¢J1¢31+5J1|)Wc1

2 2
(ra 1, W T DWW — _@WT T W
5 40z1 a1(¢J1¢31+5J1> A= T, c1(¢31¢J1+5J1) c1 (54)
Ya 1 ! Yer 7. . .
- %_ZJWL(%NLJF&M')VVM+( ;1 %)Wﬂ (¢J1¢JTl+5Jll)WJl
S1 0, 1.2 2 2
+—=0 1 +=ef1+=Y§+=-nf +2.2,.
2f12f12d2771 142
It is evident that
V\/cT1(¢J1¢JT1+531|) 1 < /ImmW Wy (55)
_ng(dh1¢J1+5J1 )Wa1< ﬁgmw Wy. (56)
where /1‘;)?;“ is the minimum eigenvalue of ¢,4}; + ;1 . By using (55) and (56), (54) becomes
. 7 81 2 1 iNF T R 1
Vi <-nz /P —(rlz—z)zlz—%gle_(%_zfszzjﬂmmwglvvcl (%_Z jﬂmmw 1 Wag
(57)
7/ 7 *] * 1 1
+[%+%jwﬂ (¢31¢JTl+531|)WJ1 ”9 +26f1+2Yd +2771 +242,

where the design constants must satisfy 1, > 7/4 and y,; > 7,3 > Max(ya; /2,62, /2) -

Step i (2<i<n-1): Define z; =& —a; ;. According to the transformed system, the dynamic equation can be obtained as

Zi =& &1 =7 4+ +Sia(zi+1)_&r—l' (58)
For optimization, the value function is defined as:
I = rr;in( jt hi (i (s), & (s)ds)] = jt b (z; (), o (s)ds) (59)

where hj(z;,a;) = 27 +a? is the local cost function, ¢; is the virtual controller, and ;" is its optimal value. Using (59), the HIB
equation is expressed as follows:

. dJ Z; dJ; (z; « = 2
oo S ') aya)+ 20y, 2202 O g (B ) -dr). (60)
i i
From (60), the optimal virtual controller can be written as
o =1 (@) (61)
2 dz

By substituting (61) into (60), the HIB equation becomes



1d07 @) V(. 1d37(z)
(2o

Solving the nonlinear differential equation in (62) is nontrivial. To address this challenge, an identifier-actor-critic NN, similar to
step 1, is constructed as follows:

R (Ei+110"i7112i71) =5 (Enl)_&i*—l"'zi—l (63)
b = s (X5) (64)
R (X ) =W & (X5 )+, |‘9fi 0| <Eii (65)

where W™ is the vector ideal weights of the network. &g is the approximation error and ey is its upper bound. The input to this
network is X =(&is1 21,002 106 110006 51y, Wagorr Wi gy ) in Which @5 is the estimation of g5 = max{|| Wi [[}. Similar
to (30), an actor—critic NN is formulated as follows:

e

dJ;
d_zI= 26, 27°7 4+ 26,2, + Wy + Zigﬁ¢-{i¢fi (66)
i |
w1 . 1
G :—EW;d)Ji —riIZin 1_ri22i _2 2 Ziefidﬂd)fi (67)
T

where Whi and Wi are is the actor and critic weights, respectively, rii, ri, and 7; are positive design constants, and
Xsi = (X1, z;) . For brevity, the basis function ¢; (Xyi) is represented as ¢;i . As a result, the HIB approximation become

2
. dJ 1 _ 1
Hi (zi,4 ,—)— i [ZW;% +rilzi2p 1+ri22i +2_Zi6fi¢;|;‘h‘ij
I
+(2rilz tor,z 4= z PG O & + W %,]
. n? (68)
( Zig— 2W ¢J| - |1Zi ° —li2Zj
1 Ax
2 ZZ Ori O i + W5 ™ _Zi1+8f7_“i1j-
Similar to step 1, as the HJIB has a unique solutlon the controller must satisfy the following equation:
oH; (z;,¢ ,* ')
dz;
aWai ¢J| ¢J| (Waj - Wci ) =0. (69)
To derive the actor-critic update laws that ensure (69), a positive-definite function is introduced as follows:
T
R = (Wi =Wy ) (Wyi —Wg). (70)

