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Abstract—This paper presents a finite-time optimized backstepping control strategy for uncertain strict-feedback switched systems 

subject to full-state constraints. The proposed method integrates adaptive backstepping, Nonlinear Mapping (NM), and reinforcement 

learning (RL) to achieve enhanced control performance. The NM technique is employed to prevent constraint violations and to relax the 

feasibility conditions. The RL framework adopts an identifier–actor–critic architecture, where the identifier estimates the unknown 
dynamics, the actor generates control inputs, and the critic evaluates system performance. To enhance computational efficiency, a 

simplified RL algorithm is developed, in which the update laws for the actor–critic network weights are derived from the negative 

gradient of a positive-definite function obtained through the partial derivative of the Hamilton–Jacobi–Bellman (HJB) equation. 
Simulation results demonstrate that the proposed control method achieves superior performance compared to state-of-the-art methods 
reported in recent literature. 
 

Index Terms—Adaptive optimized backstepping, finite-time control, identifier-actor-critic neural networks, switched systems, full-state 

constraints 

I. INTRODUCTION 

In modern engineering, many real-world systems—such as networked control systems [1], reactors [2], and aircraft [3]—exhibit 

switching behaviors due to operational mode changes, component switching, or reconfiguration. These systems, typically modeled 

as switched nonlinear systems, consist of multiple subsystems with distinct dynamic characteristics, governed by a switching signal 

that determines which subsystem is active at each instant. The switching can occur arbitrarily, either as a result of external 

commands or internal events, thereby introducing significant challenges for controller design [4]. Therefore, developing adaptive 

control strategies that ensure stability and desired performance under arbitrary switching has become a crucial research direction 

in nonlinear control. 
Among various techniques, adaptive backstepping control has emerged as a systematic and effective approach for handling 

uncertain nonlinear systems. In this method, uncertain elements are commonly approximated using  neural networks (NNs) or 
fuzzy logic [4]–[7]. However, traditional backstepping methods often achieve the control objective as time approaches infinity, 
which may not be satisfactory for applications that demand fast transient responses. To overcome this limitation, finite-time control 
strategies have been developed, enabling convergence of tracking errors within a finite time, and thereby enhancing system 
transient performance and robustness against disturbances and noise [8], [9]. 

In addition, practical systems often operate under state constraints imposed by physical limitations or safety requirements. To 

handle such constraints within the backstepping framework, two main approaches have been proposed: Barrier Lyapunov 

Functions (BLFs) [10]–[12] and Nonlinear Mappings (NMs) [13]. Among the BLF-based methods, the most widely used are the 

Logarithmic BLF (Log-BLF) [14]–[17] due to its simplicity, the Tangent BLF (Tan-BLF) [18]–[21], and the Integral BLF (IBLF) 

[22]. A major challenge in BLF-based methods is maintaining the feasibility condition, as the virtual control signal must also 

satisfy the constraints, which becomes particularly difficult in the presence of system uncertainties. On the other hand, NM-based 

methods are often more straightforward, as they do not require explicit feasibility conditions, thus making parameter tuning simpler 

and more flexible [23]–[25]. 
Constrained control and finite-time control each offer distinct advantages when applied independently. Integrating these two 

approaches to design a finite-time constrained controller introduces additional complexities. However, it enhances the controller’s 

practicality. Consequently, the design of constrained finite-time controllers has become an important research topic and has 

attracted increasing attention in recent years, although relatively few studies have been conducted for switched systems in this 

area. For instance, in [26], a fault-tolerant finite-time controller was developed for constrained multi-input–multi-output (MIMO) 

systems with asymmetric and time-varying output constraints. A Log-BLF was employed to ensure system stability in the presence 

of these constraints.  

Similarly, in [6], a multi-objective constrained finite-time control scheme with time-varying and asymmetric constraints was 

proposed, again employing a BLF to maintain stability. In [27], finite-time control was designed for output-feedback systems with 

quantized inputs and symmetric, time-invariant output constraints, where a Log-BLF was utilized in the controller design. 

Furthermore, in [7], a Tan-BLF-based finite-time control approach was applied to a strict-feedback system with symmetric and 

time-invariant state constraints. In [28], Log-BLF finite-time control was developed for switched systems with constant and 

symmetric constraints, while [29] extended this framework to switched systems with zero dynamics. In [30], a Tan-BLF was used 

for finite-time control under time-varying, yet symmetric constraints. 
Although constrained finite-time backstepping control enables the design of practical controllers, it often results in high resource 

utilization and consequently increases implementation costs. This has motivated the consideration of optimal control, which aims 
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to reduce control effort while maintaining the desired performance. Optimal control plays a crucial role in many engineering 
applications, offering benefits in terms of performance, efficiency, and resource allocation [31].  

While optimal control has been widely explored in various control algorithms, optimal backstepping control has received 
comparatively less attention due to its analytical complexity. Recently, some efforts have been made to optimize the backstepping 
controllers. For example, in [32] an actor–critic reinforcement learning (RL) structure was integrated into backstepping control to 
optimize non-switching systems. In this method, the actor network is trained to ensure system stability, while the critic network is 
tuned by minimizing the Hamilton–Jacobi–Bellman (HJB) equation. In [33], an algorithm was developed to simplify the 
optimization process of backstepping control. Instead of using the squared error of the HJB approximation, the method utilizes the 
negative gradient of a simple positive-definite function derived from the partial derivative of the HJB equation. This approach 
significantly reduces computational complexity and is therefore referred to as the simplified optimal backstepping method. The 
simplified optimal backstepping approach has been investigated in a few studies. For instance, in [34], it was used to control 
uncertain constrained systems with symmetric, time-invariant state constraints, where tangent BLFs replaced standard quadratic 
Lyapunov functions, and Radial-Basis-Function Neural Networks (RBFNNs) were employed to estimate system uncertainties.  

