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Abstract
Neural operators provide a promising framework for mapping earthquake ground motions directly to
structural response histories, but their accuracy for nonlinear dynamics and out-of-distribution conditions
remains poorly understood. We systematically evaluate a fixed Fourier Neural Operator architecture us-
ing single- and five-degree-of-freedom systems with linear-elastic, cubic-hardening, and bilinear-hysteretic
restoring forces. Our numerical tests isolate the effects of restoring-force nonlinearity, structural period,
excitation frequency content, and ground-motion amplitude. Within the training regime, the mean per-
record relative L2 error increases from 0.02 for the linear system to 0.28 and 0.38 for the cubic-hardening
and bilinear-hysteretic systems, respectively; corresponding five-degree-of-freedom tests confirm the dete-
rioration for hysteretic response. Generalization degrades more severely under distribution shifts. When
structural periods fall outside the 0.5–1.0s training interval, relative L2 errors exceed 1 for both single- and
multi-degree-of-freedom systems. Broader excitation frequency content further reduces nonlinear predic-
tion accuracy, even within otherwise interpolative conditions. In addition, when models trained on records
with peak ground accelerations up to about 0.19 g are evaluated at amplitudes up to about 1.0 g, they un-
derpredict the root-mean-square bilinear-hysteretic response by approximately 17%. Error decomposition
further shows that residual mean offsets account for approximately 22% of the bilinear-hysteretic error,
compared with 3% for the cubic-hardening system, whereas amplitude-scaling errors remain small. These
results demonstrate that strong interpolation performance does not ensure accurate prediction of nonlinear
structural response under changes in structural or excitation regimes.
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1 INTRODUCTION

Time-series surrogates can rapidly predict structural response time histories under earthquake ground motions1,2. These mod-
els support regional risk assessment3,4,5,6, structural health monitoring and post-earthquake assessment7,8,9, and seismic digital
twins, where repeated or near-real-time response predictions are needed10,11,12. In these settings, surrogates reduce the com-
putational cost of many-query structural response prediction, which would otherwise require repeatedly solving the structural
dynamic equilibrium equations over many time steps across ground motions and structural configurations13,14.

Several deep-learning surrogates have been developed for seismic response prediction. Recurrent sequence models, includ-
ing long short-term memory (LSTM) architectures, can predict nonlinear response time histories from ground-motion inputs1,2.
Transformer-based models have also recently been used to capture longer-range temporal dependencies in structural seismic

Abbreviations: FNO, Fourier Neural Operator; TFNO, Tensorized Fourier Neural Operator; SDOF, single-degree-of-freedom; 5DOF, five-degree-of-freedom; LSTM, long short-
term memory; PGA, peak ground acceleration; RMS, root mean square; GroupNorm, Group Normalization; GELU, Gaussian Error Linear Unit; MLP, multilayer perceptron.
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response15. Other architectures incorporate structural or hysteretic response features to estimate engineering demand parame-
ters16. These studies show that data-driven surrogates can predict seismic response, but each trained model is tied to a particular
input-output format. Sequence models typically predict response histories on a fixed time grid with a fixed number of out-
put channels1,15. Feature-based networks instead return one response quantity, such as the peak displacement of a hysteretic
single-degree-of-freedom (SDOF) system16.

Neural operators provide a natural way to generalize this task by learning mappings between functions rather than fixed-
dimensional vectors17,18. In the seismic response setting, this task corresponds to learning a ground-motion-to-response
operator: a map from an input ground-motion function to an output structural response function19,20,21. Different neural op-
erator architectures construct this operator in different ways17,18. For example, DeepONet combines a branch network that
encodes the input function and a trunk network that encodes the output coordinates19. This study focuses on the Fourier-based
family, which gives a spectral construction of the ground-motion-to-response map22. Such a construction is useful for seismic
response prediction because dominant frequency components in earthquake records strongly influence the resulting structural
response histories.

Fourier Neural Operators (FNO) and their tensorized variants (TFNO) provide a spectral operator-learning approach for this
task. FNOs learn the ground-motion-to-response relationship in the Fourier domain, allowing each spectral layer to capture
global patterns that extend across the full time history22,17. Tensorized and factorized variants preserve this spectral structure
while reducing the number of parameters23,24. This representation is especially appealing for linear structural dynamics, where
each response quantity can be expressed as the convolution of the ground motion with an impulse-response function25. Under
moderate or large earthquakes, however, this relationship is no longer fixed. Nonlinear restoring forces, hysteretic energy dissi-
pation, and residual deformation make the excitation-to-response relationship depend on both amplitude and loading history26.
These mechanisms can challenge a spectral surrogate in ways that are not apparent from linear response alone.

Prior work has identified limitations of FNO-type models that are relevant to earthquake response prediction. Deep networks
tend to learn low-frequency content before high-frequency content27, and FNOs can compound this tendency through Fourier-
mode truncation28,29. As a result, FNO predictions may become over-smoothed, a limitation reported in turbulence modeling30

and seismic wavefield simulations31. Other studies show that FNO accuracy can also degrade for complex geometries and non-
smooth outputs18, and for resolution changes and unseen frequency content32,33,34; generalization analyses further tie FNO
error bounds to the number of retained Fourier modes35. Recent work on nonlinear dynamical systems also identifies energy
dissipation and frequency content distortion as sources of accuracy degradation36. Related physics-informed learning studies
do not by themselves remove these failure modes. Soft physical constraints can make optimization harder37, and band-limited
or physics-informed corrections do not guarantee reliable zero-shot generalization34.

Neural operator surrogates have been applied to nonlinear structural response problems, including multi-story buildings un-
der stochastic ground motion38, hysteretic and path-dependent seismic response39, wavelet-domain nonlinear seismic response
models40, and floating offshore structures under irregular waves21. These studies focus on demonstrating when neural operator
surrogates work: they report accurate predictions on test inputs drawn from within the sampled training regime, often refining
architectures or adding physics information to improve that accuracy. They do not systematically identify where a surrogate
ceases to be reliable for earthquake-induced structural dynamics. A deployed surrogate can leave its training regime in two
principal ways: the structure can differ from the training systems in its restoring-force nonlinearity or its structural period, and
the ground motion can exceed the training records in excitation amplitude or differ from them in input frequency content. In
particular, FNO limitations have not been characterized across both structure-related and excitation-related sources of difficulty.

We therefore isolate these four factors using a single TFNO configuration: two structure-related factors—restoring-force
nonlinearity and structural period, and two excitation-related factors—input frequency content and excitation amplitude. The
architecture is held constant while each factor is varied. These factors are concurrent and partially coupled rather than
independent.