It is apparent that P, (t) =0 is equal to (69). The weights of the actor and critic networks are updated according to the following
laws:

Wai :_%éi i zi— (0 O +o 1) (7 (Way — Wi )+ 75 Wi ) (1)

. 1
Wi =5 % GiZi 7 (¢Ji o5+ I)Wci (72)
where y,; and y. are positive constants and ;i and &i are small positive constants. The time derivative of (70) is

dp, Yai OP;

Ez 5 aWT (¢JI ¢J| + 35 )aWaj
Inequality (73) indicates that P,(t)=0is eventually achieved and hence H;(z,d;, dJ /dz)—>0 The Lyapunov function is
considered as follows:

<0. (73)

1 I 1.~ -~
V = 2 Z +— 2 0 2 WaiTWai +§WCiT WCi +Vi—l (74)
where @5 =05 — 05, W,;=Wy—W;;, and W,; =W,;—W;;. Using the identifier NN in (65), the virtual controller in (67), and the

actor-critic update laws in (71) and (72), the derivative of (74) becomes



Vi :Zi( i1 ;W by —Ti2Z; _rilzizpliizzigfiqﬂq}i +We +gf(i7j
+W [_%5zi¢Ji Z _(¢Ji o+ |)(7ai (Wi =W )+ 76 W )j
+Wg—i(_%5zi¢3izi — i (¢Ji o5 + 0y I)Wci ]_Zizil"" Gi O +Vi 4
Applying Lemma 2 gives
Z; & _%zi2+%ef2i

1 1.1
_EZiW;d)Ji SZZi2+ZW; (¢Ji¢} 0 I)Waj

1 = 1 ~
_EzigziWT‘le —_Z +402 WT (¢Ji¢.]| + 3y I)W

;z 5, WE _—z +252WT (0 &+ 1) W

* 1
Zi Wl & S577i2 2 27 2765 & b

By defining the adaptation law as
. 1
G ::ﬁzizdfi‘hi —&i 6
and applying (76)—(81), (75) can be rewritten as
. 5 . ~ -
Vi <.z —(n, _Z)Ziz — 5% O O — 76 WG (¢Ji o + 5y I)Wci ~ 72 Wy (¢Ji o + 5y I)Wai
= 1 1. .- -
(7 — e )W (¢Ji g+ I)Wci +ZW; (¢Ji oy + 0 I)Wai +Z5z2i Wj (¢J| o5 + 0 )W

1, .= ~ 1 1 .
+Z5z2iWcTi (¢Ji¢}i +5Ji|)Wci +§ef2i +577| +2iZj4-2i2i4+Vi,

where sy is a positive constant. According to the definition of 0%, Wei, and Wai , the following equations are obtained:

~ 1~ 1 1 .
i Oy :E‘gf% +§9f% _Eefiz

W (¢Ji¢} + 5 I)Wci =W (¢Ji¢} + 55 |)Wci +§VVCT| (¢Ji o + 5 I)chi =Wyl (¢Ji¢]i + 55 I)WJi

NIH N | =

(¢JI ¢J| + 3y )W -
Applying Lemma 2 results in

(ra 7 )W (¢Ji & +35 I)\Nci s
Using (83)—(86), (82) becomes

. L 7, 1
Vi S—rilzin —(I’i2—§)2i2—5l9f% _(L_Zézzlj ci (¢JI ¢JI +§JI )W

i

T)/[:I)WT (¢J|¢J| 135 )W ( .