In [35], the method was applied to unmanned aerial vehicles, and in [36], to strict-feedback multi-agent systems. Reference [37] 
extended the approach to ensure system performance during transient phases in unmanned submarines. In [38], an optimal 
backstepping controller was designed for a strict-feedback system with output feedback and dynamic uncertainty, where a NN was 
used to estimate the uncertainties and an observer was used to estimate the states. In [39], optimal backstepping was developed for 
systems with uncertain control gains. In [40], a simplified optimal backstepping algorithm was applied to an output-feedback 
system, where fuzzy logic was employed both to estimate uncertainties and as a state observer. In [41], the simplified optimal 
backstepping algorithm was extended to strict-feedback systems with output constraints and external disturbances, employing a 
NN to estimate uncertainties and disturbances, and a BLF to prevent constraint violations. 

The aforementioned studies focus on non-switched systems. Optimal backstepping control for switched systems has been 
investigated in only a limited number of works. In [42] optimal backstepping was applied to switched systems along with a fuzzy 
estimator to handle system uncertainties under arbitrary switching. In [43], an optimal backstepping control was developed for a 
constrained switching system, where an actor–critic network was integrated with a Log-BLF to achieve both optimal performance 
and constraint satisfaction. 

Motivated by the above considerations, this paper proposes a novel adaptive finite-time control scheme for switched strict-
feedback nonlinear systems with full-state constraints under arbitrary switching. The proposed design integrates the advantages of 
backstepping, NM, and an actor–critic NN framework to achieve fast convergence, optimized control performance, and guaranteed 
constraint satisfaction. The developed controller ensures that all closed-loop signals remain bounded and that the tracking error 
converges to a small neighborhood of the origin in a finite time, even under arbitrary switching among subsystems with uncertain 
dynamics. The main contributions of this work are summarized as follows: 

1. For the first time, a novel optimized adaptive finite-time backstepping control framework is developed for switched strict-
feedback nonlinear systems, capable of handling arbitrary switching while ensuring finite-time convergence. 

2. NM is employed to effectively handle full-state constraints, guaranteeing that the system states remain within their admissible 
bounds during operation. The feasibility conditions considered in previous works, such as [6], [7], [27] and [43] are relaxed. 
Furthermore, the constraints do not need to have specific forms, such as being symmetric or constant; they can take any general 
form as long as their time-derivatives exist. 

3. An RL actor–critic NN structure is incorporated to optimize the adaptive control policy. The RL algorithm is designed based 
on the negative gradient of a simple positive-definite function, which is generated from the partial derivative of the HJB 
equation. It can significantly simplify optimal control and also relaxes the persistence of excitation required in previous works; 
e.g., [32] and [43]. 

The rest of the paper is organized as follows. Section 2 presents the dynamics of the system and introduces the basic concepts. 
Section 3 details the design of the optimal finite-time controller design for constrained systems. Section 4 demonstrates the 
performance of the proposed controller, and finally, Section 5 provides the conclusion. 

II. SYSTEM DESCRIPTION AND BASIC KNOWLEDGE 

Consider the following switched strict-feedback systems [22]: 
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where 1[ , , ] ,T i
i ix x R x 1[ , , ]T n

n nx x R x  represent the state vector, n  is the number of the system states, u R  and 

y R denote the system’s input and output, respectively, if
 and nf

 are continuous and locally Lipschitz functions,  ig  is 

continuous function and non-zero at all times with constant and known signs;  :   1,2, ,R    denotes the switching signal 

and   represents the number of switching subsystems.  

The control objective is to design a controller for system (1) based on the optimized backstepping technique such that: 

1. All signals in the closed-loop system remain bounded. 

2. Each state remains within the defined constraints, as 

      ,   1, ,i i ic x c i n     (2) 
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    where ic and    ic are continues and known functions of time.  

Remark 1: It should be emphasized that the states, input, output, switching signal and constraints are time-dependent. This time 

dependency is omitted for simplicity.  

To achieve the control goals, a set of assumptions and lemmas are introduced in the followings. 

Assumption 1: it is assumed that the function ig is nonsingular and its sign is known. Without loss of generality, it is assumed that 

ig  is positive, which implies that for every  , there exist positive constants 0
ig such that  

  00 , 1, , , i i ig g i n     x  (3) 

Remark 2: Assumption 1 is widely adopted in many existing studies, such as [4], [24], [23]. 

Assumption 2: The reference dy  and its derivative up to nth order are bounded. Furthermore, the desired output does not violate 

the constraints which implies that there exist   ( )dc t  and (  )dc t  such that 

 1 1     ( )  )  (  d d dc c c tt y c     (4) 

Lemma 1 [44]: The RBFNN can approximate any continuous unknown function ( ) : n mR Rh X  in closed space Ω .X  It means 

that there exists a NN such that for 0e   

    *   , T e  Xh W εX ε  (5) 

where n
X R X  is input vector,   mRε represents the approximation error and  e is its upper bound,  X  is the vector of 

radial-basis functions, and *W  is the vector of ideal weights satisfying  

    * arg min T 
W

X XW h W  . (6) 

in which l mR W denotes the vector of actual weights and the elements of   1[ ,( ( )],)   T
l  X X X can be expressed as 
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where 1,...,[ ]Tinii μ μ μ   and i  are the center and width of the Gaussian functions, respectively, and l  is the number of neurons 

in the hidden layer.  

Lemma 2 (Young's inequality) [45]: for any real numbers a  and ,b  the following inequality holds: 
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where 0  , 1 1  , 2 1  , and 1 2( 1)( 1) 1    . 

Lemma 3 [46]: For real variables 1  and 2 , and positive constants 1,  2,  and 3,  the following inequality holds: 
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Lemma 4 [47]: Consider the system ( )f  . If there exists a continuous function ( )V   such that  

 1 2 3( ) ( ) ( )pV V V         (10) 

where 1 0  , 2 0  , 30    , and 0 1p  , then the system is finite-time stable. In addition, the upper bound of the settling-

time is given by 
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Moreover, 
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where 0 1   and 0t is the initial time. 
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III. CONTROLLER DESIGN 

To develop an optimized finite-time controller for the strict-feedback switched system given in (1) under constraints given in (2), 

the following NM is proposed: 
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Using (15), the switched system in (1) is transformed into 
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Moreover, the mapped desired output is defined as follows: 
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Remark 3: By applying the NM defined in (13), the constrained system in (1) is converted into the unconstrained system described 

in (16). This transformation simplifies the controller design process as it allows the control law to be developed for an unconstrained 

system. In addition, the resulting controller can be effectively applied to the control system in (1) while ensuring that all state 

constraints are satisfied. 

