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Abstract

How many linear relations must a quantum locally testable stabilizer Hamiltonian
contain? We prove a finite relation—distance law for qubit stabilizer presentations
that bounds code distance in terms of local-term weight, code rate, normalized
soundness, and the dimension of the relation space among listed terms. Thus,
under bounded term weight, a family cannot simultaneously have constant rate,
linear distance, and constant normalized soundness without linearly many inde-
pendent relations. With bounded qubit incidence, this remains true after duplicate
terms are removed. For Calderbank—Shor—Steane presentations with constant
normalized soundness in both check sectors, the requirement separates by sector,
so redundancy cannot be concentrated in one sector. The result provides a rank-
computable necessary test for candidate locally testable stabilizer Hamiltonians,
a soundness ceiling for natural rank-minimal hypergraph-product presentations,
and sectorwise lower bounds for term-appending amplifiers.
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1 Introduction

Recent quantum low-density parity-check code constructions achieve constant rate
and linear distance through stabilizer presentations with bounded generator weight
and bounded qubit incidence [1-3]. A quantum locally testable code (qLTC) further
requires the fraction of violated local terms to be at least a constant times an error’s
relative Pauli distance from the stabilizer centralizer [4]. This requirement is closely
connected to the quantum PCP conjecture [5]. Earlier high-dimensional and hemicubic



constructions established nontrivial gLTC soundness [6, 7], whereas recent cubical,
check-product, and transformation-based constructions have advanced different parts
of the rate, distance, soundness, and locality tradeoff [8-11]. They do not, however,
determine how much redundancy a local term presentation must contain.

The code space alone does not determine local testability. Adding a Pauli term that
is dependent on the listed generators imposes no new noiseless constraint, because its
outcome is fixed by the independent generators, yet it can change the fraction of local
terms violated by an error. This distinction is illustrated by soundness amplification,
which can preserve the number of qubits, distance, and dimension while changing
locality [11]. Soundness and locality are therefore properties of an explicitly listed local
term presentation rather than of the code space alone. For such a list, the vector space
of linear dependencies among its Pauli terms is the relation space, and its dimension
is the relation dimension. The question is whether a bounded-weight, constant-rate
stabilizer qLTC with linear distance and constant normalized soundness can be tested
by a local term list with sublinearly many independent relations.

The BSGKSV redundant-tester theorem states that a positive-rate, constant-query
locally testable code whose rejection probability is at least a constant times relative
distance requires linearly many redundant low-weight dual words [12]; good classical
locally testable codes are now known [1, 13]. The quantum setting uses a different
metric. Stabilizer distance is measured in the centralizer modulo the stabilizer group,
whereas the classical theorem controls ordinary Hamming distance to a kernel. Low-
weight stabilizers can keep that ordinary distance bounded even when the logical
quotient distance grows linearly. For Calderbank—Shor—Steane (CSS) presentations,
each check kernel contains the low-weight stabilizers generated by the opposite sector.
A direct sectorwise use of the classical theorem therefore cannot yield the linear relation
lower bound required under the quantum quotient metric.

To retain the quotient metric, we encode an arbitrary qubit stabilizer presentation in
a three-term binary complex and we construct a sparse retraction onto the undetectable
subspace. Its induced quotient map is onto the logical Pauli space. The resulting finite
law shows that local-term weight, rate, normalized soundness, and relation dimension
bound the distance. We find that a bounded-weight family with positive rate, linear
distance, and constant normalized soundness must therefore have a relation space of
linear dimension. When qubit incidence is bounded, we show that the same requirement
applies to the deduplicated nonidentity term list. For a finite presentation, its term
count and matrix rank fix the relation dimension, so we can evaluate the resulting
distance ceiling directly from known parameter bounds. For a CSS presentation, the
two check counts and two ranks likewise determine the sectorwise relation dimensions,
and we derive a separate bound for each sector. A bounded-weight, positive-rate
CSS family with linear distance and constant normalized soundness in both check
sectors must therefore meet linearly many independent relations in each sector, so
redundancy in one sector cannot compensate for a deficit in the other. We apply
these constraints to exclude positive-rate, bounded-degree rank-minimal hypergraph-
product families from the constant-normalized-soundness, growing-distance regime
and to bound the sectorwise terms required by row-space-preserving, bounded-locality
soundness amplifiers.



