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Abstract:

This part of the course details the fundamental principles of structural stability, focusing on kinematic
relations and equivalent single-layer (ESL) theories for composite plates and shells. It derives three-
dimensional strain-displacement equations for planar, cylindrical, conical, and spherical geometries.
The formulations are systematically reduced to two-dimensional ESL models, specifically the Classical
Laminated Plate Theory (CLPT), First-order Shear Deformation Theory (FSDT), and Third-order Shear
Deformation Theory (TSDT). The limitations of ESL theories regarding interlaminar stress continuity are
analysed, introducing Zig-Zag and Layerwise theories as advanced alternatives. Furthermore, the
material covers energy-based formulation frameworks, deriving the principle of minimum potential
energy, the semi-analytical Ritz method utilizing Legendre polynomials, and the neutral equilibrium
criterion for extracting geometric stiffness matrices and linear buckling equations.
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] General kinematic relations
Analytical Methods

Kinematics for plates, cylindrical shells, conical shells, spherical shells
Equivalent single-layer theories
CLPT, FSDT, TSDT
Principle of minimum potential energy
Neutral equilibrium criterion
Zig-Zag theories
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Requirements for the upcoming
examples

Python >= 3.8
jupyter notebook
Sympy

numpy

scipy

composites >= 0.8.0
structsolve
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General strain-displacement relations

According to the three-dimensional (3D) elasticity theory, the strain components referred to an arbitrary
orthogonal coordinate system x;, x,, x3 can be written as [1]:
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[1] Saullo G. P. Castro. "Semi-Analytical Tools for the Analysis of Laminated Composite Cylindrical and Conical Imperfect Shells
under Various Loading and Boundary Conditions". Technische Universitat Clausthal,, 2015. https://doi.org/10.21268/20150210-
154320. View/Download Slides View/Download PhD Thesis presentation

[2] G.-Q. Zhang, Stability analysis of anisotropic conical shells, Technical University Delft - Faculty of Aerospace Engineering, 1993.
[3] V. V. Novozhilov, Foundations of the nonlinear theory of elasticity, Rochester: Graylock Press, 1953.


https://doi.org/10.21268/20150210-154320
https://doi.org/10.21268/20150210-154320
https://doi.org/10.21268/20150210-154320
https://drive.google.com/open?id=1uajhk43op2sV0Of50dZJlBx3oZENSumM
https://drive.google.com/open?id=0B24bukzI3BEHNE1aa2JMUWFVemM
https://www.youtube.com/watch?v=1QTyD1ioNEU
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where the parameters e;; and w; are (the conventional notation for partial derivatives d/dx is used here

Stability of
Structures for the sake of clarity) the following [1], with u, v, w being the displacements along directions x4, x5, x5,
respectively:
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[1] Saullo G. P. Castro. "Semi-Analytical Tools for the Analysis of Laminated Composite Cylindrical and Conical Imperfect Shells
under Various Loading and Boundary Conditions". Technische Universitat Clausthal, 9th of December,

TU Delft 2014. https://doi.org/10.21268/20150210-154320. View/Download Slides View/Download PhD Thesis presentation
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See: ex/kinematics plate 3D.ipynb
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3D kinematic equations for plates

See:

————————— -\
\ \
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Vv

ex/kinematics plate 3D.ipynb
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See: ex/kinematics cylinder 3D.ipynb
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See: ex/kinematics cylinder 3D.ipynb

1



Engineering
Mechanics graduate
school course

Stability of
Structures

2025

Kinematics,
Equivalent Single-

Layer Theories, and
Energy-based Semi-
Analytical Methods

Saullo G. P. Castro

%
TUDelft

3D kinematic equations for conical shells

See:

ex/kinematics cone 3D.ipynb

X1 =X X{ =R(x,z)cos@
X, =6 X, = R(x,z)sin6
X3 =2Z X3 =zsina —xcosa

R(x,z) =R, + xsina + zcos«a

Defining:

Exx = €11 Vxo = 2Ex9 =

I
m

[N

N

€go = €22 Yxz = ngz = €13

€33 Yoz = 289, = €33
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See: ex/kinematics cone 3D.ipynb
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RZ)=r+z Defining:
Epp = € Yoo = 2Ep9 = €12
X1 =¢ X, = R(z) cos ¢ cos b 4 H ¢ ¢

€gg = € Yoz = 2€¢pz = €13
X, =0 X, = R(z)sin¢ cos 6 22 vz b2

) €zz = €33 Yoz = 289, = €33
X3 =2 X3 =R(z)sin6
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See: ex/kinematics sphere 3D.ipynb

14



Engineering
Mechanics graduate
school course

Stability of
Structures

2025

Kinematics,
Equivalent Single-

Layer Theories, and
Energy-based Semi-
Analytical Methods

Saullo G. P. Castro

%
TUDelft

3D kinematic equations for spherical shells

R(z)=r+2z

X1 = ¢ X, = R(z) cos ¢ cos b

See:

=0 X, = R(z)sin¢ cos 8
=z X3 =R(z)sin0

ex/kinematics sphere 3D.ipynb

Only linear relations shown here (NL=0):
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Difficulty in using 3D kinematics

* Full discretization over the thickness

— Mesh aspect-ratio issues (3 to 5 first-order elements needed through the thickness)

— Poor conditioning of stiffness matrix (scales with Eh*2 for bending and Et for
membrane)

— Really high cost for laminated composite materials with multiple layers

— Application of simply supported boundary conditions in analytical or semi-analytical
models (see next examples)

 For thin-walled structures, no knowledge about the deformation
Kinematics is embedded into the strain-displacement relations

16
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Typical kinematic theories applied
for composite plates

Most of the analyses performed on composite plates have been based on one of the
following approaches (copied from Reddy, 2004 [4]):

« Equivalent single-layer (ESL) theories (2-D)

— Classical laminated plate theory

— Shear deformation laminated plate theories
» Three-dimensional elasticity theory (3-D)

— Traditional 3-D elasticity formulations
« Layer-wise theories

Reddy states that among the ESL theories the First-order Shear Deformation Theory (FSDT)
including transverse extensibility (¢,, + 0) seems to provide the best compromise solution
between accuracy, economy and simplicity [1, 4].

[1] Saullo G. P. Castro. "Semi-Analytical Tools for the Analysis of Laminated Composite Cylindrical and Conical Imperfect Shells under
Various Loading and Boundary Conditions". Technische Universitat Clausthal, 9th of December, 2014.
[4] Reddy, J. N. (2003). Mechanics of Laminated Composite Plates and Shells. CRC Press. https://doi.org/10.1201/b12409. 17
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Equivalent single-layer for shells, illustration

Given a function f(x, 6, z), its integral over
the 3-D domain V can be expressed as:

jvf(x, 0,z)dV = frext jﬂf(x, 0,z)R(x,z)d0dr

Tint

using the following substitutions based on
the figure, for cylindrical shells:

dQ =dbdz R(x,z)=r+z
dA = rdf) dr = dz

Schematics to illustrate the shallow shell
assumption r > h. Modified from [1]

the previous integral becomes:

h h
jv f(x,0,2)dV = f_zg fA f(x,0,2)(r + 2) R(Ci 'flz) dz = f_zg jA f(x,6,2) (1 + ;) dAdz

[1] Saullo G. P. Castro. "Semi-Analytical Tools for the Analysis of Laminated Composite Cylindrical and Conical Imperfect Shells under
Various Loading and Boundary Conditions". Technische Universitat Clausthal, 9th of December, 2014. 18
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Repeating the previous relation:
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Structures jf(x, 0,z)dV = jzhj f(x,0,z)(r + z)
% -=7/4

h
dA 7 VA
e dz = J_%]Af(x,H,z) (1 +;) dAdz
2025

Applying the shallow shell theory assumption that » > z, will result in:

Z

Kinematics, (1 + r) ~ 1
Equivalent Single-

Layer Theories, and (r+z)=r

Energy-based Semi-

Analytical Methods leading the previous integral to:

h h
> =5 [S= 2nr ~x=L
jf(x, 0,z)dV = jhf f(x,0,z)dAdz —f hf j f(x,0,z)dxdsdz
1% _E A zZ= E x=0
This equation is the basis for the reduction from the 3-D domain to the 2-D domain
Saullo G. P. Castro when using the ESL theories for shells.

%
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[1] Saullo G. P. Castro. "Semi-Analytical Tools for the Analysis of Laminated Composite Cylindrical and Conical Imperfect Shells under
Various Loading and Boundary Conditions". Technische Universitat Clausthal, 9th of December, 2014
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Equivalent single-layer for shells, illustration

Thus, when the shallow shell theory assumption r > z is valid, we have that:

h
2

z=}—zl s=2nr ,x=L
jf(x,@,z)dV =j ff(x,@,z)dc/ldz=j j ]
v —% A z=—% s=0 x=0

Now we have paved the way to enable the integration of ESL kinematics.

f(x,0,z)dxdsdz

20
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Equivalent single-layer (ESL) theories

The main ESL theories are [1]:

Classical Laminated Plate Theory (CLPT): extension of the Classical Plate Theory to composite
laminates [4], also known as the Kirchhoff-Love theory.

Transverse normals remain straight after deformation (rigid cross-section).
Transverse normals do not experience elongation (g,, = 0).

Transverse normals remain perpendicular to the mid-surface after deformation
(no transverse shear, i.e. y,, =y, = 0).

u(x,y,z) = uO(xry) —ZW,x (ny)
v(x,y,z) = vO(ny) _ZWJy (x,y)
W(x,y,z) = WO(xry)

First-order Shear Deformation Theory (FSDT), also known as Reissner-Mindlin theory.

