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Abstract: Diffusion models have emerged as powerful tools for inverse design, yet their
stochastic nature typically requires surrogate models or additional numerical simulations to
verify target-condition satisfaction. To address this bottleneck, we propose a dual-constrained
diffusion framework that jointly generates structural designs and solution fields under both
physical and conditional constraints. The framework combines a dual-constrained diffusion
model (DCDM) for training-stage constraint enforcement with dual-guided diffusion sampling
(DGS) for sampling-stage guidance, enabling direct evaluation without additional numerical
simulations. We demonstrate the framework through the inverse design of hyperelastic
microstructures conditioned on prescribed strain energy under uniaxial extension. Compared
with a conventional diffusion model, DCDM with DGS reduces physics residual errors by more
than an order of magnitude. In addition, 1,000 generated candidates can be screened directly in
approximately 0.27 seconds. Importantly, because the dual constraints are incorporated during
training, a single DCDM supports target-aligned unguided generation and can be combined
with DGS for guided generation. For high-density in-distribution targets, unguided generation
produces structurally diverse candidates with reliable direct evaluation at one-fifth the
sampling time of guided generation. When higher target fidelity is desired or out-of-distribution
targets are considered, DGS can be activated on the same trained model to increase the number
of valid candidates and maintain reliable target satisfaction beyond the training distribution.
The proposed framework provides a general and practical approach to inverse design for
systems governed by physical laws, requiring only the definition of physics and condition
residuals.

Keywords: diffusion model; inverse design; physics-informed diffusion model; physics-
guided sampling; hyperelastic microstructures



1. Introduction

The macroscopic mechanical behavior of materials, including stiffness, strength, and
energy-related responses, is closely linked to the structure of their underlying microstructures
[1-3]. In particular, the geometric configuration and spatial distribution of material properties
within a microstructure largely determine these mechanical responses. Understanding the
relationship between microstructure and mechanical responses is essential for designing
microstructures with prescribed mechanical properties. To this end, microstructure design has
traditionally relied on trial-and-error or optimization-based approaches. However, these
approaches remain challenging due to the high-dimensional design space, non-convexity, and

the nonlinear relationships between design variables and material responses [4].

In recent years, machine learning (ML)-based approaches have emerged as promising
alternatives for addressing these challenges in inverse design problems [5]. ML models can
effectively capture the complex and nonlinear relationships between microstructures and
mechanical responses [6]. These models can be employed as surrogate models for
computationally expensive numerical simulations and coupled with meta-heuristic
optimization methods to search for microstructures with desired mechanical properties [7].
Meanwhile, generative models such as variational autoencoders (VAEs) [8] and generative
adversarial networks (GANs) [9] have been adopted for inverse design, but their practical
applicability remains limited due to issues such as sample smoothness and training instability
[10]. More recently, diffusion models [11,12] have emerged as powerful generative models
capable of learning complex data distributions through a progressive denoising process. These
models have been successfully applied to inverse design problems [4,13—15]. However,
because diffusion models generate samples probabilistically, the generated designs do not
always strictly satisfy the target conditions. As a result, additional validation or filtering is

typically required using surrogate models [4] or computationally expensive numerical



simulations [14,16]. This reliance on external validation creates a critical bottleneck in
generative inverse design, particularly when large numbers of candidates must be screened.
Bastek and Kochmann [13] partially addressed this limitation by jointly generating
displacement and stress fields for evaluation. However, because mechanical consistency is not
explicitly enforced, discrepancies with high-fidelity numerical simulations may still remain.
Incorporating physical constraints into diffusion models therefore provides a promising
direction to improve the physical reliability of generated designs and to reduce the reliance on

external validation.

Inspired by physics-informed neural networks (PINN) [17], recent studies have
attempted to incorporate physics-based information into machine learning models, including
generative models [18,19]. These efforts have been extended to diffusion models to enhance
the physical consistency of generated samples. For example, Shu et al. [20] employed partial
differential equation (PDE) residuals as physics-informed conditioning information to guide
the denoising process for high-fidelity flow field reconstruction. Bastek et al. [21] incorporated
PDE constraints into diffusion model training by augmenting the training objective with a
physics-based residual loss. Alternatively, physical constraints can be incorporated during the
sampling process by introducing gradient-based guidance during the diffusion sampling
process [22,23]. CoCoGen [24] builds a conditional diffusion model and enforces physical
consistency by appending residual-minimization steps to the reverse diffusion solver, directly
correcting the intermediate diffusion samples during sampling. To solve inverse problems
under partial observation, DiffusionPDE [25] guides the sampling process using gradients
derived from observation losses and PDE losses evaluated on the denoised estimate. To the
best of our knowledge, existing diffusion models generally enforce physical constraints either
during training or sampling, whereas a unified framework that enforces both physical and

conditional constraints across both stages and clarifies their complementary roles in inverse
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design remains largely unexplored.

In this work, we propose a dual-constrained diffusion framework that directly addresses
this validation bottleneck by jointly generating design and solution fields under physical and
conditional constraints. The framework integrates a dual-constrained diffusion model (DCDM)
for training-stage constraint enforcement with dual-guided diffusion sampling (DGS) for
sampling-stage enforcement. By ensuring physical consistency of the generated joint fields, the
proposed framework enables direct evaluation of mechanical responses from generated
samples without surrogate models or additional numerical simulations for a controlled
benchmark, Mechanical MNIST [26] dataset consisting of microstructures with hyperelastic
discretized blocks. As a result, direct sample-based evaluation becomes both reliable and
computationally efficient, with 1,000 candidates evaluated in 0.27 seconds while maintaining
close agreement with numerical simulations. Under high-density in-distribution conditions,
unguided DCDM enables faster and more diverse generation with reliable direct evaluation,
whereas DGS improves target satisfaction. Under out-of-distribution (OOD) target conditions,
reliable inverse design requires DGS to be applied to a model trained with physical constraint,
highlighting that sampling-stage guidance alone is insufficient when the learned generative
distribution is not physically consistent. The overall workflow of the proposed framework is
summarized in Fig. 1, illustrating dual-constrained generation of physically consistent joint

fields and direct evaluation of the response without additional numerical simulations.

The main contributions of this study are as follows:
(1) A generative inverse design framework is established for direct and reliable evaluation of
design candidates without surrogate models or additional numerical simulations, by jointly

generating design and solution fields under physical consistency.



(2) A dual-constrained formulation is developed by incorporating physical and conditional
residuals into DCDM training and DGS sampling, enabling constraint enforcement throughout
the generation process.

(3) The complementary roles of training- and sampling-stage constraint enforcement are
demonstrated: training-stage dual constraints enable physically consistent, target-aligned
unguided generation with greater structural diversity under in-distribution conditions, whereas
adding sampling-stage dual guidance to the same trained DCDM increases candidate validity
and enables reliable out-of-distribution performance.

The remainder of this paper is organized as follows. Section 2 introduces the proposed
framework and describes how physical and conditional constraints are incorporated into both
the training and sampling stages. Section 3 presents the problem setting, including the inverse
design formulation, the data generation procedure, and the weak-form formulations of the
physics and condition residuals. Section 4 presents the inverse design results and evaluates the
performance of the proposed framework. Section 5 concludes the paper with a summary of the

main findings.
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Figure 1. Overview of the proposed dual-constrained diffusion framework for inverse design. DCDM
is trained to learn the joint distribution of the design field d and the corresponding solution fields a
under physical and conditional constraints, while DGS additionally enforces these constraints during
sampling. Dual-constrained generation enables direct evaluation of the mechanical response from
generated samples without surrogate models or additional numerical simulations, thereby allowing
efficient screening of design candidates. The framework is assessed under both in-distribution and out-
of-distribution target conditions.

2. Methods
2.1. Theoretical background
2.1.1. Denoising diffusion models

The denoising diffusion model has recently emerged as one of the most prominent
generative models [11,12,22]. It is trained to generate samples from the target data distribution
q(x,) by learning to progressively remove noise from samples drawn from a simple prior
p(x7), typically a standard Gaussian N (0, I). A diffusion model consists of two processes: a
forward diffusion process and a reverse denoising process. In the forward process, Gaussian
noise is progressively injected into a clean data sample x, ~ q(x) according to a predefined

variance schedule {f;}7_,, expressed as

T
q(xy.rlxg) = 1_[ q(xelxe—1), q(xelxe—1) = N(xt;\/ 1- ﬁtxt—pﬁtl); ¢Y)



where B; € (0,1) is the noise variance at timestep t. Defining @, = 1 — , and @, = [[_; a;,

the forward process can be written as

x, =Jax,+J1—ae,  e~N(0,D. (2)

In the reverse process, the clean signal x is progressively reconstructed from the noisy

sample x;. The reverse process, parameterized by a neural network with 8, is given by

T
p(xo.r) = p(x7) l_lpe(xt—ﬂxt) ) Po(Xr_1|xe) = N(xt—l;ﬂe(xt: t), Z(xy, t))» 3)

where pg(x; t) is trained to approximate the mean of the true posterior distribution

q(x:_1|x;) while the posterior covariance is fixed to X(x;, t) = %ﬁtl = X.I. Instead of
—Ut

directly modeling pgy(x;,t) , alternative parameterizations can be obtained using the

reparameterization trick together with Bayes’ theorem [8,12]:

xt_

1 B v a (1 —a;_q) V&-1Pt
.ue(xt: t) = ‘ — Ee(xtl t) = — xt + — xO,G (xtl t), (4)

t
where €4 is the model prediction of injected noise, and X ¢ is the estimate of clean data. Since
X is available during training, estimating pg is equivalent to predicting either €4 or X g as

these quantities are linearly related in Eq. (2). In contrast to the widely adopted e-prediction

[12], we adopt an x-prediction formulation and consider the following training objective:

~ 2
L(6) = Eexye | AellX0 — oo (xe, O], (5)
where A, follows Min-SNR-5 weighting strategy [27], improving training stability by

balancing contributions from different noise levels. For notation simplicity, the parametric

dependence on 6 in X ¢ is omitted in the following.



After training, a new sample x is generated by iteratively applying the learned reverse

diffusion process starting from Gaussian noise x7~N (0, ).

NV a(1—a_q) V1Pt
Xt—1 = X+ 1—a Xo(x4,t) + /22, z~N(0,1) (6)
t

1 - &t
2.1.2. Residual formulation for physical consistency

Physical laws governing a system can be formulated as PDEs with associated boundary

conditions defined over a physical domain Q c R%, expressed as:

(LA, ] =0 in -

Bla(§)] =0 ondQ ’

where F[-] and B[] denote the differential operators and the boundary operator, respectively,
01} is the boundary of the domain (), and & € Q is the spatial coordinate. d is the spatially
distributed design field that parameterizes the governing PDEs. a is the corresponding solution
field that satisfies the PDEs parameterized by d in () and associated boundary conditions on

0Q.

