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Abstract

Traditional earthquake-resistant design often prioritizes low upfront costs by relying on structural ductility, which in-
herently leads to severe inelastic damage, high repair expenses, and extensive operational downtime following major
seismic events. On the other hand, passive control technologies like tuned viscous mass dampers (TVMDs) offer sup-
plemental damping without external power requirements, and allow to keep the structure essentially in the elastic range
during extreme seismic events. However, optimizing both damper parameters and spatial topology within multiple-
degree-of-freedom (MDOF) systems remains computationally prohibitive due to non-classical damping, modal inter-
actions, and the non-smooth nature of real-world time-domain design objectives. To overcome these limitations, this
study introduces an original formulation for the simultaneous multi-objective parameter and topology optimization
of TVMDs. Furthermore, we propose a novel, high-performance computing framework that leverages hardware-
accelerated automatic differentiation (AD) implemented via the PyTorch library that backs the latest developments in
machine learning (ML) and artificial intelligence (AI). By treating the dynamic structural analysis program as a differ-
entiable computation tree, exact, down to machine precision, sensitivities are systematically propagated through time-
domain analyses and then used by the optimization algorithm. The proposed AD-powered framework bypasses the
computational bottlenecks, truncation errors, and step-size sensitivities associated with conventional finite-difference
gradient approximations. The efficiency and numerical robustness of the approach are validated using a ten-story
benchmark shear building subjected to strong ground motions. The results demonstrate that the proposed method sig-
nificantly accelerates the optimization convergence, lowers computational overhead, and provides structural engineers
with a highly scalable tool to rapidly deliver safe, economic, and high-performance seismic designs.

Keywords: seismic control, tuned viscous mass damper, optimal design, automatic differentiation, topology
optimization

1. Introduction

Traditionally, earthquake-resistant design minimizes upfront costs by relying on the ductility of lateral load-
resisting systems. This approach dissipates seismic energy through inelastic (hysteretic) behavior [1, 2]. However,
this strategy often results in significant structural damage, leading to high repair costs and prolonged downtime in
the aftermath of severe earthquakes. To address these vulnerabilities, extensive research over the past decades has
focused on the development and application of passive viscous and viscoelastic dampers. These systems provide
supplemental damping to minimize seismic losses, ideally maintaining a linear structural response even during major
earthquake events. Passive control technologies are widely used in civil engineering owing to their simplicity and
independence from external power supplies [3–7]. However, conventional dampers often exhibit insufficient control
forces under long-period ground motions, which compromises their seismic control effectiveness [8, 9]. To overcome
this limitation, inerter-based vibration control systems (IVCSs) have attracted significant research attention due to
their capability to enhance energy dissipation and improve structural performance [6, 10–14].
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The inerter [15] is a two-terminal mechanical element that generates a force proportional to the relative accelera-
tion between its terminals, completing the force-current analogy between mechanical and electrical networks. Various
physical realizations have been developed, including ball-screw [5, 16], rack-and-pinion [15], hydraulics [17], fluid
[7], electromagnetics [18] and eddy current [19]. Through mass amplification that allows to avoid the weight penalty
on structure as in case of traditional tuned mass dampers (TMD) [20], inerters enable engineers to effectively control
the structural response by placing them in multiple locations of a structure.

Among representative IVCSs, Ikago et al. [10] proposed the tuned viscous mass damper (TVMD), which achieves
a large apparent mass with limited physical mass and has been implemented in practical structures in Japan [21].
Lazar et al. [6] introduced the tuned inerter damper (TID). Marian et al. [22] proposed the tuned mass damper inerter
(TMDI). The damping enhancement mechanism and its relationship to response reduction have also been theoretically
clarified [12, 23]. Kang et al. [24] demonstrated the practical application of TVMDs spanning three stories. Xie et al.
[13] studied the topology of viscoelastically supported viscous mass damper (VeVMD) [25] that combines the TVMD
and TID configurations, and concluded that the acceleration response of structure controlled with TVMDs could be
significantly improved by slightly compromising the displacement control capacity.

Closed-form optimal design solutions have been established for single degree of freedom (SDOF) systems un-
der H∞ and H2 criteria [10, 22]. Such formulations are mathematically convenient, have high interoperability of
underlying physics and often admit compact analytical expression. However, extending these results to multiple
degree of freedom (MDOF) structures remains challenging due to non-classical damping and modal interactions. Ap-
proximate analytical methods [11] and numerical optimization approaches [12, 26] have therefore been developed
to determine optimal parameters and device distributions. Practical engineering design is typically concerned with
time-domain performance, and in real-world applications engineers aim to directly control peak structural responses,
such as limiting maximum displacements or inter-story drifts (displacement control), maximum accelerations (accel-
eration control), or a combination of both within a multi-objective optimization problem, and minimization of transfer
functions in frequency domain does not always lead to the optimal and most economic design for a particular site, and
thus parameters acquired as a result of such optimization often require further adjusting. These performance design
metrics are highly dependent on ground motion characteristics at a specific site, and their calculation involves usage
of non-smooth operators, such as maximum, mean, and absolute value, which naturally arise when setting peak or
averaged response limits.

A major challenge in time-domain optimization lies in the computation of gradients of the objective functions
and constraints with respect to design variables. For realistic structural models, especially those involving transient
dynamic analysis, the governing equations are implemented as complex computer programs. The resulting objective
and constraint functions, that represent target performance, generally do not admit closed-form symbolic derivatives.
Consequently, widely used constrained nonlinear optimization algorithms, such as sequential quadratic programming
(SQP) [27], sequential least squares programming (SLSQP) [28], or bound-constrained quasi-Newton methods like
limited-memory Broyden-Fletcher-Goldfarb-Shanno with bound constraints method (L-BFGS-B) [29] often approx-
imate Hessians numerically using finite differences, effectively treating the structural analysis code as a “black box”
instead of extracting useful features that could help to evaluate gradients in a more robust way. This approach suf-
fers from several drawbacks: finite-difference gradients are sensitive to step-size selection, introduce truncation and
round-off errors, and require multiple function evaluations per design variable [30]. For large-scale or computation-
ally intensive dynamic simulations, this leads to substantial computational cost associated with repetitive inversion of
system matrices and potentially degraded convergence behavior. This challenge can be addressed by method backing
the recent major advance in artificial intelligence (AI) and deep neural networks (DNN) – automatic differentiation
(AD).

