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ABSTRACT: 8 

Research studies using centrifuge modelling is a prime choice for investigation of soil-structure interaction 9 

in earthquake geotechnical engineering. Centrifuge studies are most effective when supported by 10 

complementary numerical modelling aimed at conducting expanded parametric studies. The numerical 11 

studies use soil constitutive models which need to be calibrated against soil element tests representing 12 

the dominant stress paths, stress and strain levels induced in centrifuge models. Currently, there is a gap 13 

in the available laboratory data with no database on the small-strain shear stiffness of soil subjected to 14 

anisotropic consolidation, thus accurate calibration of soil constitutive models for vertically propagating 15 

shear waves in centrifuge is not possible. This work presents results from soil laboratory tests to address 16 

this gap and provide a new dataset on the small-strain shear stiffness of soil subjected to anisotropic 17 

consolidation compared with tests under an isotropic stress state. To this aim, resonant column tests, 18 

supported by small-strain torsional shear tests, were conducted on triaxial samples under a range of 19 

different stress and strain levels representative of those observed in centrifuge tests on shear wave 20 

propagation. The results show that the initial small-strain stiffness is primarily governed by the vertical 21 

stress component. The difference in the shear stiffness degradation G/G0 between corresponding 22 
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anisotropically and isotropically consolidated samples increases with increasing shear strain. 23 

Recommendations for using simple analytical expressions for evaluating the small-strain stiffness 24 

characteristics of soil under anisotropic consolidation are provided.  25 

PRACTICAL APPLICATIONS: 26 

Finite element modelling in geotechnical engineering relies on calibration of soil constitutive models on 27 

soil laboratory tests. Many geotechnical problems including urban construction (tunnels, deep 28 

excavations, retaining walls), offshore and seismic geotechnics, strongly depend on accurate modelling of 29 

soil mechanical behavior at small strains. In case of numerical models simulating structural performance 30 

to earthquake loading, it is soil deformation to the vertically propagating shear waves which is critical and 31 

needs to be captured accurately. This work provides a new dataset of soil laboratory tests on soil 32 

mechanical behavior under stress and strain levels induced by seismic shear waves, in particular, including 33 

cases of anisotropic soil consolidation, which is always a case in centrifuge models and often on real sites 34 

subjected to earthquake loading. The results from anisotropically consolidated samples are compared 35 

with isotropically consolidated samples and show that: i) the vertical stress component is dominant for 36 

the initial shear stiffness G0; ii) the difference in the shear stiffness degradation G/G0 between anisotropic 37 

and isotropic stress states increases with increasing shear strain. Recommendations are provided for the 38 

use of simple analytical expressions. The relevance of the new dataset beyond the numerical modelling 39 

of centrifuge testing in earthquake engineering is briefly discussed. 40 

AUTHOR KEYWORDS: small-strain stiffness, anisotropic consolidation, resonant column testing, shear 41 

wave propagation, soil dynamics, centrifuge modelling, finite element modelling, soil element testing, 42 

sand.   43 

 44 
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INTRODUCTION: 46 

Small-scale physical modelling in a geotechnical centrifuge has been proved to be an effective method to 47 

identify physical mechanisms when investigating soil-structure interaction, including cases when seismic 48 

loading is applied (see examples in Table 1). Centrifuge experimental studies are often accompanied by 49 

complementary numerical studies to expand the investigation with comprehensive parametric studies not 50 

restricted to a limited number of centrifuge tests. Past numerical models for cases of research on dry sand 51 

(see examples in Table 2) were calibrated against centrifuge studies due to the limited availability of 52 

relevant laboratory data. In contrast, ideally one would want to have a three-component methodology, 53 

with numerical studies calibrated before centrifuge runs against soil element tests representative of the 54 

stress and strain levels expected to be experienced in a physical model. This is sometimes the case for 55 

research on saturated sand subject to liquefaction (e.g., He et al., 2020; Özcebe et al., 2021; Mercado et 56 

al., 2024), however, is outstanding for cases of dry sand.  57 

There are a limited number of research works which present useful soil element tests on which soil 58 

constitutive models aimed at replicating centrifuge experiments under seismic loading in dry sand can be 59 

calibrated. Lanzano et al. (2016) conducted resonant column tests on Leighton Buzzard sand to assess the 60 

initial shear stiffness G0 and its degradation within the small-strain range of up to 0.1%. Subsequent work 61 

by Kassas et al. (2021) included conducting a suite of bender element tests on triaxial samples to 62 

determine the G0 value of Hostun sand for the purpose of calibration of soil constitutive models when 63 

replicating soil behavior in centrifuge studies. Nevertheless, these two works assumed the stress state to 64 

be isotropic and, thus, not representative of the actual stress state in centrifuge studies where normally 65 