In this work, we aim to train a diffusion model to learn the joint distribution of data
x:= (d,a) such that the generated samples satisfy Eq. (7). The spatial coordinate § is
discretized on an n X n grid, so that d(§) and a(§) are discretized accordingly. The physics

residual Rppys(x), defined for the discretized fields x, measures the extent to which the

governing PDEs and boundary conditions are satisfied:

| ®)

:Rphys(x) = B[x]

Conventional diffusion models are trained on discretized data x obtained from
numerical simulations that satisfy Eq. (7). The learned joint distribution implicitly reflects the
underlying physical consistency. However, since no explicit physical constraint is incorporated

into the training objective, physical consistency is not directly enforced during generation. To



explicitly incorporate physical constraints into the generative framework, prior studies have
proposed two main strategies: (i) integrating such constraints into the training objective [21]
and (i1) guiding diffusion sampling to enforce physical consistency [20,24,25]. The former
strategy is first introduced through the physics-informed diffusion model in Section 2.1.3 and
is further extended in Section 2.2.1 by incorporating conditional constraints while the
sampling-based strategy in Section 2.2.2 applies guidance to enforce these constraints during
generation.
2.1.3. Physics-informed diffusion models

A physics-informed diffusion model (PIDM) [21] integrates constraints derived from
governing physical equations directly into the diffusion model training process, thereby
enforcing generated samples to satisfy the physical laws. To incorporate such physical
constraints into the training objective while preserving the probabilistic formulation of
generative models, PIDM introduces the physics residual as a virtual observable [28], # = 0.
The virtual observable is assumed to be sampled from the following Gaussian distribution
centered at Rppys(Xo):

AR pnys (Flxo) = N(?; :Rphys(xo); UZI)' C))

where o2 is the variance controlling the strength of the imposed physical constraint, with

Rphys(x9) = 0 being enforced more strongly as o? decreases. The physics residual is

evaluated with respect to the clean sample x,. The virtual likelihood py (#) can be obtained by

marginalizing over the clean sample x as follows:

(7120 (6)dX0 = Exy-pg(xy) |Arynys Fl%0)|  (10)

phys

pe(F) = fpe(?, Xo) dxo = f qaz
The training objective of PIDM in Eq. (11) includes the virtual likelihood term pg (7*) as well
as the data likelihood term py(x,) in purely data-driven diffusion models. This guides the

generative distribution toward a physically consistent subspace supported by the training data.



arg max Ex, q(xy) [108 P9 (X0)] + Exypy(xy) | 108 R s F = 01%0)] (11)
In the reverse process of the denoising diffusion algorithm, the clean sample x is not directly
accessible and only the noisy sample x; is available, on which the physics residual is not
meaningfully defined. The denoising MSE objective in Eq. (5) implies that the diffusion model
output X, is an estimate of E[x|x;] and this estimate is used to evaluate the physics residual
[11]. Accordingly, Eq. (11) can be rewritten as:
arg Max Ex,q(x 1089 (X0)] + Exy r-pg(ear) |08 Ay F = 0%o(xi)|.  (12)
However, evaluating the physics residual using the estimate X, can degrade the
effectiveness of physical enforcement, since the physics residual on the posterior mean,
Ronys(E[xo|x.]), is not equivalent to the expected residual, IE[Rphys (x0)|x¢], a discrepancy
commonly referred to as the Jensen gap [21,29,30]. As the timestep t increases, the conflict
between the data and residual loss terms in the objective becomes more pronounced. To
mitigate this, the variance of residual likelihood is increased with t, thereby progressively

relaxing the physical constraint as t = T. Accordingly, ARphys (f”| Xo(xy, t)) is modeled as a

Gaussian distribution whose variance is given by a scaled version of the fixed variance

schedule of the denoising process as:

T
Ay (PR 1)) = | | a2y (R0 0)
t=1

, Where CIRphys (?l x\o(xt: t)) = N (¥; :Rphys (QO)’Zt/CphysI): (13)
where Z; = 115[;1 B: is the fixed posterior variance of reverse diffusion process, and the
—Ut

hyperparameter cppys serves as a variance scale factor that controls the strength of penalization
for deviations from Rppys(Xp) = 0. Since sampling from x;.7~pg(x1.7) in Eq. (12) is

intractable during training, it is simplified by sampling from the forward diffusion distribution



q(x1.7), leading to the training objective of PIDM in Eq. (14). A detailed derivation of this

formulation can be found in [21].

c
~ phys ~ 2
Lpipm(0) = E¢ (1,71 x0.7~q(Xo7) [llt”xo — Xo(x, OII* + oy ”Rphys(xo(xt; t))” ] (14)
t
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Figure 2. (a) Training of the dual-constrained diffusion model. The diffusion model predicts the clean
sample from noisy inputs x;. PDE and condition residuals evaluated on the clean estimate X, are
incorporated through residual likelihoods, enforcing physical consistency and condition satisfaction. (b)
Dual-guided diffusion sampling. During sampling, residual gradients computed from the estimated
clean sample X, are used to guide the reverse diffusion process toward samples that satisfy both the
governing physics and the prescribed target conditions.
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2.2. Proposed dual-constrained diffusion framework

The proposed dual-constrained diffusion framework consists of two components: a
dual-constrained diffusion model (DCDM), which enforces physical and conditional
constraints during training, and dual-guided diffusion sampling (DGS), which additionally
enforces these constraints during sampling. These components enable the generation of
samples that are not only physically consistent but also aligned with prescribed target
conditions. The overall framework is summarized in Fig. 2.

2.2.1. Dual-constrained training: integration of physical and conditional constraints

Although PIDM can generate physically consistent samples in an unconditional manner,
it is insufficient for inverse design problems requiring prescribed target properties. To enable
generation of physically consistent samples conditioned on prescribed target conditions, we
extend the PIDM to a conditional diffusion model by incorporating the target conditions ¢ as
an additional input vector. The corresponding training objective is given by

Cphys
23,

~ ~ 2
LcPIDM(e) = II3t~[1,T],;\50:T~q(xo:T) At”xo - xo(xt; L, C)Hz + ”Rphys(xo(xt' L, C))” ]-(15)

By minimizing the objective in Eq. (15), the conditional reverse transition pg(x;_1|X;, €) is
learned, enabling conditional generation of samples given c.

Furthermore, since the target properties can be directly computed from the generated
design and solution fields, we introduce a conditional constraint that is incorporated into the
training objective in a probabilistic manner analogous to the physical constraint, improving
consistency with the prescribed target properties during generation. The condition residual
Ronda(xp; €) that measures the extent to which a generated sample satisfies the target

conditions c is defined by

Reona(xg; €) := H(x0) —c, (16)

where H (+) denotes an operator that computes the properties from the clean sample x,. To

integrate the conditional constraint into the training objective, the condition residual is
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introduced as a virtual observable, h = 0, assumed to be sampled from a Gaussian distribution

centered at R onq(Xo; €):
Ay, 4 (A %0, €) = N (I Reona(x0; ©), 0°I) (17)
The virtual likelihood pg (ﬁlc) is obtained by marginalizing over the x, as follows:
Pe (’HIC) = fpg (”i' xOIC) dXO = f chond(E|x0' C)pg (x0|c)dx0 = ]EXONPG(XOVJ) [chond(ﬁ|x0’ C)] (18)
Analogously to gz, . (Flx0) 5 qregpq (IAI|5EO (xl:T)) is modeled as a Gaussian

distribution whose variance follows a scaled version of the fixed schedule of the denoising

process:
T
chond (”il/x\o (xliT)' C) = 1_[ chond (E|£O (xt’ 2 C)' C)
t=1
Y where chond (Tl|',x\0(xtl t, C)) = N(Tl' Rcond(QO(xtl t, C); C), z:t/ccondl)' (19)

where %, is the fixed posterior variance of reverse diffusion process, and the hyperparameter
Ccond 1S @ variance scale factor that controls the strength of penalization for deviations from
Rconda(Xo; €) = 0.

By incorporating the maximization of the condition virtual residual log-likelihood into

the training objective in Eq. (15), the proposed objective in this work is given by

Cphys
23,

”Rphys (yo(xt; t, C)) ”2

physics loss

Lpcom(0) = Eeof1. 1) xgr~qCeom) | AellXo — Zo(xe, t, 17 +
dataloss

Ccond ~
+%”:Rcond(x0(xt; t, C);C)HZ . (20)
t

condition loss

Enforcing both physical consistency and condition satisfaction during training enables the
diffusion model to learn a conditional generative process that produces physically valid designs
satisfying the prescribed target conditions. The overall training procedure of DCDM employed

in this work is summarized in Algorithm 1.
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Algorithm 1 Dual-constrained training procedure of DCDM
1. Require: Target condition ¢, Variance scale factors Cphys, Ceongs Variance schedule
{Z¢}{=;, Data loss weights {1,}{-, Diffusion steps T, Physics residual Rpys(-),

Condition residual R qpq(+, €)

2: Repeat

. @ )
3: Sample (x,, ¢) from dataset {xo ,C }

i=1

4: t ~ Uniform{1, ..., T}
5: e~N(0,1)
6: xte\/a_tx0+ 1—a.e
7 Xo < Xgg(xy, t, €)
&: Update @ by taking a gradient descent step on

= Cph ~ |2, € ~
Vo [Aell%o = Zoll? + 22| Rpnys Ro)[|” + %22 | Reona (Fo; ©)1I?]

9: Until converged

2.2.2. Dual-guided diffusion sampling for physical and conditional constraints

Despite incorporating both physical and conditional constraints during training, the
DCDM may exhibit degraded performance when target conditions are underrepresented in the
training data. To alleviate this issue, guidance mechanisms are applied during sampling.
Classifier-free guidance (CFG) [31], which linearly combines conditional and unconditional
model outputs, is commonly used to strengthen conditioning in diffusion models. Although
successful in engineering inverse design applications [13,16], CFG-based approaches typically
generate only the design field. In contrast, our framework jointly generates both design and
solution fields, where the linear combination in CFG does not guarantee preservation of
physical consistency. To overcome this limitation, DiffusionPDE [25] extends guided diffusion
methods [22] by incorporating physics-based residual gradients into the reverse process.

Building upon this approach, we further incorporate an additional guidance term to
promote condition satisfaction along with physical consistency during sampling. This dual-

guided update is applied after each reverse diffusion step and is given by

~ A~ [ 2 A~ [
Xt = Xt — {physvit”gephys(xo(xtr t, C))” - (condvit”gecond(xo(xt: t, C); C)llz ’ (21)
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where X; denotes the intermediate sample obtained by updating x,, through the learned
reverse diffusion process in Eq. (6). {pnys and {cong are hyperparameters controlling the
guidance strengths for the physics and condition residuals, balancing physical consistency and
condition satisfaction during sampling. The overall procedure of dual-guided diffusion

sampling (DGS) employed in this study is summarized in Algorithm 2.

Algorithm 2 Dual-guided diffusion sampling procedure of DCDM

1: Require: Trained model X g (x¢, t, ¢), Target condition ¢, Guidance weights {phys, (cond
Variance schedule {Z,}]_,, Diffusion steps T, Physics residual Rppys(-),

Condition residual R.,nq(+, €),

2: Sample x7~N(0,1I)

3:fort =T to1do

4. z~N(0,I)
~ Jar(1-ae_q) Jar—1Bt ~
5: xt_l — tl—a: L xt + 1ialt : xO,e(xtl tr C) + V th
2
6 Xt—1 < %t—l - {phySV}P1 Rphys (520,9 (%t—li t— 1' C)) || - Zcondvit,l ”:Rcond(io,ﬂ (%t—l' t— 1' C); C)HZ
7: Return x,

3. Problem settings
3.1. Problem formulation

To evaluate the proposed framework, we consider the inverse design problem of
identifying microstructures that achieve a prescribed strain energy under 50% uniaxial
extension. The nonlinear mechanical behavior of the microstructure is modeled using a
compressible Neo-Hookean hyperelastic material model, and the corresponding strain energy

functional W is given by:

W(F) = %,u[F:F —3—2In(detF)] + %A %((detF)2 — 1) — In(det F)|, (22)

where F is the deformation gradient and p, A are the Lamé parameters, which are related to

Young’s modulus E and Poisson’s ratio v in Eq. (23).

E Ev
U=——— and A=

2(1+v) S (1+v)(1-2v) (23)
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Here, the design field d is defined as a spatial distribution of Young's modulus over a
14 x 14 regular cell-based design domain, while Poisson’s ratio is fixed at 0.3 throughout the
domain. The solution field a is defined over a 57 X 57 regular grid-based domain and
corresponds to the displacement field obtained from a 50% uniaxial extension test, as shown
in Fig. 3a. The diffusion model is formulated to jointly represent the Young’s modulus field d
(design field) and the displacement field a = (u,, u,) (solution field), conditioned on the
prescribed target strain energy ., (condition c). This formulation enables inverse design of
hyperelastic microstructures consistent with the prescribed condition. Table 1 summarizes the
key symbols used in the problem formulation and the denoising diffusion framework.