Rotations disconnected from normal displacements ¢,.(x,y) # —w,, (x,y).
Transverse normals do not experience elongation (g,, = 0).
Transverse shear strains y,, and y,,, are constant in z. Therefore, shear

correction factors are needed.

u(x,y,z) = uO(xry) + 2z d)x(xJ’)
v(x,y,z) = vO(ny) + quy(x,y)
W(x,y,z) = WO(xry)

Third-order Shear Deformation Theory (TSDT).

u(x,y,z) = ug(x,y) + 2z (x, ) + 229 (x, y) + 231, (x,y)
v(x,y,2) = vo(x,y) + 2, (x,¥) + 2%y, (x,¥) + 231, (x, )
W(x'y1 Z) = WO(xry)

Transverse normals do not experience elongation
(g2z = 0).

Consistent transverse shear strains y,,(x, y, z) and
Yyz(x,¥,z). Shear correction factors NOT needed.

[1] Saullo G. P. Castro. "Semi-Analytical Tools for the Analysis of Laminated Composite Cylindrical and Conical Imperfect Shells under
Various Loading and Boundary Conditions". Technische Universitat Clausthal, 9th of December, 2014.
[4] Reddy, J. N. (2003). Mechanics of Laminated Composite Plates and Shells. CRC Press. https://doi.org/10.1201/b12409. 21
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Difference between CLPT and FSDT

[1] Saullo G. P. Castro. "Semi-Analytical Tools for the Analysis of Laminated Composite Cylindrical and Conical Imperfect Shells under
Various Loading and Boundary Conditions". Technische Universitat Clausthal, 9th of December, 2014.
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Difference between CLPT, FSDT and TSDT

undeformed

CLPT

FSDT

TSDT

[4] Reddy, J. N. (2003). Mechanics of Laminated Composite Plates and Shells. CRC Press. https://doi.org/10.1201/b12409.
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Classical Laminated Plate Theory

The simplest of the ESL theories is the Classical Laminated Plate Theory (CLPT) which is an extension
of the Classical Plate Theory to composite laminates [4], where the Kirchhoff hypotheses hold [4]:

- Transverse normals remain straight after deformation;
« Transverse normals do not experience elongation (e,, = 0);

« The transverse normals rotate so that they remain perpendicular to the mid-surface after deformation
(no transverse shear takes place, i.e. y,,;, = yy, = 0).

u(x,y,z) = uO(xty) —Z W,y (x!y)
v(nylZ) = vO(x!y) _ZW:y (x,y)
W(nytZ) = W()(x,y)

q
Saol
<
e
~~

Kinematics of a plate for the CLPT. See: ex/kinematics plate CLPT.ipynb

Modified from [1]

[1] Saullo G. P. Castro. "Semi-Analytical Tools for the Analysis of Laminated Composite Cylindrical and Conical Imperfect Shells under
Various Loading and Boundary Conditions". Technische Universitat Clausthal, 9th of December, 2014.
[4] Reddy, J. N. (2003). Mechanics of Laminated Composite Plates and Shells. CRC Press. https://doi.org/10.1201/b12409. 25
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Z4 ow Kinematics of a plate for the CLPT.
Stability of N o e mm— o . $x=—7-  Modified from [1]
<\‘/l
Structures
X3 u(x,y,z) =u0(x,y)—zw,x (xry)
2025 A v(x,y,2) = vo(x,y) —zw,, (x,y)
X W(X,_')’,Z) =W0(x!y)
2
;1 a For convenience, it is customary to omit the subscript “0” from the
Kinematics, mid-surface displacements, which should be clear from the context.
Equivalent Single- 1 ) 2 )
Layer TheorieS, and Exx = Ux— Z W;xx‘l' E ((Z Wixx— u:x) + (Z W:xy_ v;x) + W))C)

1 2 2
Eyy = Viy = ZWyyt 5 ((Z Wiy= 1ty )"+ (zwyy—vy) + W%)

Energy-based Semi-
Analytical Methods

g,, = 0 (thickness remains constant during bending)

Yoy = Uyt Vix— 2Z W,yp+ (Z Wy — Uy )(z Wy — u,y) + (z Wy ™ Vi )(z W,yy— v,y) + W W,y
Yz = 0

=0 . . . .
Saullo G. P. Castro Vyz See: ex/kinematics plate CLPT.ipynb

4 f [1] Saullo G. P. Castro. "Semi-Analytical Tools for the Analysis of Laminated Composite Cylindrical and Conical Imperfect Shells under 26
TU Del t Various Loading and Boundary Conditions". Technische Universitat Clausthal, 9th of December, 2014.
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CLPT simplified kinematic equations for plates
van Karman kinematics

Z4 ow Kinematics of a plate for the CLPT.
I N . «:f “3x  Modified from [1]
X3 u(x,y,z) =u0(x,y)—zw,x (xry)
A v(x,y,z)=v0(x,y)—zw,y(x,y)
X W(X,_')’,Z) =W0(x!y)
2
;1 For convenience, it is customary to omit the subscript “0” from the
a mid-surface displacements, which should be clear from the context.
1 2
Exx = Uy =™ ZWyxxt EWrx
1 2

g,, = 0 (thickness remains constant during bending)

Vaz =0

Vyz = 0 See:

[1] Saullo G. P. Castro. "Semi-Analytical Tools for the Analysis of Laminated Composite Cylindrical and Conical Imperfect Shells under
Various Loading and Boundary Conditions". Technische Universitat Clausthal, 9th of December, 2014.

ex/kinematics plate CLPT.ipynb

27
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Stability of The vastly most used ESL theory within finite e
Structures element codes.
* Rotations disconnected from normal undeformed
2025 displacements ¢,.(x,y) = —w,, (x,y). :
* Transverse normals do not experience
elongation (&,, = 0).
_ _ « Transverse shear strains y,, and y,, are ——
Kinematics, constant in z. Therefore, shear correction factors

Equivalent Single- are needed.

Layer Theories, and
Energy-based Semi-
Analytical Methods

Kinematics of a plate for the FSDT. Modified from [1]

u(x,y,z) = uO(xiy) +z ¢x(x1y)
v(x,y,z) = vO(xry) +z d)y(xry)
w(x,y,z) = wx,y)

Saullo G. P. Castro

[1] Saullo G. P. Castro. "Semi-Analytical Tools for the Analysis of Laminated Composite Cylindrical and Conical Imperfect Shells under

(; Various Loading and Boundary Conditions". Technische Universitat Clausthal, 9th of December, 2014.
TU Delft [4] Reddy, J. N. (2003). Mechanics of Laminated Composite Plates and Shells. CRC Press. https://doi.org/10.1201/b12409. 28
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FSDT general kinematic equations for plates

ZAA iYXZ

ol Kinematics of a plate for the FSDT.
N N “ox/ Modified from [1]
\\ AW \\ ~ ik
X5 v . u(x,y,2) = uo(x, ) + z dx(x,y)
A N v(x,y,z) = vO(xty)-I_Zd)y(x;y)
X, LU N 1h w(x,y,z) =w(x,y)
;1 a For convenience, it is customary to omit the subscript “0” from the

mid-surface displacements, which should be clear from the context.
1 2 2 5
1 2 2
Eyy =VytZPyyt+35 ((Z¢x.y tuy) +(zdyy +vy) + Wazf)
g,, = 0 (thickness remains constant during bending)
Yy = Uyt Vit Zpyy + 2y, 5 + (qux,x + U, )(qux,y + u,y) + (quy,x +v,, )(quy,y + v,y) +w,w,y
Yz = Px + Wix+ (Z Gy x T Uy )¢x + (Z¢y,x + V,x )¢y

_ See: ex/kinematics plate FSDT.ipynb
Vyz = ¢y + Wyt (2@ry + 1ty )bx + (205 + v,y )by - -

[1] Saullo G. P. Castro. "Semi-Analytical Tools for the Analysis of Laminated Composite Cylindrical and Conical Imperfect Shells under 29
Various Loading and Boundary Conditions". Technische Universitat Clausthal, 9th of December, 2014.
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FSDT simplified kinematic equations for plates
van Karman kinerzr)atics .

H
{
! Yz

=2 Kinematics of a plate for the FSDT.
-/ Maodified from [1]

- - —-- \ - ox /'/
\\ AZ’ w \\ T
y,v \\ u(x,y,z) =u0(xi.V)+Z¢x(ny)
X3 \
A N v(x,y,z) = vO(xry)-I_Zd)y(x;y)
X, LU N 1h w(x,y,z) =w(x,y)
;1 For convenience, it is customary to omit the subscript “0” from the
a mid-surface displacements, which should be clear from the context.

Exx = Ut Z Py + Ewwzc
1 2

g,, = 0 (thickness remains constant during bending)

Yy = Wyt Uyt Zhyy + 2y x + Wy W,y

Yaz = Gx + Wiy

Yyz = d)y +w,y See: ex/kinematics plate FSDT.ipynb

[1] Saullo G. P. Castro. "Semi-Analytical Tools for the Analysis of Laminated Composite Cylindrical and Conical Imperfect Shells under
Various Loading and Boundary Conditions". Technische Universitat Clausthal, 9th of December, 2014.
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FSDT kinematics (linear terms)

Exx Up x ¢x,x
e={&y ;= Vo,y +z by.y

Zexy Ug,y T Vo x ¢x,y + Qby,x
, - {Zeyz} _ {Vyz} _ {W,y + ¢y}
2&,, Vxz Wy + ¢x

g=¢e® 4 zeW
y =y

Usually, subscript “0” for the mid-
surface expressions is omitted!