%yd)vvci (¢Ji¢.1]—i 135 I)\Nci'

2 2
(Yl VL (0 0], + 03 )Wy | 75 — 280 [WE (505 + 05 1) W
2 4 zi ai Ji i Ji Yei 2 ci Ji 1i Ji ci
Vi 1 Yei , Ve .
- %—ZJW; (¢Ji¢:]ri + 35 )W J{ g 5 JW;T (¢Ji¢.-]ri +5Ji|)WJi
1 1 .
flg +2ef|+277| +ZiZip— ZiZi—l_p‘/i—l

It is evident that
W (¢Ji o+ I)Wci S—/l.gi“"VVcTi Wi

WL (G @+ 1) Wy < AW W

where /1‘1[;?‘“ is the minimum eigenvalue of ¢y ¢} + 5 1. Using (88) and (89), (87) can be rewritten as

N (¢Ji¢.-]ri + 55 )W +;WT (¢J| 5 + 5y )W —;W;T (¢Ji¢:]l} + 35 ')W;

(75)

(76)
(77)
(78)
(79)

(80)

(81)

(82)

(83)
(84)

(85)

(86)

(87)

(88)
(89)



. 5 Sei ~ Vei 1 P
Vi S—ri12i2p—("iz—z)ziz‘l@f% _(l_zgzzi J&{;?'”Wciwci

2 2
Vo 1 iR T R Yi V. -
(%_Zgzzi ] AR W +(%+%jw;;r (05 8} +5 1) W (90)
L9 1
;I efl +Zef| +277| +Z|Z|+l Z; ZI 1+V

where the design constants must satisfy r;, >5/4 and j5 > % >max(s /2,55 /2).

Step n: Define z, =&, —dn_; . Then, according to the transformed system, the following dynamic equation is derived:

Zo =87 (& )+ Bu—dp - (91)
For optimization purposes, the value function is defined as
J, =min [I hy (2, (9), u(s)ds)J = I hy (z,(s),u™(s)ds) (92)

where h,(z,,u) =22 +u? is the local cost function, u is the control signal, and u*is its optimal value. Using (92), the HJB
equation can be obtained as follows:

H,(z, ,u*,dJ—“) =h,(z, ,u*)+MZn =72 +u*2+M(§n"(En )=y +G,U"). (93)
dz, n dz,

From (93), the optimal controller can be obtained as

u'= _%M (94)
2 dz,
Substituting (94) in (93), the HIB equation is
* 2 * *
Zr%+ %d‘]n(zn) +d‘]n(zn) _@nqj_nd‘]n(zn) (én) _1 =0. (95)
2 dz, dz, 2 dz,

Solving the nonlinear differential equation in (95) is a challenging task. To address this issue, an identifier-actor-critic NN,
similar to the previous steps, is designed as follows:

(E.m’ n-1,Z —1): :5na(gn)_&;—1+zn—1 (96)
& =& (Xin) (97)
Fno—(xfn)zvvf;drd* (an)“'gfno—’ |gfna|<efn (98)

where W; T is the ideal weights of the NN identifier. £ is the approximation error and ey, is its upper bound, The input to this

network is X, :(Em,zl,...,znfl,ef1,...,¢9f (nfl),Wal,...,Wa(n,l))and O, is the estimation of &, = max{|| W,° ||} . An actor—
critic NN framework is formulated as follows:

diy 1 :
n :_Z(Zrnzzn + 20 2P Wiy, +— 2 6fn¢fn¢fnj (99)
dz, &; ;
~ —1(1
u =®—[Ewgn¢.]n ~IhaZn —TiZn Pt - ¢an¢fnj (100)
n

where Why, is the actor and Wy is the critic NN weights, X;, = (X, 2,), and 1y, rip and 7, are positive design constants. For
brevity, ¢;(Xyn) is represented as ¢;,. As a result, the HIB approximation is obtained as

2
- dJ 11 _ 1
H (Z U, —Z§+Q§_2[§Wgn+rn2zn+rnlzr$p l+2 Ezngfnd)f-l;ld*nj
( MaZn + 202 AP+ Wby, + 7 Zann‘ﬂ;’nd’fnj (101)
U

)

T 2p-1 _
X ano ¢f (an)+gfgn _Zn—l_EWand’Jn —TholZn — Ty P

Similarly, since HIB has a unique solution, the controller must satisfy the following equation:

10



dJ’

dz, ) 1
W, 282

To derive the actor-critic update laws that ensure (102), a positive-definite function is introduced as follows:

oH, (z,.u",

by ¢}n (Wan -We, ) =0. (102)

T
Po(t) =Wy —Wy, ) (Wan =W, ). (103)
It is obvious that P, (t) =0is equal to (102). The actor and critic network weights are updated as follows:
. 1
Wan = _§5zn¢JnZn _(¢Jn¢}-n +n I)(}/an (Wan _ch )+7cnvvcn) (104)
. 1 T
We, = _552n nZn —7en (¢Jn by + 3 I)\Ncn (105)
where 7, and y, are positive constants and 3, and sz, are small positive constants. As a result, the derivative of B, (t) is
dP, 7w Py oP,

.
o 7@(%% + 3y, I)aWan

Inequality (106) means that P, (t) =0 is eventually achieved and hence, Hn(zn,ﬁ*,djﬁ/dzn)—w is obtained. The Lyapunov
function is defined as follows:

<0, (106)

1, 1

1~ O R
Vn = E Z3 +§0on +5WanT Wan +§chT ch +anl (107)
where O, = 04— 607, W,,=W,,—Wj, , and W, =W, —W;,. Using the identifier NN in (98), controller in (100), and the actor-

critic update laws in (104) and (105), the derivative of the Lyapunov function can be written as follows:
Vi =1, (Wffqﬂ On +0n” _%WaTnd)Jn LI A Sl APYAY —ﬁz N j—z 0Z 1+ 0 bh,
+WL —%(gn%z . —(¢Jn ol + 65,1 )(;/an (W = Wy )+ 7en Wy )) (108)
~WI %52,1 OnZn +en (¢Jn & + 5,1 )ch j+V'n_l.

Applying Lemma 2 yields

L 1,1
Zn & SEZE +Eef2n (109)
1oore 1, 1 2 o
_Eznwand)Jn SZzn +ZWan (¢Jn¢Jn +5Jn|)Wan (110)
1 - 1, 1 ,a0 (0 & .
_Eznaznwan¢Jn Szzn +Zaznwan (¢Jn¢Jn + S I)Wan (111)
1 ~ 1 1,5 ~
_Ezn5zn\NcTn¢Jn Szzr% +1522nVVcTn (¢Jn¢}—n +n I)\Ncn (112)
* 1 1 *
Zn\anUTd)fn £_77§+_22r%‘9fn¢f1;1‘hn' (113)
2 215
By defining the adaptation law as
: 1
G :=_22r$¢f-|;1 ®n — 5 Ghn (114)
217y

and by using (109)—(114), (108) becomes
. 5 ~ -
Vn S—I’anEp _(rnz _Z)Zr% _5fnefnefn _7/an<;|;1 <¢Jn¢:]rn + I)ch
_7/anW;1rn (¢Jn¢}n + I)Wan +(Van = ¥en )W;arn (¢Jn¢3rn +5Jn|)wcn

1 1.+ ~
+ngn (¢Jn¢}n + I)Wan +2522n W;n (¢Jn¢}n +5Jn|)Wan

1, 1 1 .
+Z522ntn (¢Jn¢j]—n +5Jn|)+§ef2n +§77r% —Znlpg +Vn—l

(115)

where 55, is a positive constant. Using the definition of Ot | W, , and Wy, the following equations are obtained:

11



~ 1~ 1 1.
efngfn =50f?1 +§9f% _ngnz

1 ~ ~ 1 1 *
Wgn <¢Jn¢:]rn + S I)\Ncn :E\Ngn (¢Jn¢}n + 55 I)V\/cn +§\Ngn (¢Jn¢}n + S I)\Ncn _EW‘;;F (¢Jn¢In +5JnI)WJn

= 1.+ = 1 1., -
Wgn (¢Jn¢:]rn +5Jn|)Wan :Ew-arn (¢Jn¢}n +§Jn|)Wan +§W;—n (d?]nd):]rn +5\]n|)vvan _EVVJrT (¢Jn¢}n +5JnI)VVJn'