The Mechanical MNIST [26] dataset was used as a controlled benchmark because its
reduced and structured design space enables efficient and transparent evaluation of the
proposed framework while retaining the essential characteristics of the inverse design problem.
This dataset consists of discretized two-dimensional microstructures with a hyperelastic
constitutive model. The inverse design problem is formulated to generate microstructures that
achieve a prescribed target property defined as the total absorbed strain energy under uniaxial
extension. Furthermore, the PDE residual corresponding to the governing equations is
formulated in weak form and incorporated into the training objective and the sampling process
of the diffusion model, promoting both physical consistency and condition satisfaction in the

generated samples.
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Table 1. Summary of symbols used in the problem formulation and the denoising diffusion

Pprocess
Symbol Description
X Joint state modeled by the diffusion process, defined as x := (d, a), where d is the design
field and a is the solution field.
d Design field; in this problem, the spatially distributed Young’s modulus field.
a Solution field; in this problem, the displacement field (u,, u,).
c Condition variable representing the prescribed target total strain energy of the microstructure.
Yiarg Target total strain energy used as the condition c.
Ygen Total strain energy computed from the generated design and displacement fields (d, a).
Yeem Total strain energy obtained from finite element analysis using the generated design field d.
Ronys (%) Physics residual defined by the governing equilibrium equations and boundary conditions.
Reonda(x;¢)  Condition residual defined as the discrepancy between gep, and the target condition c.
Rptrys (%) Mean absolute error of the physics residual.
(a) (b)
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Figure 3. (a) Schematic illustration of the loading and boundary conditions for the MNIST-based
microstructure subjected to 50% uniaxial extension. (b) Distribution of the total strain energy i of the
microstructure across the full dataset of 10,000 microstructures.

3.2. Data generation

The grayscale value of each pixel f € [0,255] is converted into Young’s modulus E as

__B
255.0

While retaining the material property mapping rule of Mechanical MNIST, we adjust the

E (100.0 —1.0) + 1.0 (24)
design resolution. Specifically, the original 28 X 28 MNIST images are downsampled to

14 x 14 using 2 X 2 average pooling to reduce the design dimensionality. The resulting

16



14 x 14 images are then mapped to Young’s modulus values for each cell using Eq. (24),
yielding a continuous design field with E € [1,100].

To implement the 50% uniaxial extension test, the bottom boundary of the domain is
fixed, while a vertical displacement corresponding to 50% of the total height is applied at the
top boundary. For the finite element analysis, the domain is discretized on a 57 X 57 regular
nodal grid, from which the displacement fields u; and u, and the total strain energy are
computed. In our framework, the diffusion model uses a U-Net [32] backbone, which requires
all input fields to share the same spatial resolution when concatenated along the channel
dimension. Since the design field is originally defined on a 14 X 14 cell-based grid, it is
upsampled to 56 X 56 by uniformly replicating each cell into a 4 X 4 block with identical
values. The Young’s modulus field is then padded to obtain the final 57 X 57 resolution,
ensuring spatial alignment with the nodal displacement fields. This padding is introduced solely
to match the input resolution required by the network and does not contribute to the
computation of the physics or condition losses.

The Young’s modulus field is linearly normalized to the range [—1, 1] to construct the
dataset for the design field d. The displacement fields u, and u, are independently normalized
to the same range using their respective global minimum and maximum values and then
combined to form the dataset for the solution field a. The total strain energy is normalized to
[-1,1] using the physical range [50, 300], and the normalized value is used as the target

condition Y, in the dataset. The dataset consists of 10,000 samples, which are randomly split
into 9,000 training samples and 1,000 validation samples. The distribution of 1, in the full

dataset and its summary statistics are shown in Fig. 3b.
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3.3. Enforcing physical consistency and conditioning

In this section, the physics residual Rpp,ys(x) and the condition residual Reonq(x; €)

are defined to measure physical consistency and the satisfaction of the target condition in the

inverse problem considered in this study.

Specifically, we consider a static equilibrium problem governed by the following

mechanical equations:

Vy-P(X)=0inQ (25a)
u(X) =uonXe€ o, (25b)
P(X)-n(X) =tonX € 9Q,, (25¢)

where 0 € R? is the reference domain and its boundary 04 is partitioned into 0, and 9Q,
on which Dirichlet and Neumann boundary conditions are applied, prescribing the
displacement u and the traction t, respectively. The boundary satisfies 9Q = 9Q, U 0Q,, and
dQ; N0, = @. Here, Vy - is the divergence operator in the reference coordinates, P is the
first Piola-Kirchhoff stress tensor, F is the deformation gradient, u is the displacement vector,
and n is the unit normal vector defined in the reference configuration. Neglecting body forces,
the weak form of the linear momentum balance equation can be written as:

fP :VyvdV —f t -vdS =0, V admissible v (26)
Q IOk

where v is an admissible test function that vanishes on the Dirichlet boundary d(},,.

After discretizing the reference domain into finite elements, the set of all nodal degrees
of freedom is denoted by D = {(a,i):a = 1, ...,n, ;i = 1,2}. The set of degrees of freedom is
partitioned into the fixed degrees of freedom D* and the free degrees of freedom DT such
that D = DXy Diree and DfixnDfree =@ . [n the Bubnov—Galerkin method, the

displacement field u and the test function v are approximated using the same shape functions
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N?, leading to
Nn
u(X) = Z N(X) u® 27)
a=1

Nn
v(X) = Z Ne(X)v®,  with v? = 0if (i) € D (28)
a=1

The deformation gradient is expressed as

Nn
FX) =1+ Z us ® VyN(X), (29)
a=1
where Vy denotes the gradient operator with respect to the reference coordinates.

Substituting Eq. (28) into the weak form in Eq. (26) reduces to

Nn

Z ve - UP VXN“dV—f fNadSl =0. (30)
Q 00,

a=1

Since Eq. (30) must hold for all admissible test functions, the residual for the free degrees of
freedom is given by Eq. (31), with the constitutive relation P = dW /9F. For the fixed degrees
of freedom prescribed by Dirichlet boundary conditions, the residual is defined as the

displacement mismatch in Eq. (32).

R = [ W ogneay - [ Ewegs, v (a,i) € D'ree
free — Jj i ’ a, l) €D (31)
o 0Fi; 20,
RE = ud — (XY,  V(ai) e D (32)

For the present inverse design problem, the physics residual for a generated sample x

during denoising is formulated as

Riree (X)
Rpnys(x) = | e’ |, (33)
phys AfixRix (X)
where  Rpree(¥) = [REL ()] @pepiree AN R (x) = [REL(x0)] (@pepix  denote  the

equilibrium residuals at the free degrees of freedom and the displacement constraint residuals
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associated with the Dirichlet boundary conditions, respectively. Agy > 0 is a weighting
hyperparameter that balances the relative contributions of the two residual components. The
prescribed Dirichlet boundary conditions are not hard-enforced through the network
architecture or post-processing, but their satisfaction is encouraged through R, (x) as a PINN-
like soft penalty in the training objective. For each generated sample, the physics residual error

is measured using the mean absolute error (MAE) as

1

MAE —
R (x) - IDfreel + IDfixl

phys

free fix
(a,i)epfree (a,i)epfix

REL |+ > AmdRE@]] G
, Where |Dfree| and |Dﬁx| denote the number of free and fixed degrees of freedom, respectively.

The condition residual quantifies the difference between the target condition ¢ and the
total strain energy gen(x) computed from the generated sample within the finite element

formulation, given by

Nel
Reond (556) = Ygen () = €, Ygen () = ) [ WEIAV, (35)
e=1"%e
where (), denotes the reference domain of element e. For a generated sample x = (d, a), the
deformation gradient is computed from Eq. (29), and the strain energy density W is evaluated
using the material parameters from the design field d. The total strain energy gen (%) is then
obtained by integrating over all elements. Unlike conventional generative inverse design
approaches that rely on separate surrogate models [4] or additional finite element analysis
[14,16] for post hoc validation, the proposed framework enables the rapid screening of design
candidates via direct evaluation of condition satisfaction from the jointly generated design and

solution fields.
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4. Results and discussion
4.1. Training of diffusion models for microstructure inverse design

In this section, diffusion models were trained to jointly generate the Young’s modulus
field and the corresponding displacement field, conditioned on a prescribed target strain energy

Yrarg- Different training strategies were investigated to assess the effects of incorporating

physics loss and condition loss on physical consistency and condition satisfaction. Detailed
descriptions of the network architecture, implementation, and hyperparameters are provided in
Appendix A. Sensitivity analyses of the training settings and key hyperparameters are
presented in Appendix B.

Three models sharing the same network architecture were compared, differing only in
their objective functions: (i) Standard DM, trained using only the data loss; (ii) PIDM,
incorporating both data and physics losses; and (iii)) DCDM, incorporating data, physics, and
condition losses. DGS can be independently applied to each of these trained models at the
sampling stage, and the corresponding constraint settings for all compared models are
summarized in Table 2. Model training and validation were conducted using four different
random train—validation splits, each consisting of 9,000 training samples and 1,000 validation
samples. The distributions of the total strain energy of the microstructures in the training and
validation subsets of each split are shown in Fig. Al.

Table 2. Summary of training- and sampling-stage constraints in the compared diffusion models.

Model Training-stage constraints ~ Sampling-stage constraints
Standard DM None None

PIDM [21] Physics None

DCDM Physics + condition None

Standard DM+DGS None Physics + condition
PIDM+DGS Physics Physics + condition
DCDM+DGS Physics + condition Physics + condition

The Standard DM was trained for a total of 600,000 iterations using only the data loss.

For PIDM and DCDM, the physics loss was not introduced at the beginning of training. During
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the early stage of training, generated samples may not sufficiently represent the underlying data
distribution, and enforcing the physical constraints prematurely can result in non-physical
deformations and numerical instability. To mitigate this issue, both PIDM and DCDM were
first pretrained for 300,000 iterations using only the data loss. The physics and condition losses
were then introduced, and training continued for an additional 300,000 iterations based on their
respective objective functions. All experiments, including both training and sampling, were
conducted on a single NVIDIA RTX 5090 GPU.

Figures 4a and 4b present the evolution of the data loss, the physics residual error

MAE
:Rphys

(%,), and the condition residual error |R onq(%o; ¢)| during training and validation. The
condition residual error was evaluated based on the total strain energy normalized to the range
[—1, 1]. For PIDM and DCDM, the training data loss exhibited a temporary increase at 300,000
iterations, coinciding with the introduction of the physics and condition losses. As training
progressed, the data losses of PIDM and DCDM converged to approximately twice that of
Standard DM, while their physics residual errors remained approximately one order of
magnitude lower. Notably, although PIDM does not explicitly include a condition loss term, it
achieved a lower condition residual error than Standard DM. This indicates that improved

physical consistency can indirectly enhance agreement between the generated strain energy

YPgen and the target condition. DCDM further reduced the condition residual error while

maintaining a physics residual error comparable to that of PIDM.

Table 3 separately reports the equilibrium and Dirichlet BC residuals evaluated on the
validation data, providing a more detailed assessment of the physical consistency of the
generated solution fields. Compared with Standard DM, DCDM and PIDM substantially
reduced both residual components, with only marginal increases in validation data loss. In
particular, DCDM maintained equilibrium and Dirichlet BC residuals comparable to those of
PIDM while reducing the condition residual to less than half of that achieved by PIDM. These
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trends were consistently observed across the four random train—validation splits, indicating

limited sensitivity to data partitioning.
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Figure 4. (a) Training and (b) validation histories of the data loss, physics residual error, and condition
residual error for Standard DM, PIDM, and DCDM. The vertical dashed line at 3 x 10° iterations
marks the introduction of the physics and condition losses. The curves were smoothed using a moving
average with a window size of 30,000 iterations.