Our goal is to identify applicability limitations of this spectral surrogate: the conditions under which it predicts nonlinear
earthquake response well, and the conditions under which it loses accuracy. We test one fixed architecture across two structural
scales, asking whether behavior seen in an SDOF system still holds in a five-degree-of-freedom (5DOF) system. We also
measure two parts of each prediction error: a residual offset, in which the prediction oscillates about a wrong mean level, and
an amplitude-scale error, in which the prediction has a wrong overall amplitude. We use this decomposition to identify which
part differs between the cubic-hardening and bilinear-hysteretic cases.

The remainder of this paper is organized as follows. Section 2 defines the response operator and the three restoring-force
laws. Section 3 describes the TFNO surrogate, training procedure, and evaluation metrics. Section 4 presents the SDOF and
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5DOF experiments. Section 5 reports the four-factor results, the SDOF-to-5DOF comparison, the error decomposition, and the
candidate error mechanisms. Section 6 states the main conclusions and the outlook.

2 RESPONSE OPERATOR AND RESTORING-FORCE MODELS

This section defines the response operator approximated by the surrogate and the restoring-force laws used to evaluate it. The
input is an earthquake ground-motion record, and the output is the corresponding structural displacement time history.

Let ag(t) denote the base ground acceleration time history, expressed as a dimensionless multiple of the gravitational
acceleration g. For an SDOF system with mass m and damping coefficient c, the displacement response x(t) satisfies

m ẍ + c ẋ + fr(x, h(t)) = –m g ag(t),

where fr is the restoring force, h(t) denotes internal history variables required by path-dependent restoring laws41,42, and an
overdot denotes differentiation with respect to time. The structural response operator is the induced map from the ground-
motion record to the displacement response time history22,

G : ag 7→ x. (1)

The surrogate approximates this map with a parameterized operator,

Gθ : A → U , (2)

where θ denotes the trainable parameters, A is the input acceleration function space, and U is the displacement response
function space43,17,18.

Three restoring-force laws are considered: linear elastic, cubic hardening, and bilinear hysteretic. These laws define the
response cases analyzed throughout the paper (Fig. 1). They form a controlled progression in response complexity: the linear
law provides the baseline case most compatible with a spectral representation; the cubic law introduces smooth amplitude-
dependent hardening; and the bilinear-hysteretic law introduces yielding with reduced post-yield stiffness, path dependence,
energy dissipation, and residual deformation.

x

fr

linear

x

fr

cubic hardening

x

fr

bilinear hysteretic

F I G U R E 1 Force–displacement relations for the linear, cubic-hardening, and bilinear-hysteretic restoring-force laws. The
horizontal axis is the displacement x and the vertical axis the restoring force fr; for the 5DOF system, the law acts on each story.
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• Linear elastic. For the SDOF system, the restoring force is

fr(x) = kx, (3)

where k is the constant elastic stiffness. The stiffness does not change with response amplitude, and the restoring force has
no path dependence. Under zero initial conditions, the input-to-response map is linear and time invariant.

• Cubic hardening. For SDOF, the restoring force is

fr(x) = k x + k3 x3. (4)

For the 5DOF system, the same law acts on each story. The cubic term increases the effective stiffness with displacement
amplitude, so the effective dynamic properties depend on the response amplitude. However, the law remains memoryless:
the restoring force depends on the current displacement, not on the loading history. The cubic stiffness is set using the
dimensionless ratio η = k3 x2

ref/k = 0.40 at xref = 10 mm, the same reference displacement adopted for each story in the
5DOF system.

• Bilinear hysteretic. The bilinear-hysteretic law is modeled as an elastic-plastic spring with yield displacement xy = 5 mm,
yield force Fy = kxy, and post-yield stiffness ratio α = 0.10. Below yield, the response is linear elastic. After yielding, the
restoring force depends on the loading and unloading history through an internal plastic offset state xp(t). Plastic deformation
can accumulate over loading cycles, the force–displacement loop dissipates energy, and residual displacement can remain
after the ground motion ends42,41,44. Thus, the cubic-hardening and bilinear-hysteretic laws are both nonlinear, but only the
bilinear-hysteretic law is path dependent.

Connection between restoring-force behavior and FNO accuracy. The three laws above define a progression in the complex-
ity of the ground-motion-to-response operator. In the linear-elastic case, the structure keeps the same stiffness and fundamental
period throughout the response. Therefore, changes in the displacement time history come from the changing ground motion,
not from changes in the structural properties. In frequency-domain terms, the structure amplifies or attenuates each component
of the ground motion according to the same period and damping ratio over the full record; this relation is described by a fixed
transfer function25,45,46,47. This fixed frequency-domain relationship is naturally aligned with an FNO, which learns mappings
through spectral kernels, although only over the finite set of retained Fourier modes22,17,28.

The cubic-hardening law departs from this setting because the effective stiffness changes with response amplitude. At small
displacements, the response is close to the linear-elastic case; at larger displacements, the tangent stiffness increases and the
apparent dynamic properties of the oscillator change. Consequently, scaling a ground motion to a higher intensity does not
simply scale the displacement response. It can also change the timing, dominant response frequencies, and relative contributions
of different portions of the input record26,48. The surrogate must therefore learn a response operator whose effective dynamics
vary with response amplitude, rather than one governed by a fixed transfer function.

The bilinear-hysteretic law introduces path dependence in addition to nonlinearity. After yielding, the restoring force depends
on the loading, unloading, and reloading history through the accumulated plastic offset. Thus, the same displacement can
correspond to different restoring forces depending on the current hysteretic branch. The surrogate must therefore infer an
internal history-dependent state from the observed input-output histories. Hysteretic energy dissipation changes the oscillatory
part of the displacement response, while residual displacement shifts the response away from oscillations centered around zero.

Together, the three laws provide a controlled progression from fixed linear behavior, to amplitude-dependent nonlinearity, to
history-dependent hysteresis. This progression lets us interpret FNO errors in structural-dynamics terms, including changes in
effective stiffness, hysteretic state evolution, and their interaction with period, input frequency content, excitation amplitude,
and system scale.

3 NEURAL OPERATOR ARCHITECTURE AND EVALUATION PROTOCOL

The model maps an input excitation time series to structural displacement responses, with one output channel for the SDOF
systems and five floor-displacement output channels for the 5DOF systems (Fig. 2). Each ground-motion record ag(t) is repre-
sented on a uniform time grid with spacing ∆tout = 0.02 s and padded to a common length of Nt = 14014 points, corresponding
to approximately 280 s, so each input record is a vector ag ∈ RNt . In discrete form, a batch of ns records has input shape
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F I G U R E 2 TFNO surrogate architecture. (a) The input excitation sequence is lifted to a hidden representation, processed
by four TFNO blocks, and projected to one SDOF displacement channel or five 5DOF floor-displacement channels. (b) Each
TFNO block combines a spectral-convolution branch on the retained Fourier modes, a pointwise channel-MLP branch, and
residual addition; the block input and output shown correspond to vℓ and vℓ+1 in the text.

