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Supplemental Material for “Bearing Information and Geometric

Bias in Finite-Gauge Helical DAS Arrays With Calibration

Uncertainty”
Yuanyuan Cao, Ning Hu, Chengtao Huang, and Kunjie Shi

This supplement derives the results and specifies the
numerical methods under the companion manuscript’s
longitudinal-plane-wave, uniform-medium model and
complete rectangular gauges.

APPENDIX A
AMPLITUDE ELIMINATION AND PHYSICAL

INFORMATION TERMS

For yl = βla(ξ) + nl, take known parameter-
independent C ≻ 0, a ̸= 0, W = C−1/2, b = Wa,
and Dw = W [a,1, . . . , a,P ]. The real Gaussian mean-
information blocks use 2Re(vHw). Eliminating the two
amplitude directions b, jb removes their complex line:

Jξ = 2
∑
l

|βl|2 Re{DH
w P

⊥
b Dw},

P⊥
b = I − b(bHb)−1bH .

(40)

Whitening yields the main-text Sa. A shared coefficient
over K snapshots has energy K|β|2. Independently
unknown coefficients give the same conditional infor-
mation, but a different finite-sample fitting model.

Differentiating q2e−jkz inside the direction-
independent gauge integral gives the physical
derivative split in the main text, whose projected
cross term is signed. The output-polar split is a
different decomposition: its envelope/phase cross term
vanishes under real diagonal phase-rotated precision and
positive envelopes. For parameter-dependent covariance,
tr(C−1C,iC

−1C,j) must be added before nuisance
elimination.

The kinematic transfer assumes the fiber follows pre-
scribed host strain, εf = tT εhostt. Mechanical transfer
varying within a gauge enters the integral; the post-gauge
factor Hi generally cannot represent it. Noise variances
refer to averaged strain coefficients. For calibrated linear
phase readout ∆φ = KoptGε̄ with G > 0, Kopt has
units rad m−1 per unit strain. Fixed phase-noise variance
gives var(ε̄) = σ2

φ/(KoptG)
2. The main-text σ2

r uses
this normalization and inherits gauge dependence from
the optical conversion.

APPENDIX B
ANGULAR MODES, FINITE GRAMS, AND THE

COMPLETE-TURN PROOF

Let h = p/(2π), ℓ = (R2+h2)1/2, and ψ(s) = s/ℓ+
γ. Set A = R cosϕ/ℓ, B = h sinϕ/ℓ, ζ = kR cosϕ,
and ν = kh sinϕ. For χ = ψ−θ, direct substitution into
the helical tangent and position yields

tTu = B −A sinχ, krTu = ζ cosχ+ νs/ℓ. (41)

The periodic part has an absolutely convergent Fourier
series g(χ) =

∑
n cne

jnχ for g = (B −
A sinχ)2e−jζ cosχ. Integrating each mode over a com-
plete rectangular gauge gives

aG,i = Hie
−jνsi/ℓ

∑
n∈Z

cn sinc

(
(n− ν)G

2ℓ

)
ejn(ψi−θ).

(42)
The axial phase shifts the sinc argument when ϕ ̸= 0.
Dropping it would incorrectly extend the horizontal
complete-turn conclusion to oblique arrivals.

At ϕ = 0, ν = 0. For every channel with G =
m(2πℓ), m ≥ 1 integer, the sinc in (42) vanishes
for every n ̸= 0. Thus aG,i = Hic0 for any set of
channel centers, and aG,θ = 0. If c0 ̸= 0 and some
Hi ̸= 0, response energy is positive but projected
bearing information is exactly zero. Otherwise the entire
response is zero and (40) is inapplicable. Here

c0 =
A2

2

[
J0(ζ) + J2(ζ)

]
, (43)

so a nonzero root of J1(ζ) is an explicit zero-response
example. More generally, let G = m2πℓ with m ≥ 1
and mν ∈ Z. For integer ν = q, all n ̸= q modes
vanish and ai = Hicqe

jq(γ−θ). Thus a,θ = −jqa and
its amplitude-projected information is zero when the
response is nonzero. For noninteger ν with integer mν,
every sinc argument is a nonzero integer multiple of π,
so the whole response vanishes.