AD has emerged as a cornerstone of computational science, providing an efficient mechanism for evaluating the
derivatives of functions defined through computer programs [31]. Unlike numerical differentiation, which suffers from
truncation errors, or symbolic differentiation, which can lead to "expression swell," when intermediate mathematical
expressions grow exponentially in number of terms or complexity during derivation or simplification, even if the
final result is relatively simple, AD decomposes complex programs into sequences of elementary operations. By
systematically applying the chain rule, AD computes exact derivatives to machine precision [30].

The versatility of AD lead to breakthroughs in diverse domains, ranging from machine learning [32] and molecular
dynamics [33] to computational fluid dynamics [34]. Within structural optimization, the adoption of AD traces back
to Ozaki et al. [35], who utilized Fortran-based analysis frameworks for mechanical systems. This was followed by
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specialized applications in shell optimization using Non-Uniform Rational B-Splines (NURBS) [36] and topology
optimization [37]. Wu et al. [38] recently developed an open source structural topology optimization framework
JAX-SSO based on JAX [39] library and demonstrated the potential and robustness of applying AD for real-world
structural engineering problems.

Despite these foundational steps, AD is not yet commonly applied in structural topology and parameters optimiza-
tion. Historically, this stagnation was attributed to the computational overhead and complexity of legacy AD packages
[40], as well as limited availability of commercial-grade hardware or cloud computing. Consequently, the power of
modern software libraries, such as PyTorch [41] or JAX, and parallel hardware and graphics processing units (GPUs)
acceleration has not been fully exploited for structural optimization problems.

This study proposes original formulation of multi-objective TVMD optimal design problem for simultaneous
parameter and topology (distribution along the structure) optimization. To overcome the limitations of current opti-
mization approaches and make the stated problem tractable, this study also proposes a novel framework for damping
optimization based on GPU-accelerated AD using PyTorch library. By leveraging recent advances in differentiable
programming, high-performance computing, and hardware acceleration, gradients of time-domain performance mea-
sures can be computed efficiently and accurately. The rapid increase in computational power, together with the
widespread availability of high-performance GPUs and open-source software libraries, has made AD practically
accessible to engineers without requiring the explicit development of specialized differentiation code or advanced
programming skills.

Importantly, AD can handle complex program structures, including loops, conditional statements, and non-smooth
yet piecewise-differentiable operators such as maximum, mean and absolute (| · |) value, which are common in engi-
neering optimization problems and that introduce numerical instabilities when evaluating the gradients numerically.
In addition, AD allows to effectively propagate the gradients through Fast Fourier Transform (FFT) and Inverse Fast
Fourier Transform (iFFT) [42] operations, making it highly attractive for dynamic analysis of structures. As a result,
the proposed method enables accurate sensitivity analysis for time-domain objectives and constraints, leading to im-
proved convergence properties, enhanced numerical stability, and significantly reduced computational cost compared
to conventional black-box gradient approximations.

By combining the recent advances in high-performance computing and modern machine learning frameworks,
and the extensive theory of damper optimization, this study aims to provide engineers with valuable information and
practical examples that could help them to significantly reduce the cycle of iterative design and thus deliver safe
design more quickly, which is crucial in the competitive field of structural engineering. The rest of the paper is
organized as follows: in Section 2 the problem of optimal passive control of single degree of freedom (SDOF) and
multiple degree of freedom (MDOF) structures using tuned viscous mass dampers (TVMD) is presented. The section
concludes with the definition of optimal damping design problem by setting the structural performance goals, then
extends it for the problem of optimal damper distribution, and discusses the advantages and disadvantages of current
optimization algorithms Section 3 first gives a brief introduction to AD and discusses its attractiveness for the problem
of optimal structural seismic control, and then introduces the proposed AD-backed optimization framework. Finally,
in Section 4 the proposed approach is applied for optimization of damper parameters and topology optimization of
TVMDs incorporated into a ten-story benchmark shear building subjected to strong ground motions, with further
discussion on its efficiency and accuracy.

2. Optimal passive control of structures using tuned viscous mass dampers (TVMD)

2.1. Optimal control of single degree of freedom (SDOF) structures

Figure 2.1 shows an undamped SDOF structure incorporated with a TVMD. The mass and stiffness of the primary
structure are m and k respectively, and the additional mass, stiffness of the supporting spring and the damping coeffi-
cient are mr, kb and cd, respectively. u and ud denote the relative displacement of the primary system and the inerter,
and ug is the ground displacement.
The equation of motion of such a system can be written as:mü(t) + ku(t) + P(t) = −müg(t)

P(t) = mrüd(t) + cdu̇d(t) = kb(u(t) − ud(t))
(1)
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Figure 2.1: Undamped SDOF structure equipped with a TVMD.

where P(t) is the damper force ignoring friction, and the over-dot (˙) denotes differentiation with respect to time t
It can be noted, that unlike the TMD, TVMD is activated by the inter-story drift and the spring and dashpot

are arranged in series. This difference causes a difference in the resonance curves and the optimal designs for the
TVMD and TMD. Nonetheless, the fixed point method is applicable to a seismic control system with the TVMD [11].
According to the fixed point method, the optimum angular frequency of the additional vibration system ωopt

r , which is
to minimize the peak value of the dynamic amplification factor (DAF), is derived as [11]:

ω
opt
r =

1√
1 − µ

ω0 (2)

where µ is the mass ratio - the ratio of TVMD inertance to the primary structure mass:

µ =
mr

m
(3)

Therefore, the optimal design of an undamped SDOF structure serves as a foundation that extends to MDOF systems,
as detailed in the next section.

2.2. Optimal displacement and acceleration control of multiple degree of freedom (MDOF) structures
2.2.1. Seismic response of a MDOF structure controlled with TVMDs

Consider a damped multiple-degree-of-freedom (MDOF) structure incorporated with TVMDs, one device per
degree of freedom, n TVMDs in total, shown in Figure 2.1. The equation of motion of such a model can be defined
as:

Mü(t) + Cu̇(t) +Ku(t) = −Mιüg(t) (4)

where üg(t) is ground acceleration, u(t) is the 2n relative displacements vector, that consists of primary system dis-
placements vector up and damping system displacements vector ud:

u =
[
up

ud

]
2n

(5)

where
up = {up1, up2, · · · , upn}

T
n (6)

ud = {ud1, ud2, · · · , udn}
T
n (7)

ι is the influence coefficient vector, that distributes ground motion DOF to mass DOFs, and consists of an all-ones
vector 1n and an all-zeros vector 0n, as the inerters are activated not by the ground motion, but by inter-story drifts:

ι =

[
1n

0n

]
2n

(8)
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Figure 2.2: Analytical model of a damped MDOF structure equipped with TVMDs.