K0 conditions are achieved (e.g., Tsinidis et al., 2015). An exception of soil element testing on samples on 66 

dry sand subjected to anisotropic consolidation are recent research works by Lbibb & Manzari (2022) and 67 

Kowalczyk & Madhusudhan (2025). However, the former work gives only a couple of G0 values estimated 68 

from bender element tests for samples under vertical confining stresses of 40 and 100kPa. The latter 69 
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focused on low vertical effective stresses of less than 20kPa since aimed on improved understanding of 70 

soil behavior in physical modelling under 1-g conditions, thus its use for calibration of soil constitutive 71 

models at higher stress levels is not possible.  72 

Table 1 Examples of centrifuge testing used in research in earthquake geotechnical engineering.  73 

Reference N-g level Depth of the soil in 

the model [m] 

Relative density Dr of 

sand [%] 

Lanzano et al. (2012) 80/40 24/12 40, 75 

Abuhajar et al. (2015) 60 20 50, 90 

Madabhushi & Haigh 

(2022) 

60 10.5/16.5 80-85 

Fusco et al. (2024) 60 15 50 

Zhang et al. (2024) 60 20 56, 66 

Asia et al. (2025) 60 20 40 

He et al. (2025) 60/80 20-24 50 

Wei et al. (2026) 50 20 80 

 74 

 75 

 76 

 77 

 78 

 79 

 80 
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Table 2 Examples of the research works based on integrated centrifuge and numerical methodology for 81 

cases of soil-structure interaction in dry sand. 82 

Subject of the study Constitutive model Selected calibration 

method 

Reference 

Circular tunnels Hardening Mohr-

Coulomb in Abaqus 

Not clarified Cilingir & Madabhushi 

(2010) 

Square tunnels Mohr-Coulomb in 

Abaqus 

Not clarified Cilingir & Madabhushi 

(2011) 

Buried box culverts Mohr-Coulomb in Flac On centrifuge 

studies 

Abuhajar et al. (2015) 

Dual-row retaining 

wall 

Mohr-Coulomb in 

Swandyne software 

On centrifuge 

studies 

Madabhushi & Haigh 

(2022) 

Dynamic earth 

pressures on rigid 

walls 

SANISAND model 

(Dafalias & Manzari, 

2004) 

Monotonic drained 

triaxial tests, 

recalibrated 

subsequently against 

centrifuge data 

Madabhushi & 

Westcott (2024) 

 83 

Although ideally soil constitutive models calibrated against a particular set of soil element tests should be 84 

able to replicate soil response in other soil element tests, this is often not the case (e.g., Wichtmann et 85 

al., 2019). Bearing in mind that shear wave velocity depends on whether the stress state is isotropic or 86 

anisotropic (e.g., Fioravante, 2000), calibration of soil constitutive models against soil element tests 87 

conducted at an isotropic stress state is uncertain when applied to numerical models of centrifuge tests 88 
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run at anisotropic consolidation. As a result, it appears there is a gap in the currently available laboratory 89 

data and soil element tests evaluating the small-strain stiffness for vertically propagating shear waves in 90 

anisotropically stressed soil are not available when calibrating soil constitutive models for comprehensive 91 

research studies combining centrifuge and numerical research approaches.  92 

Previous laboratory studies are of limited applicability for the calibration of soil constitutive models in 93 

numerical simulations of shear wave propagation. Most typically, soil element testing focused on the 94 

small-strain stiffness characteristics is carried out on isotropically consolidated samples (e.g., Lanzano et 95 

al., 2016; Wichtmann & Triantafyllidis, 2016; Rohilla & Sebastian, 2023). Sometimes, anisotropic stress 96 

states are considered. For example, Santamarina & Cascante (1996) studied shear wave propagation in 97 

soil samples under stress-induced anisotropy, however the anisotropic stress state was achieved by 98 

application of axial compression or extension to samples which were firstly isotropically consolidated. 99 