For continuous uniform center sampling, white read-
out noise, Hi ≡ 1, and Wn = |bn|2 with bn =
cn sinc((n − ν)G/(2ℓ)), orthogonality gives ⟨a, a⟩ =∑
Wn, ⟨a, a,θ⟩ = −j

∑
nWn, and ⟨a,θ, a,θ⟩ =
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∑
n2Wn. Equation (40) then becomes the weighted

modal variance stated in the main text. A single surviving
mode changes only a common complex phase, which the
unknown source coefficient absorbs.

For a finite set of centers and a retained order |n| ≤
M , put Vin = Hie

−jνsi/ℓejn(ψi−θ), dn = −jnbn, and
Q = C−1. Complex-amplitude elimination gives the ex-
act finite retained-mode information, provided V b ̸= 0,

F
(M)
N = 2Emin

z∈C
(d− bz)HV HQV (d− bz). (44)

If V b = 0, the regular unknown-amplitude Schur com-
plement is undefined; this truncated zero-response state
is reported separately. For white noise and Hi = 1,
let Γ = V HV/N and let the columns of U form an
orthonormal basis of span{b, d}. If ϵ = ∥UH(Γ −
I)U∥2 < 1, then every d − bz lies in that subspace.
Applying 1−ϵ ≤ xHΓx/∥x∥2 ≤ 1+ϵ before minimizing
over z proves

(1− ϵ)F (M)
∞ ≤ F

(M)
N ≤ (1 + ϵ)F (M)

∞ . (45)

Both sides use the same finite modal truncation.

A. Near-turn coefficient and finite remainder

Write G = G⋆(1 + δ) and use the definitions of
Theorem 2 in the main text. At integer ν = q⋆, the
point response repeats after a turn, so the two endpoints
coincide and G⋆a,G(G⋆) = ae−a⋆. Since a,θ+jq⋆a⋆ =
0, differentiation gives w(0) = 0, w′(0) = v⋆. The
smooth nonzero-response projection then yields P⊥

b w =
δP⊥

b⋆
v⋆ + O(δ2), proving the coefficient and the O(δ4)

case when it vanishes.
The projector distance equals the sine of the principal

angle between the two one-dimensional subspaces:

∥P⊥
b − P⊥

b⋆∥ =
∥P⊥

b b⋆∥
∥b⋆∥

≤ ra
∥b⋆∥

. (46)

The assumption ra < ∥b⋆∥ ensures b ̸= 0. Ap-
plying the triangle and reverse-triangle inequalities to
P⊥
b (w − δv⋆) + δ(P⊥

b − P⊥
b⋆
)v⋆ proves the main-text

finite information bound.
The remainder envelopes follow from the complete

modal series. Set τ = δ/(1 + δ), he = W (ae −
a⋆), HQ =

√
N∥W diag(H)∥2, and Dj =

∑
n |n −

q⋆|j |cn|. For n ̸= q⋆, the exact gauge factor is
τ(−1)m(n−q⋆) sinc[mπ(n− q⋆)δ]. Using | sincx− 1| ≤
x2/6 gives

ra = |τ |{∥he∥+ (mπδ)2HQD2/6},
rw = |τ − δ|∥v⋆∥+ |τ |(mπδ)2HQD3/6.

(47)

The moments Dj can be replaced by valid upper
bounds. For the five coefficients qpoll defined in Ap-
pendix C, let Z = |ζ| and dl = |l − q⋆|. The Bessel

inequality |Jn(ζ)| ≤ In(Z) and generating function∑
n In(Z)e

nt = eZ cosh t imply∑
n

|n|In(Z) ≤ eZ
√
Z,

∑
n

n2In(Z) = eZZ,∑
n

|n|3In(Z) ≤ eZZ
√
1 + 3Z.