M, C and K are global mass, damping and stiffness matrices of the system, respectively:

M =
[
Mp 0
0 Mr

]
(9)

C =
[
Cp 0
0 Cd

]
(10)

K =
[
Kp +Kb11 Kb12

Kb21 Kb22

]
(11)

where Mp, Cp and Kp are mass, inherent damping and stiffness matrices of the primary system:

Mp = diag(m) =


m1 0 · · · 0

0 m2
. . .

...
...

...
. . . 0

0 · · · 0 mn

 (12)

Cp =


c1 + c2 −c2 0 0

−c2 c2 + c3
. . .

...

0
. . . −cn−1 + cn −cn

0 · · · −cn cn

 (13)

Kp =


k1 + k2 −k2 0 0

−k2 k2 + k3
. . .

...

0
. . . −kn−1 + kn −kn

0 · · · −kn kn

 (14)
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and matrices of the supplementary damping system Mr, Cd and Kb are defined as:

Mr = diag(mr) =


mr1 0 · · · 0

0 mr2
. . .

...
...

...
. . . 0

0 · · · 0 mrn

 (15)

Cd = diag(cd) =


cd1 0 · · · 0

0 cd2
. . .

...
...

...
. . . 0

0 · · · 0 cdn

 (16)

Kb11 =


kb1 + kb2 −kb2 · · · 0
−kb2 kb2 + kb3 · · · 0
...

...
. . .

...
0 0 · · · kbn

 (17)

Kb12 =



−kb1 kb2 · · · 0 0
0 −kb2 kb3 0 0
...

...
. . .

...
...

0 0 0 −kb,n−1 kbn

0 0 0 0 −kbn


(18)

Kb21 = KT
b12 (19)

Kb22 = diag(kb) =


kb1 0 · · · 0

0 kb2
. . .

...
...

...
. . . 0

0 · · · 0 kbn

 (20)

By performing the Fourier transformation of Equation (4), substituting U̇(ω) = iωU(ω) and Ü(ω) = −ω2U(ω) and
grouping the terms, we obtain the governing equation of motion of the controlled system in frequency domain:

(K + iωC − ω2M)U(ω) = −MιÜg(ω) (21)

where U(ω) and Üg(ω) are Fourier transforms of displacements of the system and ground acceleration, respectively:

U(ω) = F {u(t)} (22)
Üg(ω) = F {üg(t)} (23)

For convenience, we will define the system matrix A(ω) as:

A(ω) ≡ K + iωC − ω2M (24)

Then, relative displacement response U(ω) and total (absolute) acceleration response Üt(ω) in frequency domain
can be expressed as:

U(ω) =
[
Up(ω)
Ud(ω)

]
= −MιÜg(ω)A(ω)−1 (25)

Üt(ω) =
[
Üp,t(ω)
Üd,t(ω)

]
= Ü(ω) + Üg(ω) = −ω2U(ω) + ιÜg(ω) (26)
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An inter-story drifts response vector ∆p(ω) in frequency domain is calculated as a product of transformation matrix
Tr and relative story displacements vector of the primary system Up(ω):

∆p(ω) = TrUp(ω) (27)

where Tr is the n × n matrix that transforms story displacements to inter-story drifts:

Tr =



1 0 · · · 0 0

−1 1
. . .

...
...

0
. . .

. . . 0 0
... · · · −1 1 0
0 · · · 0 −1 1


(28)

Finally, to obtain the inter-story drifts δp(t) and total acceleration response üp,t(t) time histories of the primary
structure in time domain we perform inverse Fourier transform of Equations (26) and (27):

δp(t) = F −1{δp(ω)} (29)

üp,t(t) = F −1{Üp,t(ω)} (30)

This establishes the foundation for defining the TVMD optimal design problem.

2.2.2. TVMD parameter optimization problem
For optimal structural design, the primary objective function and the constraints typically rely on peak response

values across all degrees of freedom to serve as performance metrics. Consequently, the maximum absolute inter-story
drift angle δp,max and the maximum absolute total acceleration üp,max of the primary structure are defined as:

δmax
p = max

t,i=1,...,n
|δp,i(t)/hi| (31)

ümax
p = ∥üp,t∥∞ (32)

where ∥ · ∥∞ operator denotes the infinity norm, and hi is the height of the ith storey.
In this way, for a set of k selected ground motions üg = {üg,1, · · · , üg,k}, representative of the site, a general

multi-objective inter-story drift and acceleration response minimization problem can be defined as:

minimize
X

{δmax
p (X, üg), ümax

p (X, üg)} (33)

where X is the parameter vector of the supplementary damping system:

X = {mr, cd, kb}
T ∈ R3n (34)

The solution to this problem by itself does not necessarily result in an economical design. In practical structural
engineering applications, design objectives typically involve constraining maximum structural responses, such as peak
displacements or inter-storey drifts (displacement control), peak accelerations (acceleration control), or a combination
of both, in order to satisfy the prescribed performance level. Displacement and acceleration controls, however, gen-
erally represent competing design paradigms, and thus an appropriate trade-off needs to be introduced. The TVMD
was originally developed with displacement control as the primary objective, with optimal design achieved through
minimization of the displacement transfer function [11]. Nevertheless, as demonstrated by Xie et al. [13], acceleration
control can still be attained in structures equipped with TVMDs, albeit with slight compromise in the displacement
control performance.

It can be noted from Equation (34) that for an untuned configuration, there are 3n independent design parame-
ters. However, TVMDs achieve optimal seismic response reduction when tuned to the dominant modes of a MDOF
structure. Although implementing multiple independent TVMD types tuned to each corresponding mode can mitigate
higher-order modal responses, this study focuses exclusively on the first-mode control.
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Similarly to the Equation (2) for a SDOF system, the optimum angular frequency of the additional vibration
system for the first mode of vibration of a MDOF structure can be expressed as:

ωr =
1√

1 − µ
ω1 (35)

with the modal mass ratio µ defined as:

µ =
Mr,1

Mp,1
=
ϕT

1 TT
r MrTrϕ1

ϕT
1 Mpϕ1

(36)

where ϕ1 is the first modal shape for the uncontrolled undamped structure and Mr and Mp are the mass matrices of
the distributed TVMD and the primary structure, respectively.