Applying Lemma 2, results in

(o~ Wl B W < 72T, (0,61 0,1V + T, (0,41
Substituting (116)—(119) in (115) gives

. S = Yo 1
Vn S—I’nlzﬁp —(I’nz——)Z f2n ef% —(%_452 j cn (¢Jn¢Jn +5Jn|)vvcn
7 1 = % V.
_(%—Zafn jw;n (O3 8], + 0 1) Wi —[nn ——;” jWJn (i@ + 0 1) W,
7 1 Y, e *
_(%—ijgn (O3 8] + 0 1) W, +( ;” ?‘“)anr (61 +am 1) Wi,

6 1 .
fn 9 +2efn +277n “ZpZp Vo
It is clear that
_\Ngn (¢Jn d’:]rn +5Jn|)\/~vcn = _ﬂqr;in\ivgn \Ncn
W;n (¢Jn¢}n +n I)\i‘van = _ﬂqr,?:nwz;\rnwan'

where /I‘g““ is the minimum eigenvalue of ¢, &}, + 5,1 . Using (121)—(122), (120) can be simplified as

: St 7 1
Vi, <-rz2° —(rnz—%)zﬁ —%efn (y;“ —452J,1mmw W,,
[ 2o Lz ) i Vi [ Lo T T (g T, 1) W
2 4 zn ¢Jn an an 2 2 Jdn Jn ¥n Jn Jn
5 .
fn 9 +%ef2n +E’7r§ “ZpZpaVoa

where the design constants must satisfy ,; >5/4 and yn > J%n > MaxX(ya /2, 5 /2) .
Substituting (57) and (90) in (123), yields

S 7 n 5, g 1o i i v
2
Vi S_Z:lrjlsz_(rlz_Z)le_;(rjz ks Z 4:]"”[ 3 - jJ(Wchcj +WajWaj)
J; ycj 7aj <T JiT * f] L 1
+ Z 7"‘7 (WJn (¢Jn¢Jn +5JnI)WJn)+Z?9fj +Z 9 2ef] +2771
j=1 j=1 j=1

By expanding (124), the following expression is derived:
. n n - nooo__
Vn S_Z‘,rjlz _rIZ( cn) +rlz( cn)p_rlz(wgnwan )P
i=t j=1

i
n n -
+r12(WaTnWan )p ‘rlz(esz)p I
=t = j
L0 sy o amin| 7 1 % L 7 1 X
—Z%Hﬁ—_ A [%_4 J Wes W — Z [ S - iJWajWaj
j=1 j=1 J=l

(Y Va - 4 1
+Z‘1 7+7 (WJJ (¢JJ¢JJ +5y1 WJJ )+Z1 24= efJ +277J
i= j
Using Lemma 3 with v; =1, v, = (XT16f), 1 =p, =1-pand 5 =(1— p)&PYP, one can get

N \P P no_
R(362)" < (1-p)=p p+5>02.
j=1 j=1

Il
JUN

M:

(Hfj ) = (1 —Z)Z §- Z(rjz -]

1

12

(116)
(117)

(118)

(119)

(120)

(121)
(122)

(123)

(124)

(125)

(126)



Similar inequalities can be obtained for Waj and W;j as

P
rl[z J <n(1- p)l"‘J P+ rlz (127)
P P
rl[ZWTW J <n(1- 1*7 +rlz . (128)
Using (126)—(128) in (125), yields

. n n - - n - - n -
Vv, S—erlzjzp —rlz( T W )p —rlZ( W )p —rlZ(HfJ?)p
j=1 = '
7 506 o W[ (7 1 -
_(r12—Z)Zf—Z(rJ—Z—Z)ZJ—ZZ(%—qj %—Z[/lg;m [%—252,'}_&]\/\/ W

(129)

n 1 li
49 += e + +3r,(1-
12—21(2 2 fj 2’7]) 1( p)