(48)

Applying Cauchy–Schwarz to the second and fourth
moments gives the odd-moment bounds. The resulting
full-series finite envelopes are

D2 ≤ eZ
2∑

l=−2

|qpoll |(Z + 2dl
√
Z + d2l ),

D3 ≤ eZ
2∑

l=−2

|qpoll |(Z
√
1 + 3Z + 3dlZ

+ 3d2l
√
Z + d3l ).

(49)

These bounds can be conservative at large Z. If
CG varies continuously and remains positive defi-
nite, whitening at G⋆ preserves the leading coefficient
with o(δ2) remainder; local Lipschitz continuity gives
O(|δ|3). The main-text covariance comparison supplies
the finite bound for CG.

At fixed G, p and horizontal incidence, the exclusion-
band radius is R⋆ =

√
[G/(2πm)]2 − [p/(2π)]2. When

it lies in the admitted positive-radius interval, the
complete-turn result applies at that radius for any fi-
nite center arrangement. The nonzero-response condition
distinguishes a regular information null from an entire-
response zero.

APPENDIX C
INFINITE-TAIL CONTROL AND NUMERICAL SCOPE

The polynomial factor of g has five dimensionless
Fourier coefficients, denoted by qpoll to distinguish them
from the noise density: qpol0 = B2 + A2/2, qpol±1 =

±jAB, and qpol±2 = −A2/4. Jacobi–Anger therefore
gives

cn =

2∑
l=−2

qpoll (−j)n−lJn−l(ζ). (50)

With x = |ζ|/2 and integer m ≥ 0, the absolute Bessel
series yields |Jm(ζ)| ≤ Um = xmex

2/(m+1)/m!. The
gauge sinc has modulus at most one. Thus the true
infinite coefficients satisfy |bn| ≤

∑
l |q

pol
l |U|n−l|. For

Q > M , sum these envelopes explicitly for M <
|n| ≤ Q. For the remainder let Kl = Q + 1 − |l| and
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rl = x/(Kl + 1) < 1. The successive-envelope ratio is
at most rl, giving

S0,l ≤
UKl

1− rl
,

S1,l ≤ UKl

(
Kl

1− rl
+

rl
(1− rl)2

)
. (51)

The full t0 =
∑

|n|>M |bn| and t1 =
∑

|n|>M |nbn| are
bounded by the explicit finite sums plus

∑
l 2|q

pol
l |S0,l

and
∑
l 2|q

pol
l |(S1,l+|l|S0,l), respectively. The explicitly

summed terms can retain their exact gauge-sinc modulus
for a tighter bound. At large |ζ|, increasing the retained
order M is also necessary when substantial modal energy
lies beyond it; increasing Q alone only refines the tail
evaluation. For arbitrary finite center positions and Hi =
1,

∥a− a(M)∥2 ≤ e0 =
√
N t0,

∥a,θ − a
(M)
,θ ∥2 ≤ e1 =

√
N t1. (52)

For fixed nonuniform, direction-independent Hi, replace√
N by ∥H∥2; colored noise requires corresponding

whitened norms.
Let AM = ∥a(M)∥2 > e0 and vM = a

(M)
,θ . For white

noise C = σ2I , let ρE = E/σ2 and use the unwhitened
response and tail norms above. Compare the derivative
quadratic forms at a fixed projection and then the rank-
one projectors at fixed vM . The projector perturbation
norm is at most 2e0/(AM − e0), so

|FN − F
(M)
N | ≤ 2ρE

[
(2∥vM∥+ e1)e1 +

2∥vM∥2e0
AM − e0

]
.