And the rest of the optimal damper parameters – the TVMD spring stiffnesses vector kb and damping coefficients
vector cd – are defined as:

kb = ω
2
r mr (37)

cd = 2ζdωrmr (38)

where ζd is the modal damping ratio.
Therefore, after eliminating the dependent parameters, parameter vector X reduces to:

X = {mr, ζd}
T ∈ Rn+1 (39)

The multi-objective optimization problem defined in Equation (33) can be converted to a single-objective problem
by introducing the weighted sum of the objectives δmax

p and ümax
p . After defining the objective Y = {δmax

p , ü
max
p }

T , weight
Θ = {θ1, θ2}

T and scale Ξ = {ξ1, ξ2}T vectors, response limit constraints and positive and upper-bound parameter
constraints, the single-objective TVMD optimal design problem can be stated as:

minimize
X

y = θ1ξ1δmax
p + θ2ξ2ümax

p

subject to δmax
p − δlim ≤ 0,

ümax
p − ülim ≤ 0,

mr,i − mr,lim ≤ 0,
−mr,i ≤ 0,
−ζd ≤ 0

(40)

where δlim and ülim are the upper limits of inter-story drift angle and absolute acceleration, respectively, mr,lim is the
upper limit of available inertance for a single device, θ1 and θ2 are the weight factors, indicating the contribution of
each term, and ξ1 and ξ2 are the factors, introduced to bring the terms to the same unitless scale.

Two edge cases of the values of the weight vector Θ can be noted. Setting Θ = {1, 0}T reduces the optimization
formulation in Equation (40) to a pure displacement control problem. Conversely, selecting Θ = {0, 1}T transforms
the objective into a pure acceleration control problem.

It can be observed, that the optimal solution to the above-stated problem yields a set of n distinct damper inertances
mr,i alongside the modal damping ratio ζd. However, deploying a unique damper specification on every storey intro-
duces significant practical and economic challenges during fabrication and installation. From a structural engineering
perspective, standardizing a limited number of device types across multiple stories is vastly preferred to minimize
costs and simplify quality control. As a result, the engineering objective must be not only to identify the optimal
damper parameters, but also address the optimal grouping of these devices into a number of types and determine their
spatial distribution throughout the structure.

2.2.3. Proposed simulteneous damper parameter and distribution (topology) optimization problem formulation
In order to solve the damper distribution optimization problem, current study suggests introducing an additional

objective term in a form of K-means clustering [43] loss Lc, also called the inertia or within-cluster sum of squares

8



(WCSS), to the Equation (40). That would stimulate the intertances to group into the specified p inertance types
(or clusters) mc, j, j ∈ {1, . . . , p} by creating the "attraction force", allowing for simultaneous parameter and topology
optimization.

Thus, the primary objective of the clustering task is to partition the n-dimensional vector of inertances, mr =

{mr,1,mr,2, . . . ,mr,n}
T , into p discrete device types represented by the parameter vector of cluster centers, mc =

{mc,1,mc,2, . . . ,mc,p}
T . The loss term that minimizes the total within-cluster variance by mapping damper intertance

in each storey to its nearest type (or cluster center), is defined as:

Lc(mr,mc) = arg min
S

p∑
k=1

∑
mr,i∈S k

(mr,i − mc,k)2 (41)

where S k is the subset of inertances assigned to a kth damper type.
Therefore, after adding the clustering loss term to the objective function, the objective function, weight and scale

vectors are redefined as, respectively:

Y = {δmax
p , ü

max
p , Lc}

T (42)

Θ = {θ1, θ2, θ3}
T (43)

Ξ = {ξ1, ξ2, ξ3}
T (44)

Because the clustering formulation introduces p additional parameters to define the damper types, the design
vector X from Equation (39) is augmented as:

X = {mr,mc, ζd}
T ∈ Rn+p+1 (45)

Finally, the parameter optimization problem from Equation (40) can be rewritten as a simultaneous parameter and
topology optimal design problem in a vector form:

minimize
X

y(X, üg) = 1T (Θ ⊙ Ξ ⊙ Y(X, üg))

subject to δmax
p − δlim ≤ 0,

ümax
p − ülim ≤ 0,

mr,i − mr,lim ≤ 0,
−mr,i ≤ 0 ∀i ∈ {1, . . . , n},
−mc, j ≤ 0 ∀ j ∈ {1, . . . , p},
−ζd ≤ 0

(46)

where ⊙ denotes Hadamard product (element-wise vector multiplication), and 1 = {1, 1, 1}T is the vector of ones used
for the overall summation of scaled and weighted objective terms.

Solving this optimization problem simultaneously identifies the optimal continuous damper parameters and their
distribution along the structure. By incorporating the "attraction force", the damper inertance in each story is driven
toward its corresponding cluster centroid, representing an intertance type. This penalization framework effectively
moves an otherwise discrete combinatorial problem into a continuous, differentiable optimization space, thereby en-
abling the usage of efficient gradient-based optimization methods. However, despite this relaxation, the high non-
linearity of the objective function and the nature of dynamic response evaluation introduce several computational
challenges that impede the convergence of traditional optimization techniques.

2.3. Challenges associated with the classical numerical optimization methods
The formulation presented above introduces several mathematical and computational challenges that complicate

its solution via traditional gradient-based optimization techniques.
First, as formulated in Equation (25), evaluating the dynamic structural response requires the inversion of the

system matrix A, an operation with an algorithmic complexity of O(N3), where N = 2n. Furthermore, traditional
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constrained optimization techniques rely on calculating the sensitivities (or gradients) of the objective function and
constraints with respect to the design variables via finite difference methods. This gradient approximation scales
linearly with the dimensionality of the design space, yielding a complexity of O(S ), where S = n + p + 1 denotes
the length of the design vector X, leading to S evaluations of the dynamic structural response. Consequently, rely-
ing on numerical gradient approximations introduces a prohibitive computational overhead, making the optimization
framework difficult to scale and numerically intractable for the simultaneous parameter and topology optimization
problem.

Moreover, evaluation of the objective function terms and constraints involves non-smooth operators such as max-
imum, minimum, mean and absolute value, as well as inverse fast Fourier transform (iFFT) [42], which makes the
numerical evaluation of gradients highly unstable.

