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Abstract

Real-time hybrid testing provides a practical way to evaluate engineering systems under
realistic operating conditions by combining numerical simulation with physical experi-
ments. For multibody dynamical systems, however, nonlinear kinematics, coupled mo-
tion, and actuator delay make it difficult to maintain both kinematic compatibility and
force equilibrium between the numerical and physical substructures. Existing model
predictive control approaches for real-time hybrid testing mainly address trajectory
tracking. This study proposes a model predictive control framework for real-time hybrid
testing of multibody dynamical systems in which the coordination problem is formu-
lated as a regulation problem. The framework directly targets simultaneous satisfaction
of kinematic compatibility and interface force equilibrium. The general formulation is
first assessed in a virtual real-time hybrid testing environment using a three-dimensional
six-degree-of-freedom multibody dynamical system. The virtual results show accurate
coupling, recovery of the nonlinear system response despite linearized predictive mod-
els, and robustness to moderate mismatch in the predictive model. For experimental
implementation, the framework is reduced to a real-time realization with a closed-form
solution. Implemented on a multi-axial simulation-table setup, the reduced controller
executes in 95.6 µs, corresponding to 19.6% of the available control period at 2048 Hz,
confirming real-time viability. The experiments show stable and bounded operation,
satisfactory kinematic compatibility and force equilibrium, and physically consistent
interaction in the presence of nonlinear and dissipative physical-substructure behavior.
These results demonstrate the potential of regulation-based predictive coordination for
real-time hybrid testing of nonlinear multibody dynamical systems.
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1. Introduction

1.1. Background and motivation

Experimental testing of large multibody dynamical (MBD) systems is often im-
practical because of system size, cost, complexity, and scaling limitations. At the same
time, even high-fidelity nonlinear MBD models remain limited by modeling assumptions
and by incomplete representation of physical interactions. These limitations motivate
methods that combine physical experiments with numerical simulation and make MBD
validation more realistic and practical.

Hybrid testing (HT) [1, 2] provides an effective framework for this purpose. In HT,
an engineering system is divided into a physical substructure (PS) and a numerical
substructure (NS). These substructures are coupled through kinematic compatibility
and force equilibrium at their interface. When this coupling is performed in real time,
the method is called real-time hybrid testing (RTHT). In many engineering fields, RTHT
is also known as hardware-in-the-loop simulation [3]. Recent advances in the control
of multi-actuator systems [4, 5, 6, 7] have made RTHT increasingly relevant for MBD
systems. Relevant applications have been reported in wind turbines [8, 9, 10, 11],
biomechanics [12], railway systems [13, 14, 15], and vehicle dynamics [16].

Real-time implementation introduces additional challenges related to the interaction
between actuator dynamics and structural response. If this interaction is not handled,
phase lag and effective delays appear [17, 18]. This may introduce artificial dynamics
such as negative damping, which can destabilize the test and reduce both kinematic
compatibility and force equilibrium at the interface. Delay-compensation methods are
therefore widely used in RTHT.

Early work in this track includes the polynomial extrapolation method proposed
by Horiuchi et al. [19] and its extension based on linear acceleration assumptions [20].
Carrion and Spencer [21] later extended this class of methods by introducing a model-
based compensation strategy that includes structural properties and external excitation
in the response prediction. A related line of work addresses substructure coupling by ex-
plicitly including actuator dynamics at the interface. Stefanaki and Sivaselvan [22, 23]
introduced a framework in which the actuator is treated as a dynamic system that em-
ulates the NS. Verma et al. [24, 25] formulated impedance matching as an optimization
problem that minimizes mismatch in actuator impedance. These methods are often
based on transfer-function descriptions of linearized models. Applying them to nonlin-
ear dynamics systems, such as MBD, may therefore require additional assumptions or
model extensions.

In model predictive control (MPC) [26], control inputs are computed by optimiz-
ing the predicted response of a model. Tsokanas et al. [27] proposed an MPC-based
approach for RTHT in which the transfer system is controlled to track a reference tra-
jectory generated by the NS. This trajectory-tracking formulation was later extended
to account for time-varying actuation dynamics through online model adaptation [28].
Other applications of trajectory-tracking MPC in RTHT include [29].
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Trajectory-tracking MPC primarily addresses the control of the transfer system by
driving the actuator to follow a prescribed NS reference. Force equilibrium can, in prin-
ciple, be included through additional cost terms or constraints, but the control problem
remains organized around reference tracking. An alternative is to formulate the MPC
problem as regulation of the interface residuals. This shifts the control objective from
actuator tracking toward coupled-system coordination. Such a formulation is particu-
larly relevant for nonlinear MBD systems, where extrapolation of the NS response may
be inaccurate.

1.2. Scope

This study proposes a model predictive control framework for real-time hybrid test-
ing of multibody dynamical systems, where the coordination between the numerical and
physical substructures is formulated as a regulation problem. The proposed formula-
tion regulates the interface by directly penalizing the kinematic compatibility and force
equilibrium residuals. The general framework is first assessed in a virtual real-time
hybrid testing environment. For experimental implementation, a reduced real-time re-
alization is introduced and evaluated using a three-dimensional six-degree-of-freedom
multibody dynamics system, in which the physical substructure is implemented on a
multi-axial simulation table.

The remainder of the paper is organized as follows. Section 2 presents the refer-
ence case study and the experimental setup. Section 3 introduces the proposed MPC
framework for RTHT, including the control formulation and predictive model. Section 4
presents the numerical validation of the framework in a virtual RTHT environment. Sec-
tion 5 describes the reduced real-time experimental implementation. Section 6 presents
and discusses the RTHT results. Section 7 concludes the paper.