Similar testing procedure was followed by Goudarzy et al. (2018a), where a number of stress paths were 100 

investigated, including anisotropic stress states obtained from initially isotropic consolidation, thus not 101 

representative of normally consolidated soil where K0 is constant during consolidation, as is the case in 102 

centrifuge or in field. Table 3 summarizes previous studies on dry sand involving anisotropic stress states 103 

and highlights their limitations. 104 

This work presents a suite of torsional resonant column tests and small-strain static torsional shear tests 105 

of dry sand subjected to truly anisotropic consolidation. The results from anisotropically consolidated 106 

samples are compared with tests carried out at isotropic consolidation pressures. The conducted tests are 107 

focused on the stress path of simple shear deformation and are carried out in the range of small strains, 108 

thus they are highly applicable in understanding shear wave propagation in boundary value problems in 109 

earthquake geotechnical engineering and, consequently, critical for accurate calibration of macroscopic 110 

continuum-based soil constitutive models dedicated to modelling of centrifuge tests or cases of predictive 111 

design in earthquake geotechnical engineering. 112 
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Table 3 Summary of experimental research on dry sand under anisotropic stress state and small-strain 113 

stiffness. 114 

Reference Laboratory test 

type 

How anisotropy 

considered 

Limitations with respect to 

seismic/centrifuge studies 

Santamarina & 

Cascante (1996)   

Resonant 

column 

Isotropically consolidated 

sample subjected to axial 

extension or compression 

No truly anisotropic 

consolidation; tests on Barco 

sand 32 (not used in centrifuge)  

Fioravante (2000)  Bender element 

testing 

Truly anisotropic 

consolidation for K ranging 

from 0.33 to 2.0 

Data on stiffness degradation 

G/G0 not provided; tests on Ticino 

sand and Kenya sand 

Goudarzy et al. 

(2018a) 

Resonant 

column 

Isotropically consolidated 

sample subjected to 

anisotropic stress state 

No truly anisotropic consolidation 

Lbibb & Manzari 

(2022) 

Bender element 

testing  

Truly anisotropic 

consolidation achieved in a 

direct simple shear device 

Data on stiffness degradation 

G/G0 not provided; only a couple 

of G0 values determined 

Kowalczyk & 

Madhusudhan 

(2025) 

Direct simple 

shear testing 

Truly anisotropic 

consolidation 

Tests limited to low effective 

stresses below 20kPa 

 115 

METHODOLOGY 116 

A state-of-the-art resonant column apparatus (Werden et al., 2013) was used to carry out torsional 117 

resonant column tests (example of a tested sample in the used apparatus is shown in Figure 1a). This 118 
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device is also capable of carrying out static torsional shear tests, which were also used in the presented 119 

work. The testing system is a fully automated system able to measure the shear modulus and damping of 120 

soils at strains down to 10-6. In contrast to other systems, the measurements of the direct torque are made 121 

at the bottom of the soil specimen.  122 

The laboratory tests were conducted on dense and medium dense dry sand. In fact, these two relative 123 

densities are most often used in centrifuge studies (see examples in Table 1). Dry pluviation with tamping 124 

was used to achieve the required density in a sample of the nominal dimensions of 70mm (diameter) by 125 

140mm (height). Summary of the conducted tests is shown in Table 4. Hostun sand was selected as often 126 

used also in centrifuge studies (e.g., Tsinidis et al., 2015; Madabhushi & Haigh, 2019; Deng & Haigh, 2021; 127 

Kassas et al., 2021; Morley et al., 2024; Fusco et al., 2024; Asia et al., 2025). Hostun sand is an angular to 128 

sub-angular fine sand with a mean particle diameter D50 of 0.341mm and the coefficient of uniformity Cu 129 

of 1.47 (Adamidis et al., 2020; Kassas et al., 2021). The particle size distribution of Hostun sand is shown 130 

in Figure 1b.  131 

The prepared samples were tested in a multistage mode shown to be successful in previous research 132 

studies using resonant column testing (e.g., Payan et al., 2016; Goudarzy et al., 2018a; Goudarzy et al., 133 

2018b) with the vertical stress σv varying in the range of 20kPa to 300kPa to represent the stress levels 134 

induced in centrifuge tests (Figure 1c), and applicable also to predictive numerical studies for the purpose 135 

of design to earthquake loading. Bearing in mind the importance of the induced stress paths on soil 136 

mechanical response, two different stress paths were considered in the conducted multistage tests to 137 

replicate the soil response in truly anisotropic and isotropic consolidation (Fig. 1d).  The maximum 138 

selected vertical stress of 300kPa would represent the stress state of sand of dry density ρ of 1500kg/m3 139 

at a depth of 20m which is often the limiting depth in centrifuge studies (e.g., Abuhajar et al., 2015; Tsinidis 140 

et al., 2015; Morley et al., 2024) and in engineering practice. The maximum strain levels to which the 141 

samples were tested under resonant column and torsional simple shear tests were selected following 142 
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preliminary tests, with the aim to be: i) representative of deformation to the propagation of shear waves 143 

in centrifuge works; and to ii) avoid sample deterioration. As a result of the latter, the strain level induced 144 

at lower mean effective stresses has been reduced to avoid sample deterioration. Note that such 145 