Table 3. Validation metrics for DCDM, Standard DM, and PIDM. Each model was independently
trained and evaluated on four different random 9:1 train—validation splits of the same dataset using the

hyperparameters listed in Table A2. Values are reported as the mean + standard deviation over the four
splits.

Data loss Equilibrium residual Dirichlet BC residual ~ Condition residual

llxo — %ol IRree Ro)ll1/IDereel  1RfixRo)ll1/1Dsix| IR cona (%o; €)1
DCDM (8.98+£2.17)x 1073 (1.84 +0.07)x 1072 (8.06+£0.97)x 1073 (4.68 £1.01)x 1072
Standard DM (8.76 £0.84)x 1073 (2.72+0.29)x 107* (2.74 £ 0.48)x 1072 (4.70 £1.16)x 1071
PIDM (9.10£0.73)x 1073 (1.92 +£0.12)x 1072 (7.33+£0.53)x 1073 (1.06 £ 0.09)x 1071
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4.2. Inverse design of hyperelastic microstructures using the proposed DCDM+DGS
framework

In this section, we evaluate whether the proposed DCDM+DGS framework enables
reliable direct evaluation of generated candidates without additional numerical simulations for
the hyperelastic inverse design problem, in comparison with Standard DM and PIDM
introduced in Section 4.1. While the baseline models do not incorporate conditional constraints
during training and employ unguided reverse diffusion without sampling-stage constraint
enforcement, DCDM+DGS integrates a trained DCDM with DGS, enabling both physical and
conditional constraints to be enforced across training and sampling. The key objective of this
comparison is to assess whether the generated samples can be reliably evaluated through direct
sample-based evaluation, while also examining their ability to satisfy the prescribed target
conditions. To this end, we first examine condition satisfaction and physical consistency using

quantities directly computed from the generated samples, namely the total strain energy Ygen
and the physics residual error Rmﬁg (xp) in Section 4.2.1. We then evaluate the reliability of
this sample-based assessment by comparing Y., With finite element method (FEM)-computed

strain energy Y, in Section 4.2.2. Detailed quantitative results for all evaluated target

conditions are provided in Tables S1-S48 in the Supplementary Materials.

The target conditions were categorized into three groups based on the target strain
energy distribution presented in Fig. 3b: (i) high-density in-distribution (ID) conditions within
the 595" percentile range of the data distribution, (ii) low-density ID conditions within the
observed data range but outside the 5"-95" percentile range, and (iii) out-of-distribution (OOD)
conditions outside the observed data range. In this section, the high-density ID targets were set

t0 Yrarg = 140, 160, and 200, while the low-density ID targets were set to Yrarg = 120 and
250. Target conditions outside the observed data range, including Y, = 110 and 260, were

classified as OOD conditions.
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4.2.1. Evaluation of condition satisfaction and physical consistency

For each of the three models, 1,000 hyperelastic microstructures were generated under

prescribed target strain energies P,rg. The generated samples were then directly evaluated in

terms of the strain energy gen and the physics residual error R?,%ES (x0).

For the high-density ID conditions, conditional generation was performed at ¥ ,rg =

140, 160, and 200, with 1,000 samples generated for each target. The distributions of e, and

RMAE

phys (Xo) for representative condition 1,y = 160 are shown in Fig. 5a. Across all high-

density ID targets, DCDM+DGS produced ¥ge, distributions most closely concentrated

around the prescribed targets while maintaining low physics residual errors. For DCDM+DGS,

the relative errors between the mean values of e, and the prescribed targets were 0.14%,

0.13%, and 0.06%, while the corresponding mean values of Rfﬂf;,}i (x¢) were 0.0087, 0.0096,
0.0131. In contrast, Standard DM showed the weakest performance in both condition
satisfaction and physical consistency, with relative errors of about 5-6% and physics residual
errors that were approximately one order of magnitude higher than those of DCDM+DGS.
PIDM showed improved physical consistency compared with Standard DM, achieving physics

residual errors of a similar order of magnitude to those of DCDM+DGS, but its condition

satisfaction remained less accurate, with relative errors of about 1-2%.

For the low-density ID conditions, conditional generation was conducted at Yiarg =
120 and 250, while the OOD target conditions were set to Parg = 110 and 260. The

distributions of ¥ge, and Rmﬁg (xo) for the representative OOD condition Y = 260 are
shown in Fig. Sb. Under these more challenging conditions, DCDM+DGS consistently

maintained both accurate condition satisfaction and low physics residuals across the low-

density ID and OOD conditions. For DCDM+DGS, the relative errors of the mean g, values
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were 0.30%, 0.28%, —0.28%, and —0.33% for Y,rg = 110, 120, 250, and 260, respectively.
The corresponding mean values of Rg[}%g(xo) were 0.0095, 0.0095, 0.0249, and 0.0295. In

contrast, Standard DM showed the least reliable performance, with relative errors increasing
to about 5-16% with respect to the prescribed targets and physics residual errors remaining
more than one order of magnitude larger than those of DCDM+DGS. PIDM showed better
overall physical consistency than Standard DM, but still exhibited larger deviations from the
prescribed targets and higher physics residual errors than DCDM+DGS, with relative errors of

about 2—4% with respect to the prescribed targets.

In summary, DCDM+DGS achieved the most reliable overall performance among the
three models by maintaining both low physics residual errors and accurate condition
satisfaction. Both DCDM+DGS and PIDM exhibited substantially lower physics residual
errors than Standard DM across all target conditions. However, while PIDM achieved low
physics residuals, it showed limited accuracy in satisfying the target condition, whereas
DCDM+DGS consistently improved condition satisfaction. This difference was relatively
small under high-density ID conditions but generally became more pronounced under low-
density ID and OOD conditions. Standard DM and PIDM, neither of which incorporated
conditional constraints during training, exhibited more limited condition satisfaction than
DCDM-+DGS across the evaluated target conditions. Notably, although PIDM did not
explicitly enforce the target condition, it still showed better condition satisfaction than Standard
DM, suggesting that physics-informed training can indirectly facilitate conditional generation.

The relationship between low physics residual errors and the agreement between ge, and

Ysem Obtained from FEM simulations is further examined in Section 4.2.2.
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Figure 5. Distributions of the sample-based total strain energy Pge, (left) and the physics residual error
Rg’[hAyE (xq) (right) for hyperelastic microstructures generated by DCDM+DGS, Standard DM, and
PIDM under representative target conditions. (a) High-density ID condition with 5 =160. (b) OOD
condition with ;g =260. For each model, 1,000 samples were generated per target condition. Red
dashed lines indicate the prescribed target strain energy Yiarg-

4.2.2. FEM-based validation of generated hyperelastic microstructures

In this section, FEM-based validation was performed for samples generated under
prescribed P,rg. For each generated sample, finite element analysis was conducted using only

the design field (Young’s modulus field) under the prescribed boundary and loading conditions,

and the corresponding r.,, Was obtained. The agreement between the sample-based
evaluation and FEM validation was quantified using the relative error |l/)gen — I/erm| /Wtem-

The validation was conducted for the same ID and OOD conditions considered in Section 4.2.1,
using 100 generated samples for each target condition.

For the high-density ID conditions, FEM-based validation was performed at Yarg =

140, 160, and 200. Figure 6a presents the distributions of e, and |1,bgen - wfem|/lpfem for
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the representative condition Y,rg = 160. Across all high-density ID targets, DCDM+DGS
produced FEM-validated strain energy distributions most closely aligned with the prescribed
targets while maintaining low relative errors between Yge, and YPrer,. For DCDM+DGS, the
relative errors between the mean values of 1., and the prescribed targets were 0.16%, 0.04%,
0.01%, while the corresponding mean relative errors |1,bgen — l/)fem| J/Wtem Were 0.13 %, 0.13%,
and 0.15%. In contrast, Standard DM showed the weakest performance, with target errors of
about 1-3% and relative errors between Ygen and Yo, of about 3—-4%. PIDM showed better
agreement than Standard DM, but its relative errors between Yge, and YPgey were
approximately twice those of DCDM+DGS, and its FEM-validated strain energies deviated

from the prescribed targets by about 0.5-1.5%.

For the low-density ID conditions ¥,y = 120 and 250 and OOD conditions Y iarg =
110 and 260, FEM-based validation was carried out. Figure 6b illustrates the distributions of
Ysem and |l/)gen - lpfem| /Wtem for the representative OOD condition Yi,rg = 260. Under
these more challenging conditions, DCDM+DGS showed the most reliable overall
performance among the three models. The relative errors between the mean values of Yy, and
the prescribed targets were —0.05%, 0.03%, —0.68%, and —1.25% for Y, = 110, 120, 250,
and 260, respectively. The corresponding mean relative errors |1,bgen - wfem| /Wtem Were

0.44%, 0.27%, 0.51%, and 0.86%, demonstrating close agreement between sample-based
evaluation and FEM validation across the low-density ID and OOD conditions. In contrast,
Standard DM exhibited the least reliable performance under these conditions. Although the
relative errors between the mean values of Yy, and the prescribed targets remained within

about 0-3%, the relative errors between Ygen and Prey were 2.37%, 2.97%, 11.81%, and

16.41%, with substantially larger discrepancies observed at the high-energy targets. PIDM
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showed improved overall agreement compared with Standard DM, with relative errors between

Ygen and Yrem remaining below 1% across all four targets. However, its FEM-validated strain

energies deviated from the prescribed targets by approximately 2—3%, indicating less accurate

target satisfaction than DCDM+DGS.
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Figure 6. Distributions of FEM-validated total strain energy Yr., (left) and the relative error
|l/)gen — ll)fem| /Wem (right) for hyperelastic microstructures generated by DCDM+DGS, Standard DM,
and PIDM under representative target conditions. (a) High-density ID condition with ¥, =160. (b)
OOD condition with Y,rg =260. For each model, 100 samples were generated per target condition.
Red dashed lines indicate the prescribed target strain energy Yyarg.

To further illustrate the differences among the models, representative samples

corresponding to the median value of ge, and high-error samples at the 99th percentile of the
relative direct-evaluation error were selected for Y, = 160 and 260, as shown in Figs. 7 and

A3. The generated Young’s modulus fields, the generated and FEM-computed displacement

fields, and the corresponding free-DOF equilibrium residual fields are visualized, enabling
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Figure 7. Representative samples corresponding to
Standard DM, and PIDM under the high-density ID condition 5 = 160 (left) and the OOD condition
Yrarg = 260 (right). For each sample, the generated Young’s modulus field E and the generated

gen _ gen

displacement fields w7, u; ugem’ ugem

, and the corresponding FEM solutions are shown. In

addition, the free-DOF equilibrium residual fields Rf,eo (x) and R, .. (%) are presented to quantify the
degree of physics violation in each displacement component. The error ey, = |1/)gen - ll)fem| /Wtem
measures the discrepancy between the sample-based and FEM-based evaluation.

In addition to the target conditions discussed above, Fig. 8 extends the evaluation of

DCDM+DGS to a broader range of {arg = 100-300, including more distant extrapolation

conditions. The two relative errors represent relative target error, |1/)gen - ¢targ| /Wtarg and the
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direct evaluation error, |1/)gen — l,bfem| /Yrsem, respectively. A sample was considered valid
when both relative errors were within 2%, and n,;q denotes the number of such samples.
From ¥, = 100 to 270, at least 84 samples satisfied both criteria, and both mean relative

errors remained below approximately 1.1%. For the more distant high-energy OOD targets, the

performance gradually deteriorated. At g = 300, 41 samples remained valid, and both

mean errors were approximately 2.4%.
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Figure 8. Number of valid samples n,,4q (left axis) and mean relative target errors and direct
evaluation errors (right axis) for DCDM+DGS over the target condition range Yarg = 100-300. A

sample was considered valid when both |1/)gen - ¢targ| /Wtarg and |1/)gen - 1/)fem| /Wsem Were within
2%. The relative error values were averaged over 100 generated samples at each target condition.