2. Reference case study

2.1. System description

To demonstrate the proposed MPC framework and assess its ability to enforce the
interface conditions, a three-dimensional hanging-mass system is used as the reference
case study, as shown in Figure 1a. Although conceptually simple, the system captures
key challenges of MBD systems. These include geometric nonlinearity due to large
rotations and coupled translational–rotational motion. The system is partitioned into
a NS and a PS. The NS consists of a rigid body with three translational degrees of
freedom (longitudinal, lateral, and vertical) and three rotational degrees of freedom
(roll, pitch, and yaw). The PS consists of four bungee cords mounted on a test bench,
as shown in Figure 1b. The objective of the RTHT is to control the test bench so that
kinematic compatibility and force equilibrium between the NS and PS are maintained
in real time.
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(a) (b)

Figure 1: The reference case study consists of a) the hybrid model and b) the test setup

2.2. Experimental setup

The motion of the PS is controlled using an MTS multi-axial simulation table (model
353.20 High Performance). The table is equipped with six hydraulic actuators, which
provide servo-controlled longitudinal, lateral, and vertical translations, as well as space-
fixed roll, pitch, and yaw rotations. The interface forces transmitted by the PS are
measured using four load cells installed between the test bench and the PS. The setup
is located at the IBK Structures Laboratory at ETH Zürich and is shown in Figure 2.

(a) (b)

Figure 2: Experimental setup showing a) the full configuration and b) a close-up view. Item 1 denotes
the load cells, item 2 the bungee cords, item 3 the hexapod, and item 4 the support structure

The PS consists of four bungee cords suspended from a stiff support structure located
910 mm above the shake-table surface. The bungee cords are connected to the load
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cells through adjustable metal chains, which allow the pretension to be adjusted in the
initial configuration. The four load cells are arranged in a rectangular layout measuring
1000× 1100 mm on the shake-table surface.

The hybrid model is implemented in Simulink and executed in real time on a Speed-
goat target machine. At each control time step, the interface forces measured by the
load cells are fed back to the hybrid model. These forces are used to compute updated
displacement commands. All signals are sampled and exchanged at a fixed control rate
of 2048 Hz. The displacement commands are applied through an internal three-variable
control (TVC) loop in the MTS controller, which generates the servo-valve commands
for the shake-table actuators.

Communication between the Speedgoat target and the MTS controller is established
using SCRAMNet reflective memory cards. The resulting communication architecture
is shown in Figure 3.

Figure 3: Communication architecture of the RTHT setup.

To derive the governing equations of the hybrid system, a hybrid MBD model is
formulated using Kane’s method.

2.3. Hybrid model formulation with Kane’s method

In the hybrid model, the NS is evaluated numerically, while its interaction with the
PS is represented through interface forces and kinematic quantities. For the MBD sys-
tem considered here, the equations of motion are formulated using Kane’s method [30,
31, 32]. The HT-specific assembly follows the procedure introduced in [33].

Figure 4 shows the hybrid model in its undeformed and deformed configurations.
The motion of the system is described by the generalized coordinates defined at the

top of the rigid body,

q =
[
qx qy qz qϕ qθ qψ

]T
(1)

where qx, qy, and qz denote translational degrees of freedom along the global x-, y-, and
z-directions, respectively. The rotational degrees of freedom qϕ, qθ, and qψ describe the
orientation of the rigid body using a space-fixed X–Y –Z Euler-angle sequence.

The Euler-angle sequence describes the orientation of a body-fixed reference frame
A, defined by the orthonormal unit vectors âx, ây, and âz, relative to the inertial refer-
ence frame N , defined by the unit vectors n̂x, n̂y, and n̂z. To complete the kinematic
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(a) (b)

Figure 4: Hybrid model in a) undeformed and b) deformed configuration

description, position vectors are introduced from a stationary reference point O to the
moving points of the system. These points include the connection points P1, P2, P3,
and P4, as well as the center of mass C of the rigid body. The full kinematic description
used in the Kane-based derivation is provided in Appendix A.

Based on the established kinematic description, the equations of motion are derived
using Kane’s method. For each generalized speed, Kane’s equations can be written as,

FNS∗
j + FNS

j + F PS∗
j + F PS

j = 0, j = x, y, z, ϕ, θ, ψ (2)

where FNS
j and F PS

j denote the generalized active forces of the NS and PS, respectively,
while FNS∗

j and F PS∗
j denote the corresponding generalized inertia forces.

2.3.1. Numerical substructure

The inertia forces and torques of the NS are defined for the rigid body attached to
frame A, whose center of mass is located at point C, as

FNS∗
j =

∂NvC

∂q̇j
·(−mNaC)+

∂NωA

∂q̇j
·(−IA ·NαA−NωA×(IA ·NωA)), j = x, y, z, ϕ, θ, ψ

(3)
where q̇j is the time derivative to the generalized coordinate. NvC and NaC denote the
velocity and acceleration of point C in frame N , respectively. Similarly, NωA and NαA

denote the angular velocity and acceleration of frame A relative to frame N . The mass
of the rigid body is denoted m, and IA is the inertia dyadic of the body attached to
frame A,

IA =
m

12
(w2 + h2)âx ⊗ âx +

m

12
(b2 + h2)ây ⊗ ây +

m

12
(b2 + w2)âz ⊗ âz (4)

where ⊗ denotes the outer product.
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The generalized active forces acting on the NS is assembled as,

FNS
j =

∂NvC

∂q̇j
·(fx(t)n̂x+fy(t)n̂y−gmn̂z−ctNvC)+

∂NωA

∂q̇j
·(−kψqψâz−crNωA), j = x, y, z, ϕ, θ, ψ

(5)
where g = 9.81 m/s2 is the gravitational acceleration, m = 550 kg is the mass of the
rigid body, ct = 300N/(m/s) and cr = 30Nm/(rad/s) are the coefficients of added
translational and rotational damping, respectively, and kψ = 800Nm/rad is the co-
efficient of added rotational stiffness in the yaw direction. The time-varying external
loads are defined as fx(t) = 300 Γ(t) and fy(t) = 150 Γ(t), where Γ(t) is a smooth
pulse-shaped modulation function centered at t = 2 s.