[ns, Nt, 1] and output shape [ns, Nt, dout], where dout ∈ {1, 5} is the number of output channels. The same operator-learning for-
mulation is used at both scales; only the dimension of the response vector changes. The architecture has one input channel (two
in the period test), 128 hidden channels, four spectral layers, 1024 retained Fourier modes per layer, and Tucker rank 32 in the
spectral kernels23. The model has approximately 4.5 million trainable parameters.

Throughout this paper, TFNO denotes a one-dimensional Fourier Neural Operator in which the Fourier-domain convolution
kernels are represented with a Tucker factorization23,49. This factorization replaces the full spectral-convolution weight tensor
with a lower-rank tensor representation, reducing the number of spectral-convolution parameters while retaining frequency-
dependent channel mixing24,50.

The implementation follows the standard FNO design22,17. The input sequence is lifted to a hidden-channel representation,
processed by four TFNO blocks, and projected back to the response channels (Fig. 2a). Figure 2b expands one block. A pre-
activation step, Group Normalization (GroupNorm) followed by the Gaussian Error Linear Unit (GELU), feeds two parallel
branches: a Tucker-factorized spectral convolution Sℓ and a pointwise channel-wise multilayer perceptron (MLP) Mℓ. Their
outputs are summed and added back to the block input through a residual connection. In compact form, one TFNO block is

hℓ(t) = GELU(GroupNorm(vℓ(t))) , vℓ+1(t) = vℓ(t) + Sℓ(hℓ)(t) + Mℓ(hℓ)(t),

where vℓ(t) is the latent representation at layer ℓ. The two branches act on complementary scales. The spectral branch Sℓ

operates on the retained Fourier modes. These modes couple the entire record, so the branch acts over long temporal ranges.
The channel-MLP branch Mℓ acts pointwise in time and refines each step independently. The residual keeps each block close
to the identity, so each layer adds a small correction. The dropout rate is 0.2, the channel-MLP expansion ratio is 2.0, and the
projection-head width is 128.

Both SDOF and 5DOF training optimize a mask-aware mean-squared error in normalized output space. Let yn,t,c and ŷn,t,c

denote the normalized target and predicted responses for sample n, time step t, and output channel c (with dout ∈ {1, 5}
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channels), and let the mask mn,t ∈ {0, 1} mark the valid (unpadded) time steps of each record. The training loss is

Ltrain =

∑
n,t,c mn,t

(
ŷn,t,c – yn,t,c

)2

dout
∑

n,t mn,t
.

Per-channel normalization statistics for ŷ and y are computed once from the training dataset using only valid time steps. Padded
entries are kept at zero after normalization, and all reported test metrics are computed after de-normalization to physical units
with the same masking procedure.

3.1 Surrogate performance metrics

We evaluate surrogate performance using three record-level metrics. The relative L2 error measures the overall mismatch
between the predicted and true displacement histories. The root-mean-square (RMS) response amplitude ratio indicates
whether the surrogate systematically underpredicts or overpredicts the typical displacement amplitude. The peak-response error
compares the predicted and true peak responses.

Because ground-motion records have different durations, all metrics are computed only over the original, unpadded portion
of each response. For a true response x and prediction x̂, the relative L2 error is

ε =
‖x̂ – x‖2

‖x‖2
.

Here and throughout this section, the norm is evaluated only over the unpadded portion of the record. This metric is computed
separately for each record and then averaged over the test set. It captures the total time-history mismatch, including differences
in response amplitude, timing of peaks and cycles, oscillation pattern, and mean level.

The RMS response amplitude ratio is
RMS(x̂)
RMS(x)

,

where RMS(x) is the root-mean-square value of x over the unpadded samples of the record. The ratio is computed separately for
each record. Values below one indicate amplitude underprediction, while values above one indicate amplitude overprediction.
This metric does not measure time-history accuracy by itself; instead, it helps identify whether large relative L2 errors are
associated with systematic amplitude bias.

We also compare peak responses. For each record, the peak-response error is the relative error of the peak absolute response,∣∣maxt |x̂(t)|–maxt |x(t)|
∣∣/ maxt |x(t)|. In the excitation-amplitude tests, we plot the predicted peak maxt |x̂(t)| against the true peak.

The relative L2 error is reported for every test. The RMS response amplitude ratio is reported where amplitude bias is
examined. The peak-response error is reported where peak accuracy is examined.

For 5DOF runs, metrics are first computed per record and output channel over valid samples. Reported aggregate values are
means over the evaluated record-channel set unless explicitly labeled as roof or floor quantities.

4 SURROGATE EVALUATION DESIGN

The evaluation tests whether the fixed TFNO surrogate remains accurate as the response changes across four factors: restoring-
force nonlinearity, structural period, input frequency content, and excitation amplitude. We use real ground-motion records to
evaluate performance under realistic earthquake inputs and to test amplitude extrapolation, and controlled synthetic excitations
to isolate the effect of input frequency content. These tests are repeated for SDOF and 5DOF systems to compare error behavior
between a single displacement response and a distributed multi-story response. Table 1 summarizes how each factor is tested.

We hold the surrogate architecture, loss definition, normalization, and evaluation metrics fixed across studies, with one
design change in the period test: the period enters as a second input channel. A separate TFNO model is trained for each
restoring-force case and for each study, but all models follow the same evaluation protocol. For the 5DOF system, the output
changes from one displacement channel to five displacement channels, while the same comparison logic is retained. The same
real ground-motion library is reused across the restoring-force and excitation-amplitude tests at both scales; the amplitude test
divides this library by peak ground acceleration (PGA) instead of at random. Differences in error can therefore be interpreted
with respect to the factor being tested.
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T A B L E 1 Evaluation factors used to test surrogate accuracy across structural and ground-motion regimes.

Group Factor Implemented through Purpose

Structure Restoring-force law Linear, cubic-hardening, and bilinear-hysteretic cases
on the shared ground-motion library

Test increasing nonlinearity
and path dependence

Structure Structural period Train on intermediate periods and test on separate
shorter and longer periods using fixed ground-motion
inputs

Test extrapolation beyond
the trained range of struc-
tural periods

Ground motion Frequency content Synthetic multi-frequency sinusoidal inputs with pro-
gressively broader frequency ranges

Test sensitivity to excitation
bandwidth

Ground motion Excitation amplitude Train on lower-PGA real records and test on separate
higher-PGA real records

Test extrapolation to
stronger shaking

All runs at both scales share the same random seed. The restoring-force and excitation-amplitude runs on the real records
use a 300-epoch budget with validation-based early stopping: a run ends once its validation loss has not improved for 40
consecutive epochs, and the checkpoint with the lowest validation loss is retained. The period-test runs use a 600-epoch budget
with the same rule at a patience of 40 epochs, monitored on the validation periods; every run stopped before this cap. On the
real records, the linear models used the full budget at both scales, whereas the nonlinear models stopped earlier: the 5DOF
cubic run retained its best checkpoint at epoch 110 and stopped at epoch 150, and the 5DOF bilinear-hysteretic run retained
epoch 70 and stopped at epoch 110. In these runs the validation loss had stopped improving while the training loss was still
decreasing, consistent with the onset of overfitting rather than incomplete training. The synthetic input-frequency runs use the
same 300-epoch budget, with the stopping rule applied to the training loss.