To design a controller for system (16) based on the backstepping method, the following steps are taken. 

Step 1: The tracking error is defined as 1 1:   dz    and 22 1 :z    . According to the transformed system, the following 

dynamic equation is derived: 

  1 1 2 1 1       d 2 dz z       ξF . (18) 

The optimal value function is defined as 
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where 2 2
1 1 1 1 1( , )h z z    is the local  cost function, 1  is the virtual controller and *
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equation can be obtained as follows:  
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From (20), the optimal virtual controller can be obtained as 
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Using (21), (20) can be rewritten as follows: 
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Solving this nonlinear differential equation is not trivial. To overcome this problem, NNs are employed. First, a NN is utilized 

to approximate the unknown function 21 21  :  ( ) ( )F ξ ξF , as shown below; this network will hereafter be referred to as the identifier 

network: 
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where *
1f
W  is the ideal weights of the identifier NN, f is the basis-function vector, 1f

 is the approximation error and 1  fe is its 

upper bound, 21 ( )f X ξ  is the input to this network.  

Next, define * *
1 1: max{|| ||}f f
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By substituting (25) into (21), it gives 
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where 11r , 12r and 1 are positive design constants and 0 1p  . In (26), 21 1, )(oJ zξ  and *
1f  are unknown. Hence, this controller 

cannot be applied to the system. To resolve this problem, a NN is used to estimate 1
oJ as follows: 
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JW are the ideal weights, J  is the basis-function vector, 1J
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1 11 , )( fJ zX X . Substituting (27) into (25) and (26), results in 
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Since the optimal weights ( *
1JW  and *

1f ) are unknown, the controller in (29) cannot be directly implemented. To tackle this 

issue, an actor–critic NN is introduced as follows: 
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where 1aW is the actor and 1cW  is the critic NN weights. As a result, the HJB approximation can be obtained as 
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According to the HJB equation in (22) and its approximation in (32), the Bellman residual error 1( )e t  can be written as follows: 
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1e  must satisfy the following equation: 
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  

*
1*

1 1 1
1

1 11 1
1

ˆ
ˆ( , ,

0

)
1

2

T
a

a
J cJ

dJ
H z

dz


 


W W
W

  . (34) 

In order to derive the update laws for the actor-critic network that guarantees (34), a positive-definite function is defined as 

    1 1 1 1 1( ) :
T

a c a cP t   W W W W . (35) 

It is obvious that 1( ) 0P t  is equal to (34). Considering that  1 1 1 11 1 2a c a cP P      W W W W , the derivative of 1( )P t  

becomes 

 
1 1 1

1 1
1 1

c aT T
c a

dP P P

dt

 
 
 

W W
W W

. (36) 

The update laws for the weights of the actor and critic networks are defined as follows: 

     11 1 1 11 11 111 1

1
:

2
T

J a cJ J Ja z a c cz      W W W WI    (37) 

  11 1 1 11 1 1 1

1
:

2
T

J J J Jc z c cz    W WI    (38) 

where 1a  and 1c  are positive constants and 1J  and 1z  are small positive constants. As a result, the derivative of 1( )P t  

becomes 

  1
1 1

1
1

1 1

1 1

0
2

T
J J J

a

T
a a

dP P P

dt





 
  

 W W
I  . (39) 

Inequality (39) means that 1( ) 0P t  is eventually achieved and hence * *
1 1 1 1 1

ˆˆ( , , ) 0H z dJ dz  .  

For the stability analysis, a Lyapunov function is defined as 

 2 2
1 1 1 1 1 1 1

1 1 1 1

2 2 2 2
: f a a c

T
c

TV z    W W W W  (40) 

where *
1 1 1 ,f f f    *

1 1 1,a a J W WW  and *
1 1 1 .c c J W W W  Using the identifier NN in (23), virtual controller in (31), and the 

actor-critic update laws in (37) and (38), the derivative of (40) can be obtained as follows: 

     

 

*
1 2 1 1 1 1 1 11 12

1

1 1 1 1 1 1 1 1 1

2 1
1 1 11 12 11

1 1 1 1 1

11 1 1 1 11 11

1

2

1

2
1

 

.

2

2

1
  T T

J f f f f df f

T
f a J J J J a c

T T

pT
a

T
f z a c

J cc Jc J

c

z J

V z z

z

r

z

z z r z  

 

 

 


   



 
       

 
 

   
 

 
 

 









W

W W W W

W

W

I

W I

   

  

  

 (41) 

Using Lemma 2, the following inequalities are obtained: 

 22
1 111

1 1
 

2
 

2
ffz z e     (42) 

  1 1 1 1
2

1 1 1 1 1

1 1

4 4

1

2
J

T T
a a

T
J J J azz    W W WI    (43) 

  1
2

1 1 1
2

1 1 1 1 11 1

1

4

1 1

2 4

T
a J J
T T

z z aa J Jz z     W W WI    (44) 

  1
2

1 1 1
2

1 1 1 1 11 1

1

4

1 1

2 4

T
c J J
T T

z z cc J Jz z     W W WI    (45) 

 * 2 2 *
1 1 1 1 1 11 21

1

1 1

2 2
T T

f f f ffz z  


 W     (46) 

 2 2
1 1

1 1
 

2
 

2
d dzz     .  (47) 

By defining the adaptation law as 

 2
1 1 1 1 1 12

1

1
 
2

: T
f f f f fz  


    (48) 

and by substituting (42)‒(48) into (41), it gives 



 

7 

 

 

 
   

   

 

1 1 1 1 1 1 11

1 1 1 1 1 1 1 1 1

2 2
11 12 1 1 11

1 1

2
1 1

1 1

1 1 1 1 1 1

2
1 1 1

2
1

1

1 11

1

7
( )

4
(

1 1

)

1 1

4
1

 
4 2

4
J

p
f c c

T T
f f c J J J

T T
a a J J J a c a J J J

T T
J J a

T T
a c

T T
a a z a

T
z

J J J

T
c J J J fc

r z r zV

e

 

 

  

 

 

  





   

 



  

 

 

  



W

W W W

W

W I

I

W

W W W

W W

I I

I

I

 

   

   

  2
1 2

2
1 .