(53)
When AM ≤ e0, no useful information conclusion
follows from the retained response. Equations (45) and
(53) control finite sampling and tail truncation, respec-
tively. Writing the right-hand side of (53) as ∆FM , an
analytical sufficient condition for prescribed truncation
accuracy is AM > e0 and

∆FM ≤ τabs + τrel max{F (M)
N −∆FM , 0}. (54)

Here τabs has information units and τrel is dimension-
less. The positive part is a lower bound on complete
information; near a null the absolute tolerance controls
acceptance.

Separately, an exact S-node angular DFT has c̃n =∑
r∈Z cn+rS . For retained |n| ≤ M < S/2, all nonzero

aliases have |n+ rS| ≥ S −M . Put Kl = S −M − |l|
and rl = x/(Kl + 1) < 1. The same Bessel envelope
gives the complete coefficient-alias mass bound

Tc =
∑

|m|≥S−M

|cm| ≤ 2

2∑
l=−2

|qpoll | UKl

1− rl
. (55)

Since the rectangular-gauge sinc has modulus at most
one, the errors within the retained modes satisfy

e0,alias =
√
N(2M + 1)Tc,

e1,alias =
√
NM(M + 1)Tc,

(56)

∥aDFT
M − a(M)∥2 ≤ e0,alias,

∥aDFT
,θ,M − a

(M)
,θ ∥2 ≤ e1,alias.

(57)

Adding these alias bounds to e0, e1 by the triangle
inequality bounds the difference between the full and
DFT responses. The same FIM projection argument
then applies provided ∥aDFT

M ∥2 > e0 + e0,alias; other-
wise the bound remains unresolved. For fixed direction-
independent gains, replace

√
N by ∥H∥2. The bound

is also unresolved if any rl ≥ 1. Responses below the
numerical comparison scale are reported as unresolved.

APPENDIX D
ROOT CONTINUATION AND RADIUS REGISTRATION

For a smooth point response on a fixed symmetric
rectangular support, Taylor’s theorem gives

aG(si) = a0(si) +
G2

24
a0,ss(si) +R4,

|R4| ≤
G4

1920
sup

|ξ|≤G/2
|a0,ssss(si + ξ)|. (58)

The same expansion holds for the physical derivatives.
Forming Ht, t = G2, requires differentiating both the
response and the amplitude projection; holding the pro-
jection fixed omits a term. The implicit-function theorem
gives the main-text root continuation at Hf ̸= 0, but
the continuation fails at tangency. For nonoverlapping
gauges with input noise, CG = (q0/G+σ2

r)I . This com-
mon positive scale must be removed before continuing to
G = 0, because the unnormalized balance tends to zero
and does not meet the simple-root premise. The 0.25-m
examples use the full integral.

Each of the four radius paths in the main text holds a
different set of coordinates fixed. For the fixed-arc path,
arc si, pitch p, rotation γ, and gauge G are fixed, with
ℓ = (R2 + h2)1/2. Let rmat

R denote the point-response
derivative at fixed material winding coordinate ψ, pitch,
and rotation. Holding s fixed also changes axial phase:
zaxial = hs/ℓ and zaxial,R = −hsR/ℓ3. Consequently,

rpointR = rmat
R + jν

sR

ℓ3
a0, ν = kh sinϕ. (59)

This axial term vanishes for horizontal incidence. The
full chain rule is

ψ,R(s) = −sR
ℓ3
, a0,R(s) =

sR

ℓ3
a0,θ(s) + rpointR (s).

(60)
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Splitting s = si + ξ before integration yields the
center-winding, within-gauge-winding, and remaining
explicit-radius terms of the main text’s radius deriva-
tive. For fixed winding coordinates, in contrast, s′i =
siℓ(R)/ℓ(R0) and G′ = Gℓ(R)/ℓ(R0); the gauge must
be integrated on the deformed physical arc. Center
anchoring instead sets γ(R) = γ0 + s̄(1/ℓ0 − 1/ℓ(R)),
where s̄ = (s0+sN−1)/2 is the midpoint of the sampled
arc (2.95 m in E4). Proportional scaling multiplies
R, p, si, G together at fixed frequency, so its propagation
phase still changes.