Considering r; < min(sy; /2, Ag (7 /2—52%/4)) and by defining

p1:=min(rjl,rl),
Py =min| T, A B T EC R P R
2" 12 411242 1’¢J 2 421 1
P

. 7/CJ 7aj *T T * 4 (%J *2 1 l ]__
Ps -—Z 7+7 (WJj <¢Jj¢Jj +3 I)W]nj )+Z > + Zef] + 277] +3r1-p)~ P
i1 j=1

the following equation is obtained:
V, <—pVP = p V. + ps. (130)

Theorem: Consider the strict-feedback switched system in (1), with bounded initial states and reference signal. Using the actual
controller in (100) and the virtual controllers in (31) and (67), and the adaptive laws in (48), (81), and (114), together with identifier
NNs in (37), (71), and (104) as actor NNs, and (38), (72) and (105) as critic NNs. if Assumptions 1 and 2 hold and the design
parameters satisfy the following conditions:

o >7/4, Y >Ver> max%?”al/z’(szzl /Zg

2>5/4 7a|>7c|>max 7&/252/2

fha >5/4, Jan > en > MaX (4 /2,52 /2)
then, the optimized control scheme ensures that all the closed-loop signals remain finite-time bounded under arbitrary switching,
all constraints are satisfied, and the tracking error converges to a small neighborhood of the origin.

Proof: It can be observed from (130) that V', can be written as

V.n < _plvnp —ApV, _(1—1),02Vn TP (131)
or
V, <=Ap VP —(1-2) p VP — ooV, + s (132)
where 0 <4 <1. According to (131), if V, > p3/(l A)py , then Vi, < —pV" —ApN, . From Lemma 4, it can be concluded that
decreasing Vi, , drives 6, Wai, Wei, and z; (i =1, ...,n) to the following region:
0\ Wsi ,Wei ,Z; e{vnsL}. (133)
(1-2)p,

Hence, the settling time is as follows:
NV A VL
AP, (1-p) P

(134)
Similarly, (132) leads to

13



1/p
6 Wy ki 2, eV, s[ﬁ} . (135)

And the settling time is
T, < 1 In Py P 0)+4p, _
p2(1-p) Apy
Consequently, it follows that |z |<min{(ps/(1-2)p2)V2,(p3/(1~A)p1)V2r} reaches in finite time Tr =max{Tty,Tr2} .
Similarly, it can be concluded that §;, Wx;i, and W, are bounded. Since 0, = 6, -6, Wk = Wai —Wj;, and Wi = Wy — W,
it follows that 6;, Wai, and Wi are also bounded. Moreover, based on (31) and (67), the virtual controllers are bounded too. As
a; and z; are bounded, the transformed states ( & ) remain bounded as well. Based on (14) and the boundedness of & , the original

system states are also bounded. Finally, based on (13), the boundedness of z; (i =1,2,...n) guarantee that constraints are satisfied.

(136)

Corollary: The tracking error of the original system can be expressed as
y —Ya <€ +e)ee |z, | (137)

Proof: Based on (14), the tracking error can be written as

_G+o T+o (G +gler(l-ed)

Tele+l ef 4l (€57 +1)(ed +1) (138)
<@ +g)e(l—ea).

Using the mean value theorem, 1—e~?: can be written as ze %% with A;e(0,1) . Then, based on Theorem, z; is bounded.
Therefore,

Y—=Y4q

Yy —Ya <@ +c)ede [z, (139)
n

Desired

h W,

mappe X

bp - 1 optimizer wgl
a

T

Constrained Output
system

Nonlinear
mapping

Consider a
Lyapunov function

v

|
|
1
|
1
|
1
1
|
: NN Update identifier
1
|
|
1
|
1
|
|
|
1
1

Y

‘weights

v

Cost Compute Define positive Update R N
y . EERAS L
function > — function —»  Actor-critic NN

P weights

Fig. 2. Block diagram of the optimizer.
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Remark 4: Since the control signal of the original system is identical to the control signal applied to the mapped system, and based
on the error relationship between the original and mapped systems, it can be concluded that the optimal control signal designed for
the mapped system is also optimal for the original system.