2 Results

2.1 A relation—distance law for stabilizer Hamiltonians

For a specified stabilizer Hamiltonian, the relation dimension counts the independent
linear dependencies among its listed local terms. It is a resource of the presentation,
rather than an invariant of the code. The following finite law connects that resource to
logical distance.

Theorem 1 (Relation bound for qubit stabilizer qLTCs). Consider m > 0 commuting
nonidentity Hermitian Pauli observables whose common +1 eigenspace defines an
[[n, K,d]] stabilizer code. Suppose every listed term has weight at most w, and let
g =m— (n— K) be the dimension of the relations among their binary symplectic
vectors. Let G € IF;”XQ” contain those vectors as rows and set J = (I(i 16‘). Suppose
the presentation has normalized linear qLTC soundness p > 0: for every Pauli error
represented by x € F3",

|GJx| > pdlstp(x,ker(GJ))’ )

m n

where distp is Pauli weight modulo the centralizer. If K > Rn > 0, then, with
r=rankG=n—K,

The proof lifts systematic syndrome columns through the qLTC inequality and
constructs a sparse retraction onto the undetectable subspace. Its induced quotient map
is onto the logical Pauli space, so averaging identifies a short nontrivial logical Pauli.

In particular, an independent term list has ¢ = 0 and therefore obeys

w
d<1+|—|. 3

- L}RJ ¥
Thus a positive-rate family presented by independent bounded-weight terms cannot
have both growing distance and constant normalized soundness.

2.2 General and sector-resolved consequences

The finite law first constrains every specified stabilizer term list, including one that
repeats existing terms. Under bounded incidence, the same conclusion applies after
deduplication. The CSS specialization is stronger in a different way: relations among
X-checks control the Z-logical distance, and relations among Z-checks control the
X-logical distance. A relation surplus in one sector therefore cannot compensate for a
deficit in the other.

Corollary 2 (Good qubit stabilizer qLTCs require extensive term relations). Consider
a family of qubit stabilizer codes with rate at least R > 0, relative distance at least



0 > 0, bounded term weight, and normalized linear qLTC soundness at least p > 0.
The relation dimension q of the specified term list satisfies

02 2l d-1) - 1=00), @

where w is a common upper bound on term weight.
Rearranging (2) gives the finite lower bound, which is linear for families with d > dn.

Corollary 3 (Good qubit stabilizer qLTCs require extensively many distinct terms).
Under the hypotheses of Corollary 2, assume also that a family-wide constant g bounds
the number of listed terms incident on each qubit. Delete repeated copies of the same
nonidentity Hermitian Pauli observable, and let m be the remaining term count. Then

ﬁz—(n—K)Z%(d—l)—le(n). (5)

Deduplication preserves the code and distance, while bounded term incidence
reduces normalized soundness by at most a constant factor.

Corollary 4 (Finite CSS relation—distance tradeoff). Consider an [[n, k,d]] CSS code
specified by Hx € F3™**" and Hy € F3'2*" | with HXH% =0 and k> Rn > 0. Let dy
be the minimum weight in ker Hx /im HL | and define dx by exchanging the two sectors.
If every check has weight at most w, and the normalized soundness constants of Hx
and Hyz are both at least p > 0, then, with gx = mx —rank Hx, gz = myz —rank Hyz,
and d = min{dx, dz},

w(gx +1) w(qz +1)
dz <1 _— dx <1 —. 6
7z <1+ { R J ) x <1+ { oR (6)
In particular,
w(min{gx, gz} + 1)
d<1 . 7
<1+ { R (7)

Consequently,

2pR

oa> -1 -1, Q=2 a-1 -, Q

where Q = qx + qz.

The two inequalities apply the same sparse retraction to the primal and reversed
CSS complexes; the normalized conversions appear in (34) and (35).
For later presentation-level calculations, the two sector counts obey the exact
identity
mx +mz =n—k+qgx +qz. 9)



For a CSS presentation, m = mx + myz, K = k, and ¢ = qx + qz = Q. The general
relation dimension is therefore the sum of the two sector relation dimensions. Likewise,
(5) measures the excess of distinct X- and Z-checks over n — k.