4.1 Baseline systems and restoring-force tests

This test evaluates the effect of the restoring-force law while keeping the baseline structural properties fixed. The SDOF
and 5DOF systems implement the same three restoring-force laws: linear, cubic-hardening, and bilinear-hysteretic (Fig. 3).
The SDOF system has mass m = 2.0 × 105 kg, stiffness k = 4.0 × 107 N/m, damping ratio ζ = 0.05, and natural period
Tn = 0.444 s (frequency fn = 2.25 Hz). The cubic-hardening law uses k3 = 1.6 × 1011 N/m3. The bilinear-hysteretic law uses a
yield displacement xy = 5 mm, a yield force Fy = 200 kN, and a post-yield ratio α = 0.10.

The 5DOF system has five floor masses of 2.7, 2.7, 1.8, 1.8, and 1.8 ×105 kg and five inter-story stiffnesses of 2.45, 1.95,
0.98, 0.98, and 0.98 ×108 N/m, both listed from the base to the top. Its first mode period is T1 = 0.77 s, and Rayleigh damping
is anchored to ζ = 0.05 at modes 1 and 2. The story yield displacement and post-yield ratio match the SDOF nondimensional
settings; the cubic coefficient is set using the same dimensionless ratio η = k3 x2

ref/k = 0.40, with k taken as the mean story
stiffness, giving a single cubic coefficient shared by all stories.

All restoring-force cases at both scales are trained and tested on real ground motions: a library of 1095 records from the PEER
NGA-West2 database51, selected by two-stage stratified sampling to balance moment magnitude and spectral acceleration. The
library spans Mw from 5.6 to 7.9, rupture distances from 10 to 100 km, and peak ground accelerations from about 0.003 to 1.0 g.
Fig. 4a shows the joint magnitude–spectral-acceleration coverage produced by this sampling, and Fig. 4b the PGA distribution
with its median and the 0.19 g threshold of the amplitude-extrapolation dataset. For the restoring-force comparison, a random
80/10/10 train/validation/test partition gives 876, 109, and 110 records and evaluates interpolation within the sampled ground-
motion distribution. The selection procedure and record processing are described in Supplementary Note 1 and Supplementary
Figure 1.

4.2 Structural-period tests

This test evaluates period extrapolation by training the surrogate over a range of structural periods and testing it on periods
excluded from training. Each system uses a fixed bank of 100 real ground-motion records: 91 records from the 1095-record
library and 9 additional near-fault pulse records from its 2946-record candidate pool (Supplementary Note 1). The bank is
stratified to include near-fault pulse records with pulse periods between 0.5 and 6 s, strong-motion records with PGA above
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SDOF
Tn=0.44 s,  ζ=0.05
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k c

x(t)
displacement
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5DOF
T1=0.77 s,  ζ=0.05
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drift

F I G U R E 3 The two test structures. The SDOF system (left) is a single mass m connected to a spring k and damper c, with
displacement response x(t). The 5DOF system (right) stacks five floor masses mi on inter-story springs ki and dampers ci. Its
responses are the floor displacements xi, from which the inter-story drifts di = xi –xi–1 are computed. Both systems use the same
nondimensional restoring-force settings, allowing the 5DOF case to test the same nonlinear response behavior in a multi-story
setting.
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F I G U R E 4 Distribution of the 1095-record real ground-motion library. (a) Joint coverage of moment magnitude Mw and
major-component spectral acceleration Sa(T1) on a log scale, with the marginal magnitude histogram showing the five magni-
tude bins of 219 records each; points are colored by peak ground acceleration (PGA). (b) Major-component PGA, from 0.003 to
1.0 g (median 0.09 g); the dotted line marks the median and the dashed line the 0.19 g threshold of the amplitude-extrapolation
dataset.

0.3 g, and records with strong long-period spectral content. The same bank is used at every period and for every restoring-force
case, so the ground-motion content is held fixed and only the structural period varies.
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The model receives the structural period through a second input channel, (log10 T)norm, obtained by shifting and scaling
log10 T to zero mean and unit variance over the training periods. This formulation allows a single trained model to be evaluated
at any prescribed period without retraining. We use a logarithmic period input because, for a linear oscillator at fixed damping
ratio, the dynamic amplification of each frequency component of the input depends on the ratio of the excitation frequency
to the structural natural frequency. Equal period ratios map to equal increments in log10 T , so equal input steps scale this
frequency ratio by equal factors across the training band; the training periods are spaced uniformly on the same scale. The
target displacement is normalized using the overall mean and standard deviation computed from the training data, while all
reported errors are evaluated after converting the predicted and target displacements back to their original physical units.

At SDOF, the training periods cover 0.50 to 1.00 s. This band follows the first-mode estimate T ≈ 0.1N, where N is the
number of stories, and represents roughly five- to ten-story buildings. The grid holds 54 training periods plus 17 validation
and 17 held-out test periods; the validation periods drive early stopping and checkpoint selection, and the in-range errors are
reported at the held-out test periods. Period extrapolation is evaluated on two windows of equal width in period: a lower window
[0.10, 0.50) s and an upper window (1.00, 1.40] s, each 0.40 s wide and sampled at 41 periods that the model never sees during
training.

At 5DOF, the same design applies to the first-mode period T1, which is varied by scaling all story stiffnesses together. This
scaling keeps the mode shapes fixed and moves every modal period with T1. The lower window cannot extend to 0.10 s at this
scale: the fifth-mode frequency reaches the 25-Hz Nyquist limit of the 50-Hz time grid near T1 = 0.23 s. The lower window is
therefore set to [0.357, 0.50) s, which keeps the fifth mode near 16 Hz, and the upper window is narrowed to (1.00, 1.143] s to
keep equal width.

4.3 Input-frequency tests

Real records constrain how we can probe the input-frequency factor. Their energy concentrates below 3 Hz, near 1 to 2 Hz, and
their spectral shape is set by magnitude, distance, and site51. Frequency content and amplitude vary together across records, so
the real library cannot move the input spectrum on its own. We add synthetic two-frequency sinusoidal inputs to vary the input
spectrum directly while holding the amplitude fixed. This isolates the input-frequency factor as a controlled variable.