2

1
   

2
d z z  

  (49) 

where 1f is a positive constant. Based on the definition of 1 1 1, , andf c a W W , the following equations are derived: 

 2 2 *2
1 11 1 1

1 1 1

2 2 2
f f f ff       (50) 

        * *
1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1

1 1 1

2 2 2

T T T T T T T T
c J J J c c J J J c c J J J c J J J J J        W I W W I W W I W W I W         (51) 

        * *
1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1

1 1 1

2 2 2

T T T T T T T T
a J J J a a J J J a a J J J a J J J J J        W I W W I W W I W W I W         (52) 

Applying Lemma 2 yields  

      1 1 1 1
1 1 1 1 1 1 11 11 1 1 1 11 1 1

( (
(

2

)
)

2

)a c a cT T T
a c a J J J a J J J a c

T
J J J

T
c c  

   
  

 
   W W W W WI I WI       (53) 

By substituting (50)–(53) into (49), it yields 

 

 

   

 

1 2
1 1 1 1 1 1

1
1 1 1

2 12 2
11 12 1 1 11

1
1 1 1 1 1 1

1 1

2
1 1 1

1 *
1 11 11 1

1

2 4
1

4 2
1

2

7

4 2

( )
4 2

2

2

f T
f c J J J

aT T T
a J J J

p c
z c

c
J

T
z ca c

cT

J c J

a aT
J J

T
a J a J

V r z r z


 

  

















 
     

  

 
   
 



  
 

   
     

  
 

  
 

W I

I W I

W

W W

I

W

W W W

 

   

   1 1 1

1
1

*
1

1
*2 2 2 2

1 1 2

1 1
.

1
   

2 22 2

T
J J J

f
f f d

J

e z z




 



  

I W

 (54) 

It is evident that 

  
1

1 1 1 1
mi

1
n

1 1
J

c
T T T
c J J J c c    W I WW W


   (55) 

  
1

1 1 1 1
min

11 1.
J

a
T T T
a J aJ J a   W W WI W


   (56) 

where 
1

min

J



is the minimum eigenvalue of 1 1 1
T

J J J I  . By using (55) and (56), (54) becomes 

 

 

1 1

2 1 12 2 min 2 min
11 12 1 1 1 11

1
1 * *

1

1 2
1 1 1 1

1 1 *2 2 2 2
1 1 11 1 21 1

1 1

2 4 4
1

     
2 2 2 2

7
( )

4 2 2
1 1

2 2

J J

f T

c

f c a

a fT
J J

p c c T
z c z

T
J f fJ J d

aV

e

r z r z

z z







 
  

 



 

   
         

   
 

       
 

 

 

W W W

W W

W

I

 

 

 (57) 

where the design constants must satisfy 12 7 4r   and 2
1 1 1 1max( )2, 2a c a z    . 

Step i ( 1  2 i  n ):  Define *
1 ˆ:i i iz    . According to the transformed system, the dynamic equation can be obtained as 

   *
11 1

*
1    ˆ ˆi i ii i i i iz z          ξF . (58) 

For optimization, the value function is defined as: 

    * *: min ( ), ( ) ( ), ( )
i

i i i i i i i
t t

J h z s s ds h z s s ds


 
 

  
 
 
   (59) 

where 2 2( , )i i i i ih z z    is the local  cost function, i  is the virtual controller, and *
i  is its optimal value. Using (59), the HJB 

equation is expressed as follows: 

   1

* * *
* * 2 *2 *

1
*

1   .
( ) ( )

ˆ( , , ) ( , ) i i
i i i i i

i i i i i i i
i i

i ii i i
i

dJ dJ z dJ z
H z h z z z z

dz dz dz

           ξF  (60) 

From (60), the optimal virtual controller can be written as 

 
*

*
( )1

2

i i
i

i

dJ z

dz
   . (61) 

By substituting (61) into (60), the HJB equation becomes 
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  
2

* *
*

1
2

1
ˆ  0

( ) ( )1 1

2 2

i i i i
i i i

i
ii

i

dJ z dJ z
z

dz dz
z   

 
  

 
   

  
ξF . (62) 

Solving the nonlinear differential equation in (62) is nontrivial. To address this challenge, an identifier-actor-critic NN, similar to 

step 1, is constructed as follows: 

     *
1 1 1 1 1

ˆ, ,     i i i i i i iF z z        i+1ξ ξF   (63) 

 ( )fi f fi X   (64) 

    * ,   T
i fi f fi fi fi fifiF e      X W X  (65) 

where * T
fi
W  is the vector ideal weights of the network. fi

 is the approximation error and   fie is its upper bound. The input to this 

network is  1 1 1 ( 1) 1 ( 1), ,..., ,..., , ,...,,f i i f f i a a iz z     i+1X ξ W W in which fi  is the estimation of ** max{|| ||}f fi i


  W . Similar 

to (30), an actor–critic NN is formulated as follows: 

 
1

2 2

*
2

1

ˆ
2 2

1
i

pi T
i i i i ci i fi

i

T
Ji i

i
f f

dJ
r z r z

dz
z 




 W     (66) 

 
1

2

2*
1 2

1
ˆ

2

1

2
i

pT
i fai i

T
Ji i i i fii i f

i

r z r z z


 
    W     (67) 

where aiW and ciW  are is the actor and  critic weights, respectively, 1ir , 2ir  and i are positive design constants, and 

, )( fJ ii i zX X . For brevity, the basis function ( )JiJ X   is represented as Ji . As a result, the HJB approximation become 

 

2*
2 1* 2

1 2

2 1
1 2

2 1
1 1 2

*
1

2

2

2

2

ˆ 1
ˆ( , , )

2

1

1

1
ˆ 

2

2 2

1

2

pTi
ai i i i i fiii i i i

ii

p T
i i i i fi cii

i

pT
i ai i i i

T
Ji fi fi

T
fi fi Ji

Ji

T
fi fi fi fi fi

i

T
i fi i

i

dJ
r z r zH z z

dz

r z r z

W r z z

z

z

z

z z

r

 







  