Remark 5 (Uniform repetition). For a binary m x n matrix M, let ¢(M) := m—rank M.
If M9 is obtained by stacking ¢ copies of every row, its kernel and normalized soundness
are unchanged, whereas ¢(M!) = ¢(M) + (¢ — 1)m. Repeating both CSS sectors
therefore leaves the code and its normalized tester unchanged but gives

QY =Q+ (c—1)(mx +mz) =cQ+ (c—1)(n—k). (10)

For fixed ¢, locality remains bounded while the incident check degree grows by c.
Thus @ depends on multiplicity, whereas Corollary 3 identifies what repetition cannot
manufacture.

2.3 A normalized CSS relation budget

The sector-resolved bound turns a target rate, distance, and soundness into a minimum
relation budget. To display that dependence, consider a balanced asymptotic slice.
Write x = @/n for the endpoint-relation density and n = pd/A for the normalized
demand. Set

(1-Rn+Q

k=Rn, qx=qz=—, mx=mgz= 5

2

both normalized sector soundness constants equal p, both sector distances are at least dn,
and all row and column weights are at most A. Here rank Hx = rank Hy = (1 — R)n/2.
Substitution into the sector bound gives

(1-R)x
< ——— F— 1). 11
"SRG =R+ oW (11)
For 0 <7 < (1 — R)/(2R), the balanced specialization requires, in the asymptotic
limit,

2nR(1 — R
X > Xmin(Rv n) = " ( )

= 12
1-R-2nR (12)

Fig. 1 displays the independent sector budgets and their balanced specialization. Its
first panel uses xx = gx/n and xz = gz/n, while the second uses the balanced total
density x. In the balanced slice, any presentation below (12) is ruled out. A one-
coordinate error violates at most A checks, and the asymptotic quantum Singleton
bound gives 6 < (1 — R)/2+ o(1) [14]. Together they imply

+o(1). (13)
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Fig. 1 Independent relation budgets for CSS qLTC presentations. (a) At rate R = 1/2 and equal
normalized demands of 0.10, each shaded strip marks a sector deficit excluded by the corresponding
sector inequality, up to the vanishing finite-length correction. The upper-right region is not excluded,
rather than an achievability claim. (b) The balanced specialization gives the required total relation
density. Colour shows Xmin, and hatching marks demands ruled out for every relation density by the
combined necessary bounds. The marked target R = 1/2, n = 0.10 requires @Q/n > 1/8. Panel (a) uses
the presentation-uniform rate-only bound; panel (b) retains the exact rank-to-row factor fixed by
balanced accounting.

Combining this with (12) gives the relation-independent ceiling

1-R
< Dmax(R) 1= 0. 14
7N < Nmax () 1+ R (14)

Thus every balanced good CSS qLTC obeys 1 < nmax(R), regardless of its relation
density; at rate R = 1/2, the ceiling is 1/3. As a direct budget lookup, a target with
R =1/2 and n = 0.1 requires Q/n > 1/8 in this slice.

2.4 Consequences for code presentations

The following calculations use the general relation dimension ¢, denoted @ = gx + ¢z
in the CSS cases. They show how a rank calculation screens a natural presentation,
quantifies the cost of repairing one, and distinguishes several ways that constructions
supply relation space. Extensive relation dimension is a necessary resource, not a
certificate of soundness. The deduplicated form in Corollary 3 removes bounded row
multiplicity from this test, and Table 1 collects the resulting classifications.

The standard hypergraph-product (HGP) construction gives an immediate exclusion.
Let H; € IE"Q“X’“ have rank r;, and set k; = v; —r; and s; = p; — ;. Its check matrices
are

HY{" = [I,, e Hy | H ® I,,,], (15)
H}" = H,®1, | I, ®H]] (16)



and encode K = kikg + $182 qubits [15]. Direct rank calculation gives
gx = kisa, qz = s1ks. (17)

In particular, full-row-rank seeds give gx = qz = 0. Their rows are already distinct and
nonzero, so deduplication leaves this relation dimension unchanged. Thus the natural
HGP term list cannot support a positive-rate, growing-distance family with constant
normalized soundness.

Corollary 6 (Soundness ceiling for rank-minimal HGP presentations). For full-row-
rank seeds of constant aspect ratio and bounded degree, assume the standard HGP
satisfies K > Rn > 0 and dx,dyz > 1. Write dygp := min{dx, dz}, and let wx and
wz bound the corresponding check weights. Let pflSY and pHST denote the normalized

soundness constants of its natural CSS presentation. Then

HGP wx HGP wyz,
< — < — . 18

In particular, both normalized sector soundness constants are O(dﬁép).