Each synthetic input follows a two-frequency sinusoidal form,

ag(t) = A1 sin(2πf1t + φ1) + A2 cos(2πf2t + φ2),

generated at 50 Hz over 40 s. The amplitudes A1 and A2 are drawn independently per sample from U (0.05, 0.30) g, the same
medium-amplitude range in every regime. This amplitude range matches the moderate portion of the real library’s PGA dis-
tribution (median 0.09 g; Fig. 4), so the synthetic inputs probe frequency content at realistic amplitudes. Two is the smallest
number of frequency components whose spacing controls the width of the input spectrum: a single component concentrates all
input energy at one frequency, whereas the separation between two components sets the excited band directly.

T A B L E 2 Synthetic two-frequency forcing regimes for the SDOF system (fn = 2.25 Hz). The four regimes broaden the
input spectrum from a narrow band at fn to a wide random band. Frequencies in U (·, ·) are drawn uniformly per sample.

Regime f1, f2 (Hz) Spectral content

narrowband U (2.0, 2.5) 0.5 Hz band at fn
medium-band U (1.25, 3.25) 2.0 Hz band at fn
wide-band U (0.25, 4.25) 4.0 Hz band at fn
broadband U (0.3, 5.0), U (0.5, 8.0) 0.3–8 Hz, spans all modes

Table 2 lists the four regimes. The first three are centered on the structural frequency fn and widen the excited band in steps,
from 0.5 to 2.0 to 4.0 Hz. The broadband regime is not centered on fn: it draws its two frequencies from 0.3 to 5.0 and from 0.5
to 8.0 Hz, spanning all modal frequencies of the test systems. The narrowband regime sits inside the real-record energy band
near fn, and the broadband regime extends well beyond it. The real records are contrasted with these synthetic regimes in Figs. 5
and 6: the former shows the input acceleration time histories, while the latter compares their 5%-damped response spectra. We
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run each of the four regimes under the three restoring-force cases, giving twelve synthetic datasets. Each holds 4096 samples,
split evenly into training and test.
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F I G U R E 5 Input ground-motion time histories. The real records span the library PGA range (high, moderate, low), and
the synthetic examples show the narrowband and broadband forcing regimes. All panels share the acceleration scale.

At 5DOF we repeat the comparison for the narrowband and broadband regimes. The five modal frequencies run from f1 =
1.29 to f5 = 7.49 Hz. The narrowband input draws both frequencies from 1.04 to 1.54 Hz at the first mode. The broadband input
reuses the SDOF broadband frequency ranges and excites all five modes at once. The synthetic amplitude range only sets the
overall excitation level. The excitation-amplitude factor is tested on the real records through the PGA-based division of the
library.
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F I G U R E 6 Spectral acceleration of the inputs. The real-library panel shows the median 5%-damped Sa(T) with the in-
terquartile (25–75%) and 10–90% spread bands; the synthetic-regime panel shows the median Sa(T) for the four synthetic
bands. Dotted lines mark the SDOF (Tn) and 5DOF (T1) fundamental periods.

4.4 Excitation-amplitude tests

This test evaluates extrapolation to shaking stronger than the training dataset contains, the regime in which a deployed surrogate
is most exposed. We split the real ground-motion library by peak ground acceleration (PGA). For each restoring-force case, a
single model is trained on lower-PGA records, using 670 records for training and 96 for validation, and is evaluated on two
disjoint held-out sets. The extrapolation test uses 219 higher-PGA records above approximately 0.19 g, reaching up to about
1.0 g; a separate set of 110 held-out lower-PGA records provides the interpolation reference for the same model. Because both
held-out sets are evaluated with the same trained model, their contrast isolates the effect of moving from lower- to higher-
amplitude shaking. Stronger records also drive the bilinear-hysteretic system deeper into yielding and the cubic-hardening
system further into hardening, so this factor tests amplitude extrapolation together with stronger nonlinear response.

5 EVALUATION ACROSS SDOF AND 5DOF SYSTEMS

The results first use the SDOF system as a controlled baseline for identifying when TFNO predictions remain accurate and
when they degrade. We evaluate four factors: restoring-force law, structural period, input frequency content, and excitation
amplitude, each of which changes a distinct aspect of the response. Together, these tests separate in-distribution accuracy from
extrapolation across structural and ground-motion regimes. We then repeat the same evaluation logic in the 5DOF system to
test whether the SDOF error patterns persist in a higher-dimensional response with coupled floor motions. Finally, we examine
the bilinear-hysteretic case in more detail because it shows the largest errors on the real-record tests and a consistent, systematic
error pattern.

5.1 Effect of restoring-force law

The surrogate loses accuracy as the restoring-force law moves from linear elasticity through cubic hardening to bilinear hys-
teresis. The random 80/10/10 split draws on the 1095 real ground-motion records, and the same 110 held-out records are used
for every case. On this test set, the per-record relative L2 error ε rises from 0.019 ± 0.034 for the linear case to 0.277 ± 0.139
for the cubic case and 0.382± 0.284 for the bilinear-hysteretic case (mean ± standard deviation; Fig. 7a). The linear prediction
is nearly exact. The two nonlinear errors are roughly 15 and 20 times the linear error.



12 Li AND Ceferino

linear cubic bilinear
0.0

0.1

0.2

0.3

0.4

0.5

0.6

0.7
re

la
tiv

e 
L 2

 e
rro

r

0.019

0.277

0.382

linear cubic bilinear
0.0

0.2

0.4

0.6

0.8

1.0

1.2

R
M

S 
re

sp
on

se
 a

m
pl

itu
de

 ra
tio 0.996 1.017

0.950

(a)

0 5 10 15 20 25 30

−0.01

0.00

0.01 rel-L2 = 0.011

Linear

0 10 20 30 40

−0.01

0.00

0.01 rel-L2 = 0.236

Cubic

0 5 10 15 20 25 30 35
time (s)

−0.01

0.00

0.01 rel-L2 = 0.327

Bilinear hysteretic

di
sp

la
ce

m
en

t (
m

)

Ground truth FNO prediction

(b)

F I G U R E 7 SDOF restoring-force comparison on the random ground-motion partition. (a) Per-case relative L2 error ε

(left) and RMS response amplitude ratio (right); error bars show mean ± one standard deviation over the 110 test records. (b)
Representative displacement histories for the three cases on a shared displacement scale, with the per-record relative L2 error
annotated: the linear prediction overlays the true response (ε = 0.01), and both nonlinear predictions accumulate cycle-level
differences (ε = 0.24 cubic, 0.33 bilinear-hysteretic).