All relations presented
in this part apply to the

CLPT by doing:
bx = Wy
d)y = "W,y
Yxz =0
Vyz = 0
31
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FSDT strain energy (linear terms)

Variation of Strain Energy
SU = f 0'8edQ = J o (69 + z6¢W) + 7T(5y@)dO
Q Q

Separate integration through the thickness:
h

h
+7 +7
SU = ﬂ j haT5e<°>dz+ j hzaT(Se(l)dz
Xy Z=—E Z=_E
h

h
2
2 2
SU = ﬂ j o'dz |60 + j zoldz | 6@
xy z=—1% z=-1
4
+ f Tz 5y© | dxdy
Z=—§

\ \
.
xX,u \ ‘
I h

What if there is an offset
about the mid-plane?

32
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Structures 2 2 2
SU = j j j o'dz |5e© + f zo'dz | 5@ + J 7dz | 6y© |dxdy
oy \ \Jo=t - -
2025

Kinematics,
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= % ﬂx
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FSDT strain energy

T T
Nxx XX Q T
SU = J f Ny, b 56©@ 4 My, 5e<1)+{ y} 5y© | dxdy
Xy \ ( Nyy M, Ox

SU = J f (NT5£©® + MT5e® + QT6y®) dxdy
Xy

34
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— T 5¢(0) Ts5e® T5y(0)
- 8U = f L ; (N7 + MT5eD) + QT 5y ) dxdy

2025

Kinematics,
Equivalent Single-

Layer Theories, and Main assumptions of this formulation?
Energy-based Semi- Planar stress

Analytical Methods
FSDT (or CLPT)

Does this relation work for laminated composite materials?
Saullo G. P. Castro

%
TUDelft
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FSDT constitutive equations (isotropic)

* Find N, M, Q for isotropic materials (easily extended to composites)

h
2
N = "
2 \Txy
h
+2
M = A
_h
2
h
+_
Q _ 2 {Tyz
h (Tyz

Uxx
Oyycdz

Oxx
Oyytdz

Note that the stresses vary along the thickness (e.g.

Oxx )

36
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Stability of Review on planar stress: 1 v 0 0 0
-v 1 0 0 0
Structures ) (O v i (Ery
2025 _Oxx  Oyy  Ixy = % Tyy _E 0 0 > 0 0 Eyy
Exx = v < Txy — _ 3 yxy
E E 1— 2 1—v
_ Vyz lyz 0 O 0 > 0 Vyz
B N S L 7 N AU
: : Yo E E 0 0 0
Kinematics, _ Vaz L 2
Equivalent Single- c=_ "L txz =70
Layer Theories, and 2(1+v)
Energy-based Semi-
Analytical Methods Separating in-plane from transverse shear terms:
1 v 0 1—v
o €
xXx E v 1 0 xx T, E > 0 Ve
Oyyr = 5 1— v oy { Y } = { y }
_ — 42 —
Txy 1-v 0 0 Yy Txz 1—v 0 1 —v| Wz
! 2 I 2
S;;ullo G. P. Castro £ — 8(0) + 28(1)
— ~,(0)
Y=Y
TUDelft 37
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FSDT membrane stresses (isotropic)

N
Calculating N (membrane stresses): % y:y 5 Ny, N,
¢ —{N
1 v 0 \ ‘\xNxx N = yY
E —v 1 0 Nxx , ny
C 1 — VZ 1—v ny ; ; N
0 O 2 i Nyy
+’% Oxx +%
N = Oyytdz = C (e(o) + 28(1)) dz = hCe®
h h
_E Txy —_—
Analogy with
With an offset d: composites...
+’%+d Oxx <- -
N — O—yy dZ — hCS(O) 4+ dhCé‘(l) \ 44 I P—— PTTITTPs h
h % A \
—ztd \lxy ’ ‘\ d \'\
x,u S
L> . 38
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FSDT bending stresses (isotropic)

Calculating M (bending stresses): M,
1 v 0 M ={M,,
C = E |[—v 1 o0 M.,
1 — 2 0 0 1—v
2
I 2 (0) (1) LPe)
— — 0 2 (1 _ 1 )
M = j_,_l Z{gyy}dz = f_ﬁ C(ze® + z2eW) dz = 12C£ Analogy with
‘ w7 ’ composites...

With an offset d:

+%+d Oxx B2 c-zw —-—
M = z{0yytdz = dhCe©® + h| d? + — | ce® N y — - n
_,—21+d 12 Y, 1) J N

Txy

paal
;
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FSDT transverse stresses (isotropic)

Calculating Q (transverse stresses):

1 —v
E 2
S
1 —v2
Tyz _
Q= f sz dz =

With an offset;

Q = hSsy©®

Qx

Qy
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FSDT stress resultants, overview

=15 olfio)

— (0)
Q=4y N
Z () — (0]
1 N
. By =5 0P [Csn)? - ()?]
Zk+1 k=1
(4ij, Bij Dyj) = Z j 00 (1,2,2%)dz
k=1 "%k 1 N o
D=5 0PI -~ @)
k=1
N
(Ai' ) = (k)dZ
j kZ 3

[4] Reddy, J. N. (2003). Mechanics of Laminated Composite Plates and Shells. CRC Press. https://doi.org/10.1201/b12409.
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Yl # T hird-order Shear Deformation Theory (TSDT)

school course

Stability of Assumptions:
Structures * Rotations disconnected from normal displacements ——
O (x,¥) # —w, (x,¥).
A « Transverse normals do not experience elongation (&,, = 0).

- Consistent transverse shear strains y,.,(x,y,z) and
Yyz(x,¥,2). Shear correction factors NOT needed.

CLPT

Kinematics,
Equivalent Single- Kinematics of a plate for the TSDT from [4, Chap. 11]

Layer Theories, and
Energy-based Semi-
Analytical Methods

u(x,y,z) = ug(x,y) + z P (x,y) + 220, (x,y) + 232,.(x,y)
v(x,y,2) = vo(x,y) + 2 p, (x, ) + 226, (x,¥) + 231, (x, y) bl
w(x,y,z) = WO(X,_')/)

with 9 unknown field variables.

TSDT

Reddy proposes in 1984 to impose 4 traction-free boundary
conditions, on the bottom and top faces of the laminate:

h h
» Yo i =] = 0 (x; ] i _> = O
Saullo G. P. Castro txz (x Y 2) tyz\H V5

TU Delft [4] Reddy, J. N. (2003). Mechanics of Laminated Composite Plates and Shells. CRC Press. https://doi.org/10.1201/b12409. 43



Engineering TSDT simplified kinematic equations for plates
Mechanics graduate

school course van Kérm_?n k|nemat|CS

Stability of 5
Structures

Kinematics of a plate for the TSDT from [4, Chap. 11]
4

u(x,y,z) = uo(x,y) +2z ¢x(x»3’) - Wzg(d)x(xry) + W,x (x,y))

4
v(x,y,z) = vo(x,y) +z Py (x,y) — WZS (qby(x, y) +w,y, (x, y))
w(x,y,z) =w(x,y)

2025

For convenience, it is customary to omit the subscript “0” from the
Kinematics, mid-surface displacements, which should be clear from the context.

Equivalent Single-

1 4
Layer Theories, and Exx = Ut Ewwzc‘i' Z¢x,x + 23 (_ W) (¢x,x + Wrxx)
Energy-based Semi- 1 5 4
Analytical Methods Eyy = Uyt Wyt Z¢yy 2z (_ W) (byy +Wyy)

4
Yoy = Uyt Vet Wx Wyt Zhy y + 2y, 5 + 73 (— W) (qu,y + Gy + 2w,xy)

4
Yz = Gx + Wi+ z* <_ ﬁ) (Px + W,x)

Saullo G. P. Castro See: ex/kinematics plate TSDT.ipynb

4
Yyz = $y + Wyt 2? (_ h_z) (py +w,y)

TU Delft [4] Reddy, J. N. (2003). Mechanics of Laminated Composite Plates and Shells. CRC Press. https://doi.org/10.1201/b12409. 44
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Stability of which results in:

Structures

4
W Z3 (¢x (.X', y) 4 W,y (x’ y)) undeformed

4
v(x,7,2) = vo(x,y) +2 by (5, 3) — 5252 (6, () + wy ()
w(x,y,z) =w(x,y)

u(x,y,z) = uO(xry) +Z§bx(x,y) -

2025

CLPT

Kinematics,
Equivalent Single- with 5 unknown field variables.

