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Abstract4

We consider spatial observations encoded so that nearby coordinates produce5

similar keys, regardless of access order. A query at the current coordinate can then6

combine information stored at that address with evidence from similar historical7

keys. Standard Delta memory corrects only one address per event. We introduce8

Block-Coherent Delta (BC-Delta), a fixed-capacity fast-weight rule that forms a9

two-key update block from the current and preceding keys, with the latter serving10

as causal context without implying spatial adjacency. A 2× 2 Gram pseudoinverse11

separates their shared key component, while squared cosine coherence attenuates12

residual transport at low similarity. BC-Delta retains Delta’s single learning rate and13

adds no learned gate, window length, or decay parameter. Its rank-two affine update14

admits associative prefix evaluation. Under equal-budget tuning, both methods15

select η = 0.025. Across six route–field conditions and three horizons from 16K to16

262K events, BC-Delta lowers blind historical-recall MSE by 4.43% (95% confidence17

interval 4.11–4.82) and wins 90/90 primary comparisons. Tuned controls, coherence18

strata, and a signed key–value diagnostic distinguish residual transport from Gram19

preconditioning and expose the boundary of the spatial-continuity assumption. Code,20

frozen seeds, and evaluation records support reproducibility.21

Keywords: associative memory; Delta rule; fast weights; spatial data analysis; similarity-22

based recall; parallel prefix scan.23

1 Introduction24

Spatial observations often arrive as a sequence even when acquisition order and physical25

distance disagree. A raster scan, a shuffled patch schedule, or a moving sensor may place26

nearby coordinates many steps apart. Recurrent and attention-based processors see the27

order, but the step index does not identify which earlier observations lie near the current28

coordinate. We therefore use the coordinate as the memory address. Similar positional29

keys let one read recover evidence stored at the current location and at nearby locations30

that were visited earlier.31
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Fast-weight memories compress key–value associations into a matrix whose size does32

not increase with sequence length.1–3 Delta writing stores the current residual instead of33

adding the same association repeatedly.3;4 A Delta event still has only one write direction.34

When a causal context key resembles the current key, their directions overlap, but ordinary35

Delta neither separates them nor uses the amount of overlap. Consecutive coordinates need36

not be neighbors, so any context correction must also fade when the keys are unrelated.37

Simply adding a second Delta write does not solve this problem. Correlated keys share38

a component, and independent writes along both keys count that component twice. Nor39

should the current value always be propagated to the context address: a route can jump40

between rows or distant regions. The update therefore needs separate directions for the41

two readouts and a transport strength determined by their key geometry.42

BC-Delta builds a two-column block from the current and preceding keys. A Gram43

pseudoinverse gives one write direction for each readout. The current value corrects its44

own residual as in Delta and also corrects the context-address residual in proportion to45

squared key coherence. That second residual is measured against the current value, not46

against the preceding observation. The only tuned scalar is the same learning rate used47

by Delta; there is no chosen block size, learned gate, or temporal trace.48

Although the reference code runs events in order, one BC-Delta step is an affine map49

of the incoming state. Such maps compose associatively, so a tree scan can recover every50

prefix state. The operator can therefore supply a history-conditioned read to a recurrent,51

transformer, or other scanning model without keeping an ever-growing map.52

The contributions are fourfold:53

� a two-address Delta rule that separates correlated key directions before transporting54

a residual;55

� exact contraction identities, Delta boundary cases, and an associative rank-two affine56

representation;57

� a fully paired evaluation in which Delta, BC-Delta, and every structural control58

receive the same candidate rates and validation budget; and59

� a complete 6× 3 blind test matrix, mechanism ablations, coherence strata, and a60

signed key–value diagnostic that maps the boundary of the continuity assumption.61