In this paper, an adaptive NN-based control scheme is developed for uncertain switched nonlinear systems subject to asymmetric
time-varying constraints, using a backstepping approach. This method eliminates the feasibility condition that typically is imposed
on the virtual controllers. The nonlinear terms are approximated using RBFNNs, while both the virtual and the actual controllers
are optimized through actor—critic NNs. The algorithm, the block diagram of the control method, and the block diagram of the
optimization structure are presented in Table I, Fig. 1, and Fig. 2 respectively.

Table I: Algorithm of the proposed method

1. Initialize 0j, Waj, W and Xj(0), j=1,...,n
2. Define constraints for system states

3. Define parameters such that

o >7/4, Var > Vo1 > max(;/al/Z 0'z1/2)
fi2>5/4, % >%; >ma1x(;/aJ /2, J/2)
n2 >5/4' Yan > Yen > max(}/an /2,0'zn/2)
Calculate the transformed states
Calculate virtual controller for states 1 to n —1 using (31) and (67)
Calculate controller signal using (100)
Update identifier NN weights o; using (48), (81) and (113)
Update actor NN weights using (37), (71) and (104)
Update critic NN weights using (38), (72) and (105)
10 Use the control signal as the input of system (1)
11. Measure the system states and repeat steps 4 to 11

©®© No M

IV.SIMULATION RESULTS

To further demonstrate the effectiveness of the proposed algorithm, a mass-spring-damper [24] with friction shown in Fig. 3, is
considered. The system dynamics can be expressed as:

X1:X2
%o =~ 8(%) — = b(X) — 75 Fr(¥p) + 7 V7 (140)
y=X
xl ASU

—

2 va‘ -

b m e )ye]am]e—

T

Z P

Fig. 3. Mass-spring-damper system.

Switching signal

: =

1 L

0 2 4 6 8 10
time(s)
Fig. 4. Switching signal.

where x; and X, are the position and velocity of the mass m, respectively, s and b represent uncertain functions for spring and
damper, respectively, fr denotes the friction, y is the output, and v’ =-As? (X,)+mu (o e{l, 2, 3}) are three predefined
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controllers that can be applied to the system, in which X, =[% xz]T, v is the new input, and As? is the switching signal shown in
Fig. 4. By replacing u?, system (140) can be rewritten as

X = Xo
Xy =~ [5(%) ~ fr(Xp) — A7 (%5)]~ L b(x,) +V (141)
y=%

where As® =x$sin(x X,), As? =X, C0S(X?), As® =x,x7, and As®(0)=0 (o e{lL, 2, 3}). Other parameters and functions are
considered as follows:
m=1/3Kg, s(x)=2x7, b(x,) = X3 cos(x,)
n1=3, p =35, =12, 1, =20, my=n,=1&%1=62=09, An=15, 1a=17, A;=12, 1, =13

fr =0.5mg(0.3+ 0.5e~(x2/0.9% tanh(5x2) + 0.8X2 5,1 = 5,2 = 831 =5 = 0.01.

The desired output is Yyq =0.5sin(4t) . The initial weights for NNs are W;(0)=[0.4---0.4]" e R?*¢
W (0) =[0.1-+- 0.1]" € R?*%, W,,(0) =[0.5 -+~ 0.5] € R, W, (0) =[0.3--- 0.3]7 e R34, 6,(0)=0.05, and &,(0) =0.02.

Output
2F F
E
j
§e]
3
o
[=8
2 & =
0 2 4 6 8 10
time (s)
Input
=
—
> H
o
L

time (s)

%

velocity (m/s)
o

|

¥

e g

D
Y

-2

0 2 4 6 8 10
time (s)
Fig. 5. Trajectories of states and input signal for symmetric time-invariant constraints.