2.3.2. Physical substructure and its predictive model

For the PS, the governing dynamics are not available in closed form, since the re-
sponse is generated by the transfer system and the experimental setup. Their combined
effect is therefore represented by the black-box relation,

F PS∗
j + F PS

j = rj(q, q̇, q̈, t), j = x, y, z, ϕ, θ, ψ (6)

where rj(q, q̇, q̈, t) denotes the generalized force contribution from the PS and transfer
system.

In the predictive model of the PS, denoted by P̃S, the inertia contribution from
the attached components is assumed to be negligible. The inertia generalized forces are
therefore set to,

F P̃ S∗
j = 0, j = x, y, z, ϕ, θ, ψ. (7)

The bungee cords are modeled as linearly elastic elements with an initial pretension.
The corresponding generalized active forces are,

F P̃ S
j =

4∑
i=1

∂NvPi

∂q̇j
·
(
(kδi + f0)ℓ̂i

)
, j = x, y, z, ϕ, θ, ψ (8)

Here, f0 is the pretension in each bungee cord, chosen to balance the gravitational
load, and k is the cord stiffness. Furthermore, δi and ℓ̂i denote the elongation and unit
direction vector of the i-th bungee cord, respectively,

δi = ∥pPiO∥ − ℓ0, ℓ̂i =
pPiO

∥pPiO∥
(9)

where ℓ0 is the initial length of the bungee cords.
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2.3.3. System partitioning

The system is partitioned into a NS and a PS, with the coupling enforced through
interface-force contributions,

FNS∗
j + FNS

j + FNS,int
j = 0, j = x, y, z, ϕ, θ, ψ (10)

F PS∗
j + F PS

j + F PS,int
j = 0, j = x, y, z, ϕ, θ, ψ (11)

where FNS,int
j and F PS,int

j denote the generalized interface-force contributions acting on
the NS and PS, respectively. These contributions are equal in magnitude and opposite
in direction, that is, FNS,int

j = −F PS,int
j . They are given by,

FNS,int
j =

4∑
i=1

∂NvPi

∂q̇j
·(λNSi ℓ̂NSi ), F PS,int

j =
4∑
i=1

∂NvPi

∂q̇j
·(λPSi ℓ̂PSi ), j = x, y, z, ϕ, θ, ψ

(12)
where the directions of the interface forces are defined by the unit vectors,

ℓ̂NSi =
pPiO

∥pPiO∥

∣∣∣
qNS

, ℓ̂PSi =
pPiO

∥pPiO∥

∣∣∣
qPS

, i = 1, . . . , 4 (13)

The interface forces and their directions are illustrated in Figure 5.

(a) (b)

Figure 5: Interface forces acting on a) the numerical substructure and b) the physical substructure

For the NS, the equation of motion is assembled from (10) as,

F
NS∗
x + FNS

x + FNS,int
x

...

FNS∗
ψ + FNS

ψ + FNS,int
ψ

 = M(qNS)q̈NS + f(qNS, q̇NS, t) + JT (qNS)λNS = 0 (14)

where λNS =
[
λNS1 . . . λNS4

]T
collects the interface-force scalars. Here, M(qNS)

denotes the mass matrix, f(qNS, q̇NS, t) the force vector, and JT (qNS) the Jacobian
matrix that maps the interface-force directions to the generalized coordinates.
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For the PS, the equations of motion are obtained from (11) as,F
PS∗
x + F PS

x + F PS,int
x

...

F PS∗
ψ + F PS

ψ + F PS,int
ψ

 = r(qPS, q̇PS, q̈PS, t) + JT (qPS)λPS = 0 (15)

Since this relation is realized experimentally, it is not available in closed form. For the
MPC prediction, it is replaced by the predictive PS model, given by,F

P̃ S∗
x + F P̃ S

x + F PS,int
x

...

F P̃ S∗
ψ + F P̃ S

ψ + F PS,int
ψ

 = KPS(qPS)qPS + JT (qPS)λPS = 0 (16)

where KPS is the stiffness of the predictive PS model.
For physically consistent coupling of the partitioned system, the interface must

satisfy kinematic compatibility and force equilibrium,

xPS − xNS = 0 (17)

λPS + λNS = 0 (18)

where xPS =

[
qPS

q̇PS

]
and xNS =

[
qNS

q̇NS

]
.

In RTHT, the delay and dynamics in the transfer system can make simultaneous en-
forcement of these conditions challenging. An MPC-based control strategy is therefore
introduced to regulate the interface mismatch.

3. Model predictive control in real-time hybrid testing

The proposed framework optimizes the inputs to the NS and PS simultaneously,
with the goal of minimizing the mismatch in states and interface forces between the
two substructures. This is achieved by formulating the RTHT coordination problem
within a regulation-based MPC framework. Figure 6 shows a schematic overview of the
framework.

Overall, the plant states x and interface forces λ are controlled through the input
u so that the output y → 0. The control inputs are optimized over a finite prediction
horizon using a predictive model of the plant, where predicted quantities are denoted
by (̃·). Accordingly, x̃ and λ̃ denotes the predicted states and interface forces, given
control inputs ũ. The following subsections present the plant, the predictive model, the
optimizer, and the time-stepping procedure.
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Figure 6: Schematic overview of the proposed model predictive control framework for real-time hybrid
testing.

3.1. Plant

In the proposed framework, the plant consists of the coupled NS and PS. The control

input is, u =

[
uPS

uNS

]
, and the objective is to regulate the output y such that,

y =

[
xPS − xNS

λPS + λNS

]
→ 0 (19)

where xPS and xNS are the state vectors of the PS and NS, respectively, and λPS and
λNS are the interface forces acting on each substructure. The system is formulated in
discrete time, with ti = i∆t, where i ∈ N and ∆t is the time step.