2 Related Work62

2.1 Fast weights and residual memory63

Fast weights were introduced as rapidly changing parameters for short-term associative64

storage.1;2 Linear attention later made the matrix-memory interpretation explicit,5 and65
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fast-weight programming connected these recurrences to learned key, value, and update66

streams.3 Delta-style writing subtracts the answer already stored at the incoming key67

and therefore avoids unrestricted repeated accumulation. Parallel DeltaNet further shows68

how Delta recurrences can be evaluated over sequence length without equating recurrence69

with serial execution.4 BC-Delta changes the elementary write event rather than the70

surrounding sequence architecture.71

2.2 Projection, preconditioning, and spatial address codes72

Affine projection algorithms use a short input block to cope with correlated regressors in73

adaptive filtering.6 Curvature-aware sequence preconditioning pursues a different objective74

by improving the conditioning of a learned recurrence.7 Our 2× 2 Gram operation has a75

narrower role: it creates dual address directions, after which two residuals receive different76

geometry-determined strengths. The experiment includes a current-only Gram control so77

that preconditioning alone cannot be mistaken for residual transport.78

Random Fourier features approximate stationary kernels,8 and sinusoidal coordinate79

features are widely used to preserve high-frequency spatial information.9 Explicit spatial80

memories such as Neural Map and MapNet allocate structured maps for navigation.10;1181

BC-Delta instead retains a lossy, fixed-size associative state. It is designed to recall82

historical evidence near a query, not to reconstruct a metric map or an exact trajectory.83

Recent intelligent data analysis research makes local structure explicit through similarity84

measures, spatial co-location patterns, and feature-interaction operators.12–14 Those studies85

pursue batch or task-level analyses. We instead study an online update: BC-Delta maintains86

a fixed-capacity associative state as observations arrive and provides a causal recall signal87

to a downstream system.88

3 Causal Spatial Recall89

Let a stream contain coordinates and observed values90

S = {(pt,vt)}Tt=1, pt ∈ Ω ⊂ Rdp , vt ∈ Rdv . (1)

A positional encoder gives kt = ϕ(pt) ∈ Rdk . The memory state is Mt−1 ∈ Rdk×dv . Its91

rows are not map cells; together they form a fixed-size associative surface over the key92

space. Before the value at step t is revealed, the model reads93

v̂t = MT
t−1kt. (2)

The read-before-write order prevents the current observation from entering its own evalua-94

tion.95
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Figure 1: Construction of a historical neighborhood target. (a) One illustrative acquisition
order, the current query, and previously observed nearby coordinates; the nearby observa-
tions need not be consecutive in that order. Marker area and opacity encode contribution.
(b) The six largest normalized contributions are combined into a causal target. The plot
shows sampled evidence rather than a continuous kernel surface.

The desired answer is not necessarily the last value written at the exact coordinate. It96

is a causal local recollection: observations close to the query should contribute more, but97

no future or current value may contribute. Let Ht− be the set of coordinates observed98

before step t, and let ℓt−(i) be the most recent value observed at coordinate i. With radial99

weight gσ, the target is100

v⋆
t =

∑
i∈Ht−

gσ(pi − pt)ℓt−(i)∑
i∈Ht−

gσ(pi − pt)
, gσ(r) = exp

(
−∥r∥2

2σ2

)
. (3)

At an evaluation event, v̂t is compared with v⋆
t . Only after scoring is the newly observed vt101

supplied to the update; the neighborhood target v⋆
t is never written into memory. Because102

gσ is positive and evaluation begins after observations exist, the denominator in Eq. (3) is103

nonzero. Exact returns and neighborhood-only queries are reported separately. Figure 1104

represents Eq. (3) as a finite causal ledger rather than a continuous kernel surface: only105

observed locations contribute.106
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4 Block-Coherent Delta107

4.1 Pointwise Delta108

For L sinusoidal frequency pairs, a unit-norm positional key can be written as109

kt =
1√
L
[cos(ωT

1 pt), sin(ω
T
1 pt), . . . , cos(ω

T
Lpt), sin(ω

T
Lpt)]

T. (4)

The frequency vectors ωj are fixed by the benchmark. Their role is to turn spatial proximity110

into key overlap: nearby coordinates tend to have a large inner product even if they are111

far apart in the acquisition order. The operator itself only requires an encoder with this112

property. With learning rate η > 0, normalized Delta writes113

Mt = Mt−1 + η
kt

∥kt∥2
(vt −MT

t−1kt)
T. (5)