To address these challenges, previous approaches for damping optimization had to rely on approximations of struc-
tural response (e.g. using probabilistic methods like complete quadratic combination (CQC) [11]) to avoid recurring
inversion of the system matrix and relied on numerical approximation of the gradients. This made the optimization
process less straightforward and accurate, and introduced numerical instability in more complex cases. Another pos-
sible solution is to replace the numerical structural finite element (FE) model with a meta (or surrogate) machine
learning model [44–48], that enables a highly efficient approximation of the structural response, especially when uti-
lizing modern GPUs and hardware acceleration. Although this approach allows to approximate the response of linear
and, to an extent, non-linear systems in some small range of parameters, this approach introduces new challenges
associated with proper training of these models, generation of the training data and development of an effective neural
network architecture that is capable of capturing the complex structural phenomena, that are currently not completely
addressed.

Therefore, in order to make the problem formulated in Equation (46) tractable, without introducing inaccuracy and
excessive complexity, the present study proposes an optimization framework that utilizes automatic differentiation
(AD), the technique backing the recent advances in machine learning and artificial intelligence.

3. Proposed multi-objective TVMD optimization framework using automatic differentiation

3.1. Overview of automatic differentiation (AD) for the gradient-based optimization

Automatic Differentiation (AD), also referred to as algorithmic differentiation, is a computational technique for
evaluating derivatives of functions defined by computer programs. Unlike symbolic differentiation, which manipu-
lates mathematical expressions analytically, or numerical differentiation, which treats function as a "black box" and
approximates derivatives using finite differences, AD computes derivatives exactly up to machine precision by sys-
tematically applying the chain rule of calculus to elementary operations [30, 32].

Consider a function f : Rn → Rm implemented as a sequence of elementary operations:

vk = ϕk(vi1 , . . . , vip ), k = 1, . . . , L, (47)

where ϕk denotes an elementary operation (e.g., addition, multiplication, trigonometric functions, etc), and the final
outputs are y = vL. An arbitrary AD computation tree is depicted in Figure 3.1.
The Jacobian matrix J = ∂y/∂x can be computed by propagating derivatives alongside the evaluation of the function
itself, using the chain rule:

∂vk

∂x
=
∑

j

∂ϕk

∂v j

∂v j

∂x
. (48)

There are two principal modes of AD that are commonly employed: forward mode and reverse mode. The former
one propagates derivatives from inputs to outputs, and is computationally efficient when the number of input variables
is small relative to the number of outputs. The latter one, in turn, propagates adjoint sensitivities from outputs back
to inputs, and its computational cost is largely independent of the number of input variables and scales primarily with
the number of outputs. Therefore, for scalar-valued objective functions (m = 1), reverse mode allows computation of
the full gradient ∇ f ∈ Rn at a cost comparable to a small multiple of one function evaluation [30].

Although the theoretical foundations of AD were established several decades ago [30, 49], its widespread adoption
has occurred only recently. This delay can be attributed to the substantial memory and computational requirements
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v0 = x ∈ Rn

ϕ1,1 ϕ1,p1
...

ϕi,1 ϕi,2 ϕi,pi
...

ϕk,1 ϕk,2 ϕk,3 ϕk,pk
...

ϕL

vL = y ∈ Rm

v1,1 v1,p v1,p

vi,1
vi,2 vi,p

vL−1,1

vL−1,2 vL−1,p

vk,1

Figure 3.1: An arbitrary automatic differentiation computation tree for a function f : Rn → Rm. Nodes represent elementary operations, and edges
are inputs/outputs.

of reverse-mode AD, which requires storing intermediate variables during the forward pass for subsequent use in the
backward pass. The rapid increase in computational power, availability of consumer-grade high-performance GPUs
and the emergence of high-level AD-enabled software frameworks such as PyTorch [41] and JAX [39], that handle
the creation of computational graph automatically and seamlessly from the user perspective, have made large-scale
application of AD feasible in scientific computing and engineering optimization.

3.2. Advantages of AD for the damper optimal design problem
The use of AD provides several significant advantages over numerical differentiation approaches commonly em-

ployed in algorithms such as sequential quadratic programming (SQP) [27], sequential least squares programming
(SLSQP) [28], or limited-memory Broyden-Fletcher-Goldfarb-Shanno with bound constraints method (L-BFGS-B)
[29].

For the optimization problem formulated in Equation (46), with the objective y = f (X), gradient-based optimiza-
tion algorithms require evaluation of the gradient ∇ f (X), the Jacobian matrices for the inequality constraints, and,
if possible, Hessian matrices or Hessian-vector products to provide the algorithm with information about the surface
curvature to improve convergence.

Traditional implementations though often rely on numerical differentiation, such as forward or central finite dif-
ferences:

∂ f
∂xi
≈

f (X + εei) − f (X)
ε

, (49)

where ε is a small perturbation parameter. While straightforward to implement, such approximations suffer from
truncation and round-off errors and would requireO(n+p+1) additional function evaluations per gradient computation.

In contrast, AD computes exact derivatives (up to machine precision) with no need for perturbation of the param-
eters. For a scalar objective function, like the one suggested in the current study, reverse-mode AD computes the full
gradient at a cost typically within a constant factor of 4 ∼ 6 of a single function evaluation, i.e with algorithmic com-
plexity O(4 ∼ 6) [30], which is crucial when dealing with such a computationally demanding objective function and
enables the introduction of large number of parameters without hindering the performance. This advantage, enhanced
by utilization of modern graphic processing units (GPU), makes AD particularly attractive for such a high-dimensional
design optimization problem.
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Additionally, AD eliminates truncation errors inherent in finite-difference schemes and avoids sensitivity to step-
size selection. Since derivatives are generated directly from the implemented computational graph, inconsistencies
between analytical derivations and numerical implementation are avoided, significantly improving the robustness and
convergence.

And finally, since AD operates on the computational graph and accumulates the gradients by chain rule, it allows to
evaluate the formulated objective function and constraints that contain operations like maximum, minimum, absolute,
mean and inverse Fourier transformation, without introducing numerical instability and loss in precision.

Consequently, the usage of automatic differentiation not only makes the proposed damper optimal design problem
practically tractable, but also computationally efficient on standard consumer-grade hardware. Such efficiency is of
high importance for structural engineering practitioners, as it facilitates the rapid exploration of the design space
within practical project timelines.