At each time step, the NS dynamics are given by,

xNSi+1 = fNS(xNSi ,λNSi ,uNSi , ti)

λNSi+1 = gNS(xNSi ,λNSi ,uNSi , ti)
(20)

where (·)i = (·)(ti), and fNS(·) and gNS(·) describe the evolution of the states and
interface forces, respectively. To obtain a forward dynamics formulation, the interface
forces are treated as inputs, that is, λNSi+1 = uNSi .

Similarly, the PS dynamics are given by,

xPSi+1 = fPS(xPSi ,λPSi ,uPSi , ti)

λPSi+1 = gPS(xPSi ,λPSi ,uPSi , ti)
(21)

However, for the PS, these dynamics are not evaluated numerically. Instead, they are
realized through imposed commands and measured feedback from the experimental
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setup. The PS is internally controlled by the transfer system, which maps the control
input uPSi , such as displacements, accelerations, forces, or valve commands, to the
physical response. The resulting states and interface forces are measured and fed back
as xPS and λPS.

3.2. Predictive model

While the plant dynamics described above represent the true evolution of the NS
and PS, they are generally nonlinear. For the PS, they are not explicitly available in
analytical form and a predictive model is therefore introduced to approximate the plant
behavior over a finite horizon and enable tractable optimization.

At each time step ti, a predictive model of the plant is constructed over a finite
prediction horizon. The prediction horizon is defined by the discrete instants t̃j =
ti + j∆t̃ for j = 0, . . . , N . Here, ∆t̃ is the prediction time step, which may differ from
the system time step ∆t, for example ∆t̃ = n∆t with n ∈ N.

Over the prediction horizon, the objective function J is defined as a weighted sum
of the regulation output in (19),

J =
N∑
j=1

[
x̃PSj − x̃NSj
λ̃PSj + λ̃NSj

]T
Q

[
x̃PSj − x̃NSj
λ̃PSj + λ̃NSj

]
+

N−1∑
j=1

[
ũPSj − ũPSj−1

ũNSj − ũNSj−1

]T
W

[
ũPSj − ũPSj−1

ũNSj − ũNSj−1

]
(22)

where Q penalizes deviations from kinematic compatibility and force equilibrium. The
matrix W penalizes control increments, which promotes smoother control actions.

To obtain an affine predictive model suitable for convex optimization, the NS plant
dynamics from (20) are assembled and linearized around the current state,[

x̃NSj+1

λ̃NSj+1

]
= ANS

i

[
x̃NSj
λ̃NSj

]
+BNS

i ũNSj + cNSi (23)

where,

ANS
i =

[
∂fNS

∂xNS |i ∂fNS

∂λNS |i
∂gNS

∂xNS |i ∂gNS

∂λNS |i

]
, BNS

i =

[
∂fNS

∂uNS |i
∂gNS

∂uNS |i

]
, (24)

cNSi =

[
fNSi

gNSi

]
−ANS

i

[
xNSi
λNSi

]
−BNS

i uNSi (25)

As the PS dynamics are not available analytically, in the predictive model, they
are approximated by a linear representation of the transfer system (TS) and the PS
interaction. This gives, [

x̃PSj+1

λ̃PSj+1

]
= APS

i

[
x̃PSj
λ̃PSj

]
+BPS

i ũPSj + cPSi (26)

Depending on the choice of control input ũPS, the TS control primarily determines
either the states x̃PS or the interface forces λ̃PS. The remaining variables are then
determined by the PS dynamics.

12
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3.3. Optimizer

Starting from the plant state at time step ti, the coordination problem is formulated
as a finite-horizon regulation problem. The optimizer minimizes the objective function
in (22), subject to the equality constraints imposed by the predictive models of the NS
and PS in (23) and (26), respectively. Inequality constraints may also be included to
enforce bounds on the control inputs. In that case, the optimization problem becomes,

minimize
ũPS
0 ,...,ũPS

N−1,

ũNS
0 ,...,ũNS

N−1

N∑
j=1

[
x̃PSj − x̃NSj
λ̃PSj + λ̃NSj

]T
Q

[
x̃PSj − x̃NSj
λ̃PSj + λ̃NSj

]
+

N−1∑
j=1

[
ũPSj − ũPSj−1

ũNSj − ũNSj−1

]T
W

[
ũPSj − ũPSj−1

ũNSj − ũNSj−1

]

subject to x̃PS0 = xPSi , λ̃PS0 = λPSi , x̃NS0 = xNSi , λ̃NS0 = λNSi[
x̃PSj+1

λ̃PSj+1

]
= APS

i

[
x̃PSj
λ̃PSj

]
+BPS

i ũPSj + cPSi , j = 0, . . . , N − 1[
x̃NSj+1

λ̃NSj+1

]
= ANS

i

[
x̃NSj
λ̃NSj

]
+BNS

i ũNSj + cNSi , j = 0, . . . , N − 1

uPSmin ≤ ũPSj ≤ uPSmax, j = 0, . . . , N − 1

uNSmin ≤ ũNSj ≤ uNSmax, j = 0, . . . , N − 1
(27)

The optimization yields the control sequences ũPS0 , . . . , ũPSN−1 and ũNS0 , . . . , ũNSN−1.
These sequences minimize the predicted mismatch in substructure states and interface
forces over the horizon. At each time step, only the first control input of the optimal
sequence is applied to the plant. The optimization is then repeated using updated plant
states and interface forces.

3.4. Time-stepping procedure

The MPC-based RTHT framework is implemented at each time step ti according to
the following procedure:

1. Evaluate plant. For the PS, measure the current state xPSi and interface forces
λPSi . For the NS, compute the current state xNSi and interface forces λNSi from
(20) using the previously applied control input.