The relative L2 error and the RMS response amplitude ratio measure different things. The error ε counts every difference
between the predicted and true histories, whether in amplitude, in timing, in oscillation pattern, or in mean level. The RMS
ratio compares only the overall response amplitude: values below one mean the predicted motion is smaller than the true one.
Only the bilinear-hysteretic case has a mean RMS response amplitude ratio below one (0.95± 0.14); the linear and cubic ratios
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stay near one (1.00 ± 0.02 and 1.02 ± 0.10). The bilinear-hysteretic ratio also varies most across records, so its amplitude
bias is uneven: some records are reproduced at nearly the correct amplitude and others are underpredicted more strongly. The
peak-response error stays small for all three cases: about 0.6% for the linear case, 8% for the cubic case, and 6% for the
bilinear-hysteretic case.

Together, these numbers show that amplitude error explains only a small part of the nonlinear errors. On average, the pre-
dicted peak and RMS response amplitudes stay within about 8% of their true values, while the mean error ε is 0.28 to 0.38.
The representative histories in Fig. 7b show this directly: the linear prediction overlays the true response, while both nonlinear
predictions accumulate differences cycle by cycle, larger for the bilinear-hysteretic record shown. On this test set, the two non-
linear errors are of the same order. The bilinear-hysteretic case is the only one that slightly underpredicts the RMS response
amplitude, and this bias appears even within the training distribution.

5.2 Effect of structural period

We test how the surrogate performs across structural period and how it extrapolates outside the trained period range. One
model per restoring-force case is trained on structures with periods between 0.50 and 1.00 s and is then evaluated on the two
equal-width period windows outside this range: [0.10, 0.50) s below it and (1.00, 1.40] s above it, each 0.40 s wide (Fig. 8).

Within the training range, all three cases interpolate accurately. At the held-out in-range periods, the mean relative L2 error is
0.03 for the linear case, 0.13 for the cubic case, and 0.06 for the bilinear-hysteretic case; the mean peak-response error is about
1.0% for the linear case, 2.9% for the cubic case, and 1.4% for the bilinear-hysteretic case, and the RMS response amplitude
ratios stay near one. This in-range accuracy is not explained by weak nonlinearity: about 66 to 78% of the record–period pairs
drive the bilinear-hysteretic system past yield.

Outside the training range, prediction error increases for every restoring-force law in both windows (Fig. 8a). Relative to
each case’s interpolation error, the mean extrapolation error grows by a factor of 9 to 78 in the upper window and by two to
three orders of magnitude in the lower window. Each case has a single training run, so we read these deterioration factors as
orders of magnitude rather than precise values. The loss of accuracy outside the trained period range is shared across the three
restoring-force laws.

The very large relative errors in the lower extrapolation range are partly due to the small denominator values: short-period
responses are small, which inflates a per-record relative metric. The global-relative error in Fig. 8b removes this effect by
dividing each record’s root-mean-square error (RMSE) by the RMS response amplitude of the training-range data. Under this
metric, the error still rises well above its in-range level on both sides of the training range, by up to two orders of magnitude,
so the accuracy deterioration is not an artifact of small response amplitudes. Accuracy outside the trained period range is not
assured for any restoring-force law, and a surrogate trained over one period range should be re-validated before it is applied
outside that range.

5.3 Effect of input frequency content

We test how the surrogate responds to broader input frequency content while keeping the structure and excitation amplitude
fixed. The SDOF system is driven by synthetic two-frequency waves grouped into four bands, from a narrow band near the
structural frequency to a wide random band (Table 2). For each band we train a separate model with the same architecture
and training setup, so accuracy differences can be attributed to the input band. Figure 9 reports the result: panel (a) places the
four synthetic bands against the central frequency band of the real records, and panel (b) reports the mean ε for the three cases
across the four bands.

The linear case stays accurate in every band: its mean ε never exceeds 0.005. The two nonlinear cases degrade as the band
widens. The cubic ε rises from 0.023 in the narrowband regime to 0.33 in the wide-band regime and stays near that level (0.29)
under broadband input; the bilinear-hysteretic ε rises monotonically from 0.006 to 0.19. This result is consistent with the cubic
and bilinear-hysteretic responses becoming harder to predict as the input frequency content broadens.
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F I G U R E 8 SDOF structural-period test with equal-width extrapolation windows. (a) Per-period median relative L2 error
versus structural period T . The shaded band marks the training periods ([0.50, 1.00] s); the windows below ([0.10, 0.50) s)
and above ((1.00, 1.40] s) have equal width. In the lower window, the curves extend beyond the plotted range: the per-period
medians reach about 40 to 400 at T = 0.10 s. (b) Per-period mean global-relative error (per-record RMSE divided by the RMS
response amplitude of the training-range data) versus T .
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F I G U R E 9 SDOF input-frequency test. (a) Synthetic input bands against the central 50% frequency band of the real
ground-motion records. (b) Mean relative L2 error for the three restoring-force cases across the four input bands. The linear
error remains low across the bands, while the cubic and bilinear-hysteretic errors rise up to the wide band, and under broadband
input the cubic error stays near its wide-band level.

5.4 Effect of excitation amplitude

We test how the surrogate extrapolates to stronger shaking. The real records are split by PGA: a single model is trained only on
the lower-PGA records (up to about 0.19 g) and then evaluated on two held-out sets: an interpolation set of 110 records with
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in-range PGA, and an extrapolation set of 219 records with higher PGA (up to about 1.0 g). Because both test errors come from
the same model, the comparison isolates the effect of amplitude extrapolation.

Extrapolation increases error ε for all three cases: the interpolation errors are 0.018, 0.087, and 0.411, and the extrapolation
errors are 0.039, 0.539, and 0.672 for the linear, cubic, and bilinear-hysteretic cases, respectively. The cubic interpolation error
of 0.087 sits well below the 0.277 measured in the restoring-force test because the lower-PGA interpolation records activate the
cubic nonlinearity only weakly. Figure 10 compares the predicted and true peak responses record by record. The linear points
stay close to the 1:1 line in both sets, and the cubic extrapolation points scatter about the line, with several rising above it,
without a systematic downward bias. The bilinear-hysteretic extrapolation points fall below the line, and the gap widens as the
true response grows, so the model underpredicts the largest responses most. The RMS response amplitude ratio summarizes the
same bias: for the bilinear-hysteretic case it falls from 0.88 at interpolation to 0.83 at extrapolation, while the linear and cubic
ratios remain near one (0.99 and 1.04). The interpolation-versus-extrapolation bars and the per-record RMS-ratio scatter are in
Supplementary Figures 2 and 3. The displacement histories in Fig. 11 show these patterns for representative records: the linear
prediction tracks the response in both sets, the cubic prediction keeps the amplitude near the true level under extrapolation but
misses individual cycles, and the bilinear-hysteretic prediction underpredicts the large post-yield displacements. Two further
record pairs are in Supplementary Figures 4 and 5.
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F I G U R E 10 SDOF excitation-amplitude test: predicted versus true peak response for each record, with the dashed 1:1 line,
for the (a) linear, (b) cubic, and (c) bilinear-hysteretic cases. Gray points are interpolation (in-range PGA, n = 110); colored
points are extrapolation (high PGA, n = 219). For the bilinear-hysteretic case (c), the extrapolation points fall increasingly
below the 1:1 line as the true response grows.