Layer Theories, and
Energy-based Semi-
Analytical Methods

FSDT

TSDT

Saullo G. P. Castro

TU Delft [4] Reddy, J. N. (2003). Mechanics of Laminated Composite Plates and Shells. CRC Press. https://doi.org/10.1201/b12409. 45
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TSDT kinematics (linear terms)

gxx uO,x (nbx,x 4 ¢xx + Wxx
€= { Eyy } = { Vo,y } +z by,y + z3 (— W) byy T Wyy
285y Ugy T Vox Gxy + Dy x Gxy T Gy x + 2Wy,,

ARG R aea IR G- [wit
Y 2y, Vxz Wy + o) h? Wy t+ bx
=0 4 zeW 4 z3¢6)

Yy =y +z%y®@ Usually, subscript “0” for the mid-
surface expressions is omitted!
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TSDT strain energy (linear terms)

Variation of Strain Energy

U = f 078gdQ = J o7 (66 +26eW + 236e®) + 17 (5yO + 226yP)d0
Q Q

_ (Yyz
t= {sz}
Separate integration through the thickness:
n w o
SU = ﬂ j 0" 6ePdz + j 20" 6eWdz + j 22a'6e®dz N\ L
xy Z=—= Z=—= Z=_§ r\\ AU _\\\
h h & \\
+§ +E 1A
+ f T8y @dz + j 22T 6y Pdz | dxdy \—»’”‘ h
Z=—" Z=—= N

+ +
SU = ﬂ j o'dz |5€® + j zo'dz |5 + j z3 07dz | 6e®
xy z h Z=—E z=

48
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h h h
anq +§ +7 +§
Stability of SU = U j oTdz | 5@ + f z67dz | 5@ + j 23 67dz |5e®
Structures Xy z=—1 7= 7=
h h
2025 +7 7
+< j h‘tsz> 6y(0)+< J hzerdz> 5y(2>> dxdy
Z=—E Z:—E

N =

Kinematics,
Equivalent Single-

Layer Theories, and (Nx 3 (Oxx Q, +3 Tz
Energy-based Semi- {Nyy =N = j L 100 ( 4z {Qx} =0Q= j h{sz} dz
Analytical Methods (NVxy #=72 \tay 2
( h h
M.y, +> Oxx) R, +>  (Tyz
<Myy =M = Z3{0yy, dz { }=R= Z{ }dZ
: R, __h Txz

> dz

nelaviiae!
~———

Il

~

I
N
Il +
RE
N

N

w

S D

S R

Saullo G. P. Castro
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TSDT strain energy

xx +% Oxx
<NW} - =j h{ayy} dz oU = jf (NT&:(O) + MT5e® + PT5e®
kny 2= xy xy
+Q75y® + RT5y@))dxdy
(Mxx} +% Oxx
9 Myy =M = j hZ{O-yy} dz
My z=—5 \Txy
Pxx} +% Oxx

By =P=J hz3{0yy} dz
Pry z=—5  \Txy

h

2

50
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N
— A (k)
Stability of Ny [A B E](e© Aij = Z 0j [Ziern) = ()]
Structures {M} =|B D F|{® A
3 N
2025 P E F HI\g3) 1 ) , ,
(0) Bl] - 2 Qij [(Zk+1) (Zk) ]
G=15
2
R D F y( ) L&
Kinematics, Dy =3 0P ) — @)’
Equivalent Single- k=1
Layer Theories, and N zien .
Energy.-based Semi- (Aileij'Dij'Eij'Fij' HU) = Z f Qi(j)(l,Z,Zz,ZB,Z4,Z6)dZ 1 N ) . .
Analytical Methods k=1 77k Eyj = ZZ Qi [(Z+1)* = (21)°]
k=1
N 1 i
(A1, Dyj, Fij) = Z kaﬂ 0% (1,22, z%)dz Fiy = 52 Q”IF)[(ZRH)S - @]
k=1 "%k ! =t
1 N
Saullo G. P. Castro H;; = 72 Qi;‘c)[(zk+1)7 — (z)’]

w
Il
-

TUDelft [4] Reddy, J. N. (2003). Mechanics of Laminated Composite Plates and Shells. CRC Press. https://doi.org/10.1201/b12409.
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Next steps...

We will start solving some practical problems
Principle of minimum potential energy
Legendre polynomials

Neutral equilibrium criterion
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Principle of Minimum Potential Energy

The total potential energy V can be decomposed into elastic energy U, and the work due to external
forces W,
V=U~—Wext

This potential becomes stationary when:

8V = 8U — W,y =0

Work due to external forces
Wore = j bTudo+ | (" u)d(sQ)
Q 5Q

Strain Energy (linear)
1( 1

U= —f o' £d
2Jq

Variation of work due to external forces
SWoye = j b'suda+ | (376u)d(5Q)
Q 5Q

Variation of Strain Energy
SU = j o' 8edQ
Q

Note that, here, u represents the 3D displacement field (with no approximations made).

)
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school course

Strain
Stability of Energy
Structures T
o' o€ d)
2025 &
Kinematics,
Equivalent Single-
Layer Theories, and
E:er?{fba‘lsﬁdtﬁe;“" To calculate the strain energy: B = differentiation operator
feti b * Kinematic equations: how strains relate to matrix
displacements u(x,y,z) = continuous
£ = Bu displacement field
» Constitutive relations: how stresses relate to C = constitutive matrix
strains
o=Ce¢

Saullo G. P. Castro

%
TUDelft

55




YRSI  Strain energy

school course

Stabilty of Kinematic equations: how strains relate to Constitutive relations: how stresses
ability o displacements relate to strains
Structures
£ =Bu o=Ce¢
2025 Voigt
. . _ 2nd-order
Kinematics, For plane stress, CLPT: Exxr Eyyr Vxyr Oxxr Oyyr Txy
Equivalent Single- tensors
Layer Theories, and e = (Ex &y Yiy) 6T = {Oux Oyy Tuy} represented
Energy-based Semi- as vectors
Analytical Methods
For plane stress, FSDT: Exxr Eyyr Yxyr Vyzr Yz

Oxx)Oyy» Txyr Tyz) Txz

el = f€xx Eyy Vxy Vyz Vxz} ol = {Oxx Oyy Txy Tyz Txz}

Saullo G. P. Castro

%
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Strain energy
Finite elements

» Interpolation functions: how displacement field is
approximated

u(xl y’ Z)

u=<v(xy,z)

w(x,y,z)

=S(x,y,z2)u

Example for quadrilateral elements:
u=511_t1 +Szﬁ2+53ﬁ3 +S4ﬁ4

* From the kinematic equations: € = Bu, the
differentiation operator B will contain the proper
derivatives of the interpolation functions corresponding
to a given finite element

* The stress strain relation o = Ce will highly depend on
each case. For trusses and beam (uniaxial stress), it
can be simply o,, = E¢,,, for plates this becomes
more complicated, as covered later

u = nodal displacements

S(x,v,z) = interpolation
(shape) functions
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Strain energy
Finite elements

SU = f o'8edQ

Q
Replacing o = Ce, forC = C":
SU = f e'C 5edQ

Q

Replacing and € = Bu:

SU=u" f BTC B dQ &u Constitutive
Q .
stiffness

K=JBTCBdQ
QO

The rows and columns of K correspond to
the degrees-of-freedom built by the
assembly of all finite elements.

The integration over the 3-dimensional

domain Q is performed in a piece-wise
manner within the domain of each finite

element (..

K, =J B'C,BdQ,

The integration of K, can be efficiently
done numerically due to the local support
of the integration points (only affect the
stiffness of the corresponding element). 53
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Strain energy
Energy-based methods, Ritz method

« Shape functions: how displacement field is approximated

u(x,y,z) ¢ = amplitude of each
u =< v(x, Y, zZ) ¢ = S(x, Y, z) ¢ term of the Sh.ape
w(x,y,2) functions

Example for deflection of simply supported plate ¢ = x/a, n =y/b: S(x,y,z) = shape

functions
m n Cll
w(x,y) = Z Z cij sinimé sin jmm = [sining sinmn  sining sin2nn -] {C12}
i=1j=1 :
C11
E = {Clz}
* From the kinematic equations: € = Bu, the differentiation operator B will
contain the proper derivatives of the shape functions
59
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Strain energy

Energy-based methods, Ritz method

SU = f o'8edQ
Q
Replacing o = Ce, forC = C":
SU = f e'C 5edQ
Q
Replacing and € = Bc:

Constitutive
stiffness
matrix

6U=chBTCBdQ Sc
Q

SU =c"K ¢

K=JBTCBdQ
QO

The rows and columns of K correspond to
the degrees-of-freedom that depend on
the number of function terms used in the
displacement approximation.

In the Ritz method, there is only one
integration domain Q. And the integration
is usually performed analytically.

When numerical integration is needed, for
instance due to variable stiffness or
nonlinear analyses, the non-local support
of the integration can create a large
disadvantage of the Ritz method when
compared to the finite element. The non-
local support comes from the fact that the
approximation functions represent the
whole domain.

60



Engineering
Mechanics graduate
school course

Stability of
Structures

2025

Kinematics,
Equivalent Single-

Layer Theories, and
Energy-based Semi-
Analytical Methods

Saullo G. P. Castro

%
TUDelft

Work of external forces

Work from external forces

. f (bTou)d— | (6"6u)d(59Q)
Q 6Q

W,y = j (bTowd+ | (@Tsu)d(6Q) = FTéu
Q o)

F = external force vector, including body (b) and boundary forces (o)
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Principle of Minimum Potential Energy

Back to the stationary total potential energy functional:

8V = 8U — W,y = 0

the state of V depends on a nodal displacement vector u in the case of displacement-based finite
elements. In the Ritz method, we can make ¢ = u such that u represents the Ritz coefficients ¢ that
contain the amplitude of each term of the shape functions.

We can represent 6V using Fréchet’s derivatives. In the case of a linear analyses:
1T o—
V=V "356u=0
Thus, V' = R, or a residual force vector, with V' being the first Fréchet’s derivative of IV. Using the
definition for the total potential energy, the first variation becomes:

V' su = j

o'5edQ — j (bTsu)da— | (GT6w)d(5Q) =0
Q Q 6Q
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Legendre Polynomials

Shape functions: how displacement field is approximated

u(x,y,z) S$*(x,y,2)
u=1vxyz;=8kxyz)c=<{8x,y,z) ;¢
w(x,y,2) S¥(x,y,2)

using Legendre polynomials (summation convention for repeated indices):

’LL(X', Y, Z) = Clljkpl(g)P](n)Pk(q)
v(x, Y, Z) = Clv]kPl(f)P](n)Pk(()
w(x,y,2) = cfjPi ()P ()P0

with, for a rectangular plate:

N
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Legendre Polynomials, Rodrigues’ form

The Rodrigues’ form of the Legendre polynomials is [1c, 1d]:

13 1,
Pl(X) - (E_ZX+ZX ) 6t1 o x ]
-1-0 L
1 1 1 1
P00 = (§-gx =gt Tgc) O LT~

1 3 1 +1.0
P;(x) = (§+ZX_ZX3> Ot2 E-/—_I
-1:0 +0'|250¥—N
PS(X) 01280
+0.0358
P — J/-\l
6(X) ~0-0358 &_/
P, (x) = +0-0208
" = [ A~ | —~
~0-0208
(—1)p(2i—2p—7)!! o :
PO = . xive R =
o= 2Pp! (i — 2p — 1)! ek

where q!!' = q(q — 2) ...(2 or 1) such that 0!' = 1, and (i/2) in the summation is an integer division.