2. Update predictive model. Construct the predictive models of the NS and PS using
the current plant states, according to (23) and (26).

3. Optimize over the prediction horizon. Solve the finite-horizon optimization prob-
lem in (27) to obtain the optimal control sequences ũ∗PS

0 , . . . , ũ∗PS
N−1 and ũ∗NS

0 , . . . , ũ∗NS
N−1.

4. Apply control input. Apply the first element of each optimal control sequence,

uPSi = ũ∗PS
0 , uNSi = ũ∗NS

0 ,

and advance to the next time step, i = i+ 1, at wall-clock time t = ti +∆t.
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The proposed MPC-based RTHT framework is first validated in a virtual RTHT
environment. It is then applied to the reference case study using a formulation adapted
for real-time implementation.

4. Numerical validation

4.1. Virtual RTHT setup

For the numerical validation, the experimental setup from the reference case study
is reproduced in a virtual real-time hybrid testing (vRTHT) environment. This allows
controlled assessment of the proposed framework without experimental uncertainties.
As in the reference case study, the input to the TS is defined in terms of displacements.
The TS is modeled as a first-order lag,

q̇PS =
1

τ
(uPS − qPS) (28)

where τ is the time constant of the actuator dynamics.
Using exact sampling [34], the continuous-time model is discretized as,

x̃PSj+1 =

[
q̃PSj+1
˙̃qPSj+1

]
=

[
e−

∆t̃
τ q̃PSj + (1− e−

∆t̃
τ )ũPSj

1
τ
e−

∆t̃
τ (ũPSj − q̃PSj )

]
(29)

The predicted restoring force from the PS is updated from the equilibrium relation in
(16),

λ̃PSj+1 = λ̃PSj − (JPSi )−TKP̃ S
i (q̃PSj+1 − q̃PSj ) (30)

Combining (29) and (30) gives the prediction model for the coupled PS–TS dynamics
in the form of (26), with,

APS
i =

 e−
∆t̃
τ I 0 0

− 1
τ
e−

∆t̃
τ I 0 0

(e−
∆t̃
τ − 1)KPS

i 0 I

 , BPS
i =

 (1− e−
∆t̃
τ )I

1
τ
e−

∆t̃
τ I

(1− e−
∆t̃
τ )KPS

i

 , cPSi = 0 (31)

To obtain a forward dynamic state update for the NS, the control input is chosen as,

λNSi+1 = uNSi (32)

Linearizing (14) about the state at time step i and applying a second-order Runge–
Kutta scheme gives the NS prediction model in the form of (23), with,

ANS
i =

[
I+∆t̃ĀNS

i + ∆t̃2

2
ĀNS
i ĀNS

i
∆t̃
2
B̄NS
i + ∆t̃2

2
ĀNS
i B̄NS

i

0 0

]
(33)

BNS
i =

[
∆t̃
2
B̄NS
i

I

]
, cNSi =

[
∆t̃c̄NSi + ∆t̃2

2
ĀNS
i c̄NSi

0

]
(34)
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where,

ĀNS
i =

[
0 I

−MNS−1

i KNS
i −MNS−1

i CNS
i

]
, B̄NS

i =

[
0

−MNS−1

i JNS
T

i

]
,

c̄NSi =

[
0

−MNS−1

i (fNSi −KNS
i qNSi −CNS

i q̇NSi )

] (35)

The virtual RTHT environment is implemented in Python. The hybrid model is
derived symbolically using the Mechanics module of SymPy [35, 36]. This provides the
equations of motion and their linearized forms required by the predictive model. The
resulting MPC problem is then formulated and solved using gurobipy.

4.2. Virtual RTHT results

The proposed MPC-based RTHT framework is evaluated in a virtual environment
where the NS, PS, and TS dynamics are modeled explicitly. Unless otherwise stated,
the objective-function weights are chosen as Q = 106I and W = I, and the input
constraints in (27) are selected sufficiently large to remain inactive. The weights were
selected empirically for the present virtual RTHT case. A systematic sensitivity study
is not included, and the optimal weighting may depend on the considered system.

Figure 7 shows the commanded PS displacements, uPS, together with the general-
ized coordinates of the NS and PS, qNS and qPS. The corresponding interface forces
are shown in Figure 8, while the kinematic-compatibility and force-equilibrium residu-
als are shown in Figure 9. The responses are compared with nonlinear and linearized
full-system reference simulations.
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Figure 7: vRTHT state a) longitudinal, b) lateral, c) vertical, d) roll, e) pitch and f) yaw
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Figure 8: vRTHT interface-force responses for a) load cell 1, b) load cell 2, c) load cell 3, and d) load
cell 4, showing the nonlinear reference, λNS , and −λPS
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Figure 9: vRTHT mismatch in kinematic compatibility for a) translational and b) rotational dofs,
and c) mismatch in force equilibrium between NS and PS. Here displacement compatibility and force
equilibrium mismatches are denoted εq = qPS − qNS and ελ = λPS + λNS .

Figures 7 and 8 show that kinematic compatibility and force equilibrium between
the NS and PS are maintained with high accuracy throughout the simulation. The
displacement responses of the two substructures are nearly indistinguishable. The in-
terface forces remain equal and opposite over time. This indicates that the predictive
model captures the coupled dynamics with sufficient accuracy over the prediction hori-
zon. It also shows that the MPC formulation provides feasible and effective control
inputs.

Figure 9 confirms this by showing the residual mismatch in kinematic compatibility
and force equilibrium. For both translational and rotational coordinates, the mismatch
remains close to zero throughout the simulation. The force equilibrium error is also neg-
ligible. These results show that the proposed coordination strategy maintains accurate
coupling between the two substructures over time.