5.5 Cross-scale replication at 5DOF

At 5DOF, we repeat the SDOF evaluation with the same ground-motion records, data splits, training protocol, and random
seed. This comparison tests whether the SDOF conclusions carry over to a 5DOF system. In the restoring-force test, the per-
record ε is 0.046, 0.153, and 0.454 for the linear, cubic, and bilinear-hysteretic cases (Fig. 12), keeping the SDOF ordering: the
linear case is easy, the bilinear-hysteretic case is hard. The RMS response amplitude ratio repeats the SDOF pattern: only the
bilinear-hysteretic ratio falls below one (about 0.96).

Yielding and prediction error are not concentrated at the first story, although it carries the largest story shear. The same
restoring-force law applies to every story, and in a yielding check on a stratified subset of 30 records, every story yielded in 30–
67% of them, most often story 3, where the story stiffness drops most sharply. The per-floor ε for the bilinear-hysteretic case
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F I G U R E 11 SDOF displacement histories under amplitude interpolation (left column) and extrapolation (right column) for
representative records of each case, with the per-record relative L2 error ε annotated. The linear prediction tracks the response
(the extrapolation record shown is a comparatively hard one, ε = 0.24, against a case mean of 0.04). The cubic prediction
keeps the response amplitude under extrapolation and misses individual cycles (ε = 1.10). The bilinear-hysteretic prediction
underpredicts the large post-yield displacement excursions under extrapolation (ε = 1.32).

is likewise spread out, ranging from 0.38 to 0.52 across the five floors and peaking at floor 3 (n = 5 floors, single training run).
Note that ε is computed on floor displacements. Because floor displacement is the cumulative sum of the story deformations
below that floor, a floor-level error cannot be assigned to that floor’s story alone. Taken together, the yielding check and the
per-floor error profile indicate that the bilinear-hysteretic difficulty is not a base-story-only effect; it appears across the height
of this 5DOF system.

The period and input-frequency difficulties also appear at 5DOF. The period test applies the SDOF protocol to the first-mode
period T1; the lower window is limited to [0.357, 0.50) s by the Nyquist limit of the output time grid, and the upper window
is narrowed to (1.00, 1.143] s to keep equal width. Inside the training range, the mean error ε is 0.04, 0.09, and 0.08 for the
linear, cubic, and bilinear-hysteretic cases. In both extrapolation windows, the error grows for every restoring-force law, by
factors of 8 to 68 relative to each case’s own in-range level. The same qualitative deterioration outside the trained period range
thus appears at both scales; the 5DOF windows are narrower than the SDOF windows, so the two scales are not compared on
extrapolation severity. As the input spectrum broadens from narrowband to broadband, the cubic error rises from 0.07 to 0.44
and the bilinear-hysteretic error from 0.06 to 0.43, while the linear error stays below 0.04. Supplementary Note 3 reports both
tests (Supplementary Figures 6 and 7).

Amplitude extrapolation produces the most systematic underprediction observed in these tests, and it is specific to the
bilinear-hysteretic case. Under PGA extrapolation, ε grows for all three cases. The linear and cubic RMS ratios stay near
one (about 1.00 and 0.96), while the bilinear-hysteretic ratio falls from 0.98 at interpolation to 0.83 at extrapolation. For
the bilinear-hysteretic case, the predicted-to-true RMS response amplitude ratio decreases as the true peak response grows
(Supplementary Figure 12). As in the SDOF tests, the largest responses are underpredicted most strongly (Fig. 13). Under
extrapolation, the surrogate increasingly underpredicts the bilinear-hysteretic response and shifts its mean level, while the linear
and cubic predictions track the true response. Supplementary Figures 8–10 illustrate this with the roof displacement, which
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F I G U R E 12 5DOF restoring-force case comparison on the random ground-motion partition: (a) per-case relative L2 error;
(b) RMS response amplitude ratio. Error bars show mean ± one standard deviation over the test records.

accumulates the drifts of all stories and serves as a representative response quantity. The interpolation-versus-extrapolation bars
and the per-record RMS-ratio scatter are in Supplementary Figures 11 and 12.
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F I G U R E 13 5DOF excitation-amplitude test: predicted versus true peak response for each record, with the dashed 1:1 line,
for the (a) linear, (b) cubic, and (c) bilinear-hysteretic cases. Gray points are interpolation (in-range PGA); colored points are
extrapolation (high PGA). For the bilinear-hysteretic case (c), the extrapolation points fall increasingly below the 1:1 line as
the true response grows.
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5.6 Why the bilinear-hysteretic case is hardest on the real-record tests

To identify which part of the prediction error makes the bilinear-hysteretic case the hardest on the real-record tests, we measure
two parts of each record’s error (Fig. 14a,b; Supplementary Note 5 gives the formal definition): a residual offset, in which
the prediction oscillates about a wrong mean level, and an amplitude-scale error, in which the prediction has a wrong overall
amplitude. Residual displacement shifts the response of a yielding structure away from oscillations centered around zero, so a
prediction that misses the residual displacement carries a residual offset. Each part is quantified by how much the error drops
when that part is removed from both the prediction and the true response; Fig. 14c illustrates the mismatch that remains after
both removals.

The decomposition shows that an appreciable residual-offset component is specific to the bilinear-hysteretic case. On the
SDOF, removing the mean level reduces the bilinear-hysteretic error ε from 0.382 to 0.299, a 21.7% reduction, whereas the
same operation reduces the cubic error by only about 3% (Fig. 15). Removing the amplitude scale changes the error little for
either case. Of the two measured parts, only the residual offset separates the bilinear-hysteretic case from the cubic case, and it
amounts to about a fifth of the bilinear-hysteretic error.
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F I G U R E 14 Error modes in the decomposition of the SDOF prediction error: the two measured parts, (a) residual offset
and (b) amplitude scaling, and (c) the mismatch that remains after both parts are removed.

The same residual offset appears at 5DOF. The true responses carry residual displacement: at the first story, the residual
deformation exceeds 1 mm in about 18% of the test records, reaching at most 9.7 mm, about twice the yield displacement. For
the bilinear-hysteretic case, removing the mean level reduces the floor-displacement error by 19.8% (median over records and
channels), while the cubic reduction stays near zero.