 
    

 

 


 





 
 






 

  





W

W

W

  

  



   *
1 .i 





 (68)  

Similar to step 1, as the HJB has a unique solution, the controller must satisfy the following equation: 

  

*
*

ˆ
ˆ( , , )

1

2
0T

Ji Ji

i
i i i

i
ai ci

ai

dJ
H z

dz

W




 W W  . (69) 

To derive the actor-critic update laws that ensure (69), a positive-definite function is introduced as follows: 

    ( ) :
T

i ai ci ai ciP t   W W W W . (70) 

It is apparent that ( ) 0iP t   is equal to (69). The weights of the actor and critic networks are updated according to the following 

laws: 

     
1

2
i

T
aJi i J Jai zi ii i Ji ai cici cW z       W WI W    (71) 

  
1

2

T
Ji i Ji Jci zi ci cii JizW     WI    (72) 

where ai  and ci  are positive constants and Ji and zi are small positive constants. The time derivative of (70) is 

   0
2

T
Ji Ji Ji

aii i i

T
ai ai

dP P P

dt


  
  

 
I

W W
  . (73) 

Inequality (73) indicates that ( ) 0iP t  is eventually achieved and hence * *ˆˆ( , , ) 0i i i i iH z dJ dz  . The Lyapunov function is 

considered as follows: 

 2
1

2

2
:

1 1 1 1

2 2 2
fi ai a

T T
i ci cii iiV z V   W W W W  (74) 

where * ,fi fi fi     *
ai ai Ji WW W , and * .ci ci Ji W W W  Using the identifier NN in (65), the virtual controller in (67), and the 

actor-critic update laws in (71) and (72), the derivative of (74) becomes 
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     

 

2 1
2 1

1 1

*
1 2

1
 

1

2
1

2
1

2

2

T T
i Ji fi fi fifi fi

T
ai Ji i

pT
i i ai i i i i fii

i

JJi Ji i ai c

z

i

i

T
zi ai

T T
ci J i

ci ci

i ci ci i i fJ i ii i Ji J fi

V z z z

z

z

z r r z

z z V

 

 

 

 


 

 




 

 



 
    

 
 

    
 
 
     









W

W W W

W

I W

I W

W

   

  

  

 (75) 

Applying Lemma 2 gives 

 221 1
 

2
 

2
fifi iiz z e     (76) 

  21 1

4 4

1

2

T T
i ai ai ai

T
Ji i Ji Ji Jiz z    W W WI    (77) 

  2 211

42

1

4

T
ai Ji i ai J
T T

i zi zi aii Ji Jizz      W W WI    (78) 

  2 211

42

1

4

T
ci Ji i ci J
T T

i zi zi cii Ji Jizz      W W WI    (79) 

 * 2 2 *
2

1 1

2 2
T

fi fi fi fifi i
i

i iz z  


 W     (80) 

By defining the adaptation law as 

 2
2

 
2

1
: T

f i f i f i f i f ii
i

z  


    (81) 

and applying (76)‒(81), (75) can be rewritten as 

 

   

     

 

2
2

2

2

2
1

2

5
( )

4

(

1
 

1 1
)

4
1

2

4

4

T T T
i fi ci Ji Ji Ji ai ai Ji Ji Ji

T T T
ai ci ai Ji Ji Ji Ji Ji Ji ai Ji Ji Ji

T
ci Ji

i

p T
i i i fi fi ci ci a

i

Ji Ji

ii

T T T
c ai ai zi a

T
ii fz ci

V r z r z

e

  

   

 

  

 

  

    

  

     

 



W I W I

I I I

W W

W W W

W WI

W W W

   

     

  1 1
2

1

1

2
i i ii i iz z Vzz    

 (82) 

where fi is a positive constant. According to the definition of ,fi ,ciW  and aiW , the following equations are obtained: 

 2 2 *21 1 1

2 2 2
fi fi fi fi if       (83) 

        * *1 1 1

2 2 2

T T T T T T T T
ci Ji Ji Ji ci ci Ji Ji Ji ci ci Ji Ji Ji ci Ji Ji Ji Ji Ji        W I W W I W W I W W I W         (84) 

        * * .
1 1 1

2 2 2

T T T T T T T T
ai Ji Ji Ji ai ai Ji Ji Ji ai ai Ji Ji Ji ai Ji Ji Ji Ji Ji        W I W W I W W I W W I W         (85) 

Applying Lemma 2 results in 

      
( (

( .
) )

)
2 2

ai ci ai ciT T T
ai ci ai Ji Ji Ji ai Ji iJi Ji ci

T T
ci ia cJi J Ji i  

   
 

 
     IW W W W W WI I       (86) 

Using (83)‒(86), (82) becomes 

 

 

   

 

22 2
1 2

2

2

*

13
( )

2 42

1

2 4 2

4
1

2 4 2

2

cip
zi cii i i ii

ci aiT
a

Tfi
ci Ji Ji Jifi

T T T
ai Ji Ji Ji ci Ji Ji Ji

ai ai T

zi i ci ci

T T
ai Ji Ji Ji

c
Ja i

i
i

zV r z r


 

  





 





 

 
     

 
 

   
 

 
  


 

 
   

 
 

  


 
 

W

W W W W

W

W I

I I

W I W

 

   

    *

*2 2 2
1 1 1

1
   

2

1
.

2 2

T
Ji Ji Ji Ji

fi
fi f i i i ii i iz ze Vzz




      





I W

 (87) 

It is evident that 

   min

Ji
ci ci

T T T
ci Ji Ji Ji ci    WW I WW


   (88) 

   min

Ji
ai ai

T T T
ai Ji Ji Ji ai    WW I WW


  . (89) 

where min

Ji



is the minimum eigenvalue of T
Ji Ji Ji I  . Using (88) and (89), (87) can be rewritten as 
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  

2 2 2 min
1 2

2 min *

1

*

1

2

*2 2
1

2

2

2
1

   

5 1
( )

4 2 4
1

2 4 2

2

1

2 2

Ji

Ji

fip ci
i i i i zi cii

ci ciT T
zi ai Ji J

fi ci

ai T
ai Ji Ji Ji
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i

i i i i
fi

f fi i i

r z r z

z z

V

e z Vz




 






 









   

 
     

 
   

      
   



 



  

W

W

W

W IW W




   (90) 

where the design constants must satisfy 2 5 4ir   and 2max( 2, 2)ai ci ai zi    . 