3.3. Proposed framework for the TVMD optimal design
To solve the optimal design problem defined in Equation (46), we employ a primal-dual optimization framework

based on the method of Lagrange multipliers. This approach converts the constrained optimization problem into an
unconstrained saddle-point problem, allowing for the simultaneous update of the design variables and the constraint
penalties.

Let g(X, üg) ≤ 0 represent the vector of inequality constraints from Equation (46), which includes the inter-storey
drift and absolute acceleration performance limits, inertance limit and positivity side constraints. We introduce a
vector of non-negative Lagrange multipliers λ = {λ1, λ2, . . . , λ3+2n+p}

T . The augmented objective function, or the
Lagrangian L(X, λ), is formulated as follows:

L(X, λ) = 1T (Θ ⊙ Ξ ⊙ Y) + λT g (50)

It can be noted, that n + p + 1 of the Lagrange multipliers correspond to the positivity constraints. In order to
reduce the dimensionality of the λ vector and thus improve robustness and convergence of the optimization process,
we will apply reparametrization by introducing the supplementary parameter vector X̄ ∈ Rn+p+1, and map it to the
vector X using Softplus function [50]:

X = ln(1 + exp(X̄)) = Softplus(X̄) (51)

The Softplus function was chosen as a smooth, non-monotonic approximation of the linear rectifier, ensuring
continuous differentiability at zero. However, in modern deep learning frameworks such as PyTorch, the standard
Softplus function is extended to include a scaling parameter β and a numerical stability threshold ξ. The mapping
X = Softplus(X̄) is applied element-wise, and each output element xi is defined by the following piecewise equation:

xi =

 1
β

ln
(
1 + exp(β · x̄i)

)
if x̄i · β ≤ ξ

x̄i if x̄i · β > ξ
(52)

This reparameterization guarantees the positivity of vector X. As a result, the positivity constraints can be elimi-
nated, significantly reducing the dimensionality of the Lagrange multiplier vector to λ = {λ1, λ2, . . . , λn+2}

T .
Therefore, the optimization goal is to find a saddle point (X̄∗, λ∗) that satisfies the minimax condition:

max
λ≥0

min
X̄
L(X̄, λ) (53)

As discussed earlier in Subsection 3.2, in order to evaluate the complex objective function and constraints, exact
gradient information is required, and to achieve that, in this work we utilize automatic differentiation (AD). The entire
forward-pass, from the creation of system matrices to the evaluation of dynamic response described in Equations (9)
to (32), and constraint evaluation pipeline are implemented using PyTorch [41] library, that implicitly handles the
creation of AD computation tree. While alternative frameworks like JAX [39] offer competitive performance, PyTorch
is selected due to its mature ecosystem, extensive documentation, and overall ease of use. These attributes are highly
critical in the field of practical structural engineering where robust software maintenance and rapid deployment are
prioritized.
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The optimization problem is solved using a dual-optimizer scheme utilizing the AD-generated gradients. The
framework splits the updates into two distinct execution paths within a unified loop. First, a primal optimizer min-
imizes the Lagrangian L with respect to X̄ using gradient descent (also referred to as steepest descent) driving the
system toward the optimum. Simultaneously, a dual optimizer maximizes the Lagrangian L with respect to the mul-
tipliers λ via gradient ascent, ensuring that constraint violations are penalized and thus the constraint function values
are driven to zero. By alternating updates between these two optimizers, the algorithm robustly converges to the
optimal design that satisfies all the specified criteria. After the optimization is complete, the value of the optimal
parameter vector X∗, which is of the primary interest, is calculated from the optimal supplementary parameter vector
X̄∗ using Equation (52).

In order to get both optimal values of damper parameters and optimal distribution of the damper types (cluster
centers) along the structure, it is proposed to conduct the optimization in two steps:

1. Optimization without clustering (with the clustering loss weight factor θ3 = 0)
As the result of this phase we get optimal inertance values m∗c, unique in each storey;

2. Fine-tuning with clustering (θ3 > 0)
Equation (41) is used to find the initial values of cluster centers mc, and optimization results in updated optimal
inertances m∗r and optimal intertance types m∗c, and the distribution is inferred from how close the values of m∗r
are to these centers.

The procedures described in this section establish foundation for the further application of the proposed method
for practical design problems. In order to validate the effectiveness of the proposed optimization framework, in the
next section it will be applied to the problem of optimal seismic control of a benchmark tall structure, following the
procedures of the Japanese code and practice.

4. Numerical evaluation of the proposed method on a benchmark structure

4.1. Configuration of the target structure

With the aim of evaluating the performance and efficiency of the proposed optimization algorithm on a multi-
story structure, we consider optimal control problem of the ten-story benchmark shear building model from the Japan
Society of Seismic Isolation [51] employing TVMDs. Current study references procedures of the Japanese code and
standard practice.

4.1.1. Properties of the benchmark structure
The shear lumped mass model of the benchmark structure is presented in Figure 4.1, and its properties and modal

characteristics are listed in Tables 4.1 and 4.2, respectively.

Table 4.1: Specification of the lumped mass shear model of the benchmark structure [51]

Mass mi [ton] Stiffness ki [kN/m] Height [m]
Storey

10 875.41 158550.00 4
9 649.49 180110.00 4
8 656.22 220250.00 4
7 660.20 244790.00 4
6 667.24 291890.00 4
5 670.10 306160.00 4
4 675.71 328260.00 4
3 680.00 383020.00 4
2 681.63 383550.00 4
1 699.90 279960.00 6
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Figure 4.1: Ten-storey benchmark shear structure [51] equipped with TVMDs.

Table 4.2: Modal characteristics of the model

Period [s] Angular frequency [rad/s]
Mode

1st 2.01 3.13
2nd 0.76 8.27
3rd 0.46 13.70
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4.1.2. Inherent structural damping
In order to simulate inherent energy dissipation mechanisms, such as material friction and joint slippage, which

limit unrealistic resonant vibrations during dynamic loading, and thus formulate the primary system damping matrix
Cp, we need to assign structural damping. In this study, a stiffness-proportional Rayleigh damping formulation is
adopted, where the damping matrix is modeled as directly proportional to the structural stiffness matrix. In this
way, by applying a stiffness-proportional formulation and setting the primary structure’s first-mode damping ratio to
ζ1 = 0.02 (2%), we obtain the following expression:

Cp =
2ζ1
ω1

Kp =
2 × 0.02

3.13
Kp (54)

where ω1 = 3.13 rad/s is the first fundamental circular frequency of the undamped primary structure.