reduction in shear strains generally takes place also in reality as a result of the zero-strain boundary 146 

condition at the top of the soil surface due to the vanishing soil strength with reducing mean effective 147 

stress (e.g., Kowalczyk & Gajo, 2023). An example of two resonant column tests on the same soil sample 148 

is shown in Figure 2 to present that the sample did not change its stiffness characteristics due to the 149 

previously applied shear strains. All resonant column tests are summarized in Table 4.  150 

a)  b)  151 

c) d)  152 

Fig. 1 a) sample installed in a resonant column apparatus, b) particle size distribution of Hostun sand, c) 153 

sketch of an example scaled model tested in a geotechnical centrifuge facility (vertical stress levels at 154 

corresponding depths estimated for dry density of ρ=1500kg/m3, d) applied stress paths in multistage 155 

resonant column tests.  156 
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Table 4 Summary of the conducted multistage resonant column tests on dense Hostun sand. 157 

Test 

no. 
Relative 

density, Dr [-] 

Vertical 

stress, σv 

[kPa] 

Horizontal 

stress, σh 

[kPa] 

Mean effective 

stress, p [kPa] 

Max strain 

level, γmax 

[%]  

OCR 

T1.1 0.85 20 9 12.5 0.01 1.0 

T1.2 0.85 50 22 31.3 0.02 1.0 

T1.3 0.85 100 44 62.7 0.03 1.0 

T1.4 0.85 200 88 125.3 0.04 1.0 

T1.5 0.85 300 132 188 0.05 1.0 

T1.6 0.85 200 110 140 0.04 1.5 

T2.1 0.8 20 20 20 0.01 1.0 

T2.2 0.8 50 50 50 0.02 1.0 

T2.3 0.8 100 100 100 0.03 1.0 

T2.4 0.8 200 200 200 0.04 1.0 

T2.5 0.8 300 300 300 0.05 1.0 

T3.1 0.55 20 9 12.5 0.004 1.0 

T3.2 0.55 50 22 31.3 0.006 1.0 

T3.3 0.55 100 44 62.7 0.02 1.0 

T3.4 0.55 200 88 125.3 0.03 1.0 

T3.5 0.55 300 132 188 0.05 1.0 
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T3.6 0.55 200 110 140 0.04 1.5 

T4.1 0.55 20 20 20 0.01 1.0 

T4.2 0.55 50 50 50 0.02 1.0 

T4.3 0.55 100 100 100 0.03 1.0 

T4.4 0.55 200 200 200 0.04 1.0 

T4.5 0.55 300 300 300 0.05 1.0 

 158 

 159 

Fig. 2 Example comparison of resonant column tests carried out at the same soil sample at constant 160 

vertical effective stress of 100kPa: a) shear stiffness degradation with increasing strain, b) damping ratio.  161 

 162 

The tests under anisotropic consolidation were carried out with the horizontal stress being a K0 proportion 163 

of the vertical stress (see Figure 1d). K0 was assumed as 0.44 from the Jaky’s formula (1948) when using 164 

the critical friction angle φcr of 34° for Hostun sand (Deng & Haigh, 2021). The resonant column tests were 165 

carried out up to the limiting maximum shear strain level of less than 0.1%. The maximum shear strains 166 

induced in centrifuge works on shear wave propagation in dry sand have been shown to reach up to 0.1-167 

0.3% (0.1% in Lanzano et al., 2016; 0.2% in Madabhushi & Westcott, 2024; 0.3% in Wei et al., 2026), 168 
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therefore additional runs of static torsional shear tests were carried out to evaluate soil mechanical 169 

response at higher strain ranges. No filtering was applied to the measurements; only occasional outliers 170 

were removed for clarity. 171 

Note that, although efforts have been made to conduct laboratory tests representative of vertically 172 

propagating shear waves in dry sand, the experimental campaign is limited to tests on a single sand type, 173 

two relative densities and selected strain and stress levels. Future works can address other types of soils, 174 

wider range of relative densities, strain and stress levels, beyond those investigated in this work. 175 

In addition to anisotropic and isotropic consolidation, the influence of overconsolidation was investigated 176 

for cases when a centrifuge model is run firstly at higher n-g level and subsequently at lower n-g level as 177 

this is sometimes the case in centrifuge testing (e.g., Lanzano et al., 2012) in which case soil becomes 178 

overconsolidated. The imposed horizontal stresses for cases with overconsolidation have been computed 179 

using the formula: 180 

𝐾଴,ை஼ோ = (1 − 𝑠𝑖𝑛𝜑) · 𝑂𝐶𝑅௦௜௡ఝ                                                       (eq. 1) 181 