Linearizing the amplitude-profiled score at a contin-
uing interior optimum gives the main-text pseudo-true
shift. The three radius components enter its numerator
linearly.

Reference registration. At the common nominal ge-
ometry and fixed Hi, a,γ = −a,θ. Differentiating the
anchoring rotation therefore gives

aanchor,R = aarc,R − Rs̄

ℓ3
a,θ. (61)

If SR denotes the coefficient of δR in the main-text local
shift, then Sanchor

R = Sarc
R − Rs̄/ℓ3. At nominal geom-

etry, this identity separates imposed reference rotation
from remaining radius sensitivity. Finite changes shift
the fixed-arc evaluation bearing. The nominal array has
winding angle tan−1(h/R) = 0.7295◦ and axial span
0.0751 m.

Horizontal path equivalence. Let R′ = λR, λ > 0.
Fixed winding has ℓW = (λ2R2 + h2)1/2, whereas
proportional scaling has ℓP = λℓ. Both preserve channel
winding coordinates and the normalized gauge width
G/ℓ. At ϕ = 0, their transverse positions and propaga-
tion phases coincide; the tangent projection differs only
by a common amplitude. With identical channel factors
and rotation,

aW (θ) = κaP (θ), κ =
λ2(R2 + h2)

λ2R2 + h2
. (62)

For nonzero responses fitted with a common nomi-
nal template and covariance, normalized coherence and
pseudo-true bearing sets coincide, as in the main text’s
registration table and Fig. 3(c). At fixed incident coef-
ficient energy and covariance, the common amplitude
factor also scales information.

For finite estimates in one fixed angular coordinate,
write b = θpt− θ0 and el = θ̂l− θpt. Then the empirical
identity is

M̂SE =
1

n

∑
l

e2l + b2 + 2bē,

ē =
1

n

∑
l

el.
(63)

Branch errors or finite-sample estimator bias can produce
a nonzero mean cross term. The E4 full-cycle refit
uses 721 and 1441 nodes on all 2952 conditions. Best
peaks agree within 5.96× 10−6 degree, but a secondary
peak appears only on the finer grid. The twelve sector-
boundary optima remain censored.

APPENDIX E
FINITE CALIBRATION AND MISSPECIFIED LOCAL

RISK

For the main text’s nuisance model, a,bg = B ⊙ a,
a,bφ = jC ⊙ a, and a,r = R0a,R. Applying (40)
independently to known-direction records yields Jcal.
The symmetry a,θ + a,γ = 0 explains the unknown-
reference null direction.

Numerical recovery. The original bounded L-BFGS-
B failures are retained in the archive. Recovery uses
a separate objective-only Powell protocol, restricted to
finite, rank-four interior endpoints for which both origi-
nal starts terminate ABNORMAL. The nuisance scales are
(0.01, π/180, 0.02, π/180). Acceptance requires two-
start agreement, objective change ≤ 10−8, scaled-
coordinate change and Newton correction ≤ 10−6, and
positive-definite, step-stable Hessians at steps 10−3 and
5×10−4. The relative Hessian difference is at most 10−6

and each minimum eigenvalue exceeds ten times their
norm difference. Accepted task reruns retain the original
observations and seeds.

For calibrate-then-estimate fitting, implicit differenti-
ation gives θ̂ − θ⋆ ≃ uθ − Leη . Here eη = η̂ − η⋆

and uθ is the zero-mean local task error with variance
J−1
θθ . Independent task and calibration data therefore give
J−1
θθ + LCcalL

T + (bres − Lmcal)
2.