The influence of system nonlinearities is seen in the difference between the nonlinear
and linear reference solutions. These effects are mostly seen in the vertical translation
and yaw rotation, shown in Figures 7c and 7f, respectively. In these cases, no external
loads are applied, and the response is governed mainly by coupling between the de-
grees of freedom. The RTHT responses of the NS and PS closely follow the nonlinear
reference, while clear differences remain relative to the linearized model. This shows
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that, although the predictive model is based on linearization, the proposed coordination
framework preserves the nonlinear behavior of the system.

The coordination error is quantified using the performance indices J1–J3, adapted
from the real-time hybrid simulation criteria proposed by Silva et al. [5].

J1 = argmax
k

(
∑
i

qNSi qPSi−k) (36)

J2 =

√∑N
i=1[q

NS
i − qPSi ]2∑N

i=1[q
NS
i ]2

× 100% (37)

J3 =

√∑N
i=1[λ

NS
i + λPSi ]2∑N

i=1[λ
NS
i ]2

× 100% (38)

The resulting values are summarized in Table 1 and 2.

Table 1: Displacement compatibility error quantifiers for vRTHT

Longitudinal Lateral Vertical Roll Pitch Yaw Overall
J1[−] 0 0 0 0 0 0 0
J2[%] 0.024 0.018 0.057 0.012 0.014 0.004 0.017

Table 2: Force equilibrium error quantifiers for vRTHT

Int. force 1 Int. force 2 Int. force 3 Int. force 4 Overall
J3[%] 0.009 0.013 0.008 0.013 0.011

The values in Table 1 and 2 confirm the performance of the proposed MPC frame-
work in the virtual RTHT environment. The zero values of J1 show that delay effects
are compensated effectively. The very small values of J2 and J3 indicate negligible
mismatch in kinematic compatibility and force equilibrium throughout the simulation.
This level of accuracy is expected because the predictive model closely matches the plant
dynamics. The present case therefore serves as an idealized baseline for the subsequent
analysis of mismatch in the TS and PS predictive models.

4.3. Effect of mismatch in the predictive model

The performance of the proposed MPC framework depends on the accuracy of the
predictive model, which includes both the transfer-system dynamics and the PS behav-
ior. To assess the sensitivity of the framework to modeling errors, mismatches in both
components are considered.

Figure 10 compares the case in which the delay used in the predictive model, τmodel,
matches the plant delay τplant, with cases in which the delay is under- or overestimated.

Figure 11 compares the baseline case with cases in which the PS stiffness in the
predictive model, kmodel, is under- or overestimated relative to the plant stiffness, kplant.
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For both types of mismatch, a quantitative comparison with the baseline is provided
in Table 3.
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Figure 10: Influence of prediction delay on the response in a) longitudinal, b) lateral, c) vertical, d)
roll, e) pitch, and f) yaw

Table 3: Error quantifiers for the baseline case and for under- and overestimation of the PS stiffness k
and TS delay τ in the predictive model.

Baseline kmodel =
1
2
kplant kmodel = 2 kplant τmodel =

1
2
τplant τmodel = 2 τplant

J1[−] 0 0 0 1 0
J2[%] 0.017 0.319 0.207 2.321 1.353
J3[%] 0.011 0.020 0.006 0.018 0.010

The results in Figure 10 show that mismatch in the predicted TS delay has a limited
effect on the overall state response. However, the error quantifiers in Table 3 show a
clearer effect on the kinematic alignment between the NS and PS. This is consistent
with the role of delay in the coupling loop. An incorrect delay estimate mainly shifts
the timing between the commanded and realized interface motion. The NS and PS can
therefore follow similar trajectories while still being slightly misaligned at the interface.
Thus, TS-delay mismatch primarily affects compatibility.

In contrast, Figure 11 shows that inaccuracies in the PS model affect the response
amplitude more directly. This can be attributed to the role of the PS stiffness in the
prediction model. If the stiffness is inaccurate, the predicted restoring force is also
inaccurate for a given interface displacement. This affects the predicted energy ex-
change between the NS and PS. Overestimating the stiffness increases the oscillations,
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Figure 11: Influence of PS-stiffness mismatch on the vRTHT response in a) longitudinal, b) lateral, c)
vertical, d) roll, e) pitch, and f) yaw

whereas underestimating it reduces them, indicating slight artificial negative and pos-
itive damping, respectively. Despite this effect, both cases remain closer to the plant
behavior than to the predictive model.

These results indicate that TS-delay mismatch mainly introduces timing errors at
the interface, whereas PS-stiffness mismatch changes the predicted force response. Even
so, the framework remains stable and the response stays governed by the plant in all
cases considered.

5. Real-time hybrid test implementation

5.1. Identification of delay

The nominal delay used in the predictive model is identified from open-loop transfer-
system tests, in which prescribed displacement commands are sent directly to the test
bench and the resulting motion is measured. The load-cell signals were conditioned
using a digital Chebyshev type II low-pass filter designed at a sampling rate of 2048 Hz,
with passband and stopband edge frequencies of 20 Hz and 30 Hz, respectively, in
order to attenuate 50 Hz mains interference. The displacement measurements were
conditioned in the same way, so that the delay identification is based on the filtered
displacement signal supplied to the controller.

For each controlled degree of freedom, the delay is estimated as the lag maximizing
the cross-correlation between the commanded and filtered displacement signals. Fig-
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ure 12 shows the corresponding responses, and Table 4 summarizes the identified lag
values.
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Figure 12: Open-loop transfer-system responses for the six controlled degrees of freedom: a) longitu-
dinal, b) lateral, c) vertical, d) roll, e) pitch, and f) yaw. The commanded, measured, and filtered
signals are shown together with zoomed views of the response. The nominal delay used in the reduced
predictive model is identified from the lag between the commanded and filtered signals.