The measured soil stiffness G0 has been compared with selected analytical expressions, including the early 182 

proposed one given by Hardin & Black (1966): 183 

 𝐺଴ = 𝐴 · 𝐹(𝑒) · 𝑝௔ · ቀ
௣

௣ೌ
ቁ

௡
                                                            (eq. 2) 184 

Where A and n are the fitting parameters, pa is atmospheric pressure, and F(e) is a function of the void 185 

ratio e in the following form: 186 

𝐹(𝑒) =
(௖ି௘)మ

ଵା௘
                                                                                      (eq. 3) 187 

With c=2.97 for angular sands.  188 

Moreover, expression by Yu & Richart (1984) has been used:  189 
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𝐺଴ = 𝐴 · 𝐹(𝑒) · 𝑝௔ · ቀ
ఙೡ

௣ೌ
ቁ

௡భ

· ቀ
ఙ೓

௣ೌ
ቁ

௡మ

                                                                         (eq. 4) 190 

With n1 and n2 being the fitting parameters accounting for the impact of the vertical (σv) and horizontal 191 

(σh) stress components in anisotropically consolidated samples. Note that to simplify the notation the 192 

apostrophe for describing the effective stresses is omitted in this work.  193 

To facilitate calibration of soil constitutive models aimed at capturing shear wave propagation, e.g., a 194 

simple model by Darendeli (2001) used in site response analysis (e.g., Hashash et al., 2010) or an advanced 195 

soil constitutive model by Benz (2006) and Benz et al. (2009) accounting for hysteresis within the nonlinear 196 

elastic range, the following equation (Darendeli, 2001) fitting the laboratory data was used: 197 

ீ

ீబ
=

ଵ

ଵା(
ം

ംೝ
)ೌ

                                                                                                                (eq. 5) 198 

where a is the curvature parameter, γr is the reference strain. 199 

The equation (5) is a revised version of the well-known hyperbolic relationship proposed by Hardin & 200 

Drnevich (1972): 201 

ீ

ீబ
=

ଵ

ଵା
ം

ംೝ

                                                                                                                (eq. 6) 202 

To include the effect of the stress level on the reference strain γr, Stokoe et al. (1999) proposed: 203 

𝛾௥ = 𝛾௥ଵ[
௣

௣ೌ
]௡                                                                                                         (eq. 7) 204 

which is used in this work in the following form:  205 

𝛾௥ = 𝛾௥ଵ[
ఙೡ

௣ೌ
]௡                                                                                                         (eq. 8) 206 

where γr1 is a reference strain when the vertical stress σv is 100kPa and n is the stress exponent.  207 

 208 
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RESULTS 209 

Figures 3 and 4 present the measurements of the initial small-strain stiffness G0 of soil, its degradation 210 

G(γ) (Figure 3) and increase in the damping ratio μ(γ) (Figure 4) for vertical stress бv varying from 20 to 211 

300kPa for all the conducted tests summarized in Table 4. When comparing the results from 212 

anisotropically and isotropically consolidated samples, one can see that the stiffness at the same vertical 213 

stresses is generally only slightly lower when the sample is under anisotropic consolidation (around 5% 214 

difference at higher vertical stresses, and up to 20% at lower vertical stresses). This happens even though 215 

the mean effective stresses can differ quite significantly. For example, for the vertical stress of σv=300kPa 216 

the mean effective stresses are p=188kPa and p=300kPa for anisotropically and isotropically consolidated 217 

samples, respectively, but the measured initial shear stiffnesses G0 are only slightly lower in the case of 218 

the anisotropic consolidation. This means that the shear stiffness for vertically propagating waves 219 

depends primarily on the stress component in the direction of wave propagation (in this case σv) and less 220 

on the stress component perpendicular to the direction of the shear wave propagation (in this case σh). 221 

This is particularly visible when one compares the shear stiffness and its degradation for the 222 

anisotropically consolidated samples at σv=300kPa and p=188kPa (e.g., Tests 1.5 and 3.5) with isotropically 223 

consolidated samples at p=200kPa (e.g., Tests 2.4 and 4.4). Although the mean effective stress p is higher 224 

for the isotropically consolidated sample, the measured shear stiffness is noticeably lower (G0 of around 225 