The parenthesized term is what the memory still gets wrong at the current address. Delta114

writes that residual along kt, so the current readout moves toward vt without storing115

a separate record. This economy is also its limitation here: one write direction cannot116

independently control two overlapping address readouts.117

4.2 Minimal address block118

The smallest extension that exposes a second causal readout is a pair. Set ht = kt−1 and119

define120

Kt = [kt,ht], Gt = KT
t Kt, Dt = KtG

†
t = [d0,t,d1,t], (6)

where † denotes the Moore–Penrose pseudoinverse. The Gram matrix records how much121

the two keys overlap. Multiplication by its pseudoinverse removes that overlap and converts122

the original keys into dual write directions. We use the immediately preceding key because123

it is causally available without a search or learned selector; it is not assumed to be the124

nearest spatial neighbor. For a rank-two block, the resulting directions satisfy125

kT
t d0,t = 1, kT

t d1,t = 0, hT
t d0,t = 0, hT

t d1,t = 1. (7)

These four identities are the reason for the Gram step: d0,t changes the readout at kt126

without changing the readout at ht, while d1,t does the converse. The method can therefore127

assign different corrections to correlated addresses instead of double counting their shared128

component. The pseudoinverse also defines the degenerate rank-one case. The block129

always has two columns and introduces no block-size hyperparameter.130
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4.3 Coherence-controlled residual transport131

Separating the addresses does not by itself justify changing the context address. That132

decision should depend on whether the keys say the two addresses are related. We therefore133

reuse their normalized overlap, rather than introduce a learned gate, and define squared134

cosine coherence together with two residuals against the current observation:135

ρt =
(kT

t ht)
2

∥kt∥2∥ht∥2
∈ [0, 1], (8)

e0,t = vt −MT
t−1kt, e1,t = vt −MT

t−1ht. (9)

Squaring makes the coefficient sign-invariant: parallel and antiparallel keys receive the136

same coherence. The first residual asks what is missing at the current address; the second137

asks how incompatible the current observation is with what the memory returns at the138

context address. It is deliberately not the error of the preceding observation. Section 7139

tests the resulting failure boundary explicitly. Combining address separation with this140

parameter-free transport strength gives141

Mt = Mt−1 + η
(
d0,te

T
0,t + ρtd1,te

T
1,t

)
. (10)

The first term preserves the familiar Delta correction at the current address. The second142

treats the current value as local evidence for the context address, but only to the extent143

indicated by key coherence. Thus the operator does not copy the preceding observation:144

it transports the newly observed residual. When the two keys are unrelated, ρt suppresses145

this transport.146

Proposition 1. If Kt has rank two, the post-update residuals of the current observation147

at the two block addresses obey148

vt −MT
t kt = (1− η)e0,t, vt −MT

t ht = (1− ηρt)e1,t. (11)

Proof. Transpose Eq. (10) and evaluate the updated state at kt or ht. The dual identities149

in Eq. (7) remove the cross term in each readout. Subtracting the resulting readouts from150

vt gives Eq. (11).151

Equation (11) makes the intuition precise. The current-address error contracts exactly152

as in Delta, whereas the context-address error contracts more slowly when the keys are153

less coherent. At the first event, ordinary Delta is used because no context key exists.154

When ρt = 0, the transported term vanishes. If the two keys coincide, the pseudoinverse155

divides the repeated direction equally between the two columns; their sum is exactly one156

Delta write. These are structural reductions, not separately tuned modes. The contraction157

factors describe the two block readouts only; they do not guarantee global Euclidean158
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stability for an arbitrary ill-conditioned stream.159

5 Parallel Form and Cost160

Expanding the residuals in Eq. (10) shows that each event is linear in the old state plus a161

data-dependent write:162

Mt = AtMt−1 +Bt, (12)

where I is the dk × dk identity and163

At = I − η(d0,tk
T
t + ρtd1,th

T
t ), (13)