We obtain the result by substituting ¢x = gz = 0 into Corollary 4 and using
dx,dz > dugp-

For good classical seeds, dpgp = ©(y/n), so both normalized sector soundness
constants are at most O(n~'/2). This is the inverse-square-root necessary scale for
these natural presentations [7, 16].

The same calculation gives a repair cost for a term-appending soundness amplifier.
Suppose it appends tx and tz nonzero rows in the existing stabilizer row spaces. The
code space, dimension, distance, and rank remain unchanged, and

ax =ax +tx,  qz=qz +1z. (19)

If the bounded-locality output has positive rate, growing sector distances, and the
displayed normalized sector soundness constants, then

R R
tX Z LX (dZ — 1) —1- ax, tz Z LZ (dX — 1) —1- qz. (20)
wx wz

Here the soundness, weights, and distances are output parameters. Under common
bounds p, w and quantum distance d, summing gives

2R
tx +tz > LA 1) — 2 Q. (21)
w

Here Qin = gx + qz is the input relation dimension. Thus this form of amplifier cannot
repair a sector with sublinear relation supply using only a sublinear number of added
local terms when the output has constant rate, soundness, and linear distance [11].



The asymmetric CSS family of Cross et al. calibrates the sector separation. Starting
from a good classical locally testable code C' = ker H, its presentation

Hx = [H|H], Hy=[I|1]

has constant rate, locality, and soundness, with dz = d(C) = O(n), dx = 2, gx = O(n),
and gz = 0 [9]. The linear-distance sector carries linear relation dimension, whereas
the independent opposite sector has constant distance. Exchanging the sectors gives
the dual calibration. Because the overall quantum distance remains two, this does not
settle simultaneous sharpness for good qLTCs.

Bivariate-bicycle (BB) presentations supply relation space internally. For cyclic
dimensions L and M, set s = LM and consider the standard BB presentation

Hx =[A[B], Hz=[B"|AT], (22)

where both matrices have s rows and 2s columns [17]. If h = dim(ker A N ker B), the
BB dimension formula gives k = 2h, while the exact identity between the left kernel of
Hy and ker A Nker B gives rank Hz = s — h. Since the CSS dimension identity gives
the same rank for Hyx, we obtain

gx =qz=h= gx +qz = k. (23)

2 )
The common kernel supplies both endpoint relation spaces and the logical subspace,
explaining @@ = k. Thus a positive-rate BB family clears this necessary relation test
without importing relations from a separate tester. A fixed-k sequence instead has
vanishing rate and relation density.

A check product instead transports a classical relation space across a CSS base.
Let the full-row-rank base have n, qubits and rx and rz check rows. Let H € F;'"°
be a classical tester of rank r, kernel distance d., and relation dimension ¢. = m — .
The product uses Hx ® H and Hyz ® H [9], so multiplicativity of rank gives

ax = rx{qe, qz = r74e- (24)

When the tester has positive rate and relative distance, constant query size, and
constant soundness, the classical redundant-tester bound gives ¢. = O(n.) [12]. If the
base also has a nonvanishing stabilizer-rank density, then rx + rz = ny — k = O(ng).
The product consequently supplies ©(n.ng) relations. In the parameterization of Cross
et al., the distance is ©(min{d., n,}) while locality is O(n,). Fixed locality therefore
keeps distance bounded, so this example explains a consistency mechanism rather than
the target parameter regime.

The native middle-level presentation of the Dinur-Lin—Vidick (DLV) cubical qLTC
provides a complementary benchmark [8]. Writing Nppys for its physical block length,
the chain-dimension count gives @ = ©(Nphys). The published family has constant rate
and check weight, distance ©(Nphys/log” Npnys), and soundness at least a constant
multiple of log™3 Nphys. At that guaranteed soundness scale, Theorem 1 certifies



Q = QU Nphys/ log® Nphys). The certified lower scale is within an O(log6 Nphys) factor
of the native count. This comparison does not determine whether the bound or the
native presentation is optimal.

Table 1 Screening outcomes from the relation-dimension test. Extensive relation dimension leaves
a presentation eligible for further qLTC analysis, whereas a sublinear value excludes the target
parameter set.