Step n: Define *
1ˆ :n n nz     . Then, according to the transformed system, the following dynamic equation is derived: 

   *
1

ˆ
n n n n nz u    ξF G . (91) 

For optimization purposes, the value function is defined as 

    * *: min ( ), ( ) ( ), ( )
n

n n n n n
t t

J h z s u s ds h z s u s ds


  
  

 
 
   (92) 

where 2 2( , )n n nh z u z u   is the local  cost function, u  is the control signal, and *u is its optimal value. Using (92), the HJB 

equation can be obtained as follows: 

  
*

*
* *

* * 2 *2 *
1 .

(( ) )
( , , ) ( , ) ( )n n n n n

n n n n n
n

n n
n

n
n

nn

dJ dJ z dJ z
H z u h z u z z u

d
u

z dz dz

        ξF G  (93) 

From (93), the optimal controller can be obtained as 

 
*

*
( )

.
2

n n

n

n dJ z
u

dz
 
G

 (94) 

Substituting (94) in (93), the HJB equation is 

  
2

* *
*

1

*
2   0.

)( ) ( ) (

2 2
n

n n n n n n
n n

n

n
n

n

n
n

n

dJ z dJ z dJ z
z

dz dz dz
  

 
   



 

 



 

ξ
G G

G F  (95) 

Solving the nonlinear differential equation in (95) is a challenging task. To address this issue, an identifier-actor-critic NN, 

similar to the previous steps, is designed as follows: 

     *
1 11 1

ˆ, ,   :    n n n n n n nnF z z       ξ ξF  (96) 

 ( )fn f fn X   (97) 

    *    ,T
n fn f fn fn fn fnfnF e      X W X  (98) 

where * T
fn
W  is the ideal weights of the NN identifier. fn

 is the approximation error and   fne is its upper bound, The input to this 

network is  1 1 1 ( 1) 1 ( 1), ,..., ,..., , ,...,,fn n f f n a a nz z     i+1X ξ W W and fn  is the estimation of * *max{|| ||}fn n
  W . An actor–

critic NN framework is formulated as follows: 

 
2

*
2

1 2
1

2 2
1ˆ 1

2 T
Jn fn fn fnc

n

p Tn
n n n n n n
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dJ
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dz
z 
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 
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


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G

 (99) 

 * 2 1
2 1 2

1 1
ˆ

2

1

2

T p
an n n n n

n

T
Jn fn fn fn

n
nu r r zz z 




 
 


  

 
W

G
    (100) 

where anW is the actor and cnW  is the critic NN weights, , )( fJ nnn zX X , and inr , inr and n are positive design constants. For 

brevity, ( )JnJ X  is represented as Jn . As a result, the HJB approximation is obtained as 
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
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 

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

 


 
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W

W

WW X

 
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   

G

G

.

 (101) 

Similarly, since HJB has a unique solution, the controller must satisfy the following equation: 
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  

*
*

2

1
0.

ˆ
ˆ( , , )

2

n
n n

n
an cn

an

T
Jn Jn

n

dJ
H z u

dz





W W
W

 
G

 (102) 

To derive the actor-critic update laws that ensure (102), a positive-definite function is introduced as follows: 

  

    ( ) :
T

n an cn an cnP t   W W W W . (103) 

It is obvious that ( ) 0nP t  is equal to (102). The actor and critic network weights are updated as follows: 

     
1

2
n

T
Jn n Jn Jn Jn anan zn an c cnn cz      W W WI W    (104) 

  
1

2

T
Jn n Jn Jcn zn cn cnn Jnz    W WI    (105) 

where an  and cn  are positive constants and Jn and zn are small positive constants. As a result, the derivative of ( )nP t  is 

   0
2

T
Jn Jn Jn

ann n n

T
an an

dP P P

dt


  
  

 
I

W W
  . (106) 

Inequality (106) means that ( ) 0nP t   is eventually achieved and hence, * *ˆˆ( , , ) 0nn nnH z u dJ dz   is obtained. The Lyapunov 

function is defined as follows: 

 2
1

2

2
:

1 1 1 1

2 2 2
fn an a

T T
n cn cnn nnV z V   W W W W  (107) 

where 
* ,fn fn fn     * ,an an Jn W WW and * .cn cn Jn W W W Using the identifier NN in (98), controller in (100), and the actor-

critic update laws in (104) and (105), the derivative of the Lyapunov function can be written as follows: 
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
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 
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 
 
   





 

  
 

W

I

W I

W W W W

W

  

  
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-

 (108) 

Applying Lemma 2 yields 

 221 1
 

2
 

2
f fn nn nz z e    (109) 

  21 1

4 4

1

2

T T
n an an an

T
Jn n Jn Jn Jnz z    W W WI    (110) 

  221 1

42 4

1 T
an Jn n an J
T T

n zn zn ann Jn Jnzz    W W WI    (111) 

  2 211

42

1

4

T
cn Jn n cn J
T T

n zn zn cnn Jn Jnzz      W W WI    (112) 

 * 2 2 *
2

1 1
.