100MPa versus nearly 120MPa for the anisotropically consolidated samples). 226 

Figure 4 shows that the damping ratio η(γ) reduces with the increasing mean effective stress p for all 227 

tested relative densities and consolidation types. Comparing the measurements from the same relative 228 

densities and either anisotropic or isotropic consolidation reveals that the damping ratio η(γ) is reduced 229 

in isotropically consolidated samples (more distinct at lower σv, with slight difference at higher σv). Note 230 

that the threshold strain at which damping ratio η(γ) starts to increase in Figure 4 is higher than the 231 

initiation in the shear stiffness degradation G(γ) shown in Figure 3. Similar trends were found by others, 232 
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e.g., Goudarzy et al. (2018a) suggesting that one can identify a nonlinear range of soil elastic behavior 233 

(where stiffness degrades but dissipation does not take place) which has been identified by others in the 234 

past research (e.g., Jardine, 1992).  235 

 236 

 237 

Fig. 3 Measurements of stiffness degradation G(γ) from resonant column tests: a) Tests 1.1-1.5: dense 238 

sand, anisotropic consolidation, b) Tests 2.1-2.5: dense sand, isotropic consolidation, c) Tests 3.1-3.5: 239 

medium dense sand, anisotropic consolidation, d) Tests 4.1-4.5: medium dense sand, isotropic 240 

consolidation.  241 

 242 
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 243 

Fig. 4 Measurements of damping ratio η(γ) from resonant column tests: a) Tests 1.1-1.5: dense sand, 244 

anisotropic consolidation, b) Tests 2.1-2.5: dense sand, isotropic consolidation, c) Tests 3.1-3.5: medium 245 

dense sand, anisotropic consolidation, d) Tests 4.1-4.5: medium dense sand, isotropic consolidation.  246 

Figure 5 presents relative shear stiffness degradation expressed as G(γ)/G0. It can be observed how the 247 

rate of the shear stiffness degradation with the increasing strain level is affected by the stress level. The 248 

lower the vertical stress σv (and the mean effective stress p), the faster is the shear stiffness degradation 249 

as shown also in previous research works on sands (e.g., Tatsuoka et al., 1978; Seed et al., 1984; Oztoprak 250 

& Bolton, 2013). The recorded measurements are compared in Figure 5 with limiting envelopes from the 251 

past research: i) a lower bound limit from isotropically consolidated triaxial samples tested at the mean 252 

effective stress of 20kPa (Kokusho, 1980); and ii) an upper bound limit from resonant column tests on 253 

isotropically consolidated samples tested at the mean effective stress of 400kPa (Lanzano et al., 2016). 254 

This comparison shows that the obtained results generally fit between these lower and upper bounds.  255 

Direct comparison of corresponding tests at the same vertical stress σv under anisotropic and isotropic 256 

consolidation is shown in Figure 6. The measurements for the tests at σv=20kPa (Figure 6a) lie closely to 257 

the lower bound given by Kokusho (1980) whereas the measurements for the tests at σv=300kPa (Figure 258 

6e) lie closely to the upper bound given by Lanzano et al. (2016). Importantly, it is observed that the shear 259 

stiffness degradation G(γ)/G0 is affected by the type of consolidation, with the tests under anisotropic 260 

consolidation generally having a faster rate of shear stiffness degradation with increasing shear strain than 261 
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the corresponding samples under isotropic consolidation (the exception is the tests at a vertical stress of 262 

20kPa, confirming the general observations that testing soils at low stress levels remains challenging). The 263 

relative density also affects the observed trends, with medium dense sand having on average a faster rate 264 

of the shear stiffness degradation (especially for the case of the tests under anisotropic consolidation).  265 

 266 

 267 

Fig. 5 Measurements of stiffness degradation G(γ)/G0 from resonant column tests: a) Tests 1.1-1.5: dense 268 

sand, anisotropic consolidation, b) Tests 2.1-2.5: dense sand, isotropic consolidation, c) Tests 3.1-3.5: 269 

medium dense sand, anisotropic consolidation, d) Tests 4.1-4.5: medium dense sand, isotropic 270 

consolidation.  271 

 272 

 273 
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 274 

 275 

 276 

Fig. 6 Comparison of stiffness degradation G(γ)/G0 from resonant column tests for: a) vertical stress σv of 277 

20kPa, b) vertical stress σv of 50kPa, c) vertical stress σv of 100kPa, d) vertical stress σv of 200kPa, e) vertical 278 

stress σv of 300kPa. 279 

 280 

The evaluation of the initial shear stiffness G0 compared with selected analytical expressions is shown in 281 