For matched efficient calibration, put Cc = J−1
cal ≻ 0,

jθ = Jθθ > 0, b = Jθη, and Kη = Jηη − bT b/jθ ⪰ 0.
Inverting the joint block information by eliminating θ
first gives Vjoint = j−1

θ + L(C−1
c + Kη)

−1LT , where
L = b/jθ. The difference from Vplug = j−1

θ + LCcL
T

is

LC1/2
c {I − (I + C1/2

c KηC
1/2
c )−1}C1/2

c LT . (64)

It is nonnegative, and is zero exactly when KηCcL
T =

0. Since a,γ = −a,θ, the γ row and column of Kη van-
ish. This is a block-inverse consequence of the model’s
rotation symmetry; task information about other nuisance
directions can still improve the joint prediction.

With unmodeled response, define a pseudo-true point
separately for each workflow. For the fixed-calibration
profiled task score let A be its expected negative deriva-
tive and B its score covariance. Its local asymptotic task
variance and nuisance sensitivity are

Vmis = A−1
θθ BθθA

−1
θθ , Smis = −A−1

θθ Aθη. (65)
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The local plug-in prediction, Vmis + SmisCcalS
T
mis +

(bres+Smismcal)
2, squares first-order linearized bearing

error, omitting curvature of θ⋆(η) and finite-sample
task mean corrections. Even centered calibration error
contributes bres tr(TCcal) through curvature, where T =
∇2
ηθ
⋆(η⋆c ). For fixed nonzero bres, this term is linear in

Ccal. Under mismatch, joint fitting uses the complete
task–calibration score sandwich with one nuisance am-
plitude per record.

To assemble the joint sandwich, let ξ contain bearing,
the four common nuisance parameters, and the real
and imaginary parts of each record’s amplitude. Write
mj(ξ) = βjaj , ej = µj − mj(ξ

⋆), Dj,p = ∂ξpmj ,
and Mj,pq = ∂ξp∂ξqmj , evaluated at the joint pseudo-
true point. For independent records with fixed, correctly
specified proper-complex noise covariance Cj ,

Apq = 2
∑
j

Kj Re
{
DH
j,pC

−1
j Dj,q

−MH
j,pqC

−1
j ej

}
,

Bpq = 2
∑
j

Kj Re{DH
j,pC

−1
j Dj,q}.

(66)

Calibration records have zero derivatives with respect
to task bearing. Amplitude cross derivatives remain in
Mj,pq . The bearing entry of A−1BA−T is the joint local
variance; when every ej = 0, A = B and it reduces to
the matched information inverse.

APPENDIX F
ONE DEVELOPMENT TRANSFER: LOCAL

MISSPECIFIED RISKS

Development transfer ID 0 has unmodeled second-
and third-order gain/phase harmonics. The true nuisance
vector is ηtrue = (0.01, π/180, 0.02, π/180)T . The task
uses bearing 15◦, 800 Hz, G = 0.25 m, ϕ = 0, and
K = 100; calibration gauges are 0.1 m. Each budget uses
30 independent calibration batches, each with five paired
task draws: 300 observations and 600 plug-in/joint fits
across both budgets. All fits are finite, with no opposite-
half-turn estimates. The table uses 30 independent batch
MSEs. The plug-in predictions use the sample mean
error about the noiseless calibration target and the full
covariance of these same calibration estimates; task noise
is independent of calibration noise.

The larger budget also increases calibration energy.
Interval relative half-widths are 16–21%, exceeding the
planned 10%. Zero half-turn events give a batch-level
one-sided 95% upper bound of 9.50%. The joint local
prediction includes the complete task–calibration sand-
wich and its own pseudo-true bias. At budget 18, the
43-parameter Hessian is positive definite and full rank.
The predicted variance changes by less than 1.2×10−12

TABLE VII
ONE DEVELOPMENT TRANSFER, ONE TASK: OBSERVED

BATCH-LEVEL MSE AND 95% INTERVAL (DEG2), WITH LOCAL
PREDICTIONS AT THE SAME TASK.

Records Workflow MC MSE [95% interval] Local pred.