2 2
n

T T
fn fn fn fn

n
fn nnz z  


 W     (113) 

By defining the adaptation law as 

 2
2

 
2

1
:fn fn fn fn

T
n fn

n

z  


    (114) 

and by using (109)‒(114), (108) becomes 
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T
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 





 



 

  

 



 

  

   



 

W

W W W W

W W

W I

I I

I I W

I

W

W

 

   

   

  1 1
2

n n nz z V  

 (115) 

where fn  is a positive constant. Using the definition of fn ,  cnW , and anW  the following equations are obtained: 
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 2 2 *21 1 1

2 2 2
fn fn fn fn nf        (116) 

        * *1 1 1

2 2 2

T T T T T T T T
cn Jn Jn Jn cn cn Jn Jn Jn cn cn Jn Jn Jn cn Jn Jn Jn Jn Jn        W I W W I W W I W W I W         (117) 

        * * .
1 1 1

2 2 2

T T T T T T T T
an Jn Jn Jn an an Jn Jn Jn an an Jn Jn Jn an Jn Jn Jn Jn Jn        W I W W I W W I W W I W         (118) 

Applying Lemma 2, results in 

    
( (

( .
2 2

) )
) an cn an cnT T T

an cn an Jn Jn an Jn Jn Jn cn Jn J J
T T

cn an n n cn 
   

 
 

   W W I W IW W W       (119) 

Substituting (116)‒(119) in (115) gives 
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   

 

2 2 2
2

*

2
1

2

5
( )

4 2

1

2 4

1

4

1

2 4 2

2 2

2

fn T
fn cn Jn Jn Jn

T T T
an Jn Jn

cnp
n n n n n zn cn

cn a

n

nT
zn an cn cn

cnT

c n

T
a

Jn n Jn J Jn

an aT
Jn Jn J nnn a Jn

r z rV z


 

  





 






 

  


 
   

 
 

   
 

 
     


 

   
 

 
  
 

W I

I W IW

I

W

W W

W W W

 

   

   

*2 2 2
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1 1

1
.

2

1
   

2 2

T
Jn Jn

f

Jn

n

Jn

fn
fn n n n ne z Vz




     





WI

 (120) 

It is clear that 

   min

Jn
cn cn

T T T
cn Jn Jn Jn cn    WW I WW


   (121) 

   min .
Jn

a
T T T
an Jn Jn Jn ann an    WI WW W


   (122) 

where min

Jn



is the minimum eigenvalue of T
Jn Jn Jn I  . Using (121)‒(122), (120) can be simplified as 
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 
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I




    (123) 

where the design constants must satisfy 2 5 4nr   and  2max( 2, 2)znan cn an     . 

Substituting (57) and (90) in (123), yields 
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By expanding (124), the following expression is derived: 
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Using Lemma 3 with 1 1  , 12
2
) (

n
jj    , 1 p  ,  2 1 p   and (1 )

3 (1 ) p pp   ,  one can get 
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Similar inequalities can be obtained for ajW and cjW  as 
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Using (126)‒(128) in (125), yields 
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Considering
min 2

1 min( 2, ( 2 4))J i cj zif jr     and by defining 
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the following equation is obtained: 

 1 2 3.p
n n nV V V      (130) 

  

Theorem: Consider the strict-feedback switched system in (1), with bounded initial states and reference signal. Using the actual 

controller in (100) and the virtual controllers in (31) and (67), and the adaptive laws in (48), (81), and (114), together with identifier 

NNs in (37), (71), and (104) as actor NNs, and (38), (72) and (105) as critic NNs. if Assumptions 1 and 2 hold and the design 

parameters satisfy the following conditions: 
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then, the optimized control scheme ensures that all the closed-loop signals remain finite-time bounded under arbitrary switching, 

all constraints are satisfied, and the tracking error converges to a small neighborhood of the origin. 

Proof: It can be observed from (130) that nV can be written as 

  1 2 2 31n n n
p

nV VV V        (131) 

or 

  1 1 2 31p p
nn n nVV VV         (132) 

where 0 1  . According to (131), if   3 21nV    , then 21 n
p

nn VVV    . From Lemma 4, it can be concluded that 

decreasing nV , drives i , aiW , ciW , and ( 1, , )iz i n to the following region: 
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Hence, the settling time is as follows: 
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Similarly, (132) leads to 
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And the settling time is 
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Consequently, it follows that    1/2 1/2
3 2 3 1( }| | min{ 1 ) ,( 1 ) p

iz         reaches in finite time 1 2max{ , }f ffT T T . 

Similarly, it can be concluded that i , aiW , and ciW  are bounded. Since *     ,i i i     * ,aiai JiW W W  and *
ci ci JiW W W , 

it follows that i , aiW , and ciW  are also bounded. Moreover, based on (31) and (67), the virtual controllers are bounded too. As 
*ˆ i  and iz  are bounded, the transformed states ( i ) remain bounded as well. Based on (14) and the boundedness of i , the original 

system states are also bounded. Finally, based on (13), the boundedness of ( 1,2,... )iz i n  guarantee that constraints are satisfied.        

  ■ 

Corollary: The tracking error of the original system can be expressed as 

 1 1 1
1 1 1) | |( z

dy ecy e zc      (137) 

Proof: Based on (14), the tracking error can be written as 
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 (138) 

Using the mean value theorem, 11 ze   can be written as 1 1
1

zz e   with 1 (0,1)  . Then, based on Theorem, 1z  is bounded. 

Therefore, 

 1 1 1
1 1 1) | |( z

dy ecy e zc     . (139) 

  ■ 

 

Fig. 1. Block diagram of the proposed Controller. 

 

Fig. 2. Block diagram of the optimizer. 
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Remark 4: Since the control signal of the original system is identical to the control signal applied to the mapped system, and based 

on the error relationship between the original and mapped systems, it can be concluded that the optimal control signal designed for 

the mapped system is also optimal for the original system. 

In this paper, an adaptive NN-based control scheme is developed for uncertain switched nonlinear systems subject to asymmetric 

time-varying constraints, using a backstepping approach. This method eliminates the feasibility condition that typically is imposed 

on the virtual controllers. The nonlinear terms are approximated using RBFNNs, while both the virtual and the actual controllers 

are optimized through actor–critic NNs. The algorithm, the block diagram of the control method, and the block diagram of the 

optimization structure are presented in Table I, Fig. 1, and Fig. 2 respectively. 

Table I: Algorithm of the proposed method 

1. Initialize j , ajW ,  cjW and (0)jx , 1, ,j n  

2. Define constraints for system states 

3. Define parameters such that  
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2, 25 4, max
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r

r
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4. Calculate the transformed states 

5. Calculate virtual controller for states 1 to 1n   using (31) and (67) 

6. Calculate controller signal using (100) 

7. Update identifier NN weights j  using (48), (81) and (113) 

8. Update actor NN weights using (37), (71) and (104) 

9. Update critic NN weights using (38), (72) and (105) 

10.  Use the control signal as the input of system (1) 

11.  Measure the system states and repeat steps 4 to 11 

IV. SIMULATION RESULTS 

To further demonstrate the effectiveness of the proposed algorithm, a mass-spring-damper [24] with friction shown in Fig. 3, is 

considered. The system dynamics can be expressed as: 

 
1 2

2 1 2 2

1

1 1 1 1( ) ( ) ( )

x x

fx s x b x x vrm m m m
y x





    



 (140) 

 

Fig. 3. Mass-spring-damper system. 