Table 4: Identified transfer-system delay from open-loop tests

Longitudinal Lateral Vertical Roll Pitch Yaw Average
Lag [-] 103 97 92 84 89 90 92.5
τ [ms] 50.29 47.36 44.92 41.02 43.46 43.95 45.17

The identified delays range from 84 to 103 control steps (41.0–50.3 ms), with an
average of 92.5 (45.17 ms). A nominal value of n = 92 control steps, corresponding to
τ ≈ 44.9 ms, is therefore adopted in the reduced predictive model. Although the open-
loop responses also reflect transfer-system dynamics beyond a pure delay, a nominal
delay model is retained as an approximation of the dominant timing effect. The iden-
tified delay is included in the predictive model used for the Simulink implementation
described next.

5.2. Implementation in Simulink

The MPC framework presented in Section 3 was implemented in Simulink for the
experimental validation. At each sampling instant i, the linearized model matrices Ai,
Bi, and ci are held constant over the prediction horizon. This makes the predicted
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trajectory a linear function of the future control inputs. When the bounds on the
control inputs are not considered, the resulting quadratic MPC problem admits an
analytical solution, which was implemented directly in a Simulink function block.

To obtain this solution, the predicted states and interface forces of each substructure
are collected over the prediction horizon and written in a condensed prediction model,

Zs = As
i

[
xsi
λsi

]
+ BsiU s + Csi , s ∈ {PS,NS} (39)

where, for a given substructure s ∈ {PS,NS}, Zs collects the predicted states and
interface forces over the prediction horizon, while U s collects the corresponding future
control inputs,

Zs =



x̃s1
λ̃s1
x̃s2
λ̃s2
...
x̃sN
λ̃sN


, U s =


ũs0
ũs1
...

ũsN−1

 (40)

The repeated model evaluations over the horizon are collected in the condensed predic-
tion matrices As

i and Bsi , and in the offset vector Csi , given by,

As
i =


As
i

(As
i )

2

(As
i )

3

...

(As
i )
N

 , Bsi =


Bs
i 0 0 · · · 0

As
iB

s
i Bs

i 0 · · · 0

(As
i )

2Bs
i As

iB
s
i Bs

i · · · 0
...

...
...

. . .
...

(As
i )
N−1Bs

i (As
i )
N−2Bs

i (As
i )
N−3Bs

i · · · Bs
i

 ,

Csi =



csi
As
ic
s
i + csi

(As
i )

2 csi +As
ic
s
i + csi

...
N−1∑
k=0

(As
i )
k csi



(41)

Using the condensed prediction model, the objective can be written as,

J =

(
E
[
ZPS

ZNS

])T
Q
(
E
[
ZPS

ZNS

])
+

(
∆

[
UPS

UNS

])T
W
(
∆

[
UPS

UNS

])
(42)
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where E is the interface residual matrix, which forms the stacked kinematic compati-
bility and force equilibrium residuals over the prediction horizon. The matrix ∆ forms
the input increments1,

E =
[
IZ S∓

]
, S∓ = IN ⊗

[
−Ix 0
0 Iλ

]
(43)

∆ =

[
DN ⊗ IPS 0

0 DN ⊗ INS

]
, DN =


−1 1 0 · · · 0
0 −1 1 · · · 0
...

...
. . . . . .

...
0 0 · · · −1 1

 (44)

The weighting matrices are assembled as,

Q =

Q . . . 0
...

. . .
...

0 . . . Q

 , W =

W . . . 0
...

. . .
...

0 . . . W

 (45)

Here the optimal input sequence is obtained from by solving ∂J/∂

[
UPS

UNS

]
= 0. The

solution reads,[
UPS

UNS

]⋆
= −

([
BPSi 0
0 BNSi

]T
ETQE

[
BPSi 0
0 BNSi

]
+∆TW∆

)−1

[
BPSi 0
0 BNSi

]T
ETQE

[APS
i 0
0 ANS

i

]
xPSi
λPSi
xNSi
λNSi

+

[
CPSi
CNSi

]
(46)

The closed-form solution is well-defined when the matrix being inverted is nonsingular.
The equations of motion of the NS and the predictive model of the PS are derived

symbolically in SymPy, following Section 2.3, and implemented in Simulink through
automatic code generation. The resulting predictive models are used in the closed-form
controller given in (46). For the real-time implementation, the prediction horizon is
set to N = 1, the prediction time step is chosen as n = 92 control steps, and the
input-increment penalty is omitted by setting W = 0.

The present example is low dimensional, and the reported execution time should
therefore be interpreted for this system size. At the fixed sampling rate of 2048 Hz, the
available control period is 488.3 µs. The measured controller evaluation time is 95.6, µs,
corresponding to 19.6% of the control period. Thus, the implementation satisfies the
real-time constraint with substantial computational headroom.

1⊗ indicates the Kronecker product.
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For larger MBD systems, the main computational cost is expected to come from
evaluating the predictive model and solving the optimization problem. Additional in-
terface forces also increase the number of residuals and control variables. Real-time
application to larger systems may therefore require a reduced predictive model that
retains only the states and interface quantities needed for coordination.

6. Results and discussion

Figure 13 presents the RTHT results, including the motion of the two substructures
and the control commands applied to the PS. Figure 14 shows the corresponding in-
terface forces. Figure 15 shows the force–displacement hysteresis of the PS. Figure 16
shows the mismatch in kinematic compatibility and force equilibrium. Table 5 and 6
summarize the corresponding error metrics.
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Figure 13: RTHT state responses for a) longitudinal, b) lateral, c) vertical, d) roll, e) pitch, and f)
yaw motion.
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Figure 14: RTHT interface-force responses for a) load cell 1, b) load cell 2, c) load cell 3, and d) load
cell 4.
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Figure 15: Force–displacement hysteresis of the physical substructure for a) load cell 1, b) load cell 2,
c) load cell 3, and d) load cell 4.
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Figure 16: RTHT mismatch in displacement compatibility for a) translational and b) rotational de-
grees of freedom, and c) mismatch in force equilibrium between the NS and PS. Here displacement
compatibility and force equilibrium mismatches are denoted εq = qPS − qNS and ελ = λPS + λNS .