In summary, DCDM+DGS demonstrates the strongest performance in FEM-based
validation by achieving the closest match to the prescribed targets and strong agreement
between sample-based and FEM-based evaluation. Across nearly all target conditions, the
discrepancy between the FEM-based evaluation and the prescribed target is smaller for
DCDM+DGS than for the other two models. This improvement can be attributed to applying
DGS, which simultaneously incorporates physics and condition constraints during sampling,
to the more physics-consistent generative distribution learned by DCDM, thereby guiding
generated samples more effectively toward the prescribed target conditions while maintaining

physical consistency, rather than relying solely on implicit conditional generation. In addition,
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DCDM-+DGS yields substantially smaller differences between direct sample-based evaluation
and FEM-based evaluation than Standard DM across all target conditions, while yielding
differences comparable to or slightly smaller than those of PIDM. This trend is consistent with
the physics residual results in Section 4.2.1, supporting that the low residual errors of
DCDM-+DGS translate into close agreement between direct evaluation and FEM validation.
By achieving both accurate condition satisfaction and strong agreement between direct
sample-based evaluation and FEM validation, DCDM+DGS enables efficient and accurate
screening of inverse design candidates without relying on additional surrogate models or
iterative FEM-based validation. For example, FEM-based validation required approximately
221 s to evaluate 1,000 samples, whereas direct sample-based evaluation required about 0.27 s
for the same number of samples. As shown in Table 4, using a batch size of 100 over 10
repeated sampling trials, DCDM+DGS required 14.75 £+ 0.05 seconds to generate 100
candidates, approximately five times the sampling time required by Standard DM and PIDM.
This increase arises because DGS requires physics and condition residual evaluations and the
corresponding gradient computations at every reverse-diffusion timestep. Taken together with
its strong agreement with FEM validation, these results demonstrate that DCDM+DGS makes
direct evaluation a practical and reliable basis for large-scale screening of condition-aligned
inverse design candidates. This advantage is expected to become even more significant for

problems with stronger nonlinearities or larger numbers of degrees of freedom.
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Table 4. Wall-clock sampling time for generating 100 candidates using DCDM, Standard DM, and
PIDM with and without DGS under the same batch size, evaluated over 10 repeated sampling trials.

Model Without DGS With DGS

DCDM 3.01+£0.04s 14.75+£0.05 s
Standard DM 3.01+0.04s 14.90 £ 0.09 s
PIDM 2.98+0.04s 14.85+0.09 s

For Standard DM, the error relative to the prescribed target y,rg Was smaller for e,
than for Ygep, and this mismatch became especially large under high-energy OOD conditions.

This indicates that the model learned the conditional distribution of the design field to a certain
extent. However, when the generated displacement field was used together with the Young’s

modulus field to compute Ygen, the error relative to Yr,rg increased substantially, reflecting

insufficient physical consistency of the generated fields due to the absence of the physics loss
during training. These results highlight the limited reliability of sample-based assessment in
such regimes and suggest that physically consistent joint generation is essential for accurate
and rapid screening of inverse design candidates.

These observations indicate that explicitly incorporating both physics and condition
constraints into the diffusion framework is important for generating target-aligned design
candidates and for filtering them accurately and efficiently through direct evaluation. Section
4.3 therefore further investigates this point through an ablation study on the roles of training-
stage and sampling-stage constraint enforcement.

4.3. Ablation study on dual-constrained training and dual-guided diffusion sampling

As discussed in Section 4.2, explicitly incorporating both physics and condition
constraints is important for generating target-aligned candidates while preserving physical
consistency. To clarify the respective roles of training-stage and sampling-stage constraint
enforcement, this section compares DCDM+DGS with the additional three models employing

different constraint-injection strategies. DCDM+DGS incorporates both physics and condition
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constraints during training and sampling, whereas DCDM incorporates both constraints only
during training. Standard DM+DGS incorporates both constraints only during sampling, while
PIDM+DGS incorporates the physical constraint during training and both physics and

condition constraints during sampling. Using Y, as the prescribed condition, Section 4.3.1

evaluates the generated samples in terms of Yge, and Rg[}%,]i (xp), and Section 4.3.2 validates

the generated samples using FEM by examining the discrepancy between Ygen and Yre -
Detailed quantitative results for all evaluated target conditions are provided in Tables S1-S48
in the Supplementary Materials.
4.3.1. Evaluation of condition satisfaction and physical consistency

For each model, 1,000 hyperelastic microstructure samples were generated under each

target condition and evaluated in terms of the total strain energy ge, and the physics residual

MAE

error Ry ys

(x0). The high-density ID conditions considered in this section were P,rg = 140,
160, and 200, while the OOD conditions were set to Yiarg = 100, 110, 260, and 270. The OOD

analysis considered both low- and high-energy extrapolation targets to evaluate the model

performance on both sides of the observed data range.

Samples were generated under the high-density ID conditions Y,rs = 140, 160, and

200, and the distributions of Yge, and Rg’[}%}z (xo) for the representative condition P, = 160
are presented in Fig. 9a. DCDM maintained the relative errors between the mean values of
Pgen and the prescribed targets below 0.5% across all high-density ID conditions, with physics
residual errors comparable to those of DCDM+DGS. Standard DM+DGS exhibited relative
target errors of 0.1-2.1%, while its physics residual errors remained approximately one order
of magnitude larger than those of DCDM+DGS. PIDM+DGS showed relative errors below 0.2%

and its physics residual errors remained comparable in magnitude to those of DCDM+DGS.

These results indicate that, under high-density ID conditions, DCDM can achieve accurate
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condition satisfaction and physical consistency without sampling-stage constraint enforcement,
whereas applying sampling-stage constraint enforcement to a model trained without physical

constraints is insufficient to achieve comparable physical consistency.

For the OOD conditions Y, = 100, 110, 260, and 270, samples were generated at

MAE

phys (Xo) for the representative

each target condition, while the distributions of gen, and R
condition YPr,rg = 260 are presented in Fig. 9b. DCDM exhibited mean relative errors of
approximately 5.84%, 0.60%, 3.57%, and 4.21% at Yarg = 100, 110, 260, and 270,

respectively, with physics residual errors generally higher than those of DCDM-+DGS.
Standard DM+DGS showed mean relative errors of approximately 1-3%, and physics residual
errors approximately one order of magnitude larger than those of DCDM+DGS under the high-
energy OOD conditions. PIDM+DGS achieved slightly lower physics residual errors than
DCDM+DGS, whereas DCDM+DGS showed slightly better condition satisfaction.
Nevertheless, both methods performed at comparable levels for both metrics. These results
indicate that, under OOD conditions, applying DGS to a diffusion model trained with physical
constraints is effective for achieving both accurate condition satisfaction and physical

consistency.
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Figure 9. Distributions of the sample-based total strain energy Ygey, (left) and the physics residual error

Rg’l}ﬁ,Es (xg) (right) for hyperelastic microstructures generated by DCDM+DGS, DCDM, Standard

DM+DGS, and PIDM+DGS under representative target conditions. (a) High-density ID condition with
Yrarg =160. (b) OOD condition with Y, =260. For each model, 1,000 samples were generated per

target condition. Red dashed lines indicate the prescribed target strain energy Yrarg.

In summary, these results show that the effectiveness of DGS critically depends on the
degree of physical consistency embedded in the generative distribution learned during training.
Although Standard DM+DGS generated samples with relatively accurate condition satisfaction,
their large physics residual errors limited the physical reliability of the generated solutions. In
contrast, PIDM+DGS and DCDM+DGS achieved both accurate condition satisfaction and low
physics residual errors, indicating that DGS is effective when applied to a generative
distribution shaped by physical constraints during training. Under high-density ID conditions,
training-stage physics and condition constraints enable DCDM to achieve strong physical

consistency and reasonably accurate condition satisfaction without sampling-stage guidance,

36



while requiring approximately one-fifth of the sampling time of DCDM+DGS, as reported in
Table 4. However, under high-energy OOD conditions, the performance of DCDM degrades,
as the model tends to generate samples biased toward regions well represented in the training
data, leading to systematic deviations from the prescribed targets. This behavior reflects the
limited coverage of high-energy conditions in the training data, which prevents the model from
adequately learning the corresponding conditional distribution. In such cases, sampling-stage
guidance becomes necessary, as it steers the generation process toward the prescribed OOD
targets by adapting structural patterns observed near the boundary of the training distribution,
thereby improving both condition satisfaction and physical consistency, as illustrated in Figs.

AS and AG6.

4.3.2. FEM-based validation and diversity analysis of generated hyperelastic
microstructures

In this section, FEM-based validation was performed for samples generated by the three
additional models under prescribed Yi,rg. Following the same evaluation protocol as in
Section 4.2.2, ¢, was computed for the generated samples under both ID and OOD
conditions, and the discrepancy between Yge, and Y, Was evaluated using the relative error,
with 100 generated samples for each target condition. In addition, the diversity of samples
generated by all six models was analyzed using pairwise L1 distance and structural similarity
index measure (SSIM) [33], as described in Appendix C.

For each of the high-density ID conditions g = 140, 160, and 200, 100 samples
were generated. Figure 10a illustrates the distributions of e, and |l/)gen - wfem| J/Wtem for
the representative condition g = 160. DCDM maintained strong agreement with the

prescribed targets across all high-density ID conditions, with relative deviations of the mean

Ytem from P 0f 0.61%, 0.38%, —0.48%, respectively.
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Its mean relative errors between Ygen and YPrey, also remained very small at 0.1-0.2%,

comparable to those of DCDM+DGS. Standard DM+DGS showed larger deviations from the
prescribed targets, with relative deviations of the mean of Yo, from P 0f 0.39%, —1.49%,
and —2.89%. Its mean relative errors between Pge, and Prer, Were also substantially higher at
2.0-3.1%, indicating that sample-based evaluation remained less reliable for filtering design
candidates. PIDM+DGS yielded relative deviations of 0.04%, —0.11%, and —0.16% between
the mean Yrer, and Piarg, respectively, while the mean relative errors between Yge, and Pren
remained at 0.08-0.12%. Overall, its FEM-based performance was comparable to that of
DCDM+DGS.

Table S5 summarizes the number and diversity of valid samples at P,g = 160. A
generated sample was considered valid only when it simultaneously satisfied the condition
satisfaction criterion, |Ygen — Wrarg|/Wtarg < €, and the direct evaluation criterion, |gen —
Ytem|/Wrem < €. For the training dataset, samples satisfying | — Yrarg|/WPrarg < € Were
selected, and diversity was evaluated for these samples and the valid generated samples.

Representative valid samples generated by DCDM and DCDM+DGS at Y5, = 160 and 200

are presented in Figs. A7 and A8, respectively, to illustrate the structural diversity of the
generated microstructures. At both € = 1% and 2%, all models incorporating training- or
sampling-stage constraints exhibited lower diversity than the corresponding training-data
subset. Across both tolerance levels, DCDM produced approximately 10 more valid samples
than PIDM on average owing to the additional condition constraint imposed during training,
while maintaining comparable diversity in terms of pairwise L1 distance and mean SSIM. Even
under the stricter € = 1% criterion, DCDM+DGS and PIDM+DGS produced an average of

79.8 and 75.3 valid samples, respectively, but exhibited lower diversity than their unguided
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counterparts, DCDM and PIDM. This indicates that DGS improves condition satisfaction and
direct evaluation accuracy at the expense of some diversity.

