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Abstract

Synchronized nonlinear dynamical systems underpin a wide range of phenomena,
from lasers to brainwaves to traffic. Nonlinear ODEs describe these dynamics
well in simplified regimes, but they remain challenging to scale to real-world,
high-dimensional data. The Kuramoto model for coupled oscillatory systems is a
good example, as it has been widely applied, yet performing system identification
remains challenging [1,6]. Maximum likelihood estimation (MLE) has shown
promise for Kuramoto parameter estimation [5] but requires specialized imple-
mentation and remains challenging to apply to real data. We address this gap by
using differentiable programming [4] as a new paradigm to scale system identi-
fication of the Kuramoto model to high dimensions. We show in synthetic data
that our algorithm compares favorably to maximum-likelihood (MLE) estimation,
with significantly improved noise and time-scale invariance. This suggests that
the differentiable programming approach can be expanded to the study of other
nonlinear dynamical systems applied to real-world data.

1 Introduction

Many phenomena can be described as dynamical systems with synchrony, where the phases of
oscillatory signals entrain over time. Examples include photon interactions that create lasers, neural
signals that enable thought, and even the formation of traffic jams [1,16]. One canonical ODE for
these effects is the Kuramoto model, which uses a system of oscillators parameterized by intrinsic
frequencies w;, a phase lag «, and a cross-coupling matrix K;; that describes dynamic relationships
within complex systems. [[1} 5} [7].
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Maximum likelihood estimation of K;; provides a rigorous framework for parameter inference but re-
quires explicit likelihood formulations, sampling assumptions, and does not estimate all parameters[4]].
We instead chose to adapt an approach implemented via differentiable programming, which enables
gradient-based optimization of all parameters by automatic differentiation [2]. Differentiable program-
ming based parameter estimation works for a general function using timestep-wise backpropagation
of the loss between forward-integrated trajectories and the current estimate [3]]. The loss function can
then be minimized using standard optimization frameworks combined with automatic differentiation

and backpropagation [2]]. We apply this estimation technique to the Kuramoto-Sakaguchi ODE and
show that it offers distinct benefits compared to classical MLE.
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2 Methods

We randomly initialized K;;, w;, and o; from a Gaussian distribution and simulated the system using
a fourth-order Runge-Kutta integrator with dt = .05s. For the differential programming method we
used the Adam optimizer for gradient descent and allowed both « and w; to be learned. For standard
estimation we used 1000 epochs and a linearly scheduled learning rate with range [le — 3, le — 4].
We simulated trajectories for the MLE with fixed w; and no « because the method we followed[4]
cannot recover w; and uses a different form of . This allowed us to directly compare K;; recovery.

Algorithm 1 N-Oscillator Algorithm for differentiable parameter estimation
(0)
w;

Require: Initial estimates (0, o(0)
: Initialize K, o, w;

, observations y, learning rate n

—_

2: fore=1,...,F do
3: 0« RK4(K,OL,00,U)7;)
4 L 10—yl
5: Compute Vg L, V, L by automatic differentiation
6: Update (K, o, w;) using Adam
7: end for
8: return K, o
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Figure 1: A. Example dynamics of large and small coupling K;; terms. B. Coupled dynamics fitted
with differential programming. C. Runtime and coupling error scaling with oscillator dimension
between MLE and diff prog. D. Coupling recovery error between MAE and differential programming
with noise and sample size.

Fig. 1A shows that Kuramoto systems can exhibit a wide range of dynamics, with coupling demon-
strated at higher K;; values. The differentiable programming approach faithfully reconstructs the
dynamics of a coupled system (Fig. 1B), and compares favorably in parameter recovery accuracy
(Fig. 1C), even when noise is added and number of samples is reduced (Fig. 1D). It is also much
more accurate in high dimensions compared to the MLE estimate (Fig. 1C). However, the MLE
estimate is much faster to run (Fig. 1C).

4 Discussion

The accurately reconstructed dynamics for systems of many oscillators demonstrate that differentiable
programming can scale Kuramoto parameter estimation to higher dimensions. Furthermore, the



estimates remain robust under increasing noise levels and perform well with short trajectories, often
many orders of magnitude better than the classical MLE approach. However, this approach also comes
with substantially higher computational expense, as runtimes were approximately 1000x slower
than MLE on CPU. Overall, we demonstrate a proof-of-concept in synthetic data that differentiable
programming approaches make high-dimensional nonlinear ODE parameter fitting significantly more
feasible. This may allow the study of dynamic coupled systems using noisy data with short time
scales, enabling real-time parameter estimation.
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