+0:148| |-

PO = (~5—3x+ 5 +57) 6
S Z _ ] |
T TENTE T T

with x € {¢,n,(}, and forany i > 4 :

i/2

[1c] Castro S.G.P., Donadon, M.V., "Assembly of Semi-Analytical models to Address Linear Buckling and Vibration of Stiffened

Composite Panels with Debonding Defect". Composite Structures, 2017. 10.1016/j.compstruct.2016.10.026

[1d] Bardell N.S., “Free vibration analysis of a flat plate using the hierarchical finite element method”. Journal of Sound and Vibration, 65
1991. https://doi.org/10.1016/0022-460X(91)90855-E
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| ex/deflection plate 3D elasticity.ipynb

Stability of p
Structures | AN l -- u(x,y,z)
\
. A N v(x,y,2)
2025 Y, v Z,W N w(x,y,z)
\
o MY Using the Ritz method:
. _ b ] u(x,y,z) = S*u
K|nemat|<?s, > h vgx, z zg =S"u
Equivalent Single-

w(x,v,z) =S"u

Layer Theories, and

i a
Energy-based Semi- < > _ |
Analytical Methods ) Zx:ell?s‘za;—; strains then become:
— - 2 ,
Exx = Uyt 21 W,x £y = SK/ %
— CQu V 35
1 2
gZZ - W’Z+ EW,Z
E=Bu
Saullo G. P. Castro Yey = Wyt Vixt Wix Wy

Vxz = Uzt W+ W,y W,,
=Vzt Wyt W,y W,

% Vor =
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Stability of |P ex/deflection plate 3D elasticity.ipynb
Structures | AN L ——_ | | |
\ \ The stiffness matrix becomes, using the 3D
2025 A 4w AN constitutive matrix C.
, U ’
y \\
N
b Jou __ N n K=MBTCdedydz
Kinematics, iyz
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Energy-based Semi- < 2z >
Analytical Methods Feye = PS” | x=a/2
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Deflection of a plate, CLPT

u(x,y,z) =up(x,y) —zw,, (x,y)

\ A \
y, v Z, W \\
\\
“\
b >xLI£ . h
< a >

1 2
Exx = U= Z W, x T Ew,x
1 2
Eyy = V=™ ZW,yy+ E W,y

See:

ex/deflection plate CLPT.ipynb

v(x,y,z) = vO(ny) —ZW,y (xry)

W(x,y,z) = WO(xry)

Using the Ritz method:
u(x,y,z) = (S“ — zS%)ﬁ
v(x,y,z) = (S” — ZS,VJV,)‘L_l

w(x,y) =5"u

The linear strains then become:

Exx = (S% — z8%, )u
eyy = (S — 285, )u

Vay = (8% + S% — 2z8%,) u

Exx S,l?lc _S%x
Vxy SY + 8% —28%,

£ =(B,, + zBp)u

u
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Deflection of a plate, FSDT &

ex/deflection plate FSDT.ipynb

N
v

— 2
Exx = Uyt Z ¢x,x + Ew»x

1
_ S 2
Eyy = Viyt ZPyy +owy
Yoy = Wyt Vit Zhyy + 2y + Wy w,,,

Vxz = ¢x T W,y

Yyz = Py + W,y

u(x,y,z) = uO(xry) +z d)x(x;y)
v(x,y,z) = vO(ny) +z ¢y(xty)

w(x,y,z) =w(x,y)

Using the Ritz method:
u(x,y,z) = (S“ + ZS¢")1_£
v(x,y,z) = (S” + zSd’J’)ﬁ
w(x,y) =58"u

The linear strains then become:

exy = (S% +28% )@

ey = (5% +25% ) u

Viy = (S% + 8% + 2857 + 28
Vyz = (S + %) u

Yz = (8P +S%)u

by

X

) @
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See:

Deflection of a plate, FSC

T

ex/deflection plate FSDT.ipynb

I
ip For the FSDT the variation of the strain energy is:
\ A _\\\
\ 0 1
Y, v zZ,W \ ) 8%% 1) E,Ex; 6)/(0)
\ _ T 0 T 1 T yz
'\ - §U = f jx , NT{8ey) o+ MT{6e,) »+Q {6)/ (O)} dxdy
b —pxili — =Y 1}1 5%53) Sy 3531/) Xz
Such that the stiffness matrix becomes, using the laminate
a constitutive matrices A, B, D:
BN =4 Beggg + B 38;132 Bsp(cgc) BS;%C) (0)
0) 1) NT (0) M7 (1) QT ) BYyz
BYxy BYxy K = B Béyy ¢+ B By (T B ) dxdy
Xy (0) ) BYxz

BYxy

BYxy BYxy Feyr = psY |x=a/2
=b/2
B =4 B "
g w=K"F
B"xz u= ext

BYxy
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oo fzw N v(6,7,2) = 0@ ) + 26, @) ~ 35 7* (¢, 0 7) +wy ()
2025 Y2 R w(x,y,2) = w(x,y)
'\ -~
b U h Using the Ritz method:

4
| . u(x,y,z) = (Su + z85%x 4 23 (— —) (5%~ + SZ)) u
Kinematics,

Equivalent Single-

v(x,y,2) = <s” +28%7 + 23 ( 3h2) (5% + 8% ))ﬁ
w(x,y)=S"u

Layer Theories, and
Energy-based Semi-
Analytical Methods

1 5 3 4
Exx = Uyt EW:x'l' Z¢x,x +z (_ W) ((px,x + Wrxx)

1

4 The linear strains then become:
EW,§;+ Z¢yy + z’ (‘ W) (‘py.y T W,yy )

4

- <S" +28% + 23 (— e hz) (s% + 5,%)) u
4

(sv +28% + 2 ( - hz) (s + sggy)> u

4
<s + 8% + 2505 4 257 ( ) (s +s% + zs,zy)) u

Eyy = v,y+

Txy = Uyt Vet Wy Wyt 2@y 5 + 2y, 5
+73 ( 3h2) (quy + ¢yxt 2w,xy)

Saullo G. P. Castro

%
TUDelft

3h?
(quy +8% +z (—— (5% + SV3V,)>

= <S¢x + SW + 22 ( (S¢x + SW)> 73
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ex/deflection plate TSDT.ipynb

- nggc) ngc) BSD(C?SC) For the TSDT the variation of the strain energy is:
Stability of © @)
Structures BN = A{ ey + B gy ( +E{ g5y 50 5eD 5P
Byff}) BY;%) BY:(c?Sz) Sxx
2095 SU = j j NT 58(0) +MT{5el) 4+ PT 58(3)
Be§£3 B Besx % (0) 5),(1) 5],(3)
(O) Bss(vly) + F B€§?’y) { 5],(0)} 5y(2)
(o) (1) 3) +QT{ Z L+ RTY Y ) dxdy
Y. Y. Y.
Kinematics, B B B 5y 5y.2
Equivalent Single- 38,(33 B%(éc) e _ . :
Layer Theories, and [ S IOR GAI=D BINCIN QR ) Such that the stiffness matrix becomes, using the
Energy_based Semi- B 3(/3; B 3(]13; By @) laminate constitutive matrices A B D,E,F,G:
Analytical Methods BYxy BYxy BYxy
(0) (2 0 ey £3)
BO — 4 BYyz D BYyz . Béxx . Béxx . Béxx
T lpw) T e = [\ B ey BT
xy (0) (1) (3)
B.,,(O) o) BYxy Bgy BYxy
BR=D{ ”}Hr{ ”} T{Byz} T{MD
©) @) +B? + BR dxdy
Yxz Vxz
v/ (B By B

Fext_PS |x a/2
y=b/2

] o
TUDelft w=K Fex 74
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/ \

P
. . \
e q‘% Geometric nonlinearity:

axial strains €@ beam rotation

Equivalent Single-

Layer Theories, and

Energy-based Semi- : Reduced Neutral Equilibrium Criterion
Analytical Methods Negative » bending
Exx stiffness Pcgr O 52V =0
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Neutral Equilibrium Criterion

Given the expression for V':
V' U = j o'5edQ — J (bTsu)dn — ] (6T5w)d(5Q)
Q Q oQ

The second variation of V becomes:

52V =V"sudu =

= f §oT8edQ + f o'6%ed0 — ] (6bT6u)dQ — j (b78%u)dq — j (66T5w)d(6Q) — | (@T6%w)d(59Q)
Q Q Q Q 6Q

5Q
In a system without follower forces 66 = §b = 0, and we can consider §%u <« du:
V"susu = j 50 6e dQ + f o'5% dQ
Q Q

The first integral represents the nonlinear constitutive stiffness, whereas the second integral represents
the geometric stiffness matrix. If the strains can be represented as:

1
£=(BL+EBNL)ﬁ and 6€=(BL+BNL)617

And the stresses as:
og=C¢
Then:

V'sudu = SﬁTj (B, + By, "C(BL + By)dQ 6u + j o'5%edQ
Q Q

77



Engineering
Mechanics graduate
school course

Stability of
Structures

2025

Kinematics,
Equivalent Single-

Layer Theories, and
Energy-based Semi-
Analytical Methods

Saullo G. P. Castro

%
TUDelft

Geometric Stiffness Matrix for beams

Using the full nonlinear Green-Lagrange strain relation:
_Ou N 1 (6u>2 N (61})2 N (6W)2
e = 5 T 2 [\ox 0x 0x

The first variation becomes, using d(:)/0x = (L),
OExx = OU,y TU,, OU, +1V,, OV, W, SW,

In terms of nodal displacements (or Ritz coefficients) u:
58xx = ES‘L_l = (BL + BNL)STL
with:
os ouds* oJvads?

dw oSV

_ax BNL:axax +6x6x T

The second variation becomes:

dx O0x

826, = 62Uy 80Uy OU,y Fly 62Uy +O0V,5 V5 +V,5 62V, +6W,5 SW, 5 +W, 5 52W, 5

Note that 62(-),, < 8(-),,, leading to:

8284 = OU,y OU,yx +6V,5 6V, +6W,, SW, 5
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Geometric Stiffness Matrix for beams

With §2¢,, defined as:
828, = OU,y OU,, +6V,, 5V, +6W,, SW,

using the finite element (or Ritz method) shape functions:

526 = 5T as*\' [asv N asv\ ' [asV N (GSW)T (65‘”)
Exx = OU ox ox ox ox ox 0x
Then:

T T T
SUTK 5 = j 6,62, dQ = 5T j 6. (255) (255) 16 (250) (95) 46 (asw) (asw> 40 57
q q X\ ox dx X\ ox dx X\ ox dx
\ J
|

K ; = geometric stiffness matrix
0y = known pre-stress level

du

0., Can be given or calculated from an initial nodal displacement state u (pre-buckling of fundamental
state):

1
6xx = E(BL +EBNL)ﬁ
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Geometric Stiffness Matrix for plates (full nonlinear
Kinematics)

Using the full nonlinear Green-Lagrange strain relation:

_du 1 ‘<au)2 N (617)2 N <aw>2'
o = Bx 2 [\ox 0x ox/ |

_ov N 1 (au)z N <6v)2 N <6w>2'
=gy 2ay) * &) TGy

du Ov (Oudu Ovdv owow
Yy —@+a+(a@+a@+aa)
The first variation becomes, using d(:)/dx = (.),y
0&xx = U,y HU,, OU,, +V,, OV, W, OW,,
8¢eyy = 6v,, tu,, 6u,, +v,, 6v,, +w,, éw,,
OVxy = OU,y, +6V,+ U,y U,y +U,y OU,y +O0V,, 1,y +V,, 6V, +OW,, W), +W,, SW,,,

The second variation becomes:
8%, = 82U, +0U,y SU,, +U,y 82U,y +0V,, OV, +1,, 820, +8W,, W, +W,, 52w,
8%eyy = 8%v,+ Su,y, OU,y +Uu,y 67U,y +6V,, 6V, +1,, 52V, +6W,, W,y +w,;, 52w,
8% Vxy = 82U+ 62V, +6%U, U,y +268U,y SU,y, U,y 62U,y
+6%V,5 U,y +260,5 60,y 40, 520, +62W,, W,y +26W,, Sw,, +w,, 62w,

Note that §2(-),; << 8(),, and §%(-),y < 8(-),y, leading to:
826,y = OU,y Ollyy 46V, 8V, +6W,, W,
8%eyy = u,y, Su,y, +6v,, 6v,, +6w,;, 6w,
8%y = 28U,y SU,y +26V,, 6V, +26w,, W,
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Geometric Stiffness Matrix for plates (full nonlinear
Kinematics)

With 62¢ defined as:
828, = SU,y Oy +6V,5 OV, +6W,, SW, 5
8%eyy = 8u,y 6U,y +6v,), 6V, +6w,, 6w,
62ny = 26U,y 6,y +26V,y 6V,y, +26w,, 6w,
using the finite element shape functions:

%)

, _[rase\" ras®\  fasv\" (asv\  as™\T as™N]
0% xx = 0U 0x ax ) T\ ax ax )" <_x) ( ) ou
526 — suT '<asu>T (asu>+ (65”>T (65">+ os™\ T s
eyy = 00 (3 &) &)
y dy dy dy dy y
sty — gt as*\' [as* s as*\ ' [as* . asv\' [ds¥ . asv\' [ds¥ +(asw)T <asw>+(asw>T <asw> 5
Yy = O 1 By dy dy ox ox dy dy ox ox dy dy ax J|°%
SuTK S — 51 f as*\' [asH s asv\' [ds¥ v (asw)T (asw>
W Rt =ou anx dx ax ) " 7\ ox ax ) T 7 Tox dx
_(asw\" [as®¥\ _ [asv\' [as”\ _ ,(asW\' /asV
ton\5r) (3 )+ (%) (57)+ o0 (5) (5)
_[as%\' [asu Le (25 T /oS ve (25 T /as? ve (25 T /asY ' (asw)T (asw)+A (asw) (asw)dQ .
AN dy txy dy ox ) " v\ ox dy Fay dy ax ) T (Tox dy Fay dy ox v

Gxx» Oyy, Txy Can be calculated for plate elements from an initial nodal displacement state # (pre-buckling of fundamental

state):
Oxx
{"yy} h[ (BL+ BNL)

Tyy

(o5
7

%)

D

Then:
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Geometric Stiffness Matrix for plates (van

applying the van Karman simplifications, &2« is defined as:
528, = W, OW,y
8%y = 6w,y 6w,y
8%Yxy = 26w, W,y

8%y = U [(65‘”) (asw)l ou
xx ox ox
e (CAN S
yy ay ay
5%y, = ouT [(85‘”) (BS"")_I_(@SW)T(GSW)l&_l
x 0x dy dy ox
SUTK 6T = 5u" f 8o (asw) (ﬂ)
0x 0x
_asW\T jasw
3 (5) (%)

o ) )1 ) (i
Py % dy Fay dy ox v

using the finite element shape functions:

Then:

Karman)

Gxx: 0yy, Txy CanN be calculated for plate elements from an initial nodal displacement state #:

{} o4 Bl(B,+5Bu)a
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Neutral Equilibrium Criterion, Linear Buckling Equation

The neutral equilibrium criterion states that:
52V =0

52V =V"sudu = 6ﬁTj (B + Byy)"C(By + By )dQSu+ 6u'Kgéu =0
Q
This term represents the constitutive stiffness matrix:
K¢ = j (B, + By)TC(BL + By)dQ
Q

From a linear fundamental (pre-buckling) state we have that By; = 0:

K;=K,= jB,T C B, dQ
Q
such that:

52V = Su'Kybu + su'Kgéu =0

which must be true for any variation 6u , such that Ky + 1K must be singular for this to be true:

det(KO + AKg) =0
where A is a load multiplier applied to the initial stress state defining K.
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Buckling of a plate, full 3D elasticity

N
Vv

See:

For the 3D elasticity case, the following expression can be

used to calculate the geometric stiffness matrix for plates,
using van Karman kinematics:

asw asw _ /0S™\" /8™
KG—jUffxx 6x 6x)+ayy<6y) (63/)

XY,z

5 (GSW) <BSW)+ _ (6SW)T (65“’) dxdvd
P2y Tox dy Txy dy ax ) XY

ex/buckling plate 3D elasticity.ipynb
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Buckling of a plate, CLPT, FSDT, TSDT

N
Vv

See:

ex/buckling plate FSDT

For all 3 ESL theories previously discussed, the following
expression can be used to calculate the geometric
stiffness matrix for plates, using van Karman kinematics:

asw asw . /0S"\" 08V
KG_U xx ax ax>+NW<ay) (6)1)

o 55 ()21, (25 ()
Y\ ox dy Y\ oy ax ) XY

.ipynb
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Engineering CLPT kinematic equations for cylinders

Mechanics graduate

school course SanderS k|nemat|CS

Stability of Kinematios of a cyinder forthe CLPT. u(x,y,2) = uo(x,y) — 2wy (x,)
’ v(x,y,z)=v0(x,y)—zw,y(x,y)

W(x! Y, Z) = WO(xr y)

Structures

2025 1
Exx = Uyt Ew,x— ZW,xx

If you remove the terms

1 1 11 11 1 ‘, 1 ’ 1 ‘: highlighted, you obtain the
: : ggg = —V,gt+ —w + 572 w,g+ E—zvz — S VW z—zw,93i+ Z—5V | simplest type of nonlinear
K'nemat'c_s’ r :\\____7:________3’_ ________ ) o ) kinematics for cylinders, known as
Equivalent Single- . . S \ 1 T Donnell-type or Kirchhoff-Love.
Layer Theories, and | | | |
’ ) =—Ug+V,+—W, Wg——VW,,—2Z—W, g+ Z2—71,,!
Energy-based Semi- Yxo OF Ty Tl ¥ *6 §

_____________________

Analytical Methods

See: ex/kinematics cylinder CLPT.ipynb

WARNING: Sanders’ linear terms related to £*) are not purely
obtained from the CLPT, which implies small rotations. There are
corrections [1a] aimed at extending the applicability.