Presentation Relation dimension or scaling Screening outcome
Arbitrary stabilizer g=m— (n—K), or A sublinear value excludes the
presentation m — (n — K) after deduplication simultaneous good-qLTC parameter set;

bounded term incidence leaves the
asymptotic decision unchanged.

Natural full-row-rank Q=0 Excludes the natural term list from

HGP constant normalized soundness with
growing distance; gives an O(1/dugp)
ceiling.

Standard bivariate Q = k, hence Q/n =k/n Positive-rate families pass the relation

bicycle test; fixed-k sequences lie outside the
positive-rate target regime.

DLV cubical qLTC Q = ©(Nphys) in the native Realizes the extensive relation scale; its

middle-level presentation proved relative distance and soundness

are inverse-polylogarithmic.

Cross asymmetric gLTC ~ gx = O(n), gz =0 Calibrates the sector laws separately, with
dz = ©(n) and dx = 2.

Cross check product Q= (rx +12)qc = O(ncng) Transports structured relations from the

classical tester; fixed locality gives
bounded distance in the proved parameter

regime.
Bounded-locality qé( =gx +Ix, q/z =qz t+ 1z Each sector has its own linear deficit;
amplifier under common bounds,

tx +tz > 2pR(d—1)/w — 2 — Qin.

3 Discussion

The stabilizer theorem is a construction filter for local commuting-Pauli Hamiltonians,
since a bounded-weight term list with sublinear relation dimension cannot simultane-
ously realize constant rate, linear distance, and constant soundness. Given the term list,
we answer this first design question with one rank computation; for CSS presentations,
we use two sector ranks to retain the finer endpoint accounting. The answer concerns
the chosen local terms rather than the underlying code, and Corollary 3 prevents
bounded term multiplicity from supplying the required distinct terms.

For a CSS list, gx + gz = mx + myz — (n — k). This identity sharpens a check-count
criterion, because linear check counts in both sectors can still leave zero relation density
when their leading density equals the stabilizer-rank density 1 — R, as in a full-row-rank
HGP presentation; the corollary instead demands a positive linear excess over n — k.

We interpret this resource as a property of the Hamiltonian term list, rather than
of noiseless syndrome information. Although an independent generating set fixes every



dependent-check outcome, each dependent projector still contributes to the violated-
term count and hence to tester energy; measuring or inferring those terms under noisy
readout is a separate operational question.

The closest classical antecedent is the theorem of Ben-Sasson, Guruswami, Kaufman,
Sudan, and Viderman, which requires redundant low-weight tests for constant-query
testers with constant rejection at the relative-distance threshold [12]. Direct application
to either CSS sector does not give our bound. The ordinary distance of ker Hy is
bounded by any nonzero row of Hz, and conversely, so it may stay O(1) while the
logical quotient distances grow linearly. Constant qLTC soundness then gives only
inverse-linear rejection at the classical theorem’s threshold and hence only a constant-
scale redundancy guarantee. Pooling the sectors has the same defect because the
ordinary centralizer code contains bounded-weight stabilizers. The sparse retraction
avoids this loss by acting directly on Pauli quotient distance; Methods gives the exact
parameter conversion.

Campbell’s Theorem 3 and Lemma 4 construct a special diagonalized, redundancy-
free generating family with (oo, f(z) = z)-soundness, and Claim 1 bounds its distance
when that particular family is LDPC [18]. Our result instead starts from an arbitrary
listed qubit stabilizer presentation, needs only constant normalized Pauli soundness, and
interpolates quantitatively through a nonzero relation space. Aharonov and Eldar’s Def-
inition 15 and Claim 3 identify this Pauli syndrome inequality with stabilizer quantum
local testability [4]. The qualitative observation that soundness entails redundant checks
also appears in the single-shot setting [19]; here it becomes a finite, presentation-uniform
law in the quotient metric and a separate requirement on each CSS sector.

Hong, Guo, and Lucas derive an extensive relation requirement from the different
premise of a finite-temperature phase transition in a classical linear-code Hamilto-
nian [20]. The two results constrain the same presentation resource under different
physical or coding assumptions. Gopalan, Vadhan, and Zhou’s coset-leader interpreta-
tion of soundness provides another classical precursor to the quotient language used
here [21].