 
Fig. 4. Switching signal. 

 

where 1x  and 2x  are the position and velocity of the mass m, respectively, s and b  represent uncertain functions for spring and 

damper, respectively, fr denotes the friction, y is the output, and 2( )v s mu   x ( {1, 2, 3})   are three predefined 
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controllers that can be applied to the system, in which 2 1 2[ ] ,Tx xx  v  is the new input, and s is the switching signal shown in 

Fig. 4. By replacing u , system (140) can be rewritten as 

 

1 2

2 1 2 2 2

1

1 1[ ( ) ( ) ( )] ( )

x x

fx s x x s b x vrm m
y x





     



x  (141) 

where 1 3
1 1 2sin( )s x x x  , 2 2

2 1cos( )s x x  , 3 2
2 1s x x  , and (0) 0s   ( {1, 2, 3})  . Other parameters and functions are 

considered as follows: 

1 3 Kgm  , 2
1 1( ) 2s x x , 2

2 2 2( ) cos( )b x x x  

11 3r  , 12 3.5r  , 21 12r  , 22 20r  , 1 2 1   21 0.9f f   , 1 15a  , 2 17,a   1 12c  , 2 13c   

2( 2/0.9)(0.3 0.5 tanh(5 2) 0.8 20.5 xf g e x xr m    1 2 1 2 0.01z z J J       . 

The desired output is 0.5sin(4 )dy t . The initial weights for NNs are 24 1
1(0) [0.4 0.4]TaW R   , 

24 1
1(0) [0.1 0.1]TcW R   , 32 1

2 (0) [0.5 0.5] ,T
aW R   32 1

2 (0) [0.3 0.3]TcW R   , 1(0) 0.05  , and 2(0) 0.02  . 

 

 

 
Fig. 5. Trajectories of states and input signal for symmetric time-invariant constraints. 

To better highlight the advantages of the proposed controller, the results are compared with the methods introduced in [7] and 

[42]. In [7], a Tan-BLF approach is used to prevent violations of symmetric and time-invariant constraints in output-feedback 

systems. However, the input signal is not optimized. Moreover, it is assumed that all states are measurable. In [42], the optimized 

backstepping method is applied to control a state-feedback system with output hysteresis, but no state constraints are considered. 

For a fair comparison, the hysteresis effect is omitted.  
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Fig. 6. Cost function for steps 1 and 2 of backstepping. 

 

 
Fig. 7. Norm of the NN weights for step 1 and 2 of backstepping. 
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Fig. 8. Trajectories of states and input signals with disturbance. 

 
 

To make the fair comparison, the constraints are first considered as 1 1 1.7c c   and 2 2 1.8c c  , since the method in [7] can 

only handle symmetric and time-invariant constraints.  The simulation results for the sinusoidal desired output are shown in Figs. 

5–7. Fig. 5 shows the position and velocity of the mass with the imposed constraints and the controller input. As this figure shows, 

the controller in [42] violates the constraints, whereas the proposed controller and the method in [7] successfully maintain them. 

Fig. 6 shows the cost function for the two steps of the backstepping procedure for three methods. This figure reveals that the 

method in [7] has a higher cost function, due to its non-optimal method. Fig. 7 shows the norm of the NN weights. 

To further evaluate the performance of the three methods, the disturbance-rejection and input-saturation results are shown in 

Figs. 8 and 9, respectively. In Fig. 8, a pulse disturbance with amplitude 1 is applied to the system output between 5 s and 6 s. As 

can be observed, the proposed method successfully maintains all constraints, while the method in [7] becomes unstable and the 

method in [42] violates the constraints. In Fig. 9, the input is saturated at 7 N. Similar to Fig. 8, the proposed method outperforms 

other two methods. To further demonstrate that the proposed method can perfectly handle time-varying as well as asymmetric 

constraints, it is also tested with 1 0.4sin(4t)+0.5c   ,  1 0.5sin(4t)+0.3c  , 2 1.3c  , and 2 0.5cos(4t)+0.7c  . The results are 

shown in Fig. 10. As this figure shows, the method in [7] becomes unstable and the method in [42] violates the constraints. 
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Fig. 9. Trajectories of states and input signals for saturated inputs. 

 

V. CONCLUSION 

In this study, an adaptive finite-time control scheme based on backstepping and NN techniques has been proposed for a class of 

strict-feedback switched systems subject to full-state asymmetric and time-varying constraints. By incorporating the NM approach 

into the backstepping framework, the boundedness of all closed-loop signals is ensured while satisfying the full-state constraints. 

This integration effectively relaxes the feasibility condition on the virtual controller, which is often difficult to achieve in 

conventional methods. The nonlinear functions are approximated using RBFNNs, and by designing the adaptive law based on the 

norm of the RBFNN weights, only one adaptive law per step is required, thereby reducing computational complexity. The 

optimization was performed using an actor–critic framework, in which the update laws for the actor–critic network weights are 

derived from the negative gradient of a positive-definite function obtained through the partial derivative of the HJB equation, 

thereby simplifying the overall model. Simulation results confirm the effectiveness and finite-time convergence of the proposed 

method. However, it should be noted that control schemes relying on BLF or NM may exhibit instability when the system 

constraints are temporarily violated. Future research should therefore focus on developing control strategies capable of maintaining 

system stability under temporary constraint violations. Moreover, the use of Young’s inequality and squared Lyapunov functions 

introduces a certain degree of conservatism, which could be alleviated to enhance control performance. Finally, as the proposed 

optimized scheme is developed for a general mathematical model rather than a specific dynamic system, the design parameters are 

provided only within a range. For practical implementation, these parameters should be carefully tuned according to the 

characteristics of the actual system to ensure the best performance. 
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Fig. 10. Trajectories of states and input signals for asymmetric time-varying constraints. 
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