4.2. Implementation and validation of the dynamic analysis computation tree

4.2.1. Creation of the automatic differentiation computation tree using PyTorch
Following the procedures discussed in Subsection 3.3, the computational tree for dynamic response evaluation,

from the creation of system mass, stiffness and damping matrices to the calculation of the peak response values
and constraints, described in Equations (9) to (32) is implemented using PyTorch [41] library. Creation of the AD
computation tree is handled completely automatically, as far as the whole procedure can be presented as a chain of
elementary operations, supported by the framework. The generated computation tree for inter-storey drifts history
evaluation is shown in Figure 4.2. As discussed in Subsection 3.1, every node in the tree represent an elementary
operation, and the forward pass flows from the top to the bottom, and input is the parameter vector X. For instance,
node ‘FftC2RBackward0‘ represents inverse Fourier transform from Equation (29), used to convert the inter-storey
drifts response from frequency to time domain.

4.2.2. Validation of the computation tree’s forward-pass
Accuracy of sensitivities evaluated during the backward pass of the computation tree primarily depends on the

accuracy of the forward pass, which is used to calculate dynamic structural response time histories. Therefore, in
this section the accuracy of the forward pass is validated by comparing it against the corresponding finite element
(FE) model. The reference FE model is constructed as a 1D assembly within the OpenSees [52] framework using
the OpenSeesPy [53] Python wrapper, and the artificial earthquake record BCJ-L2 from the Building Center of Japan
(BCJ) [54] is employed as the validation input ground motion.

The parameters of the TVMD used in the model are listed in Table 4.3. Within the FE model, the components
of the TVMD are modeled as: an Inerter element represents the inerter, a ZeroLength element with Elastic uniaxial
material models the spring, and a ZeroLength element incorporating ViscousDamper material models the dashpot.

Table 4.3: TVMD parameters and distribution in the validation model

Stories mr[t] ωr[rad/s] ζd

1-3 5960.00
4.01 0.834-6 4950.00

7-10 4270.00

Figure 4.3 compares the time-history responses of the benchmark structure’s top node computed via the proposed
approach and the OpenSees Newmark-beta integration method. Only minor discrepancies are observed at the begin-
ning and the end of the time history, which are attributed to link effect. The magnitude of these discrepancies depends
on the number of samples, which is determined by the ground motion recording’s duration and sampling rate. Be-
cause the proposed optimization algorithm relies exclusively on peak response values, these localized discrepancies
are expected to introduce no significant error. Consequently, the implemented procedure is validated as accurate, and
thus can be used in the proposed optimization algorithm to calculate the structural performance metrics.
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output: inter-storey drifts history

FftC2RBackward0
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UnsafeViewBackward0

MvBackward0

ViewBackward0

TransposeBackward0

LinalgInvExBackward0

SubBackward0

AddBackward0

AccumulateGrad

...OMITTED...

input: parameter vector X

MulBackward0

ToCopyBackward0

Figure 4.2: Simplified automatic differentiation computation tree for inter-storey drifts history calculation automatically generated by PyTorch.
The forward pass goes from top to bottom, and the gradients are evaluated during the backward pass.

4.3. Ground motions selection and preprocessing

In order to evaluate structural performance metrics in terms of peak inter-story drifts and absolute accelerations,
a suite of site-specific ground motions was selected and preprocessed for the the further use by the optimization
framework.

4.3.1. Selected ground motions
Following the procedures of the Japanese code and practice, the total of six ground motion recordings were

selected for the optimization process, three of which were scaled to peak ground velocity (PGA) equal to 50 kine
(0.5 m/s) for the extremely rare earthquake (ERE, 500 years return period). The information about the scaled ground
motions is summarized in Table 4.4.

Table 4.4: Design ground motions: recorded ground motions scaled to PGV=0.5 m/s

No. Event name Year Station Component

1 Kern County Earthquake, CA, USA 1952 Taft E-W
2 Imperial Valley Earthquake, CA, USA 1940 El Centro N-S
3 Tokachi-oki Earthquake, Japan 1968 Hachinohe Harbor N-S
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Figure 4.3: Comparison of the top-node time-history responses computed via the implemented procedure and OpenSees.

The remaining three ground motions were matched to the target design spectrum for Soil Type 1 using amplitude
scaling procedures in accordance with the Building Center of Japan guidelines [55]. The summary of the seed ground
motions and their post-matching PGVs is given in Table 4.5.

Table 4.5: Design ground motions: seed ground motions used for spectral matching to the target spectrum

No. Event name Year Station Comp. PGV [m/s]

4 Kern County Earthquake, CA, USA 1952 Taft E-W 0.81
5 Imperial Valley Earthquake, CA, USA 1940 El Centro N-S 0.86
6 Kobe Earthquake, Japan 1995 Japan Meteorological Agency E-W 0.79

To enable efficient GPU-accelerated matrix operations, as a final part of the preprocessing stage the selected
scaled and spectrally compatible ground motions were resampled to a uniform time step of dt = 0.02 s. Additionally,
the records were cropped or zero-padded to a standardized duration of 60 s. This uniform formatting allows for
parallelized computation of structural responses across the entire ground motion ensemble, significantly enhancing
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Figure 4.4: Acceleration response spectra of the ensemble of selected scaled and spectrally compatible ground motions (h = 0.05)

computational speed and enabling the algorithm to effectively identify the most critical ground motion for the TVMD
configuration at the particular optimization step. The acceleration response spectra for the preprocessed ground motion
ensemble and BCJ-L2 record, used for validation, are plotted in Figure 4.4 together with the target spectrum.

4.4. Optimization process and results
Upon the successful implementation and validation of the suggested response evaluation pipeline, the optimization

framework detailed in Subsection 3.3 is applied to achieve the optimal design of TVMDs for the benchmark structure.
This section examines two distinct case studies: a pure displacement control problem, which exclusively optimizes
the maximum inter-story drift angle, and a balanced displacement and acceleration control problem. The latter case
aims to simultaneously suppress the maximum inter-story drift below the designated performance limit and minimize
structural acceleration. In both cases, the optimization yields not only the optimal damper parameters, but also the
optimal distribution and grouping into damper typologies to make the design more practical.