Figure 7.  The classical expression on the shear stiffness G0 as a function of the mean effective stress p 282 

without considering the impact of stress components (equation 2) given by Hardin & Black (1966) has 283 
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been calibrated against tests under isotropic consolidation (Figure 7b and d) and used subsequently to 284 

predict the G0 shear stiffness under anisotropic consolidation (Figure 7a and c). This reveals that the 285 

classical approach underestimates the shear stiffness G0 under anisotropic consolidation. In contrast, the 286 

expression by Yu & Richart (1984) shows matching the results of both, isotropically and anisotropically 287 

consolidated samples. The ratio of the fitting parameters for the vertical σv and horizontal σh stress 288 

components ௡భ

௡మ
 is from 2.5 (for dense samples) to 4.0 (for medium dense samples). This confirms that the 289 

vertical stress component is dominant in the G0 shear stiffness characteristics in this study. In addition, 290 

the results of bender element tests, carried out in the past (Kassas et al., 2021), have been presented in 291 

Figure 7d for comparison, since conducted on isotropically consolidated samples of medium dense Hostun 292 

sand. Generally, only a slight discrepancy can be found between both, which confirms that the results 293 

obtained from resonant column tests can be considered reliable.  294 

 295 

 296 

Fig. 7 Initial G0 shear stiffness evaluated from resonant column tests: a) Tests 1.1-1.5 -dense sand, 297 

anisotropic consolidation, b) Tests 2.1-2.5 -dense sand, isotropic consolidation, c) Tests 3.1-3.5 -medium 298 

dense sand, anisotropic consolidation, d) Tests 4.1-4.5 -medium dense sand, isotropic consolidation.  299 
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Figure 8 presents the measured stress-strain curves in static torsional shear tests. These allow one-to-one 300 

comparisons for calibration of soil constitutive models in the future (although simplified calibration could 301 

be carried out from G(γ) curves, e.g., see Kowalczyk, 2020 where calibration was based on G(γ) curves 302 

proposed by Dietz & Muir Wood, 2007). One can observe in Figure 8 that the stiffness of isotropically 303 

consolidated samples at double strain amplitude up to 0.2% is slightly higher at each of the compared 304 

relative densities and vertical stresses, which is consistent with the results obtained from the resonant 305 

column tests (shown in Figures 5 and 6).  306 

 307 

 308 

Fig. 8 Stress-strain behavior measured in torsional shear tests on samples under vertical stress σv of: a) 309 

100kPa -dense sand, b) 200kPa -dense sand, c) 100kPa -medium dense sand, d) 200kPa -medium dense 310 

sand.  311 

 312 

 313 
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Figures 9 and 10 present the effect of overconsolidation imposed sometimes in centrifuge works when 314 

the same scaled model is spun at higher and, subsequently, lower N-g level (e.g., Lanzano et al., 2012). It 315 

can be observed that the effect of overconsolidation is not obvious at actual measurements of G0 shear 316 

stiffness (i.e., no effect for dense sand -Fig. 9a; slight increase for medium dense sand -Fig. 10a). In 317 

contrast, the influence of overconsolidation can be noticed at larger strains, in which case the soil 318 

subjected to overconsolidation (and higher mean effective stress p) has a lower rate of shear stiffness 319 

degradation G/G0 at corresponding shear strains (Fig. 9b and Fig. 10b). This is particularly visible in static 320 

torsional shear tests presented in Figures 9c and 10c, where the increase in shear stiffness in case of 321 

overconsolidated soil is clear.  322 

 323 

 324 

Fig. 9 Effect of overconsolidation of anisotropically consolidated dense sand: a) shear stiffness 325 

degradation G(γ), b) normalized shear stiffness degradation G(γ)/G0, c) stress-strain curves from torsional 326 

shear tests. 327 
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 328 

 329 

Fig. 10 Effect of overconsolidation of anisotropically consolidated medium dense sand: a) shear stiffness 330 

degradation G(γ), b) normalized shear stiffness degradation G(γ)/G0, c) stress-strain curves from torsional 331 

shear tests. 332 

Figure 11 presents reference strain γr estimated from all the conducted tests. The reference strain γr in 333 

this work was estimated for the ratio of G/G0=0.8 due to the study being focused on the small-strain range 334 

applicable to seismic loading. Fitting curves defined from equation 8 (Stokoe et al., 1999) have been also 335 

plotted in Figure 11. The reference strain for isotropically consolidated samples (dense and medium 336 

dense) are practically the same for the corresponding vertical stresses (thus only a single fitting curve is 337 

proposed for both). More scatter can be observed for anisotropically consolidated samples, where the 338 

medium dense sample has lower reference strains for the corresponding vertical stresses. In general, the 339 

reference strain is always lower for anisotropically consolidated soil than for isotropically consolidated 340 

soil, as already evident from Figures 5 and 6, showing a faster rate of stiffness degradation in 341 

anisotropically consolidated samples.  342 
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 343 

