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I. PROOF OF THEOREM 1
Write the manifold as a = Dg, where g = q2 ∈ RN and

D = diag{exp(−jkrTi u)} is unitary. With x = 2q ⊙ qθ and
z = q2 ⊙ h, hi = rTi uθ,

aθ = D(x− jkz). (11)

The nuisance projector satisfies

P⊥
a = DP⊥

g D
H, P⊥

g = I− ggT

gTg
. (12)

Substitution in the projected Fisher information gives

Fθθ = 2ρE Re{(x+ jkz)TP⊥
g (x− jkz)}

= 2ρEx
TP⊥

g x+ 2ρEk
2zTP⊥

g z. (13)

The two cross products are oppositely imaginary because
x, z,P⊥

g are real; hence their real sum is zero. Define U =
xTP⊥

g x ≥ 0 and V = zTP⊥
g z ≥ 0. For U, V > 0, equality

of the two terms is U = (2πf/c)2V , whose unique positive
solution is

f× =
c

2π

√
U/V . (14)

If U = 0, V > 0, equality occurs only at f = 0; if U > 0, V =
0, no finite equality exists; if U = V = 0, the projected
azimuth derivative vanishes. This also proves independence
from ρE .

II. CONTINUOUS FULL-TURN COROLLARY

Let the helix phase be ψ, with winding angle α measured
from the transverse plane:

r(ψ) = [R cosψ, R sinψ, pψ/(2π)]T, (15)

t(ψ) = [− cosα sinψ, cosα cosψ, sinα]T, (16)

where p = 2πR tanα. Arc length satisfies ds/dψ = R/ cosα,
so uniform arc-length sampling with spacing ∆s gives ∆ψ =
∆s cosα/R. For a fiber span L, define the effective turn count

Neff =
L cosα

2πR
. (17)

The continuous result uses uniform arc-length averaging over
an integer number of complete turns; because ds/dψ is con-
stant, this is equivalent to uniform averaging in ψ. Set

A = cosα cosϕ,

B = sinα sinϕ,

q = A sin(ψ − θ) +B.

Uniform complete-turn averaging uses ⟨sin2m+1 ψ⟩ = 0,
⟨sin2 ψ⟩ = 1/2, ⟨sin4 ψ⟩ = 3/8, and ⟨sin6 ψ⟩ = 5/16.
Projecting 2qqθ against q2 gives

QA =
A2(A2 + 4B2)

2
. (18)

For the propagation derivative, the transverse position term
contributes a factor R cosϕ. Removing its component parallel
to q2 and collecting the even trigonometric moments yields

QD0 =
15A8 − 60A6B2 + 160A4B4 − 32A2B6 + 64B8

16(3A4 + 24A2B2 + 8B4)
.

(19)
Consequently,

f×,∞ =
c

2πR cosϕ

√
QA

QD0
. (20)

This expression applies for R > 0, |ϕ| < π/2, and
QA, QD0 > 0. At |ϕ| = π/2, azimuth is locally unidentifiable;
if either quadratic form vanishes, the finite-array degeneracy
classification applies. The axial term in rTuθ vanishes because
the axial component of uθ is zero; pitch enters the azimuth
crossover through t and α. For ϕ = 0, B = 0, QA = A4/2,
and QD0 = 5A4/16, giving f×,∞ = c

√
8/5/(2πR). The

explicit R−1 factor proves ∂ ln f×/∂ lnR = −1 at fixed α.
Finally, p = 2πR tanα implies

∂ ln f×
∂ ln p

= sinα cosα
∂ ln f×
∂α

at fixed R, completing the stated sensitivity relation.