[1a] Sanders, J. L., “Nonlinear theories for thin shells,” Quarterly of Applied Mathematics, Vol. 21, No. 1, 1963, pp. 21-36. URL

Saullo G. P. Castro https://www.jstor.org/stable/43634948

[1] Saullo G. P. Castro. "Semi-Analytical Tools for the Analysis of Laminated Composite Cylindrical and Conical Imperfect Shells under Various
Loading and Boundary Conditions". Technische Universitat Clausthal, 9th of December, 2014.

[1b] Castro, S. G., & Jansen, E. L. (2022). Displacement-based multi-modal formulation of Koiter’s method applied to cylindrical shells. In AIAA

TU De I ft SCITECH 2022 Forum. American Institute of Aeronautics and Astronautics. AIAA SCITECH 2022 Forum. https://doi.orq/10.2514/6.2022-025&8
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Engineering FSDT kinematic equations for cylinders

Mechanics graduate

school course SanderS k|nemat|CS

Stability of Kinomaics of a ylinder for the FSDT. u(x,y,2) = uo(x,y) — 2w, (,5)

Structures v(x,y,2z) = vo(x,y) —zw,y, (x,)
W(x! Y, Z) = WO(xr y)
2025 1,
Exx = Uyt EW»x‘l' Z Gy x
__________________________________ If you remove the terms

1 1 11 11 , 1 Y 1 [ 1 7 highlighted, you obtain the

- - 00 = ~Viot —W + s Wat 5=V — v Wt Z-Pagit 25 Vg simplest type of nonlinear
KlnematIQS, 27 L _2_ . - ) . ) kinematics for cylinders, known as

Equivalent Single- ’ . LT " T Donnell-type or Kirchhoff-Love.

Layer Theories, and
Energy-based Semi-
Analytical Methods

_____________________

Yaz = Gx + Wiy See: ex/kinematics cylinder FSDT.ipynb

Yyz = ¢y T Wy WARNING: Sanders’ linear terms related to £ are not purely
obtained from the FSDT, which implies small rotations. There are
corrections [1a] aimed at extending the applicability.

[1a] Sanders, J. L., “Nonlinear theories for thin shells,” Quarterly of Applied Mathematics, Vol. 21, No. 1, 1963, pp. 21-36. URL
Saullo G. P. Castro https://www.jstor.org/stable/43634948
[1] Saullo G. P. Castro. "Semi-Analytical Tools for the Analysis of Laminated Composite Cylindrical and Conical Imperfect Shells under Various
(; Loading and Boundary Conditions". Technische Universitat Clausthal, 9th of December, 2014.

[1b] Castro, S. G., & Jansen, E. L. (2022). Displacement-based multi-modal formulation of Koiter’s method applied to cylindrical shells. In AIAA
TU De I ft SCITECH 2022 Forum. American Institute of Aeronautics and Astronautics. AIAA SCITECH 2022 Forum. https://doi.orq/10.2514/6.2022-025&9
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Engineering

Mechanics graduate BUCkIlng Of d Cyllnder, CLPT, FSDT, TSD

school course

T

Stability of lp _
Structures R AN 2 \ For all 3 ESL theories previously discussed, the following
A y,v Az,W \ expression can be used to calculate the geometric stiffness matrix
2025 \ AR for cylinders, here using Donnell's equations [1]:
b —;i’l.t. D Ih
” asw asw /1 38"\ (0S8™
< > K"'_ﬂ xx ax ax)“LN“(TZ)(ae) (ae)
Kinematics,
Equivalent Single- _ aSW\' (OSW\ . /1y (OSW\' [0SV

o () (50) (5)+ o () () (5) e
Energy-based Semi-

Analytical Methods

ex/buckling cylinder FSDT.ipynb

[1] Saullo G. P. Castro. "Semi-Analytical Tools for the Analysis of Laminated Composite Cylindrical and Conical Imperfect Shells under Various
Saullo G. P. Castro Loading and Boundary Conditions". Technische Universitat Clausthal, 9th of December, 2014.

%
TUDelft
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Stability of Back to the Figure (TSDT) by Reddy [4]:
Structures ' _ _ _
We can see that ESL theories are kinematically

homogeneous [5], despite being able to describe transverse

shear and normal strains, including transverse warping of
cross section.

2025

TSDT

Kinematics,
Equivalent Single-

The kinematic homogeneity of ESL theories make them very adequate to predict global responses of
_ the laminated component [4]. The most used ESL theories are the CLPT and FSDT.
Layer Theories, and

) « Gross deflections
Energy-based Semi- o _ _ _
Analytical Methods  Critical buckling loads and associated buckling modes
* Fundamental vibration frequencies and associated mode shapes

For primary structural components, the goal of the analysis must be broadened to include a highly
accurate assessment of more local failure modes, such as damage criteria, to understand where and
how damage will initiate.

Saullo G. P. Castro

[4] Reddy, J. N. (2003). Mechanics of Laminated Composite Plates and Shells. CRC Press. https://doi.org/10.1201/b12409.

TU D e I ft [5] Carrera, E. (2003). Historical review of Zig-Zag theories for multilayered plates and shells. Applied Mechanics Reviews, 56(3), 287-308. g3
https://doi.org/10.1115/1.1557614.
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Limitations of ESL theories

X

(k+1)
Ozx

(k+1)
Gzy

(k+1)
Oy

(k)
= O

(k)
— Gzy

(k)
= Op,

Equilibrium of interlaminar stresses [4].

\
(k+1)th layer

kth layer

Equilibrium of interlaminar stresses:

Oxz (k) Oxz (k+1)
Ozz Ozz

For the general case of [Q] = [Q*+V)]
Vxz (k) Vxz (k+1)

{yyz} * {Vyz}

€22 €22

All ESL theories assume continuous functions
over z, thus leading to a non-physical
homogenized behaviour.

What happens with the interlaminar stresses
in a general case?

[4] Reddy, J. N. (2003). Mechanics of Laminated Composite Plates and Shells. CRC Press. https://doi.org/10.1201/b12409.
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Limitations of ESL theories

solid a/h = 4
dashed a/h = 10

Results from Savoia and
Reddy [6] to illustrate the 3D
distribution of stresses.

N O,(a/2.b/2) 0,(a/2.b/2)
T T T : T T T I 1 T T T |~‘
_080 -0.40 0.00 040  0.80 ~020 -010 000 040  0.20 020  -010 000 040 020
Fig 1(a) Fig 1(b) Fig 1(c)
U N I N N
\ AZ' w \\
) e y v \
\ S
x,u N
Vxz Vyz —>---=-1|h
04(a/2,0)x10 55(0/2.0)”0
. a N
T T T 1 T T T T T T T 1 < 7
0.00 0.25 0.50 0.75 1.00 -1.00 ~0.50  0.00 0.50 1.00
Fig 1(d) Fig 1(e)

[6] Savoia, M., & Reddy, J. N. (1992). A Variational Approach to Three-Dimensional Elasticity Solutions of Laminated Composite Plates.
Journal of Applied Mechanics, 59(2S), S166—S175. https://doi.org/10.1115/1.2899483.
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// solid a/h = 4

dashed a/h = 10

w(0.2.2)
u ,E,Z

b . a S
v(O,—,z) ) -

2
u,(0b/2) U,(0b/2)
200 -1.00 000  1.00  2.00 0.00 020 040 060 ;o 80 Results from Savoia and
‘ O Reun ' Fig 1(g) Reddy [6] to illustrate the 3D
________ distribution of displacements.
a S
u (— 0 Z) a
""""""" 2 ’ . ’ v E) 0; A
e T,4(a/2,0)x10 ’ 5_5(0 /2.0)x10
000 025 050 075  1.00 ~1.00 -0.50 0.00 050  1.00
Fig 1(d) Fig 1(e)

[6] M. Savoia and J. N. Reddy. A variational approach to three-dimensional elasticity solutions of laminated composite plates. Journal of
Applied Mechanics, 1992. https://doi.org/10.1115/1.2899483
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Zig-Zag (ZZ) theories for laminated structures

Back to the Figure (TSDT) by Reddy [4]:

We can see that ESL theories are kinematically
homogeneous [5], despite being able to describe transverse

shear and normal strains, including transverse warping of

TSDT .
Cross section.

The open literature refers to “Zig-Zag” (ZZ) theories as those proposing a piecewise form of transverse
stresses, whereas the piecewise form of displacement fields are often referred to as Interlaminar
Continuity (IC) theories [5].

Carrera [5] refers to both cases as “Zig-Zag” theories.

Koiter (1959) states [5] that: “A refinement of Love’s first approximation theory is indeed meaningless, in
general, unless the effects of transverse shear and normal stresses are taken into account at the
same time”.

[4] Reddy, J. N. (2003). Mechanics of Laminated Composite Plates and Shells. CRC Press. https://doi.org/10.1201/b12409.
[5] E. Carrera. Historical review of Zig-Zag theories for multilayered plates and shells. Applied Mechanics Reviews, 2003. 97
https://doi.org/10.1115/1.1557614



https://doi.org/10.1115/1.1557614

Engineering
Mechanics graduate
school course

Stability of
Structures

2025

Kinematics,
Equivalent Single-

Layer Theories, and
Energy-based Semi-
Analytical Methods

Saullo G. P. Castro

]
TUDelft

Zig-Zag (ZZ) theories

Zig-Zag theories aim to address Koiter’'s recommendation, thus, being a theory that:
- Removes the assumption that ¢,, =0
- Enables a piecewise discretization with C2 continuity along the z direction

According to Carrera [5], Lekhnitskii (1935) was the first to describe the later called
Zig-Zag effect for both in-plane and through-the-thickness displacements:

Note in this Figure that the C} continuity
that would have been produced by the
TSDT is an approximation for multilayered
structures, which intrinsically only have C2?
continuity.