Bt = η(d0,t + ρtd1,t)v
T
t . (14)

The coefficients depend only on (kt−1,kt,vt) and can be prepared in parallel. The pair164

(At,Bt) records the effect of one event on any incoming state. Two adjacent pairs combine165

as166

(A2,B2) ◦ (A1,B1) = (A2A1,A2B1 +B2). (15)

Here the first affine map is applied before the second. Matrix associativity and distributivity167

make the composition associative, so pairwise, blocked, and tree groupings give the same168

prefix transformations. A balanced reduction and downsweep therefore has O(log T )169

parallel depth. An implementation should keep the rank-two factors instead of materializing170

one dense dk × dk transition per event.171

Retrieval and residual writing cost O(dkdv) per sample. The Gram entries and the172

closed two-dimensional inverse add O(dk) work. The persistent state is O(dkdv) plus one173

previous key, independent of T . BC-Delta approximately doubles the low-rank residual174

work of Delta. The supplied NumPy implementation is intentionally sequential; the paper175

establishes algebraic scan compatibility but makes no unmeasured accelerator-speed claim.176

6 Experimental Protocol177

6.1 Generated scan family178

The benchmark uses a 96 × 96 coordinate lattice, six-dimensional values, and 32 sine–179

cosine frequency pairs (dk = 64). Observation noise has standard deviation 0.015, and180

the historical target uses σ = 0.045. Evaluation starts halfway through a stream, occurs181

every eight events and on forced revisits, and always precedes the current write. The182

supplementary code specifies the route generators, fields, frequencies, and random seeds183

exactly.184

Three path families are crossed with static and dynamic value fields. Simple paths185
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contain persistent short steps over smooth fields. Mixed paths combine local runs with186

relocations and heterogeneous fields. Complex paths add multiscale components, piecewise187

regions, stochastic jumps, local changes, and revisits spanning short to ultra-long lags. All188

six conditions are evaluated at 16,384, 65,536, and 262,144 events.189

Five development seeds are used only for rate selection. Five disjoint seeds (82009,190

98299, 114689, 131101, and 147481) form the blind test. For the set Q of evaluation events,191

the primary metric is the mean squared Euclidean recall error (abbreviated MSE in the192

figures and tables)193

MSE =
1

|Q|
∑
t∈Q

∥v̂t − v⋆
t ∥2. (16)

Exact returns, neighborhood-only queries, and consecutive-pair coherence strata are also194

retained.195

6.2 Equal-budget selection and controls196

Every write rule receives the identical global grid197

η ∈ {0.0125, 0.025, 0.05, 0.1, 0.2}. (17)

Each candidate is run on the same six development conditions, the same 16K horizon,198

and the same five seeds. For every method–condition–seed triple, its MSE is divided by199

the lowest MSE attained over the five candidate rates. The mean of these ratios is the200

condition-balanced selection score. One global rate is chosen per method; environment-201

specific rates are not allowed. A second rule averages the normalized Delta and BC-Delta202

scores at each rate and chooses one shared rate. Both procedures select η = 0.025 for the203

two primary methods (Fig. 2), so their blind comparison uses the same learning rate.204

Four controls isolate the write structure. Historical pair uses Gram duals but assigns205

the preceding observation, rather than the current observation, to the context address.206

Unweighted transport propagates the current observation with coefficient one. Transport207

without Gram preserves ρt but writes along the original normalized keys. Gram current-208

only keeps the first dual direction and removes the transported residual. Each control209

receives the same grid and validation budget; transport without Gram selects 0.0125 and210

all other controls select 0.025.211

All comparisons are paired by condition, horizon, and seed. Confidence intervals212

resample the five seed clusters 20,000 times, preserving the repeated conditions within a213

seed. The primary experiment contains 6× 3× 5 = 90 paired units.214
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Figure 2: Fair rate selection and blind length scaling. (a) Delta and BC-Delta are evaluated
on the same five-rate grid; bands span the 10th–90th percentiles of development-seed
scores. Both minima occur at 0.025. Labels are positioned above the curves. (b) Each
open point is one route–field condition, diamonds are means, and all six conditions improve
at every blind horizon.