Our symplectic embedding covers arbitrary qubit stabilizer presentations, while
the CSS decomposition adds sector resolution and shows that relations cannot be
concentrated on one side. We do not treat subsystem codes, for which an extension
would require a quotient distinguishing measured gauge operators from the stabilizer
Hamiltonian.

The asymmetric Cross family proves that each sectorwise dependence is order-
sharp when considered separately, but its overall quantum distance is two. Distance
balancing can raise the weak sector distance with a controlled soundness cost, yet the
published parameter statements do not determine the relation dimensions required
for a simultaneous saturation claim [10]. The DLV comparison likewise benchmarks
a native presentation rather than proving either the theorem or that presentation
optimal. Sharpness with growing overall quantum distance therefore remains open.

We therefore arrive at the construction problem of building bounded-weight com-
muting Pauli term lists whose distinct terms have a linear-dimensional relation space
while preserving constant rate, linear distance, and constant soundness. For CSS codes,
we obtain the more explicit task of finding bounded-degree orthogonal checks with

10



extensive relations in the two sectors and with linear primal and dual distance. DLV
and check products exhibit two mechanisms that create the required relation space,
whereas Corollary 6 rules out the natural rank-minimal HGP presentation. We are left
with the question of which relation geometries can also support sound testing.

4 Methods

4.1 Quotient homology and the one-endpoint retraction

We work over Fy and consider a three-term complex

2040,  AB=0. (25)
Write n; = dim C;, H; = ker A/ im B, k = dim H;, and

dy = min{|z| : ¢ € ker A\ im B}. (26)

The lower endpoint relation dimension is ¢y = dim coker A = ng — rank A, while for a
binary matrix M we define its unnormalized Hamming soundness by

M) = _—. 27
a(M) xéilcl?M dist(x, ker M) (27)

Lemma 7 (One-endpoint retraction). Let (25) have k > 0, let 1o = rank A, and
suppose every row of A has weight at most T a. If a(A) > a > 0, then

(28)

d <1+ {FATO(QO + I)J '

ak

Proof Let S = im A, choose an information set I of size rg such that coordinate projection
Q:S— Fg‘) is an isomorphism, and write T' = Q_l. Every systematic column ¢; of T has
weight at most go + 1. Soundness supplies u; € Cq with Au; = t; and |u;| < (g0 + 1)/a. Let
U: Fg" — (1 have columns u;, extend @ by reading the coordinates in I, and set h = UQ
and P=1 — hA. Then AhA = A, so AP = 0, and P restricts to the identity on ker A. The
quotient map 7 : ker A — Hj therefore makes 7P onto, so at least k of its coordinate columns
are nonzero. Moreover,

ni 0

S Jhdes] < 3 fuil frow;(QA)| < LAT® £ 1) (20)

j=1 i=1 @
Averaging over the nonzero quotient columns gives one whose correction weight is at most
the floor in (28). Adding the original coordinate proves the claim. 0

4.2 Symplectic specialization

Let J = ( I(l Ig ) Represent the listed commuting Pauli observables by G € F7**?",
with GJGT = 0, and write 7 = rankG = n — K and ¢ = m — r. The associated

11



symplectic complex is
T
Fr S p2n G, (30)
Its middle homology is the logical Pauli space ker(GJ)/im(G7T), of dimension 2K, and
both endpoint relation dimensions equal gq.
Fig. 2 visualizes the syndrome-lift and quotient-averaging steps of the proof.

a b P=1-UQA AP=0
]
™ (',’=UQA(’,’
7 [ ] ] ] ej* X
u Il <g+1 i [] []
m ] ] IRy X zZy
g=m—r 3 (] : 3 (] L8
[] [ m m
njmi_jmi= () m m )m ;
Aui=t; ¢==Pej- ZY
T e1 o ejr e em
[Pe)] o @@ @@ @0@000 A% =0 £¥120.  d<if*]
w X Y Z —— £* =0, [£7]#0, <I£*lp

Fig. 2 Sparse retraction from a listed stabilizer presentation. (a) A systematic syndrome column
has one information pivot and at most ¢ = m — r dependent entries. Soundness lifts the highlighted
column ¢; to a low-weight Pauli u; with Au; = ¢;. (b) These fillers define P =1 — UQA and AP = 0.
The corrections ¢; = UQAe; have bounded total Pauli weight, whereas the quotient map induced by
P is onto the 2K-dimensional logical Pauli space. Hence at least 2K coordinate columns are nonzero
in the quotient, and averaging selects j* such that £* = e;j+ @ c¢;j~ is a short nontrivial logical Pauli.
The support patterns are schematic; the rank and weight inequalities are exact.