4 Plug-in 0.005332 [0.004468, 0.006196] 0.005899
4 Joint 0.005354 [0.004476, 0.006232] 0.005863
18 Plug-in 0.004297 [0.003398, 0.005197] 0.004900
18 Joint 0.004299 [0.003400, 0.005197] 0.005075

in relative terms across three derivative steps. The
zero-residual sandwich agrees with the matched Schur
prediction. Protocol Section Q gives the matrices and
derivative-step checks.

For ID 0, differentiation at the archived calibra-
tion targets gives bres tr(TCcal) = −8.85 × 10−8 and
−2.36×10−8 deg2 at budgets 4 and 18, using the saved
calibration covariances. Their magnitudes are below
1.6 × 10−5 of the corresponding linearized predictions;
the relative change across three step sizes is less than
1.5× 10−5. This local calculation assesses the centered-
error curvature term; other finite-sample and higher-order
contributions remain outside the linearized approxima-
tion.

A separate 50-transfer audit has 97 calculable local
plug-in risks: two original calibration failures and one
unresolved task score leave three unconditional risks
undefined. Its second 25-transfer group was previously
screened; the source data and failure labels are retained.

APPENDIX G
E6 REPETITION COUNTS AND UNCERTAINTY

INTERVALS

Each of the 72 main cells begins with 2000 inde-
pendent realizations. If the bootstrap interval for either
local variance or sector MSE has full width exceeding
20% of its estimate, sampling is extended once to 5000,
retaining the first 2000 draws. Three near-turn cells trig-
ger this rule: (K, SNR) = (20, 10 dB), (100, 0 dB), and
(500,−10 dB). This gives 72(2000)+3(3000) = 153000
realizations.

Variance and MSE intervals are the 2.5th and 97.5th
percentiles of 1000 independent-realization bootstrap
resamples. Exceedance intervals use the two-sided exact
binomial construction for nonzero counts and the one-
sided upper bound 1 − 0.051/n for zero counts. These
are nominal 95% intervals without sequential-coverage
adjustment. After extension, sector-MSE relative half-
widths in the three cells are 16.63%, 11.87%, and 7.93%;
the first two exceed the 10% target and remain marked
in main-text Fig. 4.

The two nonzero exceedance rates, 66.96%
and 19.75%, have intervals [65.64, 68.26]% and
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TABLE VIII
NOMINAL 95% INTERVALS FOR THE SIX E6 ROWS IN MAIN-TEXT

TABLE IV. BOTH INTERVAL COLUMNS ARE IN DEG2 ; T = 2πℓ, G IS
IN METERS, AND SNR IS IN DB.

(G,SNR) n Local variance Sector MSE

(0.25, 0) 2000 [0.5781, 0.6465] [0.5741, 0.6450]
(0.95T, 0) 5000 [18.32, 18.80] [371.7, 471.4]
(0.25, 10) 2000 [0.05466, 0.06184] [0.05484, 0.06182]
(0.95T, 10) 2000 [9.711, 10.52] [14.44, 16.30]
(0.25, 20) 2000 [0.005781, 0.006534] [0.005763, 0.006542]
(0.95T, 20) 2000 [1.348, 1.523] [1.350, 1.520]

[18.03, 21.56]%. Each zero-count row has a one-
sided 95% upper limit of 0.1497%. The archive’s
figure_data/e6/cells.csv reports counts and
intervals for all 72 cells. Its historical branch_rate
field is the 5◦ exceedance defined in the main text.

APPENDIX H
PROCESSING DEFINITIONS AND POINT-CHANNEL

CHECKS

E6 evaluates profiled likelihood; the following
phase-to-bearing checks evaluate MUSIC. They report
physical-bearing error and the additional processing off-
set from the array pseudo-true target. The readout uses
one complex coefficient per channel from the near-
est nominal-frequency DFT bin of each nonoverlap-
ping Hann-windowed segment. Writing these columns
as Y = [y1, . . . , yM ], it forms Ĉ = Y Y H/M .
For one source, En contains the N − 1 smallest-
eigenvalue eigenvectors of Ĉ, and the bearing minimizes
∥EHn anom(θ)∥22/∥anom(θ)∥22. E8 searches [−90◦, 90◦]
on a 0.25◦ grid and refines an interior minimum by
three-point parabolic interpolation. The nominal MUSIC
check in the 12-condition E9 field-response study uses
a 1◦ grid.