6.3 Signed similarity diagnostic215

The main benchmark makes nearby values statistically related. To test this assumption216

directly, a two-write diagnostic varies the cosine similarity of the key pair and the cosine217

similarity of the value pair independently. The context association is first brought near218

convergence. One current write is then applied, and retention error is measured again at219

the context address. This diagnostic includes positive, zero, and negative relationships220

and is not used for parameter selection.221

7 Results222

7.1 Primary blind comparison223

Across all 90 paired units, BC-Delta reduces error by 4.43% relative to Delta (seed-cluster224

bootstrap 95% confidence interval 4.11–4.82%) and wins 90/90 comparisons. Table 1 shows225

that the improvement increases from 3.54% at 16K to 4.84% at 65K and 4.89% at 262K.226

The absolute mean error stays nearly constant for both methods as the horizon grows,227

while the structural gap persists.228

Figure 3 reports the complete factorial result. There are no untested cells. Gains range229

from 2.10% in the short simple-static case to 8.35% in the 65K complex-dynamic case.230

Dynamic fields benefit more than their static partners within every path family at 65K231

and 262K. The absolute-error panel confirms that percentage gains are not caused by an232

anomalously small denominator.233
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Horizon Delta BC-Delta Paired gain Wins

16K 0.3222 0.3118 3.54% [3.21, 3.93] 30/30
65K 0.3262 0.3116 4.84% [4.52, 5.25] 30/30
262K 0.3265 0.3117 4.89% [4.58, 5.30] 30/30

Table 1: Blind historical-recall error pooled over six conditions (lower is better).

16K 65K 262K
events per stream

Simple / static

Simple / dynamic

Mixed / static

Mixed / dynamic

Complex / static

Complex / dynamic

A

2.1% 3.1% 3.4%

3.5% 4.2% 3.5%

2.4% 3.2% 3.5%

4.5% 6.1% 6.2%

3.0% 4.2% 4.6%

5.7% 8.3% 8.2%

All conditions evaluated
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Mixed / dynamic

Complex / static

Complex / dynamic

B 262K absolute error
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Figure 3: Complete blind test matrix. (a) Five-seed paired MSE reduction in all 18
condition–horizon cells; no cell is missing or imputed. (b) Absolute 262K means for the
same six conditions. Connecting segments show the within-condition difference.

Exact-return error falls by 4.04% (95% interval 3.72–4.46; 88/90 wins). Among the 64234

units containing neighborhood-only queries, error falls by 6.22% (4.29–7.56; 63/64 wins).235

The larger neighborhood effect is consistent with the intended fuzzy spatial recall rather236

than simple overwriting at identical coordinates.237

7.2 Mechanism tests238

Table 2 compares complete BC-Delta with controls whose rates were selected independently239

under the same budget. Historical-pair projection and unconditional propagation do not240

reproduce the result. Removing dualization creates a 5.12% disadvantage despite being241

allowed to select the smaller rate 0.0125. Conversely, the current-only Gram direction is242

much worse, showing that the second residual, rather than a Gram correction alone, is243

essential.244

Adjacent transitions are partitioned by squared key cosine: low (< 0.25), medium245

(0.25–0.75), and high (≥ 0.75). Gains are 3.67%, 3.51%, and 5.47%, respectively. Figure 4246

shows all five seed aggregates and confidence intervals. The largest effect at high coherence247

agrees with Eq. (10); positive low-coherence performance shows that route jumps do not248
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Comparator Advantage 95% interval Wins

Delta 4.43% [4.11, 4.82] 90/90
Historical pair 4.07% [3.57, 4.63] 84/90
Unweighted transport 5.00% [3.97, 6.25] 90/90
Transport without Gram 5.12% [4.87, 5.43] 90/90
Gram current-only 19.88% [19.02, 20.73] 90/90

Table 2: Paired tuned-control ablations. Positive values favor complete BC-Delta.