4.4.1. Implementation of the optimization algorithm
The proposed optimization framework is implemented by solving the dual problem formulation derived in Sub-

section 3.3 via a primal-dual gradient approach. To execute this scheme, the algorithmic pipeline is built within the
PyTorch ecosystem utilizing Cooper [56], an open-source Python library designed for solving non-convex continuous
constrained optimization problems. During each optimization step, the framework simultaneously updates the design
parameters (primal variables) to minimize the objective function and the Lagrange multipliers (dual variables) to max-
imize constraint fulfillment. Both the primal and dual problems are optimized using independent instances of the root
mean square propagation (RMSProp) [57] solver. RMSProp is an adaptive optimization algorithm that dynamically
scales the learning rate for each individual parameter by dividing it by an exponentially decaying average of the pa-
rameter’s recent squared gradients. This mechanism ensures that parameters with large, volatile gradients experience
smaller, controlled step sizes, while parameters with sparse or small gradients receive larger steps to accelerate con-
vergence. This adaptive scaling prevents gradient vanishing or explosion, ensuring stable convergence behavior when
navigating the complex minimax surface of a primal-dual formulation we are dealing with in the current study. In
order to further enhance the convergence, the scale vector Ξ described in Equation (44) is calculated at the beginning
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of the optimization based on the initial unweighted values of the the objective terms. The optimizer properties are
listed in Table 4.6.

Table 4.6: Properties of the Primal and Dual Solvers

Property Primal Dual

Algorithm RMSProp [57] RMSProp
Method Minimization Maximization
Initial learning rate, lrinit 10−5 10−5

Momentum 0.40 0.40
Decay 0.00 0.00
Target parameters X̄ λ

4.4.2. Displacement control
For the pure displacement control case, the weight coefficient θ1 is set to 1, and θ2 is set to 0, as described in

Subsection 2.2.2, and the inertance limit is set as mr,lim = 10000 ton. In this way, the optimization starts with the first
step of the algorithm by setting the weight vector Θ = {1, 0, 0}T , and optimization is conducted until the inter-storey
drifts performance threshold δlim = 0.01 rad is reached. Optimization history is plotted in Figure 4.5, and as a result
we get a distribution with unique dampers in each storey. To make the design practical, in this study TVMDs will be
grouped into p = 3 damper typologies. To achieve that without the loss in structural performance, optimization moves
to the second step. At first, Equation (41) is used to initialize the cluster (group) centers, and then the fine-tuning
optimization is conducted with Θ = {1, 0, 1}T until structural performance is restored. The optimization history of
the second step is depicted in Figure 4.6. The optimal distribution and achieved structural performance is showed in
Figure 4.6, with damper parameters and grouping summarized in Table 4.7. It can be noted, that algorithm was able
to identify the most critical excitations from the ensemble and fit very closely to the corresponding responses, which
is achieved by efficiently calculating all the response histories in parallel at every step.
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Figure 4.5: Optimization history for the displacement control case, optimization step 1 (without clustering loss)

4.4.3. Simulteneous displacement and acceleration control
For the balanced displacement and acceleration control problem, the procedures described in the previous section

are repeated, with the value of θ2 changing its value from 0 to 1, and the increased upper inertance limit mr,lim = 15000
ton. As in the previous case, for the both steps, optimization was conducted until the maximum inter-storey drifts
value is less than the performance threshold δlim = 0.01 rad. The optimization history for the first and the second
optimization steps are shown in Figures 4.8 and 4.9, respectively. The final TVMD distribution and performance
is shown in Figure 4.10, and optimal damper parameters and grouping are summarized in Table 4.8. A significant
increase in the allocated inertance at the top storey in comparison to the pure displacement control case can be noted.
This increase is attributed to significantly reduced acceleration response of the top floor.
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Figure 4.6: Optimization history for the displacement control case, optimization step 2 (with clustering loss)
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Figure 4.7: Results of the displacement control optimization using the proposed algorithm. Achieved performance: maximum inter-storey drift
angle δmax

p = 0.01rad, maximum absolute total acceleration ümax
p = 8.27m/s2

5. Conclusion and future studies

This study introduced original formulation of multi-objective optimal control problem for simultaneous parame-
ter and topology optimization of multiple-degree-of-freedom (MDOF) structures equipped with tuned viscous mass
dampers (TVMDs). Furthermore, to overcome the limitations of current optimization approaches and propose an
optimization algorithm for the above-stated problem, a novel, high-performance computational framework was suc-
cessfully developed and validated. By merging latest developments in structural control of inerter-based vibration
control systems (IVCSs) with modern differentiable programming paradigms, this research addresses a long-standing
bottleneck in time-domain optimal design. Based on the theoretical derivations, algorithmic implementation, and
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Table 4.7: Optimal TVMD parameters distribution and grouping for the pure displacement control case

Group Storey mr [ton] kb [kN/m] cd [kN · s/m]

1

1

9958 131027 170804
7
8

2
2

2655 34930 45533
10

3
5

8053 105961 138126
9
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Figure 4.8: Optimization history for the displacement and acceleration control case, optimization step 1 (without clustering loss)
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Figure 4.9: Optimization history for the displacement and acceleration control case, optimization step 2 (with clustering loss)

numerical verification on a ten-story benchmark shear building, suggested optimization framework was able to not
only successfully identify the optimal parameter value, but also topology and grouping of the devices. The PyTorch-
based implementation achieved stable and efficient convergence on standard consumer-grade computing hardware,
demonstrating its practical viability for practicing structural engineers with minimal coding experience.

In summary, the proposed framework provides structural engineers with an accessible and robust tool that signifi-
cantly shortens the iterative design cycle. By removing the need for hand-derived analytical sensitivities or expensive
numerical approximations, this work leverages advances in mainstream deep learning to achieve economic structural
engineering design.

However, the proposed approach does not account for critical engineering constraints such as peak damper force
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Figure 4.10: Results of the simultaneous displacement and acceleration control optimization using the proposed algorithm. Achieved performance:
maximum inter-storey drift angle δmax

p = 0.01rad, maximum absolute total acceleration ümax
p = 6.99m/s2

Table 4.8: Optimal TVMD parameters distribution and grouping for the simultaneous displacement and acceleration control case

Group Storey mr [ton] kb [kN/m] cd [kN · s/m]

1
5

6420 86282 109076
9

2
2

1928 25905 32753
10

3

1

14471 194466 245824
7
8
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or total damper inertance. Because these factors significantly influence connection design details, they directly govern
the practical applicability of the resulting optimal design. Addressing these limitations will be the focus of future
studies, which will evaluate more comprehensive and practical structural design scenarios.
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