Table 3 collects the measured contrasts between the bilinear-hysteretic case and the cubic reference, and lists candidate
mechanisms consistent with them. The contrast points to the restoring-force laws themselves: the cubic force is an instantaneous
function of the current state, while the bilinear-hysteretic force depends on the accumulated plastic state, which the operator
does not receive as an input.

6 CONCLUSIONS

This paper identified where a fixed FNO surrogate predicts earthquake structural response accurately and where it loses accu-
racy. We tested one TFNO configuration on SDOF and 5DOF systems along four factors: the restoring-force law, the structural
period, the input frequency content, and the excitation amplitude. These four factors are concurrent and partially coupled. The
surrogate is most accurate for linear response, narrowband inputs, and responses within the trained period and amplitude ranges.
Within these trained ranges, nonlinear response is the main source of degradation, and the bilinear-hysteretic case shows the
clearest practical limitation. On the real-record tests, it shows the largest relative L2 error of the three cases. It underpredicts
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cases on the random-split interpolation set. Negative bars indicate error reduction.

T A B L E 3 Cubic versus bilinear-hysteretic error patterns at SDOF and 5DOF. The first three rows report the measured
metrics for each case. The last row lists candidate mechanisms consistent with these measurements.
Metric Cubic Bilinear-hysteretic

Whole-record relative L2 error Intermediate: above linear, below bilinear-hysteretica Largest of the threea

PGA-extrapolation RMS ratiob Near one (1.04 SDOF, 0.96 5DOF) Falls to 0.83 (SDOF and 5DOF); underprediction grows
with the true response amplitude

Residual-offset share (percent of
raw error)

About 3% at SDOF and near zero at 5DOFc 19.8–21.7%, the only case with an appreciable residual-
offset componentd

Candidate mechanism Amplitude-dependent stiffness variation, frequency
mixing, spectral-shape mismatch

Path-dependent memory, hidden-state sensitivity

a On the random ground-motion partition, at both SDOF and 5DOF.
b Predicted-to-true RMS response amplitude ratio; values below one indicate underprediction of the response amplitude.
c Cubic residual-offset share: 3.0% at SDOF on the random-split interpolation set; near zero at 5DOF.
d Bilinear-hysteretic residual-offset share: 21.7% (SDOF, random-partition interpolation, mean aggregate) and 19.8% (5DOF floor displacement, random partition; median over
records and channels).

the response amplitude: its RMS response amplitude ratio, the ratio of predicted to true RMS response amplitude, is below one.
Its error carries an appreciable residual-offset component, meaning the prediction oscillates about a wrong mean level. Under
PGA extrapolation, the amplitude underprediction persists at both scales. Accuracy drops sharply under period and amplitude
extrapolation.

The restoring-force test shows a clear accuracy ranking. At SDOF, the linear case is nearly exact, with a mean per-record
relative L2 error of 0.019; the cubic case is intermediate, at 0.277; and the bilinear-hysteretic case is the hardest, at 0.382. On
the same records, the linear and cubic cases have mean RMS response amplitude ratios near one. The bilinear-hysteretic case
has a mean ratio of 0.95, and this ratio varies widely across records. At 5DOF, its mean RMS response amplitude ratio is about
0.96. The bilinear-hysteretic case thus combines the largest relative L2 error with a mean amplitude ratio below one.

The structural-period test shows that the accuracy achieved within the training range does not extend beyond the period
range used for training. One model per restoring-force case is trained over periods of 0.50 to 1.00 s, with the structural period
as an input, and interpolates accurately inside that range. The mean relative L2 error increases outside the trained period range
for all three restoring-force laws: the smallest increase across the cases and windows is close to an order of magnitude, and the
largest exceeds two orders of magnitude. The same qualitative behavior is observed in the 5DOF test. A surrogate trained for
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one period range therefore cannot be assumed to transfer to a structure whose fundamental period lies outside that range, and
it should be re-validated against computed responses before such use.

Broader input frequency content lowers accuracy even under interpolation. With the structure fixed and the input spectrum
broadened from narrowband to broadband at matched amplitude, the linear error stays low while the nonlinear errors grow: the
cubic relative L2 error rises from about 0.02 to 0.29 at SDOF, and at 5DOF the cubic and bilinear-hysteretic errors rise from
0.07 to 0.44 and from 0.06 to 0.43. In practice, the frequency content of real ground motions is set by earthquake magnitude,
distance, and site conditions. For example, motions recorded on soft soil carry frequency content different from that of motions
recorded on stiff sites. These results therefore suggest that, for nonlinear structures, accuracy will also depend on the frequency
content of the input motions.

The excitation-amplitude test shows two effects. First, errors grow for all three cases beyond the training PGA range. A single
model per case was trained on records with PGA up to about 0.19 g and evaluated both on held-out records in that range and on
stronger records with PGA up to about 1.0 g. Under extrapolation, the linear relative L2 error more than doubles, from 0.018 to
0.039, but stays the lowest of the three; the cubic error rises from 0.087 to 0.539; and the bilinear-hysteretic error, already 0.411
within the training range, rises to 0.672. Second, the bilinear-hysteretic surrogate systematically underpredicts the response: its
RMS response amplitude ratio is about 0.83 at both scales under extrapolation, an average amplitude underprediction of about
17%. The underprediction is largest for the strongest responses. The linear and cubic ratios stay near one under extrapolation.
At SDOF, this bias already appears within the interpolation range. Under extrapolation, the held-out high PGA records produce
larger nonlinear responses than those seen during training. Predictions beyond the training range should therefore be checked
against simulation before use.

Together, the four tests locate the accuracy limits of this surrogate: in the structure, through the restoring-force law and
the structural period, and in the ground motion, through the input frequency content and the excitation amplitude. The same
qualitative patterns appear under the matched 5DOF tests, so these limits are not specific to the simplest structure. In practice,
the training data of such a surrogate should cover the structural periods, the input frequency content, and the shaking amplitudes
expected in use.

We held the TFNO configuration fixed to isolate the four factors, so error differences across tests can be attributed to the
tested structural and excitation factors rather than to changes in the surrogate; tuning the network architecture was deliberately
outside the scope of this study. The bilinear-hysteretic case suggests one direction for future work. Its restoring force depends
on an accumulated plastic state that the operator never receives, and the error decomposition is consistent with this gap: the
bilinear-hysteretic error is the only one with an appreciable residual-offset component. Hysteresis models describe exactly this
quantity through internal state variables41,42, and making such internal variables part of the learning problem, as model inputs
or additional prediction targets, parallels internal-variable constitutive modeling in solid mechanics52,53. These ideas could be
adapted to operator learning for earthquake response.
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