Table 5: Displacement compatibility error quantifiers for RTHT.

Longitudinal Lateral Vertical Roll Pitch Yaw Overall
J1[−] 10 4 3 -9 -4 -1 9
J2[%] 1.47 1.11 2.55 1.28 0.76 5.48 1.42

24



PR
EP
RI
NT

NO
T
PE
ER
-R
EV
IE
W
ED

Table 6: Force equilibrium error quantifiers for RTHT.

Int. force 1 Int. force 2 Int. force 3 Int. force 4 Overall
J3[%] 8.72 10.94 5.88 13.99 11.26

The RTHT results remain stable and bounded throughout the test. Both displace-
ments in Figure 13 and interface forces in Figure 14 show smooth oscillatory responses
of the PS and NS in all directions, without visible growth in amplitude or loss of con-
trol. Figure 16 further shows a decreasing mismatch in the coupling conditions. This
indicates that the coupling remains stable during real-time execution and does not
introduce nonphysical growth in the response. The results confirm stable real-time op-
eration of the reduced implementation and indicate consistent regulation of the coupling
conditions.

The NS and PS remain reasonably well aligned throughout the RTHT. This is visible
from the overlap of their trajectories in Figure 13 and the low residuals in Figure 16a
and b. Additionally, the error quantifier J2 in Table 5, remain low in all six directions,
with an overall substructure-alignment error of 1.42%. This indicates that the coupling
maintains good kinematic compatibility throughout the test.

In addition, the interface forces of the NS and PS remain closely balanced through-
out the RTHT. This is visible in Figure 14, where the interface forces are nearly equal
and opposite, and in Figure 16c, where their sum remains close to equilibrium, with
a deviation of only a few Newton. The force equilibrium error remains bounded, with
an overall value of J3 = 11.26% in Table 6. This value is acceptable given the simpli-
fied transfer-system and PS predictive models, and confirms that force equilibrium is
maintained at the interface throughout the test.

Regarding the fidelity of the predictive model, the simplified transfer-system model
does not compensate the delay exactly in all directions. It is, however, sufficient to
capture the dominant timing effect required for stable real-time coordination. In the
zoomed views of Figure 13, the delayed PS feedback shows direction-dependent devia-
tions from the NS trajectory. Table 5 quantifies this through the lag measure J1, which
ranges from −9 to 10 time steps, or −4.4 to 4.9 ms, corresponding to about 10% of
the overall delay. A higher-fidelity transfer-system model could improve the alignment
between the substructures, but the simplified model captures the dominant timing be-
havior well enough to coordinate the hybrid response. The results therefore show that
exact delay compensation is not required for satisfactory RTHT performance, provided
that the dominant transfer-system timing effect is represented.

Likewise, the predictive model of the PS does not need to reproduce the full physical
behavior in order to support accurate coordination. Figure 15 shows that the PS
bungee cords exhibit strongly nonlinear and dissipative hysteretic behavior, which is
not captured by the linear prediction. This dissipative behavior is also reflected in
Figure 14, where the force oscillations are more strongly damped than in the reference
simulation based on the predictive model. This shows that the predictive model does not
reproduce the full local response of the PS, yet the RTHT still maintains stable behavior
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and satisfies the coupling objectives. The results therefore show that satisfactory RTHT
performance can be achieved without a high-fidelity model, which is important for
practical implementation.

7. Conclusion

This study presented a model predictive control framework for real-time hybrid
testing of multibody dynamical systems. The framework is formulated as a regulation
problem that directly targets kinematic compatibility and interface force equilibrium.

The general framework was first assessed in a virtual real-time hybrid testing envi-
ronment. The virtual results showed accurate coupling, recovery of the nonlinear system
response despite linearized predictive models, and robustness to moderate mismatch in
the predictive model.

For experimental implementation, the framework was reduced to a one-step real-
time realization. This reduced form uses simplified predictive models of the transfer
system and the physical substructure, together with a closed-form control law. The
RTHT results showed that the reduced implementation remains stable and bounded
throughout the test. It maintained satisfactory kinematic compatibility and force equi-
librium. It also achieved real-time execution with a controller evaluation time of 95.6 µs,
corresponding to 19.6% of the available control period at 2048 Hz. The results fur-
ther showed that simplified predictive models of the transfer system and the physical
substructure are sufficient for satisfactory real-time coordination. Overall, the results
demonstrate that the proposed MPC framework can be realized in a practical reduced
form for experimental RTHT.

Future work should address more general real-time MPC implementations with
longer prediction horizons, explicit constraints, and online optimization. The available
computational headroom suggests that such extensions may be feasible if a numerical
solver can be robustly integrated into the Simulink real-time environment.
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Appendix A. Kinematics

(i) A frame A, with orthogonal unit vectors âx, ây and âz, follows the mass. The
orientation of frame A with respect to the inertia frame N , described by n̂x, n̂y
and n̂z, is given by the rotation matrix,

NCA =

 cθcψ cθsψ −sθ
−cϕsψ + sϕsθcψ cϕcψ + sϕsθsψ sϕcθ
sϕsψ + cϕsθcψ −sϕcψ + cϕsθsψ cϕcθ

 (A.1)

where c· = cos(·) and s· = sin(·).

(ii) Position vector from point O to C

pOC = qxn̂x + qyn̂y + (qz − l)n̂z −
h

2
âz (A.2)

Position vector from point C to Pi
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Appendix B. filtering effect
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Figure B.17: Measured and filtered interface-force signals for a) load cell 1, b) load cell 2, c) load
cell 3, and d) load cell 4, illustrating the effect of the real-time signal-conditioning filter used in the
experimental implementation.
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