Proof of Theorem 1 Set A = GJ and choose an information set for S = im A as in the
lemma. Each systematic syndrome column has weight at most ¢ + 1, so (1) supplies a Pauli

representative u; with
n(g+1
Auj = t;, luilp < nlg+1) (31)
om
With P = I —UQA, the map to ker A/im(G7) is onto and has at least 2K nonzero coordinate
columns. The selected rows of A = GJ have binary weight at most twice the Pauli weight of

the corresponding listed terms. If ¢; = UQAej, then
2n
2wrn(qg + 1
S lejlp < 2ermlat D), (32)

m
i=1 r

One of the at least 2K nontrivial columns therefore has correction weight at most |wrn(q +
1)/(pmK)]. Since r < m and K > Rn, its logical representative proves (2). O

4.3 CSS translation and repeated terms

Let Hx € FJ™**" and Hyz € F3'**", with HxHZ = 0. The primal complex uses
A = Hx, B = HL has middle distance dz, and has lower relation dimension gx =

12



myx —rank Hx. The reversed complex exchanges the sectors. For an m xn matrix, define

p(M) = —a(M). (33)

n
m

The stabilizer qLTC inequality restricted to pure Pauli errors gives these two sector
inequalities directly [4]. If rx = rank Hx, the primal substitution in Lemma 7 gives

1 1
szHVMWMJgHVWHJ. (34)
pxmxk px R
The reversed complex similarly gives
wz(gz + 1)J
dx <1+ |———|. 35
* { pzR (35)

For a pure Z-type error e, minimization over centralizer Paulis is exactly dist(e, ker Hx),
while its violated-term count is |Hxe|. This proves the X-check sector inequality
without a converse reduction; exchanging X and Z gives the other sector. Common
bounds on the weights and soundness constants now prove Corollary 4.

For Corollary 3, let cpmax be the largest multiplicity of a listed observable. A
nonempty common +1 eigenspace excludes a pair that differs only by sign. Deduplication
preserves the code and distance, while the number of violated distinct terms is at
least 1/cmax times the original count. Bounded term incidence gives ¢ipax < g, so the
deduplicated normalized soundness is at least p/g. Applying (4) proves (5).

4.4 Why direct classical reductions lose the quotient distance

Let Cx = ker Hx, and let d%l be its ordinary classical distance. Let w bound the
query weight of the classical tester. A fixed normalized sector coefficient px > 0 gives
rejection probability only

dcl
X
3n
at the relative-distance threshold used in the classical redundant-tester corollary [12].
Because Cx contains every row of Hy, bounded-weight opposite-sector stabilizers can
make d = O(1) even when the quotient distance is linear. The resulting classical
guarantee is therefore only

PB = PX (36)

prdimCx ) _ o(1). (37)

w

The Z sector is identical. Pooling the two sectors into the ordinary centralizer code does
not remove the loss: its dimension is n+k, but it still contains bounded-weight stabilizers,
so the rejection probability at its minimum-distance threshold is O(1/n). The sparse
retraction avoids this threshold by acting directly on the quotient ker Hx /im H% and
its dual.
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4.5 Cubical-family relation accounting

For completeness, we record the dimension calculation used in the DLV benchmark.
Let G denote the finite group underlying their cubical complex and write M = |G|.
Let £ be the fixed local degree, let gaq denote the fixed field size, and let D; be the
dimension of the level-j chain space. Lemma 3.4 of arXiv:2402.07476v3 gives

Dj = M43 Z Hmr. (38)
TC[4] reT
|T|=4j

For the two-low, two-high split my = mg = 9¢ and m3 = my = (1 — ¥)¢, substitution
yields

Dy 4 D3 — Dy = 8M(*9(1 — 9) = ©(Dy) (39)
for every fixed ¢ € (0, 1). Since the binary physical block length is Nphys = (log, gaa)Ds,
the native presentation obeys

Q = (logy gra)(D1 + D3 — D2) + K = ©(Nphys)- (40)
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