Table 5. Diversity analysis and number of valid samples at 15 = 160. Valid generated samples were
defined as those simultaneously satisfying the relative error criteria [Wgen — Yrarg|/Wrarg < € and
[Wgen — Yrem|/Prem < €. Training samples were selected using | — Yiarg|/Prarg < €. Values are reported
as the mean + standard deviation over four train—validation splits.

wtarg = 160
Nyalid di, () SSIM (1)

Training dataset 565.8+3.3 0.265 £ 0.001 0.482 +0.002
DCDM 31.5+34 0.242 +0.008 0.521 £0.017
Standard DM 0 - -

e=1% PIDM 213+24 0.231 £ 0.004 0.533+0.016
DCDM+DGS 79.8 £8.8 0.181 £0.004 0.619 +0.006
Standard DM+DGS™ 5.3 6.1 0.042 £0.015 0.880 + 0.054
PIDM+DGS 753+£59 0.173 £0.011 0.634+0.018
Training dataset 11473+ 7.8 0.264 £ 0.001 0.484 + 0.002
DCDM 533+5.9 0.235+0.008 0.531+0.014
Standard DM 0 - -

€e=2% PIDM 443 +1.0 0.233 +£0.006 0.530+0.015
DCDM+DGS 975+1.7 0.182 +£0.009 0.617+0.014
Standard DM+DGS  46.3 +£20.3 0.072 +£0.017 0.775 £ 0.057
PIDM+DGS 96.8 £ 1.9 0.175 +0.009 0.633 +£0.013

+ For Standard DM+DGS, pairwise metrics were computed using three splits because one split contained no valid samples.

For the OOD targets Y,rg = 100, 110, 260, and 270, 100 samples were generated for
each target condition and evaluated using FEM. Figure 10b presents the distributions of Y¢em
and |1/)gen - t/erm| /Wtem for the representative condition Y,rg = 260. DCDM exhibited
relatively small discrepancies between Ygen and Yrer,, with mean relative errors of 0.3—1.8%.
However, the relative deviations of the mean Yo, from P,g were —7.39%, 0.40%, —5.10%,
and —5.82% for g = 100, 110, 260, and 270, respectively. By contrast, Standard DM+DGS
showed mean relative errors between Ygen and Yeem of 1.3-22.6%. Its mean e, deviated
from Vs by —0.60%, —3.94%, —11.99%, and —14.61%, respectively. This deterioration at the
high-energy OOD targets may result from applying condition guidance to a less physically
consistent generative distribution, such that improved alignment of Yz, With Yarg does not
translate into accurate FEM-validated target satisfaction. PIDM+DGS yielded relative

deviations of 0.37%, 0.04%, —0.93%, and —1.71% between the mean Yrem and Yiarg
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respectively, with mean relative errors between Ygen and Ygem of 0.4-0.9%. Overall,
PIDM+DGS showed FEM-validated target satisfaction comparable to that of DCDM+DGS,
while achieving only marginally better direct evaluation accuracy.

Table 6 shows the number and diversity of valid samples at P,g = 260. At both
tolerance levels, only one training sample satisfied the selection criterion, precluding pairwise
diversity analysis of the training dataset. Representative valid samples generated by
DCDM+DGS at Yr,rg = 110 and 260 are presented in Figs. AS and A6, respectively, to
illustrate the structural diversity under low- and high-energy OOD conditions. DCDM+DGS
and PIDM+DGS produced substantially more valid samples than their unguided counterparts,
with mean numbers of valid samples of 63.3 and 65.5 under the € = 1% criterion and 91.8 and
96.0 under the € = 2% criterion, respectively. Because DCDM and PIDM yielded relatively
small valid sets, their diversity estimates should be interpreted with caution, whereas Standard
DM+DGS produced no valid samples at either tolerance level. Of the two guided models,
DCDM+DGS consistently exhibited slightly higher diversity at both tolerance levels while
maintaining a comparable number of valid samples.

Table 6. Diversity analysis and number of valid samples at ¥, = 260. Valid generated samples were
defined as those simultaneously satisfying the relative error criteria |t/Jgen — wtarg| /Wtarg < € and

|l/)gen - ll)fem| /Wtem < €. Training samples were selected using |1/) - l/)targl /Wtarg < €. Values are
reported as the mean + standard deviation over four train—validation splits.

lptarg = 260
MNyalid dLl (T) SSIM (‘L)

Training dataset 1 - -
DCDM 108 £5.2 0.254 £ 0.067 0.498 £0.160
Standard DM 0 - _

e=1% PIDM 123+5.6 0.289 +£0.079 0.509 £0.105
DCDM+DGS 63.3+9.0 0.327 +0.029 0.412 +0.026
Standard DM+DGS 0 - -
PIDM+DGS 65.5+6.9 0.298 + 0.008 0.454+0.017
Training dataset 1 - -
DCDM 223+6.0 0.319 £0.021 0.397 £0.029
Standard DM 0 - -

e=2% PIDM 283+9.9 0.335+0.046 0.416 £0.058
DCDM+DGS 91.8+9.3 0.340£0.014 0.403 £0.015
Standard DM+DGS 0 - -
PIDM+DGS 96.0 £2.4 0.304 +0.018 0.450 + 0.036
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To illustrate the effects of training-stage and sampling-stage constraint enforcement for
the models compared in the ablation study, representative samples corresponding to the median
value of Ygen and high-error samples at the 99th percentile of the relative direct-evaluation
error were selected for Y, = 160 and 260, as shown in Figs. 11 and A4, respectively. The
generated Young’s modulus fields, the generated and FEM-computed displacement fields, and
the corresponding free-DOF equilibrium residual fields are visualized, enabling direct
comparison of physical consistency, agreement with FEM-based evaluation, and the

effectiveness of constraint enforcement.
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Figure 10. Distributions of FEM-validated total strain energy Y, (left) and the relative error
|l/)gen - l/)feml /Wtem (right) for hyperelastic microstructures generated by DCDM+DGS, DCDM,
Standard DM+DGS, and PIDM+DGS under representative target conditions. (a) High-density ID
condition with Y, =160. (b) OOD condition with ¥, =260. For each model, 100 samples were

generated per target condition. Red dashed lines indicate the prescribed target strain energy Yiarg.
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Figure 11. Representative samples corresponding to the median value of Yge,, for DCDM, Standard
DM+DGS, and PIDM+DGS under the high-density ID condition Yarg = 160 (left) and the OOD
condition Parg = 260 (right). For each sample, the generated Young’s modulus field E and the

en en
g g fem’ ugem

generated displacement fields u7 ,u; , and the corresponding FEM solutions uy are shown.

In addition, the free-DOF equilibrium residual fields Rf, ., (x) and R, (x) are presented to quantify
the degree of physics violation in each displacement component. The error ey, = |1/)gen - llerm| /Wtem
measures the discrepancy between the sample-based and FEM-based evaluation.

In summary, under high-density ID conditions, DCDM+DGS and PIDM+DGS
generated the largest numbers of valid candidates, whereas DCDM remained a practical
unguided alternative by providing reliable target satisfaction and direct evaluation together

with greater structural diversity, as shown in Fig. 12. Moreover, DCDM required only
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approximately one-fifth of the sampling time of DCDM+DGS and PIDM+DGS. The
comparison between DCDM and PIDM further showed that the training-stage condition

constraint enabled DCDM to achieve better alignment of both Ygen, and Prep, With s while

maintaining comparable structural diversity, making DCDM the more favorable unguided
model under high-density ID conditions. Under OOD conditions, however, training-stage
constraints alone maintained relatively good agreement between sample-based and FEM-based
evaluations but were insufficient to ensure accurate target satisfaction. Although DGS can be
applied to any trained diffusion model, its effectiveness strongly depends on the underlying
learned distribution; applying DGS to Standard DM did not provide reliable FEM performance
because the model had not learned a physically consistent generative distribution. Reliable
OOD generation therefore required DGS to be combined with a physically constrained model,
as in DCDM+DGS and PIDM+DGS. These two guided models showed broadly comparable
FEM-validated target satisfaction and direct evaluation accuracy. Figure 12 shows that they
also generated comparable numbers of valid samples across most target conditions, except at

the low-energy OOD target Yarg = 100, where DCDM+DGS generated substantially more

valid samples. DCDM+DGS exhibited greater structural diversity across the evaluated targets
up to Yrarg = 270, whereas PIDM+DGS showed greater diversity at the highest-energy OOD
targets.

Overall, these results demonstrate the complementary roles of joint physics and
condition enforcement during training and additional constraint guidance during sampling
within the DCDM framework. The same trained DCDM can support efficient and diverse
unguided generation under ID conditions, while its combination with DGS increases the
number of valid samples under ID conditions and enables reliable target satisfaction under

OOD conditions, thereby providing a unified and flexible approach for inverse design.
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Figure 12. Comparison of the number and structural diversity of valid samples generated by DCDM,
DCDM+DGS, and PIDM+DGS across the evaluated target strain energies. (a) Mean number of valid
samples, Ny 4)i4, under the e = 2% criterion. (b) Mean pairwise SSIM of the valid samples, where lower

values indicate greater structural diversity.
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5. Conclusion

This study proposed a dual-constrained diffusion framework that jointly generates
design and solution fields by enforcing physical and conditional constraints during training and
employing dual-guided diffusion sampling. By integrating these constraints into the generative
process, the proposed framework enables direct evaluation of generated candidates without
relying on surrogate models or additional numerical simulations. The effectiveness of the
framework was demonstrated through the inverse design of hyperelastic microstructures,
where the generated samples showed strong agreement between sample-based evaluation and
FEM validation. Under high-density in-distribution conditions, activating DGS on the trained
DCDM increased the number of candidates jointly satisfying the target condition and FEM
validation relative to unguided generation, while preserving reliable direct evaluation. DCDM
remained a practical unguided alternative, providing comparable direct-evaluation reliability,
greater structural diversity, and requiring only approximately one-fifth of the sampling time.
Under out-of-distribution conditions, reliable target satisfaction and FEM-validated
performance required DGS to be combined with a model trained under physical constraints.
Thus, the same trained DCDM provides a flexible choice between efficient and diverse
unguided generation and guided generation with higher validity under in-distribution
conditions, while enabling reliable guided generation under out-of-distribution conditions,
thereby providing a unified framework for inverse design. The present study is limited to a
structured grid setting and a scalar condition, demonstrated on a hyperelastic benchmark
problem. Future work will extend the framework to more complex physical systems, richer
condition spaces, and unstructured discretizations to broaden its applicability to practical

engineering design problems.

45



Declaration of Competing Interest: The authors declare that they have no known competing
financial interests or personal relationships that could have appeared to influence the work

reported in this paper.

CRediT authorship contribution statement:

Jecheon Yu: Conceptualization, Methodology, Formal analysis, Investigation, Validation,
Visualization, Data curation, Writing — original draft. Jinun Byun: Methodology,
Investigation, Validation, Data curation, Writing — review & editing. Hyeonbin Moon:
Methodology, Investigation, Validation, Writing — review & editing. Junhyeong Lee:
Methodology, Investigation, Writing — review & editing. Seunghwa Ryu: Conceptualization,
Supervision, Project administration, Funding acquisition, Writing — review & editing.

Declaration of generative AI and Al-assisted technologies in the writing process:
During the preparation of this work, the authors used OpenAl’'s ChatGPT to improve the
language and readability of the text. The authors reviewed and edited the output as needed and

take full responsibility for the content of the published article.

Data Availability Statement: Data will be made available on request.

Acknowledgements: This work was supported by the InnoCORE program (N10250154) of

the Ministry of Science and ICT, the National Research Foundation of Korea (NRF) grant

funded by the Korea government (MSIT) (No. RS-2025-16070951 and RS-2023-00222166).

46



Appendix A. Model architecture and training details

We adopt a conditional denoising diffusion architecture with a U-Net [32] backbone to
jointly generate the microstructure design field and the corresponding displacement fields.
Each sample is represented as a 57 X 57 tensor with three channels (u;, u,, E). The target
strain energy Yarg 1s provided as a scalar condition and mapped through an MLP into the time-
embedding space, where it is additively combined with the sinusoidal time embedding to
enable conditional denoising.

The network follows a four-level encoder—decoder structure. At each resolution level,
two ResNet blocks and an attention module are employed. During downsampling, the spatial
resolution decreases as 57 X 57 - 29 X 29 - 15 X 15 —» 8 X 8, while the latent channel
dimension increases as 32 = 64 — 128 - 256. The attention module [34,35] uses a head
dimension of 32 with 8 attention heads. Detailed architectural hyperparameters are summarized
in Table Al.