Fig. 11 Reference strain γr estimated from the laboratory data and compared with the analytical 344 

expressions by Stokoe et al. (1999).   345 

Finally, Figure 12 shows shear stiffness degradation fitting curves evaluated from inserting equation 8 into 346 

equation 5, i.e.,: 347 

 ீ

ீబ
=

ଵ

ଵା(
ം
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)ೌ

                                                                                                                (eq. 9) 348 

which can be used in simple constitutive models to model soil nonlinearity in seismic analysis and help 349 

calibrating advanced soil constitutive models for simulation of centrifuge tests or design predictive 350 

studies.  Figure 12 shows that the calibration of eq. (9) differs for anisotropically and isotropically 351 

consolidated samples. Apart from γr1 (seen to be different from plots in Figure 11), the exponent a also 352 

differs. The identified differences (i.e., the reference strain reduced to 80% and the exponent to 90% when 353 

compared with isotropically consolidated samples) can be treated as first approximation to determine 354 

shear stiffness G/G0 degradation curves for other sands where data is available only for isotropic 355 

consolidation but one needs to have also data on anisotropic consolidation.  356 

 357 

 358 

 359 
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 360 

 361 

Fig. 12 Comparison of shear stiffness degradation G/G0 from laboratory measurements and analytical 362 

expression (eq. 9): a) dense sand at vertical stress of 20kPa, b) dense sand at vertical stress of 100kPa, c) 363 

dense sand at vertical stress of 300kPa.  364 

SUMMARY AND CONCLUSIONS: 365 

This study presented a suite of torsional resonant column tests supported by static torsional simple shear 366 

tests aimed at characterization of the soil small-strain stiffness at truly anisotropic consolidation, thus 367 

highly relevant to support calibration of macroscopic continuum-based soil constitutive models in seismic 368 

applications. The measurements showed the differences in the small-strain shear stiffness obtained from 369 

anisotropically and isotropically consolidated samples of Hostun sand. The following are the most 370 

important findings:  371 

 The initial shear stiffness G0 is controlled primarily by the vertical stress component σv. As a result, 372 

when anisotropically and isotropically consolidated samples at the same vertical stress σv (but different 373 
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mean effective stress p) are compared, the difference in the obtained G0 stiffness, is typically relatively 374 

insignificant, ranging from 5% at higher stress levels to 20% at lower stress levels.  375 

 The initial shear stiffness G0 for both anisotropically and isotropically consolidated samples can 376 

be approximated by a simple analytical expression (Yu & Richart, 1984) differentiating contributions from 377 

the the vertical (n1) and horizontal (n2) stress components, with the ratio of the exponents n1/n2 being in 378 

the range of 2.5-4.0 for Hostun sand used in this study.   379 

 The difference in the shear stiffness degradation G/G0 between corresponding anisotropically and 380 

isotropically consolidated samples increases with increasing shear strain, with the reference shear strain 381 

γr being lower for the samples under anisotropic consolidation. The effect of faster stiffness degradation 382 

becomes more pronounced at larger strains, particularly when the corresponding stress-strain curves 383 

obtained from static torsional shear tests. 384 

 The shear stiffness degradation G/G0  can be represented by an analytical expression (in this work 385 

by equation 9, combining equations of Darendeli, 2001 and Stokoe et al., 1999), which can be used to 386 

facilite: i) calibration of soil constitutive models in the finite element modelling in earthquake geotechnical 387 

engineering and ii) first approximation of shear stiffness degradation of other sands than Hostun sand 388 

under anisotropic consolidation.  389 

 Finally, for cases of soil overconsolidation, similar trends of relatively little influence on the initial 390 

shear stiffness G0 but increasing importance with increasing shear strain on the shear stiffness 391 

degradation G/G0 were found for anisotropically consolidated samples under an overconsolidation ratio 392 

of 1.5. 393 

To sum up, this work has provided useful dataset for research works requiring calibration of soil 394 

constitutive models in finite element modelling on soil tests in the small strain range and subjected to 395 

truly anisotropic K0 consolidation. In particular, the new dataset will be valuable when investigating shear 396 

wave propagation, such as in earthquake geotechnical engineering where numerical models are often 397 
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developed to be complementary to centrifuge testing or when predictive numerical studies need to be 398 

developed at lower cost (i.e., without centrifuge testing). In addition, the presented results are also 399 

applicable to other boundary value problems within the small strains (e.g., in offshore or urban 400 

geotechnical engineering). The presented dataset will also be useful for validation and formulation of soil 401 

constitutive models on soil element tests when testing the ability of soil constitutive models to model 402 

simultaneously, i.e., with a single set of model parameters, soil mechanical behavior at isotropic and 403 

anisotropic consolidation pressures. 404 
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