To better highlight the advantages of the proposed controller, the results are compared with the methods introduced in [7] and
[42]. In [7], a Tan-BLF approach is used to prevent violations of symmetric and time-invariant constraints in output-feedback
systems. However, the input signal is not optimized. Moreover, it is assumed that all states are measurable. In [42], the optimized
backstepping method is applied to control a state-feedback system with output hysteresis, but no state constraints are considered.
For a fair comparison, the hysteresis effect is omitted.
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Cost function

time (s)

Cost function

200

100 |
50
0
time (s)
Fig. 6. Cost function for steps 1 and 2 of backstepping.
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Fig. 7. Norm of the NN weights for step 1 and 2 of backstepping.
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Output

2 i i i i
Yd
1 \\ X1 =t
—_ A\ I A —— X, [7]
3 “ 1
= % o - . 142
g ‘« d Cu
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1 i Ciy L
unstable :
2k r F r r 3
0 2 4 6 8 10
time (s)
%
Jnstableﬂb:‘i — X
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: 1
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= SAGE NEANEF AN
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(Y VY
':: - ’
!
-30 : = : : :
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time (s)
Fig. 8. Trajectories of states and input signals with disturbance.

To make the fair comparison, the constraints are first considered as ¢;=¢;=1.7 and C, =C,=1.8, since the method in [7] can
only handle symmetric and time-invariant constraints. The simulation results for the sinusoidal desired output are shown in Figs.
5-7. Fig. 5 shows the position and velocity of the mass with the imposed constraints and the controller input. As this figure shows,
the controller in [42] violates the constraints, whereas the proposed controller and the method in [7] successfully maintain them.
Fig. 6 shows the cost function for the two steps of the backstepping procedure for three methods. This figure reveals that the
method in [7] has a higher cost function, due to its non-optimal method. Fig. 7 shows the norm of the NN weights.

To further evaluate the performance of the three methods, the disturbance-rejection and input-saturation results are shown in
Figs. 8 and 9, respectively. In Fig. 8, a pulse disturbance with amplitude 1 is applied to the system output between 5 s and 6 s. As
can be observed, the proposed method successfully maintains all constraints, while the method in [7] becomes unstable and the
method in [42] violates the constraints. In Fig. 9, the input is saturated at 7 N. Similar to Fig. 8, the proposed method outperforms
other two methods. To further demonstrate that the proposed method can perfectly handle time-varying as well as asymmetric
constraints, it is also tested with ¢, =-0.4sin(4t)+0.5, ¢C; =0.5sin(4t)+0.3, ¢, =1.3, and ¢, =0.5c0s(4t)+0.7 . The results are
shown in Fig. 10. As this figure shows, the method in [7] becomes unstable and the method in [42] violates the constraints.
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V.CONCLUSION

In this study, an adaptive finite-time control scheme based on backstepping and NN techniques has been proposed for a class of
strict-feedback switched systems subject to full-state asymmetric and time-varying constraints. By incorporating the NM approach
into the backstepping framework, the boundedness of all closed-loop signals is ensured while satisfying the full-state constraints.
This integration effectively relaxes the feasibility condition on the virtual controller, which is often difficult to achieve in
conventional methods. The nonlinear functions are approximated using RBFNNSs, and by designing the adaptive law based on the
norm of the RBFNN weights, only one adaptive law per step is required, thereby reducing computational complexity. The
optimization was performed using an actor—critic framework, in which the update laws for the actor—critic network weights are
derived from the negative gradient of a positive-definite function obtained through the partial derivative of the HIB equation,
thereby simplifying the overall model. Simulation results confirm the effectiveness and finite-time convergence of the proposed
method. However, it should be noted that control schemes relying on BLF or NM may exhibit instability when the system
constraints are temporarily violated. Future research should therefore focus on developing control strategies capable of maintaining
system stability under temporary constraint violations. Moreover, the use of Young’s inequality and squared Lyapunov functions
introduces a certain degree of conservatism, which could be alleviated to enhance control performance. Finally, as the proposed
optimized scheme is developed for a general mathematical model rather than a specific dynamic system, the design parameters are
provided only within a range. For practical implementation, these parameters should be carefully tuned according to the
characteristics of the actual system to ensure the best performance.
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