The diffusion process is trained with 100 timesteps using a cosine f; schedule [22].
Optimization is performed with Adam [36] (learning rate 10™#), and an exponential moving
average (EMA) with decay 0.99 is applied after 1,000 iterations to stabilize training. The
variance scale factors for the physics residual and condition residual (Cppys, Ccond), as well as
hyperparameters controlling the guidance strengths ({pnys, {cona)» are listed in Table A2.

Table Al. Denoising diffusion architecture hyperparameters

Hyperparameter Value

ResNet blocks per down- and upsampling pass 2

ResNet block normalization Group Normalization

ResNet block activation function SiLU

Attention block normalization Layer Normalization

Feature map resolutions (downsampling pass) 57%X57 -29%x29->15%x15->8x%38
Latent dimension 32 - 64 - 128 - 256

Attention head dimension 32

Number of attention heads 8
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Table A2. Denoising diffusion process and training hyperparameters

Hyperparameter Value
Number of diffusion timesteps 100
B¢-scheduler Cosine schedule
Batch size 32
Training Iterations 600k
Learning rate 107
Optimization algorithm Adam
Exponential Moving Average (EMA) start iteration 1,000
EMA decay 0.99
Dropout None
Cphys 1073
Ccond 107*
Afix m
Standard DM+DGS: (0.15, 0.05)
(Cphys Ccond) PIDM+DGS: (0.15, 0.2)

DCDM+DGS: (0.15, 0.2)

——=- Full dataset —— Split1 Split2 —— Split3 —— Split4
Training data Validation data

>

=0.020 .

o

3 0015 4 -

2

‘TS 0.010 -

(]

K]

© 0.005 .

o

0000 I I I I I I ] - T I I I I I I

120 140 180 180 200 220 240 120 140 160 180 200 220 240

Strain energy Strain energy y
Figure Al. Probability density distributions of the total strain energy vy for the training and validation

subsets from each of four different random 9:1 train—validation splits of the full dataset of 10,000
microstructures. The distribution of the full dataset is shown for reference.

Appendix B. Sensitivity analysis

B.1. Sensitivity analysis of the introduction schedule for the physics and condition
residual losses

To assess the sensitivity of the final model performance to the introduction schedule
for the physics and condition residual losses, we compared the abrupt-switching schedule used
in this study with an alternative linear-ramp schedule. Under the abrupt-switching schedule,

the variance scale factors cppys and ccong Were set to zero for the first 300,000 iterations and

then changed directly to their prescribed values. This abrupt activation of the residual losses
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changed the training objective and caused the sudden changes in the data, physics, and
condition loss curves observed at approximately 300,000 iterations in Fig. 4a. Under the linear-
ramp schedule, the applicable variance scale factors were increased linearly from zero to their
prescribed values between 300,000 and 350,000 iterations and were kept fixed thereafter. All
other training settings were kept unchanged. As summarized in Table A3, the abrupt-switching
and linear-ramp schedules yielded comparable validation metrics for both models. The
differences between the two schedules were generally within the split-to-split variability,
indicating that the final model performance is not materially sensitive to the introduction

schedule for the physics and condition residual losses.

Table A3. Validation metrics under abrupt-switching and linearly ramped residual loss schedules. Each
model was trained four times with different random 9:1 train-validation splits. Values are reported as
the mean =+ standard deviation.

Data loss Equilibrium residual Dirichlet BC residual Condition residual
llxo — %13 1Rtree Xo)ll1/|Dreel 1 Rix (XD ll1 /1 Drsix| [Rconda (o )l
DEDM (8.98+2.17)x 1073 (1.84£0.07)x 1072 (8.06+0.97)x 1073 (4.68£1.01)x 1072
(abrupt-switching) ' ' ’ ’ ' ' ’ ’
DCDM 3 2 -3 -2
. (8.98 £1.62)x 10 (1.85+0.08)x 10 (8.29£1.19)x 10 (4.28 £0.51)x 10
(linear ramp)
PIDM (9.10£0.73)x 1073 (1.92£0.12)x 1072 (7.33+£0.53)x 1073 (1.06 £0.09)x 1071
(abrupt-switching) ' ' ’ ’ ’ ' ’ ’
PIDM 3 2 _3 -1
. (9.50 +£0.70)x 10 (1.96 +£0.10)x 10 (8.11 +£0.98)x 10 (1.11+£0.09)x 10
(linear ramp)

B.2. Sensitivity analysis of training-stage hyperparameters

To examine the sensitivity of model performance to the training-stage hyperparameters,
a one-at-a-time sensitivity analysis was conducted. For PIDM, increasing A, within the stable

range improved the satisfaction of the Dirichlet boundary conditions, while increasing Cppys
reduced both the equilibrium and Dirichlet BC residuals. However, excessively large values of
either parameter resulted in unstable training. Based on these results, Ay = V0.5 and cppys =

1073 were fixed for DCDM, and c.,,q Was then varied to isolate the effect of the condition
residual term. Increasing c.,,q improved target-condition satisfaction but increased the
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Dirichlet BC residual, whereas the equilibrium residual remained nearly unchanged.
Accordingly, c.onqg = 107* was selected to balance condition satisfaction and Dirichlet BC

satisfaction. The detailed results are summarized in Tables A4—A6.

Table A4. Sensitivity to the weighting hyperparameter Ag,, which balances the equilibrium and
Dirichlet BC residuals. Validation metrics are reported with fixed ¢ppys = 0.001 and ccong = 0. Each
model was trained four times with different random 9:1 train-validation splits. The PIDM baseline
corresponds to (A%, cphys: Ccona) = (0.50,0.001,0).

) Data loss Equilibrium residual Dirichlet BC residual Condition residual
(Afix> Cphyss Ccond) - N N N
ll2xo — %ol IRree @) ll1/|Dtreel 1 Reix(Roll1/ D] |Rcona (Zo; O
(1.00, 0.001,0)  (diverged) (diverged) (diverged) (diverged)

(0.50,0.001,0)  (9.10£0.73)x 1073 (1.92£0.12)x 1072 (7.33+0.53)x 1073 (1.06 + 0.09)x 101
(0.25,0.001,0)  (727+1.79)x 1073 (2.04 £ 0.06)x 1072 (9.89+1.02)x 1073 (1.52+0.17)x 1071

Table AS. Sensitivity to the weighting hyperparameter Cphys> which controls the relative contribution
of the physics residual term to the data loss. Validation metrics are reported with fixed A%, = 0.50 and
Ccond = 0. Each model was trained four times with different random 9:1 train-validation splits. The
PIDM baseline corresponds to (A%, cphys: Ccona) = (0.50,0.001,0).

X Data loss Equilibrium residual Dirichlet BC residual Condition residual
(Afix Cphys, Ccond) - — — —
ll2xo — %ol IRree @) ll1/|Dtreel 1 Reix(Ro)ll1/ 1Dl |Rcona (Zo; O
(0.50, 0.005,0)  (diverged) (diverged) (diverged) (diverged)

(0.50, 0.001, 0) (9.10£0.73)x 1073 (1.92 +£0.12)x 1072 (7.33+0.53)x 1073 (1.06 +£0.09)x 1071
(0.50, 0.0002,0) (1.01£0.13)x 1072 (2.68 +0.24)x 1072 (1.13 £ 1.04)x 1072 (1.57 £0.50)x 1071

Table A6. Sensitivity to the weighting hyperparameter c.q,q, Which controls the relative contribution
of the condition residual term in the overall training objective. Validation metrics are reported with
fixed A%, = 0.50 and Cphys = 0.001. Each model was trained four times with different random 9:1

train-validation splits. The DCDM baseline corresponds to (43, Cphys Ccona) = (0.50,0.001,0.0001).

Data loss Equilibrium residual Dirichlet BC residual Condition residual

ll2xo — Zoll3 I Reree @ ll1/1Dpreel 1 Rix (o) ll1/|Drix| |R conda Zo; )1
(0.50,0.001,0.001)  (6.84+1.05)x 10~ (1.83+£0.08)x 10=2  (1.19+0.20)x 10"2  (3.36+0.61)x 1072
(0.50,0.001, 0.0001)  (8.98+2.17)x 103 (1.84+0.07)x 1072 (8.06 £0.97)x 1073 (4.68 + 1.01)x 102

(A?ix' Cphys» Ccond)

(0.50,0.001, 0.00001) (8.72+2.16)x 1073 (1.83+£0.06)x 10~2  (7.39+ 1.41)x 103 (7.31 = 1.71)x 1072

B.3. Sensitivity analysis of sampling-stage hyperparameters

For the sampling-stage hyperparameters, a full grid-search sensitivity analysis was
conducted over {phys, {cond € [0,0.5] with a step size of 0.05, resulting in 121 parameter
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combinations for each model. The grid-search space included the single-guidance limiting
cases of physics-only guidance ({phys > 0,{cond = 0) and condition-only guidance ({phys =
0, Ccona > O), in addition to dual-guidance settings with both coefficients nonzero. The Pareto
fronts were identified using the mean physics and condition residuals of the generated samples.
Model-specific guidance settings were then selected based on the Pareto trade-offs at i,rg =
260, and their Pareto optimality was additionally confirmed at Y, = 160. The selected
settings were ((phys, {Cond) = (0.15,0.05) for Standard DM+DGS and (0.15, 0.20) for both

PIDM+DGS and DCDM+DGS. Standard DM+DGS favored a smaller condition-guidance
weight, whereas PIDM+DGS and DCDM+DGS favored a larger condition-guidance weight

within the tested range. Figure A2 presents the grid-search results at g = 260.

All trials —O— Pareto front ¥ Selected setting

Standard DM + DGS PIDM + DGS DCDM + DGS
0.08 0.04 0.04
(0.25, 0.00)
T 0.06 - (0.25,0.05) 0.03 0.03
S (0.10,0.05)
= 0.04 0.02 o (020.020) | (0.05,0.15) 0.02 ~ (005,019
: / (0.25, 0.25) (0.00, 0.10)
_‘ f ‘\ L “.‘
% 0.02 (015, 0.08 0.01 0000101 5014 A
(045,020 (0.15,0.20)
0 I I I I 0 I I I I 0 I I I I
0.34 0.36 0.38 0.40 0.42 0.44 0 0.01 0.02 0.03 0.04 0.05 0 0.010.02 0.03 0.04 0.05
E[RYA (wo)] B[R} (wo)] E[RY2E (o)

Figure A2. Grid-search sensitivity analysis of the DGS guidance parameters (ynys, cona) at Yrarg =
260. The red curves indicate the Pareto fronts, and the stars denote the selected settings. Numbers in
parentheses denote ({onys, {cond)-

B.4. Sensitivity analysis of the number of diffusion timesteps

In this study, we used 100 diffusion timesteps, following the default setting adopted in
[21]. To investigate the sensitivity of the proposed framework to the number of diffusion
timesteps, DCDM, Standard DM, and PIDM were additionally trained using T = 1,000, while

all other training settings and hyperparameters were kept identical to those reported in Tables
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A1l and A2. The corresponding validation metrics are presented in Table S49. For both DCDM
and PIDM, increasing the number of diffusion timesteps from 100 to 1000 resulted in a slight
increase in data loss but substantially reduced the equilibrium, Dirichlet boundary-condition,
and condition residuals, while increasing the wall-clock sampling time by nearly one order of
magnitude, as reported in Table A7. The corresponding numbers of valid samples and sample-
diversity results are reported in Table A8. For Y, = 160, the number of valid samples
generated by unguided PIDM decreased substantially. The diversity of DCDM, DCDM+DGS,
and PIDM+DGS also decreased, with the largest reduction observed for PIDM+DGS. For

Yrarg = 260, the numbers of valid samples generated by unguided DCDM and PIDM

decreased. In contrast, DCDM+DGS and PIDM+DGS maintained similar valid-sample counts

but showed reduced diversity, with a larger reduction for PIDM+DGS.