Lepelo

Hedmparsh ocs This Figure from Lekhnitskii (1935)

' ' ' concerns a two-layered structure consisting
of low (top) and high (bottom) stiffness
materials.

Cmans

[5] E. Carrera. Historical review of Zig-Zag theories for multilayered plates and shells. Applied Mechanics Reviews, 2003.
https://doi.org/10.1115/1.1557614
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Zig-Zag (ZZ) theories

The Reissner Mixed Variational Theorem (RMVT) was the only one
developed in the West [5], which permits satisfying completely and a
priori the C2 for both the displacement (IC theory) and transverse
stresses (ZZ theory.

It is assumed two independent fields, one for displacements:

()

and one for transverse stresses:

[5] E. Carrera. Historical review of Zig-Zag theories for multilayered plates and shells. Applied Mechanics Reviews, 2003.
https://doi.org/10.1115/1.1557614
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2025 conditions leads to theories with a fixed number of variables that are called “Zig-Zag” [7].

When only displacement continuity conditions are enforced at ply interfaces, the kinematic assumption is
called “layerwise” [7].
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Saullo G. P. Castro

4 [7] Abrate, S., & Di Sciuva, M. (2018). 1.16 Multilayer Models for Composite and Sandwich Structures. In Comprehensive Composite
TU D e | ft Materials Il (pp. 399-425). Elsevier. https://doi.org/10.1016/b978-0-12-803581-8.09885-4. 100
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Layerwise Theories

In the original Layerwise theories [8,9,4] the primary variables are the displacements at the ply interfaces
including the top and bottom surfaces. At any arbitrary point through the thickness, the displacements

are interpolated.
h-refinement: add more

control points through the
thickness

.................
.................

.................
.................

.................
.................

.................
.................

p-refinement: use higher-
order Lagrange (not
Hermite!) interpolation
functions between control
points

-----------------
.................

.................
.................

(a) (b)

Example of a sandwich beam: (a) axial displacements at interface as primary
variables; (b) axial displacement at neutral axis and rotation of the normal as

primary variables.

[4] Reddy, J. N. (2003). Mechanics of Laminated Composite Plates and Shells. CRC Press. https://doi.org/10.1201/b12409.
[7] Abrate, S., & Di Sciuva, M. (2018). 1.16 Multilayer Models for Composite and Sandwich Structures. In Comprehensive Composite Materials

Il (pp. 399—-425). Elsevier. https://doi.org/10.1016/b978-0-12-803581-8.09885-4.
[8] Reddy, J. N. (1987). A generalization of two-dimensional theories of laminated composite plates. Communications in Applied Numerical Methods, 3(3),

173-180. https://doi.org/10.1002/cnm.1630030303.
[9] Robbins, D. H., Jr., & Reddy, J. N. (1993). Modelling of thick composites using a layerwise laminate theory. International Journal for Numerical Methods

in Engineering, 36(4), 655—677. https://doi.org/10.1002/nme.1620360407. 101
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Plate deflection under bending

Bending analysis, reproduce the result of Reddy Fig. 11.4.3

Compare CLPT, FSDT, TSDT

0.020—

Nondimensional deflection, 7

l1|llillll'llll|lllllllll[Illlllllllllllllf

3-D Elasticity solution .

w = wO (E2h3/q0a4)

IIIIIII

lllllllj

A
b
28
L
.....

YTT'YIIT[]IllllIlIIIIlllllll[lllllllll[llllll’]l

0 5 10 15 20 25 30 35 40 45 50

Side-to-thickness ratio, a/h

Figure 11.4.3: Plots of nondimensionalized center transverse deflection versus
side-to-thickness ratio of a symmetric cross-ply (0/90/90/0)

laminate under sinusoidally distributed load (Material 1).
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Plate buckling

* Compare CLPT, FSDT, TSDT
- Based on the example ex/buckling plate FSDT.ipynb

« Extend this example for CLPT and TSDT, check your results before moving next
* Compare these three ESL theories for

- Keepa/b=4
« Use same isotropic material properties of the base example
« Create a plot of Nxx.,;; versus a/h for the three ESL theories
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Sifuctures If x(&,1) and y(&,7n) it comes that &(x, y) and n(x, y)
2025
Such that:
§(x,y) and n(x,y)
Kinematics, of O0f0& Of on usually do not have
Equivalent Single- = - -
Layer Theories, and dx 0Fdx ' o ox analytical expressions
Energy-based Semi-
Analytical Methods of of 0¢ N af on Therefore, the values
oy 0Edy 0dndy for 25 05 01 01 5pg
dx’ 0y 0x’ 0y

calculated numerically

Saullo G. P. Castro
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FSDT — Strains in Natural Coordinates

Ju Jdudé N du dn

x0T gy 0 0x  0nox Same idea for transverse
. dv  0vd¢ N v on shear and rotational strains
YY 9y 09§dy  dndy
ou odv oJdudé oJdudn Jdvoé Odvan

Yxv =5y T ox 9tay T onoy  0¢ox  onox

How to calculate?
x(&,m) and y(&,n) are known, 9& 3¢ an an

but not £(x, y) and n(x, y) dx' 3y’ dx’' By
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Stability of
Structures Given that:
2025 of _0f 9x  0f 0y ; of _0f 9§ of on
= n =
0§ 0dx0d¢ dyodé a dx 0&0dx 0nox
af_afax+afay af_afa§+afan
Kinematics, | dn Jdxdn 0dyodn dy 0&dx Onox
Equivalent Single- In matrix form:
Layer Theories, and 9 d d 9
Energy-based Semi- o0& | _ 0x ox| _ ,_q1)0¢
Analytical Methods a(=1\a and (=1 Yo
an dy dy on
Where:
or oy o an
_|og o0& 1+ _|ox ax| Notethe
J=1ax oy and — J7"=5¢ 95| numerical
n o 9y dyl calculation of
>aulio S, Castio Matrix J is the Jacobian 3¢ 3¢ an o
ox’ 9y’ 9x’ Oy
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Transformation of Variables

dxdy = |dx x dy|

6 0x
dx d€+ dn
0¢ 0x 0y
ady ay == s
dy = d€+ dn J= 0§ 0¢
g dx 0dy
Eon 1 dn  dn.
dx 0
” 0 dxdy 0xady
dxdy = [0¢ 0On =( — )dfdn = det Jdé&dn
p 05 an 0 0¢
y 9
a¢  0n
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gf{?:;!g;sf (x,y) = —¢,(x,y) Itis the standard to use
1, (%, ) = ¢y (x,y) these 3 translational and 3
= drilling DOF rotational degrees-of-
2025 2= 9 freedom in commercial
software (Nastran, Abaqus
(Oxx) etc).
Oyy
Kinematics, —
) . o=1Txy
Equivalent Single- T
Layer Theories, and Uyz
Energy-based Semi- xz/ Foou Y
Analytical Methods —
dx
. dv
(XX ) P
Eyy 9%
Ju OJv
£={2&y={—4—
2 dy Ox
yz
\2¢,,) |
Saullo G. P. Castro Xz E — Tx
(f ow N
—+
TUDelft \ox ") 10



Wik ~SDT Formulation — Kinematic Relations in 3D
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Structures ( e;:, 1 zs; \ ( jj;xxy \
2025 & = A ngy > = Uoy T Vox p + 25 Tyy —Txx
2€y, Wy — Ty 0
&ZSxZJ \ W x + Ty ) \ 0 J
Also, for u the subscript “0” is
Kinematics, usually omitted:
Eouvalent e o, 2) = uCey) 735
Energy-based Semi- v(x,y,2) = v(x,y) — zr(x, y)
Analytical Methods w(x,y,z) =w(x,y)
Usually, subscript “0” is omitted:
(Sxx0) (Exx) (Kxx)
vy Eyy Kyy
£0=<yxy0> =< Vxy ¢ &1 = Kxy;
Vyz Vyz 0
\ Vxz / Yz L 0 J

Saullo G. P. Castro
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Drilling in 3D

1, = drilling DOF

\_____;_VV-_-\\ Unode
\ A \
Y, v Q.)TZ \\\
Y
Iy _Hili ——
Tx

4
6 = ) N,
i=1

Reference:

F.M. Adam, A.E. Mohamed, A.E. Hassaballa, Degenerated Four Nodes Shell
Element with Drilling Degree of Freedom, IOSR J. Eng. 3 (2013) 10-20.
www.iosrjen.org.

Drilling strain energy:

2
U GJ( 1(617 6u)> A

y r, = At =5\ 32— a2

7, ) 4 2\0x 0y

a; =problem-dependent torsional penalty factor, G =
shear modulus

If a; = 0 the shear deformation is decoupled from r,,. A
sufficiently high a; must be used to ensure that the
rotation r, follows the in-plane shear deformation.

For composites and isotropic plates, one could replace
a:G by Agg/h, where Agg is the ABD shear stiffness term
and h the plate thickness.
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Stiffness due to Drilling in 3D

1, = drilling DOF

Reference:
F.M. Adam, A.E. Mohamed, A.E. Hassaballa, Degenerated Four Nodes Shell
Element with Drilling Degree of Freedom, IOSR J. Eng. 3 (2013) 10-20.

www.iosrjen.org.

Variation of the strain energy for the drilling degree-of-freedom:

SU. = 2a.G ff 1 <6v au) 5 1(617 6u) det] ded
e = 0t / 27 7 \ox dy 2772 \ox dy etJ dédn
K

1 1
85U, = 2a,Gu’ f f (N’"ZT - (V%" - N};T)) (er -5 (V% - N};)) det] dédn Su
&
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