The 12-condition E8 point baseline uses 200 repeats
per condition at 30◦, 800 Hz, and 20-dB time-domain
SNR. Matched and half-bin RMSEs are 0.0141◦ and
0.0168◦. Protocol Section H retains the transfer and
noise conditions. E9 independently differentiates a 3-D
displacement wave, projects tangent strain, and integrates
the gauge. Three refinements over 12 conditions give
maximum finest-grid response difference 1.50 × 10−7;
the integer-turn zero is roundoff-limited. Its nominal
MUSIC estimate is 29.999584◦.

APPENDIX I
CONTINUOUS DESIGN BOUNDS AND SPATIAL

PROCESSING

For any z, inverse Loewner ordering bounds (a,θ −
az)HC−1

G (a,θ−az) between its C−1
ref counterpart divided

by λ+ and λ−. Minimizing over z proves the covariance
transfer. For spatial processing, the matrix

Qs = C
1/2
G TTs (TsCGT

T
s )−1TsC

1/2
G (67)

is an orthogonal projector. Applying Qs ⪯ I to the
whitened residual before amplitude minimization proves
F̃θ ≤ Fθ. With uniform gains, convolution of the
acquisition rectangle and the three-point weights gives
the stated sinc–cosine-squared transfer.

For a continuous cell, the rank-one projector inequal-
ity used in Appendix B gives ∥P⊥

b − P⊥
b̄
∥ ≤ AB/∥b̄∥.

The triangle inequality then proves the cell bound. For
half-widths hθ (rad), hR (m), take

AB = ea +Bθhθ +BRhR,

DB = eθ +Bθθhθ +BθRhR,
(68)

where Bx, Bxy bound whitened derivatives throughout
the cell. The center errors ea, eθ include the complete
infinite Fourier tail from Appendix C. Minimizing cell
lower bounds over a cover gives md; an evaluated point
gives an upper bound on infΩ Fd, which proves the
design comparison.

For the horizontal model, write g =
A2 sin2 χ e−jZ cosχ with A = R/ℓ and Z = kR.
On a radius cell, set A+ = R+/ℓ+, a1 = h2/ℓ3−,
Z+ = kR+, and Ui = sup |sR/ℓ3| over channel i’s
gauge and radius cell. The angular envelopes use

T 2
1 = max

0≤x≤1
{4x(1− x) + Z2

+x
3},

T2 = 2 + Z2
+.

(69)

Here T1 = Z+ for Z2
+ ≥ 4/3; otherwise evaluate the

polynomial at x = 8/(8 +
√
64− 48Z2

+). With c2 =

2/(3
√
3) and c3 = 3

√
3/16, componentwise bounds are

Mθ = A2
+T1, Mθθ = A2

+T2,

MR,i = 2A+a1 + c2kA
2
+ + UiMθ,

MθR,i = 2A+a1T1 +A2
+k

√
1 + c23Z

2
+

+ UiMθθ.

(70)

Fixed-arc differentiation gives these bounds; rectangu-
lar averaging preserves them. For fixed gains, Bx =

∥W diag(H)∥2∥(Mx,i)i∥2, with W = C
−1/2
G for raw

channels or W = L−1
s Ts after processing. Here Ls is

lower triangular and LsL
H
s = TsCGT

T
s . Protocol P

records the 240-by-100 cells, modal order 16, witness
points, and double-precision evaluations.

ACKNOWLEDGMENT

This research used computational resources of
Hangzhou Dianzi University.