Table A7. Wall-clock sampling time for generating 100 candidates with Standard DM, PIDM, and
DCDM, with and without DGS, using T = 1,000 diffusion steps. All measurements were conducted
using the same batch size over 10 repeated sampling trials.

Model Without DGS With DGS

DCDM 29.44+0.28 s 151.15+1.51s
Standard DM 29.69+0.51s 150.21+0.83 s
PIDM 29.41 £0.08 s 150.21 £ 0.87 s

Table A8. Diversity analysis and number of valid samples using T = 1,000 diffusion steps at Yarg =
160 and 260. Valid generated samples were defined as those simultaneously satisfying the relative error
criteria |l/)gen — l/)targ| /Wtarg < € and |t/Jgen — lpfeml /Wsem < €. Training samples were selected using

|l/) - l/Jtargl/l/)targ <eEe.

wtarg = 160 wtarg = 260
Myalid di (1) SSIM (1) 7Nyaiq di,(1)  SSIM (1)

Training dataset 1141 0.265 0.483 1 - -
DCDM 58 0.218 0.551 7 0.349 0.358
Standard DM 0 - - 0 - -

€e=2% PIDM 22 0.228 0.524 20 0.282 0.421
DCDM+DGS 100 0.157 0.661 88 0.251 0.507
Standard DM+DGS 3 0.056 0.801 0 - -
PIDM+DGS 93 0.067 0.822 96 0.144 0.682
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Appendix C. Diversity metrics

Pairwise L1 distance and SSIM [33] were used to quantify the structural diversity
among the ny,;q valid samples. Here, ny4;q denotes the number of generated samples
satisfying both |l/)gen — l/)targl [Wrarg < € and |t/Jgen — lpfem| /Wsem < €. The diversity analysis was
performed on the Young’s modulus fields d, which were normalized to the range [—1, 1]. The pairwise
L1 distance in Eq. (36) quantifies the average pixel-wise difference between Young’s modulus
fields over all valid sample pairs. Here, H and W denote the height and width of the Young’s
modulus field, respectively. The pairwise SSIM in Eqs. (37) and (38) quantifies the average
structural similarity between Young’s modulus fields over all valid sample pairs. In Eq. (38),
x and y denote corresponding local windows of two Young’s modulus fields; u,and u,, are the

local means, 62 and af are the local variances, and gy, is the local covariance. The

stabilization constants are defined as C; = (K;L)? and C, = (K,L)?, where L = 2 is the data
range of the normalized Young’s modulus fields. SSIM was calculated using a 7 x 7 uniform

sliding window with K; = 0.01 and K, = 0.03.

2 z 1
di, = L d—da 36)
- Nyatid (Mvalia — 1) 1Si<TEm v ia HW ” l J ||1
T 2
SSIM = > ssIM(d, 37)
Nyatid Myatia — 1) (d; ])

1<i<j<Nnyalid

(2pxpy + 1) (204, + C;)

SSIM(x,y) =
() (u,% + uz + Cl)(af + 0} + Cz)

(38)
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Appendix D. Additional examples
based validation

Wiarg = 160 (in-distribution)

of generated microstructures and FEM-

Prarg = 260 (out-of-distribution)

DCDM+DGS i DCDM+DGS
uz]%eIl uﬁﬁln R%l".‘k‘(m) : E u“]—i’en uTLEIn ‘R'II:I'C(_‘ (m)
100 5.30 014 1 100 4.39 T 7g0.43
FaF |
e i
50.5 0 _'r{.t‘ o | 0 0
s 1
v 1
10 " ! 10 439 043
ren ! ren ern
; uj v u§ u,g
gen = 160.55 m— : gen = 256.67
R =0.0122 I RYY = 0.0606
tem = 160.01 | Prem = 250.76
1
ey =0.34% I ey =236%
I
Standard DM | Standard DM
E ui;en ufcm R#me(w) : E ,‘fen ugcm Ré,ps. (:I!)
100 ‘ ‘IG.BS 4,16 : 100 4.37 i 10.12
- i 1 “'jyl
I||:|I 50.5 0 ar ‘.‘ 0 E ] 505 0 ';ﬁ-—. 0
'I_. ‘-,-'E".-_*--'*d : el Char =50
1.0 I—S.SS -4.16 : 1.0 -4.37 -10.12
B ufcm .R_zwc - : ‘ gen fem ,Rzm x
Ugen = 17859 < . fee () I Ugen =330.24 . = (©) s
RIS = 0.2241 | RET = 0.6992
[
Wiem = 169.17 I tfem = 280.10 0
ey =5.57% Poep =21.11% s
1
PIDM ' PIDM
E 100 4.69 0.20 E E 100 ull-cnl R‘!TEF (:I:)
A ' i 37
' : -
50.5 0 o | 50.5 v
i
10 469 020 | 10
gen ufﬂm :
zﬁ\ = ; 509122 _2 2 14.01 2 0.36 i ;lg :5409;_ 2;
Rl E — ,r\,F =
phye - £ 1 whys .
Utery = 150.16 700 : O em = 24312
1
ey =0.48% | ot o | Fv =245%

Figure A3. Representative high-error samples at the 99th percentile of the relative direct-
evaluation error ey, = |1/Jgen — 1/)fem| /Wtem for DCDM+DGS, Standard DM, and PIDM under
the high-density ID condition Y,rg = 160 (left) and the OOD condition P, = 260 (right).
For each sample, the generated Young’s modulus field E and the generated displacement fields

gen _ gen fem , fem

u; ,u; ,and the corresponding FEM solutions u;™", u; ™ are shown. In addition, the free-

DOF equilibrium residual fields Rf.. (x) and R (x) are presented to quantify the degree of
physics violation in each displacement component.
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Ytarg = 160 (in-distribution)

1

DCDM |

B 100 u%en ullem 469 Riveel®) 0.20 i

" | ® |

F i

50.5 0 o

i

1.0 4,69 020 |

B ulfcm :

U:"gcn =157.72 —2 2 14.01 0.36 E

R =0.0163 F !

Wrem = 157.12 7o - 0 i

b = ) 1

e =0.38% [ -0.02 036 |

1

Standard DM+DGS :

E u-C;;911 u]iem th. ee(m) :

100 6.60 4.49 |

N i

505 0 it o

‘ !

1.0 6.60 449 |

. . 1

ol u%ell Ulizcnl R?‘"FE (m) :

Caen =160.71 pu— 14.07 3471

RAT =0.1085 F 5 i

Vtew = 153.87 -

S — 2 1

Gy =4.44% 0.02 = 347 |

PIDM+DGS ;
ze le

100 - u 4.52 Riee () 019 E

. o )

o S

50.5 0 3 o I

: :

10 452 018 |

gen fem 2 = !

Vgon = 158.65 '12-‘ 140 Rhg&) 010 |

RAY =0.0108 § i

E"yl‘cm =158.14 7.0 3(, 0 :

- 1

ey =0.32% | s Z oo |

Figure A4. Representative high-error samples
evaluation error ey, = |l/)gen - I/erm| /Wtem for DCDM, Standard DM+DGS, and PIDM+DGS
under the high-density ID condition Y,rg = 160 (left) and the OOD condition Y arg = 260
(right). For each sample, the generated Young’s modulus field E and the generated

displacement fields u

gen

1

gen
y Uy

, and the corresponding FEM solutions u;

Yarg = 260 (out-of-distribution)

DCDM
uf™ i Rl ()
100 4.09 7‘ 0.74
‘505 0 0
1.0 4.08 0.74
us™ ulom
Ween = 254,19 2 14.13 1.23
Ry =0.0594
'L.'i'fem = 245.52 Tt 0
Eqp = 3.53% 010 -1.23
Standard DM+DGS
E uél';en u{ﬁm .R;I o (:l!)
' 4.84 8.99
0 i _1‘{ 0
.4.84
fom
u
Vien = 269.11 S —
Ry =0.4256
".&"‘l"l'um =169.58 6.98
€y =58.69% o011
PIDM+DGS
u%i.‘n u{um
100 r—‘ 5.19
50.5 0
10 -5.18
ugmw u‘f;em
"J)gpr\ = 260.51 r—1 = 14.01
® =0.0310
'lr"‘}l'em =257.03 &9 0
Cp = 1.35% |l I— 003 Moz7

at the 99th percentile of the relative direct-

fem’ uf

fem

are shown.

In addition, the free-DOF equilibrium residual fields R}, (x) and RE...(x) are presented to
quantify the degree of physics violation in each displacement component.
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Appendix E. Diversity of microstructures generated by DCDM and
DCDM+DGS

(a) DCDM+DGS samples for the OOD target  #are = 110

Ve = 109.26 Prem = 109.70 Ytem = 109,99 Wem = 110.01 Wrem = 109.22 Wrem = 110.18
theen = 109.66 uen = 110.30 Wgen = 110.67 Ygen = 110.72 theon = 109.43 thgen = 110.87

(b) Training data above ¥iary = 110

Piem = 111.94 e = 118.68 Uiem = 120.44 Pfem = 120.77 Ptem = 121.50 Wfem = 122.65

A A

Figure AS. Comparison of generated and training samples near the low-energy OOD target
Yrarg = 110. (a) Selected samples generated by DCDM+DGS, together with their directly

evaluated strain energies Ygen and corresponding FEM results Yger, . (b) Morphologically
similar training samples selected from the low-energy end of the training distribution.

(a) DCDM+DGS samples for the OOD target  1iary = 260

Yrem = 258.60 Prom = 259.18 Ve = 258.58 Ve = 260.83 Wom = 260.37 Vform = 262.54
Vgon = 260.08 Ygen = 260.68 Vgen =260.79 Ugen = 259.65 Yyon = 259.47 Yigen = 256.24

(b) Training data below ., = 260

trem = 230.81 Prem = 232.54 Vfem = 235.65 rem = 235.66 Pem = 240.30 e = 250.75

Figure A6. Comparison of generated and training samples near the high-energy OOD target
Yrarg = 260. (a) Selected samples generated by DCDM+DGS, together with their directly

evaluated strain energies Ygen and corresponding FEM results Yger, . (b) Morphologically
similar training samples selected from the high-energy end of the training distribution.
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(a) DCDM samples for the ID target %tary = 160

Yfem = 159.04 e = 159,02 Ytem = 160.05 Yo = 159.81 Yem = 160.88 Wferm = 160.66
Vgen = 160.03 Ygen = 160.00 Vgen = 160.21 Uigen = 160.19 Ygon = 160.96 Ygen = 160.88

HEHS

(b) DCDM+DGS samples for the ID target %y = 160

Wrem = 160.18 Wiem = 160.52 Wiem = 159.97 Ve = 159.77 Wem = 159.99 e = 159.99
Yeen = 160.44 Yeen = 160.89 WYgen = 159.86 @ 159.52 Wgen = 160.31 ¥zen = 160.36

ACOREDND

Figure A7. Representative valid samples generated by (a) DCDM and (b) DCDM+DGS at the
high-density ID target Yarg = 160.

(a) DCDM samples for the ID target i, = 200

Wrem = 200.02 Wrem = 199.51 em = 200.83 e = 200.63 e = 199.00 Wrem = 199.35
Vyen = 200.28 Phen = 199.52 Wgen =200.77 yen = 200.97 Pgen = 199.41 gen = 199.50

2]5]4]7

(b) DCDM+DGS samples for the ID target arg = 200

Whem = 198.73 Wrem = 109.74 Ptern = 199.69 Uierm = 199.77 Wrem = 198.10 e = 200.01
tigen = 199.14 Cgen = 200.01 Wgen = 199.90 Ugen = 200.22 tgen = 198.50 Wgen = 200.31

Figure A8. Representative valid samples generated by (a) DCDM and (b) DCDM+DGS at the
high-density ID target s = 200.
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