0 5 10 15 20
BC-Delta advantage (%)

Delta

Historical pair

Unweighted transport

Transport without Gram

Gram current-only

A
4.43%

4.07%

5.00%

5.12%

19.88%

Structural controls

Low
<0.25

Medium
0.25–0.75

High
≥0.75
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Figure 4: Mechanism evidence. (a) Complete BC-Delta versus equally tuned structural
controls. (b) Gains in three coherence strata. Red circles and diamonds denote paired
means, open circles denote the five blind-seed aggregates, and translucent red bands denote
seed-cluster bootstrap 95% confidence intervals.

destabilize the average.249

7.3 Where the continuity assumption breaks250

Figure 5 varies key similarity and value similarity independently. The gray cells are251

important because they mark cases in which Delta is better. With positive key cosine and252

a sharp change in value, BC-Delta usually preserves the previous address more accurately:253

dualization removes Delta’s correlated cross-write, while transport is scaled by ρt. When254

both keys and values already point in similar directions, Delta’s implicit spill can help255

slightly in this isolated two-write test. The clearest failure occurs for strongly negative key256

cosine. Squaring the cosine treats antipodal keys as coherent, so the outcome then depends257

on how their values are related. This is a specific limitation of the present coefficient.258
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Figure 5: Signed key–value boundary diagnostic. Entries give the percentage change in
context-address retention error after one current-key write; red favors BC-Delta and gray
favors Delta. The test independently varies key and value cosine, making favorable and
adverse regimes visible.

8 Discussion259

Delta and BC-Delta receive identical search spaces, data, seeds, selection scores, and260

trial counts. Independent selection and the shared-rate rule both return 0.025, and the261

blind matrix contains every planned condition at every horizon. The reported difference262

therefore does not arise from giving the two methods different learning-rate budgets.263

The controls separate the two parts of the rule. Gram dualization provides directions264

that alter the correlated readouts independently; coherence sets the size of the context265

correction. Removing either part loses the full gain. Both quantities come from the two266

keys already present at the update.267

A practical use case is spatially keyed acquisition in either regular or irregular order:268

line or raster data, patch sequences, slice collections, or moving-sensor observations. A269

classifier or controller could combine its current feature with MT
t−1ϕ(pt) as a historical270

cue. The read may retrieve evidence from similar stored keys even when neighboring271

coordinates were acquired far apart in the sequence. The preceding key is used only to form272

the minimal causal update pair, and coherence reduces its influence after an access jump.273

Our experiments test this memory signal in isolation; they do not establish end-to-end274

gains on images, robot logs, or point clouds. Tasks requiring exact storage, obstacle-aware275

topology, or an auditable trajectory still call for an explicit map or database.276

The signed diagnostic identifies a further boundary. Coordinate similarity must be a277

reasonable proxy for value continuity. A wall, semantic edge, or feature collision can violate278
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that relation. Content- or topology-aware keys may address this issue, but evaluating279

them would introduce a learned front end and move beyond the operator-only question280

studied here.281

Equation (15) establishes scan compatibility, not a wall-clock speedup. That claim282

would require a fused blocked implementation. Learned key distributions and end-to-end283

scanning tasks also remain to be tested.284

9 Conclusion285

BC-Delta changes one Delta event from a point write to a two-key block. The Gram286

pseudoinverse separates the two readouts, and key coherence sets how much of the current287

residual reaches the causal context address. Successive accesses need not be spatial288

neighbors: similar keys receive transport, whereas unrelated pairs receive little. The rule289

remains fixed-capacity, uses no learned gate, selected window, or extra decay, and has an290

associative rank-two affine form. Delta and BC-Delta select the same learning rate under291

equal-budget tuning, and BC-Delta lowers historical-recall error in all 90 blind primary292

comparisons. The ablations and signed boundary test narrow the claim: the gain appears293

when key geometry is informative about local values, not for arbitrary key–value streams.294
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